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We give a complete classification of generic topological types of domain configurations
and Stokes graphs of the quadratic differential
9 24 —1—03z3 +6222 +c1z+ ¢
QO(Z)dZ == (2—1)2(Z—|—1)2
with ¢ € R, assuming that the zeros are distinct from +1. We identify the set of
coefficients (c3,c2,c1,c0) € R, with the particular choices of physical parameters A,
g, and E describing the Rabi model of a reaction of atoms to the harmonic electric

dz?

field with a frequency close to the natural one of the atoms. The asymptotic structure
of Stokes graphs and domain configurations of quadratic differentials, when the Rabi
parameters tend to infinity, is also discussed. Bibliography: 21 titles. Illustrations: 53

figures.

1 Introduction

In this work, we study geometry of Stokes graphs and domain configurations of quadratic differ-
entials associated with the Rabi problem. These graphs and configurations provide important
information on the qualitative behavior of solutions to this problem. The problem was intro-
duced by Rabi [1] as a model describing how a rapidly varying weak magnetic field affects an
oriented atom possessing nuclear spin. Thus, the Rabi problem deals with reactions of the atom
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to the harmonic electric field with frequency close to the atom’s natural frequency. Despite its
simplicity, the quantum Rabi model is not exactly solvable. The problem, originated in mathe-
matical physics as a model describing a simple harmonic oscillator or two level quantum system
[2], has obtained numerous applications, in particular, in the theory of quantum computing and
other areas of quantum mechanics under different coupling regimes (see [3]).

The Rabi model in the standard Garnier form [4] is a system of linear matrix equations
on the Riemann sphere, where the coefficient matrix has two simple poles at p1,p2 € C and a
pole of order two at co. It has three physical parameters: A € R is the level of separation of
the fermion mode, g € C is the boson-fermion coupling, and E € C is the eigenvalue of the
Hamiltonian defined by the physical problem. The detailed description of the Rabi problem will
be given in Section 2. The governing equation of this problem is a second order linear ordinary
differential equations, which after linear change of variables can be written in the form

2
30(E) + QAL B g, 2)y(z) =, (1.1

where Q(A, E, g,2) = —(1/4)(z*+a32® +azz?+a12+ag) 2~ 2(2+4g%) "2 is a rational function with
coefficients a, = ai(A, E, g), k =0,1,2,3, depending on the parameters of the Rabi problem.

The general scheme to study the equation of type (1.1) includes the following 3 steps.

1. Construction of the Stokes graph embedded in C and identification of its faces. We recall
that the Stokes graph of Equation (1.1) is the graph consisting of the critical trajectories
of the quadratic differential

124 4+ a32% +a92? + a1z + agp

Q(AE, g, 2)d2* = -1 ETERw dz?, z€ CuU{oc}. (1.2)

2. Finding the fundamental solution in each domain that is a face of the Stokes graph.

3. Identifying the matrices relating the fundamental solutions defined in different domains in
order to get the “global” fundamental solution.

In this paper, we focus on the first step of this general scheme assuming that the parameters
A, E, and ¢g? # 0 of the Rabi problem are real numbers. Thus, in our study we assume that
the boson-fermion coupling g # 0 is either real or pure imaginary nonzero number. These our
assumptions imply, in turn, that the coefficients aj of the quadratic differential (1.2) are real
numbers.

The relations between properties of solutions of certain ordinary differential equations and the
structure of critical trajectories of related quadratic differentials were explored by many authors
working with differential equations. One of the primary references here is the monograph [5] by
Fedoryuk. For more recent results on applications of quadratic differentials to specific differential
equations, we refer to the papers [6], [7], and [8].

We structure our paper as follows. In Section 2, we describe the Rabi model and remind
useful facts from the theory of linear ordinary differential equations. Furthermore, we use linear
change of variables to write the quadratic differential (1.2) in a more symmetric form (2.8),
which is convenient to work with. We also give explicit expressions for the coefficients ¢y of the
quadratic differential (2.8) as functions of the parameters of the Rabi problem. In Section 3, we
collect definitions and results from the theory of quadratic differentials needed for the study of
the Stokes graphs of Equation (1.1).
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Section 4 contains classification of possible critical graphs and domain configurations of the
quadratic differential (2.8) assuming that its coefficients cj are real numbers not necessarily
related to the parameters A, E, and g of the Rabi problem. To avoid having too many cases
and figures in just one paper, we also assume in what follows that the quadratic differential
Qo(z) dz? defined by (2.8) has full set of critical points, which means that the zeros of the
numerator in (2.8) are distinct from the poles +1. The description of the Stokes graphs and
domain configurations of the so-called depressed quadratic differential of the Rabi problem, when
cancellation of zeros and poles happens and Qq(z) dz? has at most simple pole at least one of
the points z = £1, will be postponed for a sequel paper.

Our classification of Stokes graphs and domain configurations of Qg(z)dz? is based on the
number of real zeros, on types of domains present in the domain configuration of this quadratic
differential, and on the positions of zeros on boundaries of these domains.

As it is expected, the classification includes many cases. We want to mention here the analogy
between classifications of critical graphs of quadratic differentials with prescribed number of
critical points and classifications of real algebraic curves of a given degree. As it is well known,
the classification of cubic curves, first suggested by I. Newton in the seventeenth century and
completed later, contains 78 types of curves. A different, more topological classification of cubics,
was discussed in [9]. Interestingly enough, the modern approach to the classification problem
for real algebraic curves, initiated by Langer and Singer [10] and then used in [11], reveals that
shapes of these curves can be identified as critical graphs of appropriate quadratic differentials
defined on compact Riemann surfaces.

In Section 5, we describe the set of coefficients (c3, c2, ¢1,co) € R* of the quadratic differential
Qo(z) dz?, which correspond to the real values of the Rabi parameters A, E, and ¢%. In our
last Section 6, we study the limit domain configurations, when the boson-fermion coupling ¢
tends to oo, assuming that the parameters A and E are certain functions of g. The latter study
is motivated by the isomonodromic problem associated to the Rabi model [12], when one tries
to relate the parameters of the model providing the same monodromy data for the ordinary
differential equation. This problem is closely related to the tau-function of the Painlevé V
equation and it could be helpful in the study of the quantized spectrum of the Rabi model.

Appendix A contains the notation consistently used throughout the paper. Appendix B, that
is the “Zoo” of Stokes graphs and domain configurations, contains examples of possible Stokes
graphs and domain configurations of the quadratic differential Qo(z) dz? that is the symmetrized
form of the quadratic differential (1.2). These Stokes graphs and domain configurations are
described in detail in Section 4.

2 Rabi Model and Associated Quadratic Differential

Before describing the Rabi model, we present general facts from the theory of linear ordinary
differential equations needed for our study. Consider the matrix linear differential equation

dV(z)
dz

_ (a1n ax (i1 fa
A(Z)_<a12 a22>’ \Ij(z)_<f12 f22>

= A(2)¥(2) (2.1)

in a domain Q C C. Here,
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are 2 X 2 matrices with coefficients depending on z € ). Each of the columns f; = <f11> and

fi2
fo= (; 21) of the unknown matrix valued function ¥(z) is a solution to the equation
22
G _ s, k=12
z

If A(z) is holomorphic in €2, then for every zy € € there is a unique fundamental solution ¥(z)
to Equation (2.1) holomorphic at zy, satisfying the normalization condition ¥(zg) = I, where I
is the identity matrix. Any other fundamental solution \T/(z), which is holomorphic at zp, has
the form W(z) = ¥(2)C, where C is a constant matrix. If A(z) is meromorphic in €, then the
behavior of solutions to Equation (2.1) near singular points of A(z) is more complicated (see,
for instance, [13]).

The functions fi1 and fo; are solutions to the second order ordinary differential equation

d*f df

P T 1 4(2)f(2) = 0 (2.2
with
p(z) = —TrA — aiuda;ii(z) =—-TrA — diz log a2,
and
q(z) = Edalz(z) — dan (2) +det A= ani logais — dan (2) + det A.
aia dz dz dz z

Note that if fi1(z) and f21(z) are linearly independent solutions of (2.2), then

<f11(2) f21(2)>
f11(2) fia(2)

is the fundamental solution to Equation (2.1).

Furthermore, changing variable in (2.2) via f(z) = ¥ (2)y(z) with

we write (2.2) in the following equivalent form:

y"(2) + Q(2)y(z) = 0, (2.4)
where
1, 1,
Q) = 4() — 31%() — 27/ (2). (25)

Now we turn to the Rabi model that is a physical model describing a simple harmonic oscillator,
or two level quantum system [12, 2]. The Rabi model in the standard Garnier form [4] is governed
by the differential equation (2.1) with the matrix

o3 AO At

A(Z) = 7 + P + ;, (2.6)
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where t = —4¢?, z € C,

(1 0 _(E+g¢ -A [0 0
03_<0 _1>, AU_< 0 0)7 At_(—A E+92)

Here. o3 is one of the Pauli matrices, 2A is the energy difference between the two fermion
levels, g is the boson-fermion coupling, and E is the eigenvalue of a Hamiltonian defined by the
physical problem. In a general setting of the Rabi problem, the energy difference A is real, but
the boson-fermion coupling g and the eigenvalue E can be complex numbers. As we already
mentioned in the Introduction, below in this paper, we always assume that the parameters A
and F are real numbers and g # 0 is either a real number or a pure imaginary nonzero number.
In this case, the parameter t = —4g? # 0 is real and, therefore, the function A(z) defined by
(2.6) has a pole at the point z = ¢, t # 0, of the real axis.

With the matrix A(z) defined in (2.6), Equation (2.1) has two regular singular points z = 0,
z =t and one irregular singular point at z € co of Poisson rank 1 (see [13]).

Reducing the matrix differential equation to the second order ordinary differential equation,
as it was described earlier in this section, we obtain the following equation:

f"(2) +p(2) f'(2) + a(2) f(2) = 0, (2.7)
where
1-0 0
p(Z,t)— P _Z_tv
1 1, 1 A2 62 o 1 , A% 92 9
i) =3+ (v T -7 (T ra)
Q:TYAozTrAt:E+gQ:E—£

Changing variable in (2.7) via (2.3), we obtain Equation (2.4) with the function Q(z) =
Q(z,t), where
1244 as3z® + asz® + a1z + ag

Q1) = 4 22(z —t)? ’

with the coefficients ag, k = 0,1, 2, 3, given by

a3 = —2t+2, ay=1>—1(20+4) +4A% -1,
ayp = 1%(20 + 2) — t(4A% — 20 —2), ap = t3(6% —1).

The goal now is to describe possible Stokes graphs of Equation (2.4) or, equivalently, possible
structures of the critical trajectories of the quadratic differential Q(z,t) dz?. Changing variables
in the quadratic differential Q(z,t)dz? via the linear transformation z — £(1 — z) and then
multiplying the resulting quadratic differential by 4, we obtain the following more symmetric
form of this quadratic differential, which is easier to work with:

P()(Z) d22 . 724 + 6323 + CQZ2 +c1z + ¢

(z = 1)*(z +1)2 (z—1)2(z+1)2 dz, (2.8)

Qo(z)dz" = —
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where the coefficients of the numerator Py(z) = 2z* 4 323 + 22 4 12 + g are given by

1

=97 =8B +40°+4g° 1), (29)
1 2 1 2 2

6= =5 (g’ + 2B ), = -y (A7 4B B 4 1), (2.10)

We note that critical trajectories and domain configuration of the resulting quadratic differential
Qo(2) d2? coincide with those of Q(z,t) dz? up to scaling, reflection with respect to the imaginary
axis, and translation in the horizontal direction. Thus, in what follows, we work with the rescaled
quadratic differential Qq(z)dz? given by Equation (2.8) assuming that it has full set of critical
points, i.e., we assume that Py(41) # 0 and, therefore, in the cases under consideration Qg(z) dz2
has double poles at the points £1.

3 Basics on Quadratic Differentials

In this section, we first recall definitions and some basic facts about quadratic differentials.
The notation needed for future use will also be introduced. After that, we discuss basic char-
acteristics of the quadratic differential (2.8), assuming that all its coefficients ¢j are real. In
particular, few basic properties of the Stokes graph of this quadratic differential and its domain
configuration, which do not depend on the positions of the zeros of Qo(z) dz?, will be mentioned.
The detailed description of properties of the Stokes graphs and domain configurations, which
depend on the positions of these zeros, will be given in the next section.

In this paper, we deal with quadratic differentials defined on the Riemann sphere C. For
more general theory of quadratic differentials defined on Riemann surfaces the interested reader
can consult the classical monographs by Jenkins [14] and Strebel [15].

A quadratic differential on a domain D C C is a differential form Q(z) dz? with meromorphic
Q(z) and the conformal transformation rule

Q1(¢) d¢® = Qe(2))(¢'(2))? d=*, (3.1)

where ¢ = ¢(z) is a conformal map from D onto a domain G in the extended plane of the
parameter (.

The zeros and poles of Q(z) are critical points of Q(z)dz?, in particular, zeros and simple
poles are finite critical points and poles of order greater than 1 are infinite critical points of
Q(z) dz2.

A trajectory (respectively, orthogonal trajectory) of Q(z)dz? is a closed analytic Jordan
curve or maximal open analytic arc v C D such that

Q(z) dz* > 0 along v (respectively, Q(z) dz* < 0 along 7).

A trajectory 7 is called critical if at least one of its end points is a finite critical point of Q(z) dz?.

In the theory of ordinary differential equations, critical trajectories of the quadratic differ-
ential Q(z)dz? associated with Equation (2.4) are known as the Stokes lines of this equation.
Accordingly, a finite critical point of Q(z) dz?, that is an end point of a Stokes line, is called turn-
ing point of Equation (2.4). We have to stress here, that the terminology concerning quadratic
differentials used in this paper can differ from the one used by some other authors. For instance,
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in the monograph [5] the Stokes lines are defined by our orthogonal critical trajectories. In this
work, we will stick with definitions used consistently in the classical publications [14, 16], [15],
and others.

Let ¢, 5Q, and Gg = 85Q denote the union of points of critical trajectories of a quadratic
differential Q(z) dz? defined on C, the closure of this union of points, and the boundary of this
closure respectively. It is known [14, Theorem 3.5] that the set G is either empty or consists of a
finite number of critical trajectories of Q(z) dz2. Furthermore, each of these critical trajectories
in each direction has an end point situated at some point in C and at least one of these end
points is a finite critical point of Q(2) dz2. If Gg # @, it is called the critical graph of Q(z) dz>.
Interestingly enough, the study initiated in [17] and continued studies shows that every weighted
planar graph G with simply connected and doubly connected faces can be realized as the critical
graph of a certain quadratic differential defined on C.

In relation with ordinary differential equations, the critical graph G is also known as the
Stokes graph of Equation (2.4) (see [5]). As usual, the critical trajectories that are components
of G are edges of G, their end points are vertices of G, and the connected components (2,
of C\ Gg are faces of Gg.

The set {2} of all faces of Q(z)dz? is called the domain configuration of Q(z)dz?. The
domains 0, which are bounded by the Stokes lines, play an essential role in the asymptotic
analysis of ordinary differential equations. According to the basic structure theorem due to
Jenkins [14, Theorem 3.5], the set {€} consists of a finite number of domains 2, each of which
belongs to one of the following 5 types:

o (), is called a circle domain of Q(z)dz? if it is a simply connected domain bounded by a
finite number of critical trajectories, which end points are finite critical points of Q(2) dz2,
and such that € contains exactly one critical point of Q(z) dz?, called the center of Q,
which is a pole of order 2.

e (), is called a ring domain of Q(z)dz? if it is a doubly connected domain, free of critical
points and critical trajectories, such that each of two boundary components of 2 consists
of a finite number of critical trajectories with end points in the set of finite critical points
of Q(z)dz>.

e (), is called an end domain of Q(z)dz? if it is a simply connected domain, free of critical
points and critical trajectories, which boundary consists of a finite number of critical
trajectories, such that two of them have a common end point at a pole of order > 2, called
the vertex of (i, while all other end points of these critical trajectories are finite critical
points of Q(z) dz2.

e O is called a strip domain of Q(z)dz? if it is a simply connected domain, free of critical
points and critical trajectories, which boundary, consisting of four or more critical trajec-
tories, has exactly two distinct boundary points, called wvertices, which belong to the set
of infinite critical points of Q(z) dz2. The boundary arcs joining vertices of a strip domain
are called the sides of this domain. It is also required that each side consists of two or
more critical trajectories.

e () is called a density domain of Q(z)dz? if every trajectory, which crosses {2, is dense in
Q.
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Below, we use the following notation. We denote by (a,b) and [a, b] open and closed intervals
having end points at z = a and z = b respectively. We write (—oo,a), (b, 00), etc, to denote
infinite intervals on the real axis. If v is a rectifiable arc in a domain D, where a quadratic
differential Q(2) dz? is defined, then its Q-length is defined by

e = / Q)2 |dz].
Yy

Also, if a,b € C are not infinite critical points of Q(z)dz? and the open interval (a,b) does not
contain critical points of Q(z)dz?, then we define [a,b]g as follows:

b
[a,b]o :/\/Q(z) dz, (3.2)

where the integration is taken along the interval [a,b]. In what follows, we mostly work with
the real or imaginary parts of the integrals defined as in (3.2). In such cases, we assume that
the branch of the square root in (3.2) is chosen such that these real or imaginary parts are
nonnegative.

An important property of quadratic differentials is that the transformation rule (3.1) respects
trajectories, orthogonal trajectories, and their @Q-lengths, as well as it respects domain configu-
rations and critical points together with their multiplicities and trajectory structure nearby.

In the classification of domain configurations of Qo(z)dz?, presented in Section 4, we rou-
tinely use a few simple properties of critical graphs of quadratic differentials, which, for conve-
nience of the reader, are collected in the following lemma.

Lemma 3.1. Let Q(z)dz? be a quadratic differential on C, which does not have density
domains among its faces. Then the following properties hold:

1. Let D C C be a simply connected domain, which boundary consists of a finite number of
critical trajectories of Q(z)dz? and their end points. Let P and N denote the number
of poles and zeros of Q(z)dz* on D, where poles and zeros in D are counted with their
multiplicities and poles and zeros on D, considered as boundary critical points of Q(z) dz?,
are counted with half of their multiplicities. Then

P-N=2

2. Let T be a connected boundary component of a face Q2. If the connected component of C\T,
containing §2, also contains at least one zero of Q(z) dz?, then S is a ring domain.

3. Let T be a Jordan arc consisting of a finite number of critical trajectories of Q(z)dz?,
which end points are infinite critical points of Q(z)dz?, and there is no other infinite
critical point on U'. If T' is a proper boundary arc on the boundary of a face Q) of the
quadratic differential Q(z) dz?, then Q is a strip domain.

4. If Q(z)dz? has n > 1 zeros, counting multiplicity, in a Jordan domain D C C and does
not have other critical points on D, then there are at least n + 2 critical trajectories of
Q(z)dz? crossing the boundary of D.
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Proof. The formula in part 1 of this lemma is just a simplest special case of the relation
between zeros and poles given in [14, Lemma 3.2]. Parts 2 and 3 immediately follow from the
basic structure theorem [14, Theorem 3.5] and from the definitions of end, circle, ring, and strip
domains given above.

Part 4 is known in the graph theory without relation to quadratic differentials. It can be
proved as follows. Consider the graph Gg(D) that is the restriction of the critical graph Gg
onto the domain D. Since Q(z)dz? does not have poles in a simply connected domain D, it
follows from Part 1 of Lemma 3.1 that G (D) does not have cycles.

It suffices to prove the property in this part assuming that the graph Gg(D) is connected.
Indeed, if the result holds for every connected component of Gg(D). Then, adding the numbers
of trajectories exiting D for each connected subgraph of Gg(D), we obtain the required result
for Go(D). Thus, we assume that Gg(D) is connected and without cycles; in the graph theory
such graphs are known as trees. We can start with the case where all zeros of Q(z) dz?, which
are in the domain D, are simple. Then the degree of each vertex of Gg(D) is 3. Thus, the
sum of all these degrees is 3n. If the vertices v; and vy of Gg(D) are connected by an edge of
Go(D), we merge these vertices along this edge to obtain a graph G with n — 1 vertices, with
total degree of vertices equal 3n — 2, and with the same number of edges having end points on
0D as for the graph Gg(D). This merging procedure can be done n — 1 times until we obtain a
graph G"~! with a single vertex of degree n + 2 such that every edge of G"~! has its end point
on 0D. Since the number of the end points on 9D for the graph G"~! is the same as for the
graph Gg(D), the required result is proved. O

Next, we present a list of basic properties of the quadratic differential Qg(z)dz? defined in
Equation (2.8), which always hold when all its coefficients ¢y, are real.

(1) The quadratic differential Qo(z) dz? has at most three distinct poles, and it follows from
the Jenkins three poles lemma that the domain configuration of Qg (z) dz? does not contain
density domains [14].

(2) Since all the coefficients of the rational function Qo(z) are real, the complex zeros of
Qo(z) dz? are in conjugate pairs, the number of real zeros (counting multiplicity) is even,
and the critical graph and domain configuration of Qo(2) dz? are symmetric with respect
to the real line.

(3) Since Qo(2)dz? = —(1+ o(1)) dz? as z — oo, it follows that Qo(z) dz? has a pole of order
four at z = oo with two critical directions defined by the condition —1 - dz? > 0. Thus,
di = i and do = —i are the critical directions of Qo(z)dz? at z = co. Furthermore,
the domain configuration of Qq(z) dz? always includes exactly two end domains, the “left
domain” ) and the “right domain” Q7 such that QL > (—oc0, —a) and Q7 O (a, +00) for
all @ > 0 big enough. This, together with the symmetry property, imply that, if a > 0
is big enough, then the intervals (—oco, —a) and (a,+0o0) lie on orthogonal trajectories of

Qo(z) dz2.

(4) Let eg, k = 1,2,3,4, denote the zeros of the numerator Py(z) of the quadratic differential
(2.8). In the case ep # +1, k = 1,2,3,4, the quadratic differential Qq(z)dz? has two
second order poles, and, therefore, it can have at most two circle domains centered at the
poles z = —1 and z = 1. If such circle domains exist, we denote them by Q.(—1) > —1 and
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Q.(1) > 1. Furthermore, Qo(z) d2? can have at most one ring domain €, which, if exists,
must separate the poles z = —1 and z = 1 from the pole z = oco.

For the long classification of possible domain configurations of the quadratic differential (2.8)
presented in the next section, it is convenient to introduce the necessary notation and fix some
terminology.

Everywhere below, 7, ; stands for a critical trajectory, including its end points, which starts
at a and ends at b. Thus, 7,4 is the same critical trajectory as 7,3, but with the opposite
orientation. If a critical trajectory 7, is symmetric with respect to the real axis, then we add
superscripts [, ¢, and r, like 'yé’b, 'yg’b, Yoy, to indicate when v, crosses the real axis to the left
of the pole z = —1, between the poles z=—1and 2 = 1, or to the right of the pole z = 1. In
the case where a = b, we use the shorter notation v, = vfm, etc, assuming counter the clockwise
orientation of 7, etc. An additional superscript —, like /7, etc, will be used to indicate that
this critical trajectory is oriented clockwise in the case under consideration.

We denote by T'L, T, T.(—1), and T'.(1) the boundaries of the domains 0!, Q7, Q.(—1),
and Q.(1) assuming the positive orientation of these boundaries with respect to corresponding
domains. Also, Fﬁf’“t’ and F&""”) will denote the outer and inner boundary components of the
ring domain €., where we assume that Fq(fmt) is oriented in the positive direction with respect
to 2, and Fﬁ”m) is oriented in the negative direction with respect to €Q,.

We denote by Q5(a,b) a strip domain with vertices a and b. This notation with a = —ico
and/or b = ico means that Qg(a,b) approaches its vertex a = oo along the negative direction
of the imaginary axis and its vertex b = oo along the positive direction of the imaginary axis.
When @ = —ico and/or b = ico, we denote by I'y(a,b) and I'(a,b) the left and right sides of
Qs(a,b) respectively. In the case a = b, which can happen when a = £1, we denote by Pﬁf’“t) (a,b)
and " (a,b) the outer and inner sides of Q(a,b) respectively. Furthermore, I't(—1,1) and
I'; (—1,1) denote the sides of Qs(—1,1) lying in the upper half-plane and in the lower half-plane
respectively.

To characterize the behavior of Qq(z) dz? near its poles z = +1, we introduce the following
notation. Let

1 1
a1 = _Z(l +c3+cg+ 1+ o), ap = _Z(l —c3+ca—c1+ o).
If ap #0, k= —1,1, then «y is the leading coefficient of the Laurent expansion of Qo(z) at the
pole z = k. Therefore, Qq(z) dz? has second order pole at z = k if oy, # 0. Since ¢, k = 0,1, 2,3,
are real, it follows that, if o # 0, then there is a trajectory or orthogonal trajectory of Qo(z) dz?
surrounding the point z = k, which Qg-length will be denoted by d; > 0, i.e.,

S = =or|ap|?, k=-1,1, (3.3)

/ VO dz

|z—k|=¢

where € > 0 is small enough.

We already mentioned that all the domain configurations of the quadratic differential Qq(z) dz?
with real coefficients are symmetric with respect to the real axis. Also, in many cases, we will
have pairs of domain configurations, which are symmetric to each other with respect to the
imaginary axis. This happens, for instance, when positions of zeros in one configuration are
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symmetric with respect to the imaginary axis to positions of zeros in the other configuration.
In cases like this, we will describe in detail one of these configurations and then mention that
the other one is the mirror configuration of the configuration described above.

4 Stokes Graphs and Domain Configurations of Q(z) dz>

In this section, we assume that the coefficients cg, k = 0,1,2, 3, of the numerator Py(z) of
the quadratic differential Qo(z) dz? are real and Qo(z) dz? has full set of critical points. Under
these assumptions, Py(z) has four zeros (counting multiplicity), which are either real, not equal
to £1, or in conjugate pairs.

Below, we describe how the Stokes graphs and domain configurations of Qq(z)dz? depend
on the positions of these zeros. In particular, how they depend on the number of real zeros of
Py(z). Thus, we will distinguish between three main cases:

Case I: there are no real zeros.

Case II: there are two real zeros.

Case III: there are four real zeros.

This cases will be discussed in Subsections 4.1-4.3. Possible domain configurations in the
generic cases, i.e., when the zeros eg, k = 1,2,3,4, of Py(z) are distinct are considered in

Subsection 4.4. The remaining cases, which we call degenerate cases, will be also mentioned (see
Subsection 4.5), but most details will be left to the interested reader.

4.1.Case I. Suppose that there are no real zeros. Let ey = a1 + i1 and es = ag + i3,
with 81 > 0 and (2 > 0, be zeros of Qo(z)dz2. Then their complex conjugates e3 = ey and
e4 = €3 are also zeros of Qo(z) dz?. In this case, the intervals (—oo, —1), (—1,1), and (1, 00) are
orthogonal trajectories of Qq(z) dz2. This implies that Qo(2) dz? has two circle domains Q.(—1)
and Q.(1) with respective boundaries I'.(—1) and I';(1), each of which contains at least one of
the pairs {eq,e3} and {es, e} of the zeros of Qg(z)dz2. Changing numeration, if necessary, we
can assume that ej,e3 € I'.(—1).

Depending on the positions of e; and es on the boundaries, we have the following subcases.

Case 1.1. Suppose that e; € I's(—1) and ez ¢ I'.(—1) UT'.(1). Then we also must have
e1 € I'.(1). This happens if and only if the following inequalities hold:

El_igl()(lm[—l +¢e,e1]g, —Im[—1+¢,e2]g,) <0, (4.1)
El_iglo(lm[l +¢,e1]g, —Im[l + ¢, e2]g,) < 0. (4.2)

Roughly speaking, the inequalities (4.1) and (4.2) mean that the zeros e; and ey are not
connected by critical trajectories having end points at the finite critical points of Qo(2) dz? and
that the zero e; is closer, in terms of the QQp-metric, to the poles +1 than the zero es.

Since eg & I'c(—1) UT.(1), it follows that each of the boundaries I'.(—1) and I'¢(1) consists
of two critical trajectories joining e; and e3. More precisely, I'.(—1) = 7@1763 U Yeg.e,» Where
7@1763 intersects the interval (—oo,—1) and 7, ., intersects the interval (—1,1) and I'c(1) =
Veres U Ves,err Where vg, .. coincides up to an orientation with vg, ., and ~g, ., intersects the
interval (1, c0).
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It follows also that the set P&i””) = 7@1763 U%eqe, 18 a closed Jordan curve that is a boundary

component of one of the faces of Qo(z)dz?. By part 2 of Lemma 3.1, in the case under con-
sideration, this face must be a ring domain €2,.. Furthermore, the second boundary component

F,(fmt) of the ring domain €2, must consist of two critical trajectories joining es and e4. Thus,

ri) = 7@2164 U Ve, eps Where 7@2764 intersects the interval (—oo,—1) and 1, ., intersects the
interval (1, 00).

The two remaining critical trajectories e, oo C Hy and vy_j0e, C H_ are arcs on the
boundaries Fle = Y—ico,es U 724762 U Ve ico and I'y = Yioo en U 722764 U Yeq,—ico Of the end domains
Q! and Q7 respectively. Figure 3, Case 1.1 gives an example of the domain configuration.

Case 1.2. Suppose that e; € T'.(—1), but e; € I'c(1) and ey € T'c(1), but ea ¢ I'.(—1). This
position of zeros happens if and only if the limit in the inequality (4.1) is negative as in Case
I.1, but the limit in the inequality (4.2) is positive.

The latter conditions imply that the zeros e; and es are not connected by critical trajectories
having end points at the finite critical points of Qo(z)dz? and e; is in terms of the Qg-metric
closer to the pole —1 than ey and es is closer to the pole 1 than e;.

The same argument as in Case .1 above, implies that there are critical trajectories ¢, ..
crossing the interval (—1,1) at @1 and ¢, ., crossing the interval (z1,1) such that I'.(—1) =
7@1763 U ¢, e, is the boundary of the circle domain Q.(—1) and I'c(1) = 7§, ., UL, ., 18 the
boundary of Q.(1).

Since e € T'e(—=1) \T¢(1) and ez € T'(1) \ T'e(—1), it follows that there is a certain “gap”
between circle domains Q.(—1) and Q.(1), which must be a strip domain (—ioco, ic0) with the
vertices at —ioo and ‘0o and with sides Fls = Y—ico,es U Veg,er U Verico and I', = v_io0e4 Uve,.en YU
Yes,ioco-

The boundaries of the end domains Q) and QF are I'L = y_;p0 ¢ U ’yég,el U Ve, ico and
It = Yicoes UVeyeq U Ve, —ico Tespectively. Figure 3, Case 1.2 gives an example of the domain
configuration.

Case 1.3. Suppose now that the boundary of one of the domains Q.(—1) and 2.(1) contains
both zeros e; and es, but the boundary of the other domain contains only one of these zeros.
Assume, without loss of generality, that e;,es € T'.(—1) and ex € I'¢(1), but e; & I'.(1). This
implies that e; # ex and that e; and ey are connected by the critical trajectory e, ., C Hy
of Qo(2)dz?. By symmetry, e3 and e4 are connected by the critical trajectory VYes,ea C H_.
Furthermore, it implies that Q.(—1) has a common boundary arc with each of the domains
Q.(1), ., and Q7. The latter implies, in turn, that Q.(—1), Q.(1), QL, and Q are the only
domains in the domain configuration of Qq(z) dz2. This configuration occurs if and only if the
limit in each of the inequalities (4.1) and (4.2) is zero and, additionally, the following inequality
holds:

Re [b, e1]g, + Rea, e1]g, > Re b, e2]g, + Re[a, e2]q,, (4.3)

where the points —1 < a < 1 and b > 1 are chosen so that the points e, e2,a and the points
e1,e2,b do not lie on a straight line.

In this case, the boundary of the circle domain Q.(1) is I'c(1) = 7§, ., U7E, ¢, and the
boundary of Q.(—1) is I'.(—1) = 7@1763 UYesea UVeye5 U Venser-

The boundaries of the end domains Q! and Q! are T\ = y_; ¢, U ’Vé3,e1 U Ve, ico and I'}, =
Yicoer U Ver,ea U Veg,es U Vees U Ves,—ico Tespectively (see Figure 4, Case 1.3).
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In the case where e1,e5 € I'c(1) and ey € T'.(—1), but e; € I'.(—1), the domain configuration
is the mirror configuration to the configuration described above as it is shown in Figure 4, Case
1.3(m).

The remaining case, when the boundary of each of the domains Q.(—1) and Q.(1) contains
both zeros e; and eo, is our first degenerate case. Indeed, the argument used earlier in part 1-3
shows that, if e; # eg, then there is a critical trajectory 7, e,, which belongs to the boundaries
of both Q.(—1) and Q.(1). The latter easily leads to a contradiction. Hence, this case happens
if and only if e; = es. Thus, Qo(z) dz? has only two zeros ej 2 and e3 4 of order two each. The
Stokes graph and domain configuration for this degenerate case are shown in Figure 5.

4.2. Case II. Suppose that there are two real zeros e; and ey and two complex conjugate
zeros es = aig + i3 with B3 > 0 and e4 = e3. Below, we classify possible domain configurations,
first, depending on positions of the real zeros with respect to the poles z = —1 and z = 1 and
then by positions of zeros on the boundaries of domains present in the domain configurations of
Qo(z) dz2.

In the generic cases discussed in this part and illustrated in Figures 6-24 in Appendix B, we
assume that all these zeros are distinct and e # +1, k=1, 2.

Case 11.1. Let e; < ea < —1. In this case, the interval (e1,es) is a trajectory of Qo(z)dz?
and the intervals (—oo, e1), (e2,—1), (—1,1), and (1, 00) are orthogonal trajectories of Qo(z) dz?.
This implies that the quadratic differential Qq(2) dz? has two circle domains Q.(—1), Q.(1), two
end domains L, Q7. and, possibly, some other domains.

One more conclusion, which easily follows from the assumption e; < es < —1 is that none of
the points of the interval (e1, es] belongs to the boundary of QL. Indeed, if zg € T, e; < zg < ea,
then there is a Jordan arc v C Q! symmetric with respect to the real axis, which has both its
end points at zg and crosses the real axis at some point x1 < e;. Thus, the zero e; is the only
critical point of Qo(z)dz? that is inside the domain bounded by 7. Now, the required result
follows from part 4 of Lemma 3.1 or, alternatively, it can be proved as follows. Since the critical
trajectories, different from the interval (ej,es), each of which has one end point at e;, must
have a second end point at some critical point of Qq(z) dz?, these trajectories must intersect the
curve . Since « lies in the end domain €, the latter is not possible. Similar argument shows

that none of the points of the interval [e;, e2) belongs to the boundary of .(—1).

Thus, each of the boundaries I and TI'.(—1) can contain 1, 2, or 3 zeros of Qg(z)dz>.

Accordingly, we have the following subcases.

Case 11.1.a. Suppose that e; is the only zero on the boundary of Q) and ey is the only zero on
the boundary of Q.(—1). In this case, the boundary of the end domain Q% is T, = V—ioo,er UYer ico
and the boundary of the circle domain Q.(—1) is I'.(—1) = 7¢,, where the critical trajectory ¢,
has both its end points at es and intersects the interval (—1,1) at some point x1. The latter
also implies that es,eq € T'.(1), but e; & T'.(1). Thus, in terms of the Qg-metric, the zero es is
closer to the pole —1 than es and the zero eg is closer to the pole 1 than ey. This means that
the assumptions in this part hold if and only if the following inequalities hold:

sl—iglo(lm[_l — g, 6], — Im[—1 —¢,e3]g,) <O, (4.4)
al—ifﬂo(lm[l + ig, e2]g, — Im[1 + i€, e3]g,) > 0. (4.5)
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Since e3,e4 are the only zeros on I'.(1), it follows that T'e(1) = 7¢, ., UL, ¢y, Where g, .,
intersects (—1,1) at some point xg, 1 < x2 < 1. The remaining critical trajectories are e, ioo
and e, —ico- Under these circumstances, there is one more face of the Stokes graph of Qo(z) dz>
that is a strip domain Q,(—ico,i00) with sides I',(—ic0, i00) = V_is0.e; U[e1, €2] U7E, Uea, €1] U
Yeyico AN I'5(—i00,700) = V_ioo,es U Ve, 5 U Ves ico- Figure 6, Case II.1.a gives an example of
the domain configuration.

The mirror configuration, shown in Figure 6, Case II.1.a(m), occurs when 1 < e < ey, e is
the only zero on I',, and ey is the only zero on I';(1). This case happens if and only if

li — Im[1 4.
Jim (Im[1 + ¢, ea] gy — Iml + &, e3]q,) <0, (4.6)
Jim (Im[~1 + iz, ez, — Im[~1 + iz, es]g,) > 0. (4.7)

Case 11.1.b. Suppose that e; is the only zero on I'\ and that ez, eq € T'o(—1), but e1,eq &
['.(—1). This assumption holds if and only if the limits in the inequalities (4.4) and (4.5) are
positive. It is immediate from the latter assumption that I‘fa = Yoico,er U Yerioos Le(—1) =
7é3,64 U 754,637 and Fc(l) = 753,64 U 724,63'

Furthermore, the set Fﬁi””)

= 72376 . U7, e; 18 @ boundary component of a face of the Stokes
graph of Qo(2) dz2, which, in this case, must be a ring domain 2, of Qo(z) d2? (see Lemma 3.1).
Under these circumstances, the only possibility for the outer boundary component of €2, is that

D(fmt) = 7,,, where 7, has both end points at ez and crosses the interval (1, co).

The boundary of the end domain € is I'l = Yico,e; U [e1, e2] UYL, U [e2, €1] UYey,—ioo. Figure
7, Case II.1.b gives an example of the domain configuration.

The mirror configuration shown in Figure 7, Case II.1.b(m), occurs when 1 < ey < ey, €7 is
the only zero on I',, e3,eq € T'c(1), but e, e2 & I'c(1). This case happens if and only if the limits
in the inequalities (4.6) and (4.7) are positive.

Case 11.1.c. Let e be the only zero on '\ and eg,e3,e4 € T'e(—1). As we have mentioned
earlier, e; € I'c(—1). This happens if and only if the limits in the inequalities (4.4) and (4.5)
are zero. Since eg,e3,eqs € I'c(—1), it follows that there are critical trajectories e, e, C Hy
and ey, C H_, which belong to the boundary of €.(—1). Therefore, in this case, I'c(—1) =
Yezses UVey 05 UVeser and Ie(1) =75, o, UYL, ¢,- Under these circumstances, the only possibilities
for the boundaries of the end domains are the following: Fl = Y—ico,er U Yepico and I, =
Yicoer U [€1,€2] UYezes U Vey 4 U Vensen U [€2;€1] U Vey —ico- This also implies that Q.(—1), Q.(1),
QL. and Q7 are the only domains in the domain configuration of Qo(z) dz2. The case is illustrated
in Figure 8, Case II.1.c.

The mirror configuration, shown in Figure 8, Case II.1.c(m), occurs when 1 < es < €1, €1
is the only zero on I'L, es,e3,eq4 € T'c(1). This case happens if and only if the limits in the
inequalities (4.6) and (4.7) are zero.

Case 11.1.d. Suppose that Fé, contains two zeros, which, in this case, are eg and e4. In terms
of the QQo-metric, the latter means that the zeros e; and ey are closer to the poles z = 4+1 than
the zeros e3 and e4. This assumption holds if and only if the limits in the inequalities (4.4) and
(4.5) are negative.

In this case, there are critical trajectories fyés,e ,» crossing the interval (—oo,e1), and v, .,,
crossing the interval (1,00) at some point zg, and, therefore, we also have es,eq € I'l, but
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e1,e2 € I'". The boundaries of the end domains Q! and Q7 are 'L, = v_;0 ¢, U’yé4763 U Yes,ico and

It = Yico,es U Veg.es U Ve,—ico- It follows also that the set F,(fmt) = 23764

component of one of the faces of Qo(z)dz2. Since the interior of F&out) contains more than one

critical points, by Lemma 3.1, this face must be a ring domain €2,. The latter implies that there
is a critical trajectory 7¢, having both end points at e;, which crosses the interval (1,00) at

some point z1, 1 < 1 < 2. Then FSf"”) = Ve,

U Ye,.e5 18 @ boundary

Under these conditions, we must have one more critical trajectory ~¢,, which has both its end
points at eg and crosses the interval (—1,1). Therefore, the boundary of the circle domain Q.(—1)
is '.(—1) = 7¢, and the boundary of the circle domain Q.(1) is I'c(1) = 77, Ule1, e2]U~E, Ulez, e1].
Figure 9, Case I1.1.d gives an example of the domain configuration described above.

The mirror configuration, shown in Figure 9, Case II.1.d(m), occurs when 1 < e3 < e and
es, eq are the only zero on I',. This case happens if and only if the limits in the inequalities
(4.6) and (4.7) are negative.

Case 11.1.e. Suppose that ey, e3, e € I'L. This case happens if and only if the limits in (4.4)
and (4.5) are zero. Then the boundary of the end domain Q) must contain critical trajectories
Ver,e5 and Ve, e, Therefore, Fle = Y—ioo,es U Yea,er M Ver,es U Vesico- The latter implies, in turn,
that I', = Yico,e; U Veseq U Vea,—ico- Under these circumstances, the remaining possibility is that
there is a critical trajectory ~¢,, which has both its end points at ez and crosses the interval
(=1,1). The latter implies that I'c(—1) = 7¢,, Te(1) = Veyea UTe, 5 UVes.er Uler, 2] U, Ulea, eq]
and Q.(—1), Q.(1), QL, and Q7 are the only domains in the domain configuration of Qq(z) dz?
in the case under consideration. Figure 10, Case II.1.e illustrates the domain configuration.

The mirror configuration, shown in Figure 10, Case II.1.e(m), occurs when 1 < e3 < e; and
e1,e3,eq4 € I'L. This case happens if and only if the limits in (4.6) and (4.7) are zero.

Case 11.2. Let —1 < e < ez < 1. Then the interval (e1, e2) is a trajectory of Qo(z) dz? and
the intervals (—oo, —1), (—1,e1), (ea,1), and (1, 00) are orthogonal trajectories of Qo(z) dz2. As
in Case IL.1, this implies that the quadratic differential Qo(2) dz? has two circle domains Q.(—1),
Q.(1), two end domains Qle, Q7, and, possibly, some other domains. Also, it is not difficult to
see that either [e, e2] C I'L or [e1, e2] NT'L = @. Similarly, either [e1, ea] C I or [e1, ea] NI = @.

The latter implies that each of the boundaries I', and I'; can contain 2 or 4 zeros of Qg(z) dz2.
Thus, we have the following subcases.

Case 11.2.a. Suppose that e3, e4 are the only zeros on each of the boundaries I', and I';. This
means that the zeros e; and ey are closer, in terms of the Qg-metric, to the poles z = +1 than
the zeros es and e4. The latter happens if and only the following inequalities hold:

61_1}15_10(Im[—1 +e,e1lg, —Im[—1+¢,e3]g,) <0, (4.8)
61_i>1_~1r_10(1m[1 —¢&,e2]g, —Im[l —¢,e3]g,) <O. (4.9)

Since ez and ey are the only zeros on I') and I, it follows that there are critical trajectories
’yé&e , that crosses the interval (—oo, —1) at some point x1 and 9, ., crossing the interval (1,00)
at some point zo. The boundaries of the end domains QL and Q7 are T, = v_ 00, U7. ses U Ves ico
and I'g = Vico,es U 723»,64 U Ve, —ico-

The set Fffmt) = fyésve » U e,.eq 18 @ Jordan curve that is an outer boundary component of
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a face of the Stokes graph of Qg(z)dz?, which, in this case, must be a ring domain Q, by
Lemma 3.1. Under these circumstances, there are critical trajectories ’yél crossing the interval
(x1,—1) and 47, crossing the interval (1,z2). Then the inner boundary component of €2, is
L) = 4l U fe1, e2] UAL, U [e2,e1]. The boundaries of the circle domains Q.(—1) and Q.(1)
are Io(—1) = 4., and T'¢(1) = +7,. Figure 11, Case II.2.a gives an example of the domain
configuration.

Case 11.2.b. Suppose that es, es are the only zeros on the boundary I‘é and eq, ey are the
only zeros on the boundary I',. The latter happens if and only the limit in (4.8) is positive
and the limit in (4.9) is negative. The boundary of the end domain Q! is 'L = vy_jp¢, U
At ses UVesico- Under these assumptions, the domain configuration must contain a strip domain
Q4(—ioco,i00) with the vertices at +ico, which separates the end domains Q! and Q7. It has
sides T (—i00,i00) = Y—jno,e, U Vey.es Y Vesioo and I'L(—i00,900) = Y—joo.e; U Ve ico-

The circle domains have the boundaries T'e(—1) =1L, ., U7, o, and Te(1) =77,

In this case, the boundary of the end domain Qf is I', = 7ice,e; Ue1, e2]U7g, Ulea, e1]U7ey, —ico-
Figure 12, Case I1.2.b gives an example of such a domain configuration.

The mirror configuration, shown in Figure 12, Case I1.2.b(m), occurs when —1 < e3 < e; < 1
and when e3, ey are the only zeros on the boundary I} and e;, ey are the only zeros on the
boundary T'. This case happens if and only if the limit in (4.8) is negative and the limit in (4.9)
is positive.

Case 11.2.c. Suppose that ez, e4 are the only zeros on Fle and all the zeros eq, es, €3, e4
belong to the boundary I',. This happens if and only if the limit in (4.8) is zero (then the limit
in (4.9) is also zero) and Releq, e3]g, < Relez, e3]q,-

The boundary of the end domain ! is the same as in Cases I1.2.a and I1.2.b above, I'} =
Y—ivoes UYL ses UVes ico- Since Iy contains all zeros, it follows that there are critical trajectories
Yer,es C Hy and 7e, ¢, C H_. In this case, I'l = Yico,es U Yes,er U [e1, €2] UL, Ulea, e1] U ey eq U
Yes,—ioo- The boundary of the circle domain Q.(—1) is I'c(—1) = fyég?ezl U Yes,er U Yer,es, and the
boundary of the circle domain (1) is I'c(1) = 7¢,. Figure 13, Case II.2.c shows the Stokes
graph and domain configuration.

The mirror configuration, shown in Figure 13, Case I1.2.c(m), occurs when —1 < es < e1 < 1
and when e3, e4 are the only zeros on the boundary I', and all the zeros e, e, e3, e4 belong
to the boundary I'.. This case happens if and only if the limits in (4.8) and (4.9) are zero and
Rele1, e3]g, < Relea, e3]q,-

Case 11.3. Let e; < —1 < eg < 1. The intervals (—oo,e1), (e2,1) and (1,00) are orthogonal
trajectories of Qg(2) dz? and the intervals (e, —1),(—1,e3) are trajectories of Qo(z) dz2. There-
fore, there is only one circle domain €2.(1) and there is at least one strip domain having one
or both its vertices at z = —1. Note that the intervals [e;, —1] and [—1, e2] cannot lie on the
boundary of the end domain Q7. The latter implies that es, e4 are the only zeros of Qo(z) dz?,
which belong to I'g. Therefore, I't = Vico,es U Vg4 U Ves,—ico i all subcases considered below.
Also, as in the previous cases, it is not difficult to see that es cannot belong to the boundary of
the end domain Q). Thus, I\ can contain 1, 2, or 3 zeros of Qy(z)dz?. Accordingly, we have
the following subcases.

Case 11.3.a Let e be the only zero on Fle. Then Fle = Y—ico,er U Ver,ico- This, together with
Lemma 3.1, part 3, imply that there are strip domains Qs(—1,ic0) and Q4(—ioco, —1), symmetric
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to each other with respect to the real axis, which left sides are I',(—1,i00) = [—1, €1] U Ve, .ico
and T (—ioco, —1) = Y_jo0.e, U [e1, —1] respectively. The right side of each of the strip domains
Qs(—1,i00) and Q4(—1, —ico) must contain at least one zero of Qy(z) dz2. Thus, we have three
possibilities.

Case 11.3.a («). Let e3 be the only zero on I';(—1,i00). Then, by symmetry, e4 is the only
zero on I'(—ioco, —1). Under the assumptions of this case, the latter happens if and only if

2Imleq, e3]g, + 2Imles, e3]q, = d—1, (4.10)

where 6_; is defined in (3.3). Under these conditions, there are critical trajectories y_j ¢, C
H4, which joins the pole —1 and e3, and y_1., C H_, which joins —1 and es. Therefore,
Fg(_la ZOO) = V—1,es U Ves,ico and Fg(_ioov _1) = V—ico,ea U Ve, ~1-

Under these circumstances, the remaining critical trajectory is 7, and the boundary of the
circle domain .(1) is I'c(1) = 7, .

It follows from our discussion above that there is one more face of the Stokes graph of
Qo(z) dz?, which, in this case, must be a strip domain Q4(—1 — 1) with both its vertices at —1
having Fg"“t>(—1, —1) = V1,64 U, e5 U Ves,—1 as its outer side and ng””)(—l, —1)=[-1,e3] U
Ve, U €2, —1] as its inner side. Figure 14, Case I1.3,a (a) shows an example of the Stokes graph
and domain configuration.

The mirror configuration, shown in Figure 14, Case I1.3.a(a)(m), occurs when —1 < ey <
1 < eq, ey is the only zero on I'. and ez is the only zero on I'}(1,400). This case happens if and
only if

2Imleq, e3]g, + 2Imles, e3]g, = 61. (4.11)

Case 11.3.a (3). Let ey be the only zero on each of the sides I';(—1,i00) and I',(—ioco, —1).
This case happens if and only if

2Imley, e3]g, = 2Imles, e3]g, + 0—1. (4.12)

Under these assumptions, there are critical trajectories ve, ioo and Ve, —ico and, therefore, I'; (—1, ico) =
[—1, €2] U ey ,ico and I'(—i00, €2) = V—ijoo,eo U [€2, —1].

Hence there is one more face of the Stokes graph of Qu(z)dz?, which is a strip domain
Q,(—io0, ic0) with its vertices at 100 and —ioco. The sides of this strip domain are T',(—ioco, ico) =
Y—icoez U Vegsico and T'5(—900,700) = Y_jcoes U Ve, 5 U Ves,ico- In this case, the boundary of the
circle domain €.(1) is Te(1) = ¢, o, Ue, e, (see Figure 15, Case 11.3.a.(3)).

The mirror configuration, shown in Figure 15, Case I1.3.a(3)(m), occurs when —1 < ey <
1 < ey, e; is the only zero on I'7 and es is the only zero on each of the sides T'\(1,i00) and
't (—ico,1). This case happens if and only if

2 Im[el, eg]QD =2 Im[eg, 63]@0 + d1. (4.13)

Case 11.3.a (7). Suppose that es,e3 € I';(—1,i00) and ez, eq € I';(—1, —ioco). This case
happens if and only if Im[eq, e3]g, = 0—1.

Since zeros es and e belong to the same side of the strip domain Q4(—1,i00), we have
I} (—1,i00) = [—1, €2) UYey,e5 U Yes ico- By symmetry, I';(—ico, —1) = Y_joo,es U Yeq,en U [€2, —1].
The latter implies, in turn, that the boundary of the circle domain Q.(1) is T'c(1) = Yey,e, U
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Veqes U Ves,es- The Stokes graph and the domain configuration are shown in Figure 16, Case
IL.3.a(7y).

The mirror configuration, shown in Figure 16, Case I1.3.a (7)(m), occurs when —1 < ez <
1 < eq, e is the only zero on I, and eg,e3 € T(1,i00). This case happens if and only if
Imley, e3]g, = 01.

Case 11.3.b. Suppose that Fle contains two zeros, which are eg, e4. This case happens if and
only if 2Iml[es, e3]g, = 2Imle1, e3]g, +6-1. Then Il = y_ico e, UNL, oy Ues ico- This also implies
that e, eq € I'y and, therefore, I'l = 7iooes U Vey ey U Ves,—icos Where 7, ., intersects (1,00) at
some point x3.

Then the set T\™") = Vegeq Y A 1.e5 18 an outer boundary component of a face of the Stokes
graph of Qo(z)dz?, which must be a ring domain €, (see Lemma 3.1). The inner boundary
component of this ring domain contains just one zero e; and, therefore, ngnn) = ,,, Where 77,
intersects the real axis at some point xo, 1 < 9 < x3. Since {2, separates e1, es from ez, ey,
this case happens if and only if 2Im[es, e3]g, > d—1.

Under these circumstances, the only possibility for the boundary of the circle domain Q.(1)
is that I'c(1) = ~;,, where 7, intersects the real axis at some point x1, 1 < z1 < 2.

The latter implies that the remaining face of the Stokes graph is the strip domain Q4(—1, —1)
with both vertices at —1, which outer and inner sides are FE"“”(—L —1) = [-1,e1]U~;, Uler, —1]
and PS"”)(—L —1) = [~1,e2] U~, U [e2, —1] (see Figure 17, Case I1.3.b).

The mirror configuration, shown in Figure 17, Case I1.3.b(m), occurs when —1 < ey <
1 < e; and e3, e4 are the only zeros on I',. This case happens if and only if 2Im[es, e3]g, =
2Imleq, e3]g, + 01-

Case 11.3.c. Suppose now that I', contains zeros ey, e3, e4. This case happens if and only if
2Im[es, 3], = 6—1. This implies that TL = v_jc es UYeser U Ver es U Yesico- This also implies
that e, eq € I'y and, therefore, I'l = 7iooes U Vey ey U Vea,—icos Where 7, ., intersects (1,00) at
some point 3.

In this case, the set [—1, 1] U%e; ey UTe, e UVes,er U le1, —1] is connected and, therefore, by

Lemma 3.1, it is an outer side Fgom)(—l, —1) of the strip domain Q5(—1,—1). The inner side of

this strip domain is ng””)(—l, —1) = [~1,e2] U~[, U [e2, —1], where 77, intersects the real axis
at some point x1, 1 < 1 < x9.

Under the made assumptions, the remaining possibility for the boundary of the circle domain
Q(1) is that I'c(1) = 7¢,, where v;,. The Stokes graph has four faces only, as it is shown in

Figure 18, Case I1.3.c.

The mirror configuration, shown in Figure 18, Case I1.3.c(m), occurs when —1 < es < 1 < e;
and I'} contains zeros ey, e3, e4. This case happens if and only if 2Im[es, e3]g, = 1.

Case 11.4. Suppose that e; < —1 and e; > 1. In this case, the intervals (—oo,e;) and
(e2,00) are orthogonal trajectories of Qq(z)dz? and the intervals (e1,—1), (—=1,1), and (1,es)
are trajectories of Qg(z)dz%. Therefore, there are no circle domains in this case and, in all
possible subcases, there is a strip domain Q4(—1,1) with vertices at the poles —1 and 1, which
is symmetric with respect to the real axis.

As in the previous cases, each of the boundaries I\ and I of the end domains can contain
1, 2, or 3 zeros and ey € I'L, e; ¢ I'. Thus, we consider the following subcases.
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Case I1.4.a. Let e; be the only zero on I‘le. Then Fle = Y—ioo,e; UYey,ico- This combined with
Lemma 3.1 imply that there are strip domains Q4(—1,i00) and Q4(—ico, —1), symmetric to each
other with respect to the real axis, which left and right sides are I'\(—1,i00) = [~1,e1] U e, oo
and I'(—i00, —1) = Y_js0 ¢, U €1, —1] respectively.

In turn, the boundary of €2} also can have 1, 2, or 3 zeros. Thus, we have three possibilities.

Case I1.4.a (o). Let e be the only zero on I',. This happens if and only if 2 Im[eq, e3]g, < 0—1
and 2Imles, e3]g, < d1. Then I', = Yioo,eo U Yes,—ico- This also implies that there are strip
domains Q4(1,i00) and Q4(—ico, 1), symmetric to each other with respect to the real axis,
which right sides are I'}(1,400) = [1, €2] U Ve ico and I'y(—ioco, 1) = V_jc0e, U [€2, 1] respectively.
The right sides of each of the strip domains Q4(—1,i00) and 4(—ioco, —1), and the left sides of
each of the strip domains (1, i00) and Q4(—i0c0, 1) must contain at least one zero of Qq(z) dz>.
This implies that I'7(—1,900) = Y_1.e5 U Vesico, I'o(—100, =1) = Y—ino.e;, U Yes,—1, L(1,i00) =
V,e5 U Yes,ico, and Fls(—z'oo, 1) = Y—ico,es U Yeq,1- Under these circumstances, the sides of the
strip domain Q4(—1,1) are T'F(=1,1) = V_1.e5 U7es1 and T (=1,1) = -1, UYe 1. The
corresponding domain configuration is shown in Figure 19, Case I1.4.a («).

Case 11.4.a (). Suppose that I', contains two zeros which, in this case, are e3 and ey.
This case happens if and only if 2Imley, e3]g, + 2Im[es, e3] + 01 = 6—1. Then I', = Yjoo e, U
Yeg.es U Ves,—ioo- This also implies that the right sides of the strip domains Qs(—1,ic0) and
Qg(—ioco, —1) are I';(—1,i00) = Y1 5 UYey,ico and I'y(—ico, —1) = Y_jo0,eq U Veq,—1 respectively.
Furthermore, the assumptions imply that es is the only zero on the boundary of the strip
domain Q4(—1,1). Therefore, there are critical trajectories ’yflm C Hy and 72, ., € H- and
the sides of Q4(—1,1) are I'f(-1,1) = 'y‘_*'lm Ule2,1] and I'J(=1,1) = 77 ., U [e2,1]. The
remaining face of Qo(z) dz? in this case is the strip domain Q(—1, —1), symmetric with respect

to the real axis, with both its vertices at —1 and sides rg"“t>(—1, —1) = Y-1ea Uy 5 U Ves,—1

and Fgmn)(—l, —1) =97 ,, U 7:27_1. Figure 20, Case I1.4.a(/3) gives an example of a domain
configuration.

The mirror configuration, shown in Figure 20, Case I1.4.a (8)(m), occurs when e; > 1,
ez < —1 and when e, ey are the only zeros of I',. This case happens if and only if 2 Im[ey, e3]¢, +
2Imleg, €3] + 01 = d1.

Case I1.4.a (7). Suppose that es, ez, eq € I',. This happens if and only if 2 Im[eq, e3]g, + 1 =
0—1. Then I'} = Yico,e3 UYes,e0 UYes,eqa UYes,—ico- This also implies that the right sides of the strip
domains 4(—1,i00) and Q4(—ioco,—1) are I';(—1,i00) = Y_1,e3 U Vey,ico and I'}(—ioco, —1) =
V—ico,eq U Veq,—1 respectively.

Furthermore, our assumptions in this case imply that es, e3, and e4 belong to the boundary
of the strip domain Q4(—1,1). Therefore, I'f (—1,1) = 7_1.¢5 U Veg.e, U [e2,1] and T'; (—1,1) =
Y—1,es UYes.es Ule2, 1]. There are no other domains in the domain configuration of Qo(z) dz? (see
Figure 21, Case I1.4.a (v)).

The mirror configuration, shown in Figure 21, Case Il.4.a (v)(m), occurs when e; > 1,
e2 < —1 and when eg, e3,e4 € I'L. This case happens if and only if 2 Im[es, es3lg, +0-1 = 1.

Case 11.4.b. Suppose that each of the boundaries I'Y and I'" contains two zeros, which are
ez and ey for each of these boundaries. Then there are critical trajectories 723@ ,» Which crosses
the real axis at some point z; < ey and 7, .,, which crosses the real axis at some point z2 > e3.
This immediately implies that Fle = Y_ico,es Y ’yé4763 U Yes,ico and I'g = Yico,es U Veg ey U Ves,—ico-
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,E,OUt)

In this case, the closed Jordan curve I' = ’yéw + Ue, e, 18 an outer boundary component

of a face of the quadratic differential Qo(z)dz2, which must be a ring domain €. The inner

)

boundary component D(«mn of ), can contain one or both of the zeros e;, es. Thus, we have

the following subcases.

Case 11.4b (o). Let e; € F,(«mn), but ey & T This case happens if and only if
Imle, e3]lg, < Imles,es]g, and 6_1 > d;. Then rim — Ye,» where 7 is the critical tra-
jectory with both end points at ej, which crosses the real axis at some point 3, es < x3 < 3.
Under assumption, there are critical trajectories 7:2,71 C Hy and v, ; C H_ having their
end points at the points —1 and ep. This implies that I'F(—1,1) = U'yiLL62 U [e2, 1] and
r;(-1,1) = V1ep Y le1, 1].

Under these circumstances, there is one more face of the Stokes graph of Qg(z) dz?, which is
a strip domain Q4(—1, —1) symmetric with respect to the real axis having both its vertices at the
pole —1. In this case, Fgom)(—l, —1) = [-1, e1]ur, Uler, —1] and Fé""“)(—l, -1) = 'nyeQU’ye;_l.
Figure 22, Case I1.4.b («) gives an example of the Stokes graph and domain configuration.

The mirror configuration, shown in Figure 22, Case II.4.b(a)(m), occurs when e; > 1,
e2 < —1, when e3, e4 are the only zeros on I‘le and on I', and when e; € F&"””), but ey & an”).
This case happens if and only if Im[eq, e3]g, < Im[es, e3]g, and 6_1 < d;.

Case 11.4.b (). The points e, e belong to Fﬁ”m) if and only if Im[eq, e3]g, = Im[es, e3]q,
and 6_; = 61. In this case, there are critical trajectories ’yjlm C Hy and 7., ., C H_ having

their end points at e; and ey and, therefore, D(«mn) = Yeye0 Y 76‘2761. This also implies that
I'H(=1,1) = [-1,e1] U~d o, Ulez, 1] and Ty (—=1,1) = [=1,e1] Uy, ., U [e2,1] (see Figure 24,
Case I1.4.b(5)).

Case I1.4.c. Suppose that eq, e3,e4 € Fé. Then Fle = Y—ico,es UVea,e1 UVer,e3 UYes,ico- In turn,
the boundary of €2/ can have 1, 2, or 3 zeros and e; ¢ I',. In the case where es is the only zero
on I',, the domain configuration is the mirror configuration mentioned in Case II.4.a(y) above.
The remaining subcases are the following.

Case 11.4.c («). Suppose that es and e4 are the only zeros on I',. This case happens if and
only if Im[ei, e3]g, = 0 and d_1 > d1. In this case, there are critical trajectories e, e, C Hy,
Ver,ea C H_, Vflm C Hy and Y1, C H_. This implies that I', = Yio0,e; U 72;3764 U Yey,—ioco and
rrH(-1,1) = fyi‘LeQ Ulez,1] and I'J(—1,1) = 77, ., U [e2, 1]. The remaining face of Qo(2) dz?
in this case is the strip domain Q4(1,1) symmetric with respect to the real axis with both its
vertices at 1. Therefore, I‘gom)(l, 1) = [~1,e1]U%er e UV, 05 UVes,er Ule1, —1] and Fgm”)(l, 1) =
V16, U 7;_1. Figure 23, Case I1.4.c(a) gives an example of a domain configuration.

The mirror configuration for this case, shown in Figure 23, Case II.4.c(«)(m), occurs when
e; > 1, e < —1, when ej,e3,eq4 € I'/ and when e3 and e4 are the only zeros on Fle. This case
happens if and only if Im[eq, e3]g, = 0 and d_1 < d;.

Case 11.4.c (). Suppose that I', contains three zeros, which, in this case, are eg, ez, and
es. This case is self-mirrored, it happens if and only if Imle, e3]g, = Imlez,e3]g, = 0. In
this case, I', = Yico,es U Ves,en U Yea,es U Yey,—ioo- Lhe latter implies that Qle, QF and Q4(—1,1)
are the only domains in the domain configuration of Qg(z)dz? and the sides of Q4(—1,1) are
F;_(_la 1) - [_17 61] Uer,e3 U Ve en U [627 1] and Fs_(_la 1) = [_17 61] Uer,es UYes,en U [627 1} (See
Figure 24, Case I1.4.c(3)).

743



4.3. Case III. Suppose that all zeros of Py(z) are real. In the generic cases, illustrated
in Figures 25-45. we assume that all these zeros are distinct and e, # +1, k = 1,2,3,4.
Possible degenerate cases appeared from this part are shown in Figures 46-50. Depending on
the number of zeroes on each of the intervals (—oo, —1), (—1,1) and (1,00), we consider the
following subcases.

Case III.1. Suppose that e; < ez < e3 < eq < —1. In this case, the intervals (—oo,e1),
(e2,e3), (e4,—1), (=1,1), and (1,00) are orthogonal trajectories of Qq(z) dz? and the intervals
(e1,e2) and (es,e4) are trajectories of Qq(z) dz2. This implies that there are two circle domains
Q:(—1) and Q.(1). Furthermore, the topological argument based on Lemma 3.1 shows that e;
is the only zero on the boundary of QL and ey is the only zero on the boundary of Q.(—1).
Therefore, Fé = Y—ico,er U Ve, ico and I'e(—1) = v¢,- Under the assumptions of this case, there
are closed critical trajectories ~, intersecting (1,00) at x1 and [, intersecting (z1,00). This
implies that the circle domain Q.(1) has the boundary I'c(1) = 7, U [e3, e4] U5, U [eq, e3] and
the end domain Q has the boundary I, = v_jcc.e; U [e1,€2] UL, U [e2,e1] U Ve, ico- Under
these circumstances, there is one more face of Qq(z) dz?, which is the ring domain 2, with the
boundary components Fﬁ“"t) = ., and Fﬁi”") = Yoy

The Stokes graph and domain configuration are shown in Figure 25, Case III.1.

The mirror configuration, shown in Figure 25, Case II1.1(m), occurs if 1 < e4 < e3 < ez < e;.

Case II1.2. Suppose that —1 < e; < ez < e3 < e4 < 1. In this case, the intervals (—oo, —1),
(—1,e1), (e2,e3), (eq, —1), and (1,00) are orthogonal trajectories of Qo(z) dz? and the intervals
(e1,e2) and (es, eq) are trajectories of Qo(z) dz?. As above, this implies that there are two circle
domains Q.(—1) and Q.(1). Furthermore, using Lemma 3.1, we conclude that e; is the only
zero on the boundary of .(—1) and ey4 is the only zero on the boundary of Q.(1). Therefore,
[e(—1) = 4!, and (1) =~7,. Under the assumptions of this case, there are critical trajectories
Ves,icor Vez,—icor Vesjioo, aNd Yes —iso. This implies that, in this case, there is a strip domain
Q,(—ioo,ic0) with sides I', (—ico,i00) = V—ico,es U Ve ico A ' (—100,900) = V_joc.e5 U Ve, ico-

The domain configuration in this case is shown in Figure 26, Case IIL.2.

Case TI1.3, Suppose that e; < es < e3 < —1 < e4 < 1. In this case, the intervals (—oo, ey),
(e2,e3), (e4,1), and (1,00) are orthogonal trajectories of Qo(z)dz? and the intervals (ej,ez),
(e3,—1), and (—1,e4) are trajectories of Qq(z) dz2. Thus, there is only one circle domain €.(1)
in this case.

A topological argument similar to one used in the proof of Lemma 3.1, which is based on
the information obtained from the basic structure theorem [14, Theorem 3.5], shows that, in
the case under consideration, there are three critical trajectories v¢, , k = 2,3,4, such that ~¢,
crosses the interval (1,00) at the point z, 1 < x4 < x3 < x9. Moreover, Ve, 18 contained in
the Jordan domain bounded by 7¢,, and 7¢, is contained in a Jordan domain bounded by ~,.
This implies that there exist critical trajectories e, ico and e, —ico- Now, when the Stokes
graph of Qq(z)dz? is identified, one can easily see that the domain configuration of Qg(z) dz?
consists of end domains Q! and Q7, circle domain Q.(1), ring domain €, and strip domain

Qs(—1,—1). The corresponding boundaries, boundary components, and sides are the following;:
Fle' = Y—iooer U Veioor L't = Vico,er U [€1,€2] UL, U le2, €1] UYe,—ioo, Le(1) = 72,5 T = Yoo
P7("mn) = ’7237 Fj(_lv 1) = [_1763} U7g3 U [637 _1]7 F;(—l, 1) = [_1764]'724 U [647 _1]'

The Stokes graph and domain configuration are shown in Figure 27, Case IIL.3.
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The mirror configuration, shown in Figure 27, Case II11.3(m), occurs when —1 < ey < 1 <
ez < eg < eq.

Case I11.4. Suppose that e; < ez < e3 < —1 < 1 < e4. In this case, the intervals (—oo,ey),
(e2,e3), and (eq,00) are orthogonal trajectories of Qq(z) dz? and the intervals (eq,e2), (e3, —1),
(—1,1), and (1,e4) are trajectories of Qq(z)dz?. Thus, there are no circle domains in this case
and there is a strip domain Q4(—1,1), which is symmetric with respect to the real axis.

Using the topological argument based on the basic structure theorem [14, Theorem 3.5], we
conclude that there are critical trajectories e, oo C EJF and Ye;,—ico C H_. The latter implies
that Fle = Y—ioo,er Y Ve ico-

Since the strip domain Q4(—1,1) is symmetric with respect to the real axis, its boundary
00s(—1,1) must contain at least one of the zeros es, e4. Thus, we consider the following subcases.

Case I11.4.a. Let e3 be the only zero on 0Q25(—1,1). This case happens if and only if §_; < d;.
This inequality implies that there are critical trajectories 7;,1 C H, and Ves1 C H_. Therefore,
the upper and lower sides of the strip domain Q4(—1,1) are I'J(—1,1) = [-1,e3] U 72;71 and
r;(-1,1) =[-1,e3] U Ves,1 TESPECtively.

As concerns critical trajectories, different from the interval (eq, es), which have at least one
end point at eq, there are three possibilities.

Case T11.4.a (a)). There are critical trajectories 7;;’1 C H, and Veg1 C H_. This subcase
happens if and only if d_1 + 2[e2, €3], < d1. Under these assumptions, there is a strip domain
25(1,1), the inner and the outer sides of which are r{imm = M e U'y:&l and T = M U%J;’l.
Under these circumstances, the set T'}(1,i00) = 71+, ey U €2, 1] U ey ino 1s a boundary arc of
one of the faces of the Stokes graph of Qq(z)dz?, which, in this case, must be a strip domain
Qs(1,i00). Thus, I'Y(1,400) is the left side of Q4(1,4900). Since the right side of Q4(1,i00) must
contain at least one zero of Qo(z)dz?, the only possibility is that T'7(1,i00) = [1, €4] U Ve, icos
where v, i0o C Hy is the critical trajectory of Qo(z)dz? joining e4 and oco. Since the trajectory
structure of Qg(z)dz? is symmetric with respect to the real axis, it follows that there is a
strip domain Q,(—ioco,1) with left and right sides T'\(—ico, 1) = Y_jooe; U [e1,e2] U Vg and
I (—i00, 1) = Y—ico,e, U [e4, 1] respectively. The latter also implies that the boundary of the end
domain Q is I'l = Yico,es U Veq,—ico- There are no other domains in the domain configuration
of Qo(z)dz? in this case. The Stokes graph and domain configuration are shown in Figure 28,
Case II1.4.a ().

The mirror configuration, shown in Figure 28, Case II1.4.a.(«)(m), occurs when e4 < —1 <
1 < e3 < ez < ep and it occurs if and only if 61 + 2[ez, e3]g, < 0_1.

Case 111.4.a (). There is a critical trajectory 7., , which intersects the interval (e4, 00). This
subcase happens if and only if 6_1 < §1 < d_1 + 2[e2, €3], In this case, the boundary of the
end domain QF is I'} = Yiso.e, U [e1, 2] UL, U lea, e1] U Yey,—ioo-

Furthermore, the curve 47, is an outer boundary component of one of the faces of the Stokes

graph of Qo(z)dz?, which must be a ring domain €2,. Therefore, n(f’“t) = 7V,- Under these

circumstances, there is a critical trajectory Wé , intersecting the interval (e, e3), which is the
inner boundary component of €2, i.e., F,(ﬂmn) =l ,- The remaining face of the Stokes graph in
this case is a strip domain Q4(1,1) symmetric with respect to the real axis, the inner and outer

sides of which are 1“53”"’(1, 1) = ’yfm U7, 1 and Fgom)(l, 1) = [1,e4) U~L, Ules, 1]. The Stokes
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graph and domain configuration are shown in Figure 29, Case I11.4.a(3).

The mirror configuration for this, shown in Figure 29, Case IIl.4.a(f)(m), occurs when
es < —1 <1< ez <er<er and it occurs if and only if §; < d_1 < &1 + 2[ez, e3]q,-

Case 111.4.a (). There are critical trajectories fy,j;e , and g, ... This subcase happens if
and only if 61 = d_1 + 2[e2, e3]Q,. The boundary of the end domain € is I', = Yiso,e; U €1, €2] U
Ve ea Uesen Ule2,€1] U ey —ico- The remaining face of the Stokes graph in this case is the strip
domain 24(1, 1) symmetric with respect to the real axis, the inner and outer sides of which are
Fgm")(l, 1) = 7{63 UYe, 1 and FF;’“”(L 1) = [1,e4] U~ o, Uveye, Ulea, 1]. The Stokes graph and
domain configuration are shown in Figure 30, Case IIl.4.a (7).

The mirror configuration, shown in Figure 30, Case I11.4,a (y)(m), occurs when e4 < —1 <

1 < e3 < ey < ey and it occurs if and only if d_; = 01 + 2[ez, €3], -

Case 1I1.4.b. Let e4 be the only zero on 9€25(—1,1). This case happens if and only if §; <
0_1. This inequality implies that there are critical trajectories 711}64 C H, and Y16, C H_.
Therefore, the upper and lower sides of the strip domain Q4(—1,1) are I'F(—1,1) = le,e4 Ulea, 1]

and I'; (=1,1) =7, ., Ules, 1] respectively. In this case, the set I's (=1, -1) =7 , U'Y;Z,—l
must be an inner side of the strip domain 4(—1,—1). Under these circumstances, there is
a critical trajectory 7g, intersecting the interval (e4,00) at some point z1. The outer side of
Qs(—1,—1) in this case is Fﬁf’“t)(—L —1) = [~1,e3] U~y Ules, —1].

Furthermore, the curve F,(nmn) = ¢, 18 an inner component of some face of the quadratic

differential Qo(z)dz?, which must be a ring domain €2,. The latter implies that there is a
critical trajectory 77, intersecting the interval (x1,00). In this case, T’ 7(?““ = Y,- Now, when
all critical trajectories of Qo(z)dz? are identified, the boundary of the end domain Q7 is ') =
Yico,er U [e1, €2] U7, Ulea, e1] UYey, —ico. The Stokes graph and domain configuration are shown
in Figure 31, Case II1.4.b.

The mirror configuration for this case, shown in Figure 31, Case I11.4.b(m), occurs when

e4 < —1<1<e3<er<er and it occurs if and only if §_1 < d7.

Case 111.4.c. Let es,eq € 0Q4(—1,1). This case happens if and only if §_; = ;. This
equality implies that there are critical trajectories ’yg;e . C H, and Ves.ea H_. Therefore, the
upper and lower sides of the strip domain Qy(—1,1) are I'f (=1,1) = [-1,e3] U~S ., U [eq, 1]
and I'; (—=1,1) = [~1,e3] U, , Ulea, 1] respectively. In this case, the set Tl = Yeaea UVeh s
must be an inner boundary component of the ring domain 2. Under these circumstances, there
is a critical trajectory 77, intersection the interval (e4,00). The outer side of €2, in this case is

P7(nout) =7
e
Now, when all critical trajectories of Qq(z) dz? are identified, the boundary of the end domain
OF is I'} = Yico,e; U le1, e2] Une, Ulez, €1] UYe;, —ico- The Stokes graph and domain configuration
are shown in Figure 32, Case I11.4.c.

The mirror configuration, shown in Figure 32, Case I11.4.c(m), occurs when e4 < —1 <1 <
e3 < es < e1 and it occurs if and only if §_; = d1.

Case TI1.5. Suppose that e; < —1 < e3 < e3 < e4 < 1. In this case, the intervals (—oo, 1),
(e2,e3), (e4,1), and (1,00) are orthogonal trajectories of Qo(z)dz? and the intervals (e1, —1),
(—1,e2), and (es,e4) are trajectories of Qo(z)dz?. Thus, in this case, there is only one circle
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domain .(1).

The topological restrictions from the basic structure theorem [14, Theorem 3.5] imply that
there exist critical trajectories e, ioco, Vei,—icos Veasicor Vez,—ioos Vessioo, A Yes —ioo. Moreover,
the latter implies that there is a critical trajectory ¢, that is the boundary of the circle domain
Qc(1), i.e., Te(1) = 47,. In this case, the boundaries of the end domains QL and QF are T, =
Yicoer U Versico AN 'L = Yioo e5 U [€3, €4] U g, U [e4, €3] U Ve, —ico-

Furthermore, there exist three strip domains Q4(—1,i00), Q4(—1, —io0) and Q4(—ico, ic0).
The corresponding sides of these strip domains are the following: T',(—1,i00) = [~1, €1] Ue ioo
and T7(—1,i00) = [—1,e2] U Yepiico; Th(—i00,—1) = Y_jooe, U [e1,—1] and T (—ico, —1) =
Veivoes U €2, —1], TL(—i00,i00) = Y—ioo.es U Yen.ico and T7(—i00,i00) = V_iso.e5 U Yeg ico- LThe
Stokes graph and domain configuration are shown in Figure 33, Case IIL.5.

The mirror configuration, shown in Figure 33. Case II1.5(m), occurs when —1 < es < e3 <
er <1 <ey.

Case T11.6. Suppose that e; < es < —1 < e3 < e4 < 1. In this case, the intervals (—oo, ey),
(€2, —1), (—1,e3), (e4,1), and (1,00) are orthogonal trajectories of Qq(z) dz? and the intervals
(e1,e2) and (es,e4) are trajectories of Qq(z) dz2. This implies that there are two circle domains
Q:(—1) and Q.(1). As in the previous cases, the topological argument based on the basic
structure theorem [14, Theorem 3.5] and Lemma 3.1 implies that e; is the only zero on the
boundary of Qle and ey is the only zero on the boundary of Q.(1). Therefore, Fle = VZ—ioo,el Uer ico
and I'c(1) = 7¢,, where 77, crosses (1,00) at some point .

Under the assumptions of this case, the boundary of Q.(—1) can contain 1 or 2 zeros. Thus,
to identify the remaining domains, we consider three subcases.

Case 111.6.a. Let ey be the only zero on I'.(—1). Under the assumptions of Case III.6, the
latter happens if and only if

al—iglo([@’ —1—¢€lg, — [-1+¢,e3]g,) <O. (4.14)

In this case, I'.(—1) = 7¢,, where 7¢, crosses the interval (—1,e3). Thus, there is one more face
of Qo(z)dz? that is the strip domain Q(—ico,i0c0) with the sides T'\(—ico,i00) = Y_icoe; U
le1, e2) U, Ulez, 1] UYey ioo and Iy = ¥_joo,e5 UVes,io0- Finally, the boundary of the end domain
OF is I, = Y_io,e; U [€3, €4] UL, Ules, €3] U ey io0. The Stokes graph and domain configuration
are shown in Figure 34, Case I11.6.a.
The mirror configuration, shown in Figure 34, Case II1.6.a(m), occurs when —1 < ¢4 < ez <
1 < e2 < e1 and with these assumptions it happens if and only if
gl_ig_lo([e% 1+¢€lg, — [1 —e€,e3]0,) <O. (4.15)
Case 111.6.b. Let e3 be the only zero on I'.(—1). Under the assumptions of Case III.6, the

latter happens if and only if the limit in (4.14) is positive. In this case, I'.(—1) = yég, where 7é3

I,7(nmn) — ,yé?)U[eS’ 64]U’yg4u[64’ 63}

is a boundary component of a face of the Stokes graph of Qo(z) dz?, which must be a ring domain

crosses the interval (e2, —1). Under these circumstances, the set

2. by Lemma 3.1. This implies that there is a critical trajectory 7¢,, which crosses the interval
Fgdomf) o

(z4,00), where x4 is defined earlier in Case I11.3. Therefore, = Ve,
Finally, the boundary of the end domain  is I', = 7ice,e,; U [e1, €2] UL, U ez, e1] U ey, —ioo-

The Stokes graph and domain configuration are shown in Figure 35, Case I11.6.b.
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The mirror configuration, shown in Figure 35, Case II1.6.b(m), occurs when 1 < ¢4 < e3 <
1 < ey < e7 and if and only if the limit in (4.15) is positive.

Case TI1.6.c. Suppose that es, e € I'.(—1). Under the assumptions of Case II1.6, the latter
happens if and only if the limit in (4.14) is zero. In this case, I'e(—=1) = 77, ., U 75, ., and
I = Yico,er U le1, e2] UG, o, Ules, ea] UnZ, Uleq, e3] U, o, Ulea, €1] U ve;,—ico- The Stokes graph
and domain configuration are shown in Figure 36, Case I11.6.c.

The mirror configuration, shown in Figure 36, Case I11.6.c(m), occurs when —1 < e4 < e3 <
1 < ey < €7 and if and only if the limit in (4.15) is zero.

Case 1I1.7. Suppose that e; < ea < —1 < 1 < e3 < e4. In this case, the intervals (—oo,ey),
(e2,—1), (—1,1), (1,e3), and (e4,00) are orthogonal trajectories of Qq(z)dz? and the intervals
(e1,e2) and (es3, eq) are trajectories of Qo(z) dz2. Thus, there are two circle domains Q.(—1) and
Q.(1).

First, we mention few topological obstructions for the critical trajectories starting at zeros
eo and es. There is no trajectories with one end point at one of these zeros and second end
point at co. Indeed, if such a trajectory, say ve, ico, €xists (then e, —io €xists as well), then the
zero e is the only critical point of Qg(2)dz? in the simply connected domain D > e; bounded
by the curve y_joo,es U Ve, ioo, Which is impossible (see Lemma 3.1, part 1). Similar argument
shows that, in the case under consideration, there are no trajectories joining the zeros ey and
e3, and there are no trajectories with both end points at eo or at es, which cross the interval
(1,e3) or the interval (e, —1) respectively. Thus, we are left with the following subcases.

Case I11.7.a. Suppose that there are critical trajectories ¢, and ~¢, crossing (—1,1) at some
points x1 and xo, respectively, such that z; < xo. This case happens if and only if the following
inequalities hold:

E1_i>15rr10(11rn[eg, —1 + ie]g, — Imles, —1 + ic]g,) < 0, (4.16)
agrilo(lm[eg, 1+ i€lg, — Im[ea, 1 + i€]g,) < 0. (4.17)

Under these circumstances, I'.(—1) = 7¢,, T'(1) = ¢, and there are critical trajectories
Yei,iocos Yer,—icos Vea,icos and Yes4,—ico- This implies that Fle = V—ico,e1 U Yeq,ico and FZ = Yioo,eq U
Yes,—ico- Furthermore, this implies that there is one more face of the Stokes graph of Qo(z) dz?,
which is the strip domain Q4(—ico,i00) with the sides I',(—i00, i00) = Y—joc,e, U [€1, €2] UAE, U
[€2, €1] UYey ico and I (—i00,i00) = Y_joo,es U [€4, €3] UE, U le3, e4] U e, ico (see Figure 37, Case
II1.7.a).

Case I11.7.b. Suppose that there are critical trajectories ;, crossing (e4, 00) and 7¢, crossing
(—1,1). This case happens if and only if the limit in (4.16) is positive and the limit in (4.17)
is negative. These conditions imply that there is a critical trajectory q/é ,» which crosses the
interval (ez, —1). The remaining two critical trajectories in this case are e, ico and Ve, —ico-
Now, when all critical trajectories are identified, the domain configuration of Q(z) dz? consists
of end domains QL, QF, circle domains Q.(—1), Q.(1), and a ring domain Q,.. The corresponding
boundaries are the following: T, = Y—iooser UVer icor L't = Vico,er U le1, e2] UL, Ulea, e1]Ue,, —ico,
Lo(—1) = 4L, Ules,es] UAE, Ules, eq], Te(1) = A5, Tl = Yoy, and S 7L, The Stokes
graph and domain configuration are shown in Figure 38, Case II1.7.b.
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The mirror configuration, shown in Figure 38, Case II1.7.b(m), occurs when e4 < ez < —1 <
1 < es < e1 and if and only if the following inequalities hold:

EE)IEO(IH’I[GQ, 1 +ielg, — Imles, 1 + ig]g,) > 0, (4.18)
sl_iglo(lm[eg, —1 + i€]g, — Im[ea, —1 +i€]g,) < 0. (4.19)

Case II1.7.c. Suppose that there are critical trajectories 72;,6 , and v, .. This case happens
if and only if the limits in (4.16) and (4.17) are zero. The remaining critical trajectories in this
Case Are Ye; oo, Ver,—ico> and ¥¢,. Under these conditions, the domain configuration of Qo(2) dz?
consists of end domains ), Q7 and circle domains Q.(—1), Q.(1). The corresponding boundaries
are the following: T'L = v_;00.¢; U%Yeyicos LE = Vicoe, U [e1, €2] U Ve es Ueren Ule2, €1l U ey —ico,
Lo(—1) =75, Ules, e3] UG, Ules, eq] Uy, o, and Te(1) = 7¢, (see Figure 39, Case II1.7.c).

The mirror configuration, shown in Figure 39, Case II1.7.c(m), occurs when e4 < e3 < —1 <
1 < ez < €1 and if and only if the limits in (4.18) and (4.19) are zero.

Case TI1.8. Suppose that e; < ea < —1 < e3 < 1 < e4. In this case, the intervals (—oo,e1),
(€2, —1), (—1,e3), (eq,00) are orthogonal trajectories of Qg(z)dz? and the intervals (e, ez),
(e3,1) and (1,e4) are trajectories of Qo(z) dz2. Thus, there is only one circle domain Q.(—1).

Applying the topological argument based on the basic structure theorem [14, Theorem 3.5]
and Lemma 3.1 once more, we conclude that e; is the only zero on the boundary of 2. and
therefore, Fé =t ico.e; Y Ver,ico- Furthermore, similar topological argument implies that ey, e4 &
I'c(—1). Therefore, I'.(—1) can contain one of the zeros e, e3 or both these zeros. Thus, we
have the following subcases.

Case II1.8.a. Suppose that es € I'.(—1), but es € I'.(—1). This happens if and only if the
limit in (4.16) is negative. Then I'.(—1) = 7¢,, where 7¢, intersects the interval (—1,e3). In this
case, I',(—i00,i00) = Y_ico,e, U [€1,€2] U, U [e,€1] U e, ico is a boundary arc of one of the
faces of the Stokes graph of Qo(z) dz2, which, in this case, must be a strip domain Q4 (—i00, ic0)
having T',(—ioco, ic0) as its left side. The right side of Qs(—ioc0,i00) is I (—i00, 100) = Y—joo,e5 U
Vesico- Under these circumstances, there are critical trajectories e, ico C Hy and e, —ico C H_.
Therefore, the boundary of the end domain Q is I', = 7jo0,e, U Ves,—ico- This also implies that
there are strip domains 2,4(1,i00) C H, and Q4(—ico,1) C H_, which sides are T'\(1,i00) =
[1, €3] U Yesioos [(1,i00) = [1,e4] Ueyico and TL(—ioo, 1) = Y_joo ey U [e3,1], [ (—ico, 1) =
Y—ico,es U [€4,1] respectively. The Stokes graph and domain configuration are shown in Figure
40, Case II1.8.a.

The mirror configuration for this case, shown in Figure 40, Case I11.8.a(m), occurs if and
only if e4 < —1 < e3 <1 < ey < e; and the limit in (4.16) is negative.

Case II1.8.b. Suppose that e3 € I'.(—1), but ez & I'.(—1). This happens if and only if the
limit in (4.16) is positive. Then I'c(—1) = +.,, where ., intersects the interval (e2, —1) at some
point z1. In this case, Fgmn)(l, 1) = [1,e3] UL, Uler,1] is a boundary arc of one of the faces
of the Stokes graph of Qo(z)dz2, which, in this case, must be a strip domain ,(1,1) having
r gi””)(L 1) as its inner side. The outer side Fgout)(l, 1) of 24(1,1) must contain at least one of
the zeros es, e4. Therefore, we have the following three subcases.

Case 1I1.8.b (a). Let ey € Fgom)(l, 1), but eq ¢ F§°“t)(1, 1). This subcase happens if and
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only if 2Im ([e2, i]g, + [i,e3]g,) < 61. In this subcase, there are critical trajectories 76—2,1 c H,

and v, ; C H_ such that Fgout)(l, 1) = ,Yfr’eQ U ep.1-

Under these circumstances, there are critical trajectories e, 00 C Hy and 7e, —ico € H_.
Therefore, the boundary of the end domain Q is I', = 7jo0.e, U Ves,—ico- This also implies that
there are strip domains Q4(1,i00) C Hy and Q4(—ico,1) C H_,
71’:52 U [62761] U Yey ico> Pg(lvioo) = [1764] U Yea,ico and Fé(_ioov 1) = Y—ioco,e; Y [61’62} U '7@_2,1’
I (—i00,1) = Y_joo,e, U [e4, 1] respectively. The Stokes graph and domain configuration are
shown in Figure 41, Case II1.8.b(«).

The mirror configuration, shown in Figure 41, Case II1.8.b(«)(m), occurs if and only if
ea < —1<e3<1l<ey<erand 2Im ([ez, g, + [i,e3]Q,) < 0-1.

which sides are I',(1,i0c0) =

Case I11.8.b (B). Let eq € Fgom)(l, 1), but eg ¢ I’gom)(l, 1). This subcase happens if and only
if 2Im ([e2, i]g, + [i,e3]q,) > 01. These assumptions imply that I‘(som)(l, 1) = [1, eq) U~k Ules, 1],
where ! , 1s a critical trajectory of Qo(2) dz?, which intersect the interval (e, —1) at some point
To < 7.

Under conditions of this subcase, the critical trajectory . , 1s an inner boundary component

of a face of the Stokes graph of Qo(z) dz?, which must be a ring domain €,.. Hence, anmn) =4} "

Under these circumstances, the outer boundary component D(»O“t) of €2, must contain the zero

eq. Therefore, in this case, there is a critical trajectory ~;, intersecting the interval (e4,o0)

and D(»O“t) = 7¢,- There are no other critical trajectories in this case, which implies that I'f =

Y—ioo,e; U [e1, e2] Une, Ulez, e1] U7, ico- The Stokes graph and domain configuration are shown
in Figure 42, Case II1.8.b(f).

The mirror configuration, shown in Figure 42, Case IIL.8.b(/)(m), occurs if and only if
es < —1<eg<1<ey<erand 2Im([e2,i]g, + [4,e3]Q,) > 0-1-

Case TI1.8.b (7). Let eg,¢e4 € Fgout)(l, 1). This subcase happens if and only if 2Im ([e2, 7]g, +

[i,e3]q,) = 1. Since the zeros e; and e4 both belong to N (1,1) it follows that there are critical

trajectories v, ., C Hy and 5, ., C H_. In this case, T (1,1) = [1, ea]UNg, e, UTey ey Ulea, 1].
Now, when all critical trajectories are identified, the boundary of the end domain €] is I'] =
Veivoer U [€1,€2] Ug, ef U Ve ep U le2,€1] U Yy ico- There are no other domains in the domain
configuration of Qg(z) dz2. The Stokes graph and domain configuration are shown in Figure 43,

Case II1.8.b(7).

The mirror configuration, shown in Figure 43, Case II1.8.b(y)(m), occurs if and only if
es < —1<eg3<1<ey<erand 2Im([e2, g, + [i,€3]Q,) = 0-1-

Case 111.8.c. Suppose that ey, e3 € I'.(—1). This happens if and only if the limit in (4.16) is
zero. Since the zeros ey and eg both belong to I'.(—1) it follows that there are critical trajectories
Vb es € Hy and 7, ., C H_. In this case, Te(—1) = 7, o UV, ey

Furthermore, I, (1, ic0) = [1, e3] U~ ., Ule2, €1] U7e, ico is a boundary arc of one of the faces
of the Stokes graph of Qq(z) dz2, which must be a strip domain (1, i00) having I'} (1, ic0) as its
left side. The only possibility for the right side of £4(1,i00) is that I';(1,i00) = [1, e4] U Ve, ico-
Similarly, we conclude that there is a strip domain Q(—ioo, 1) with sides I', (—i00, 1) = V_jo0 ¢, U
le1, €2l U, ey U le3, 1] and T5(—i00, 1) = v joo,es U [€4, 1].

The latter also implies that the boundary of the end domain Q7 is I', = Y_jo0,eq U Yey,ico-
There are no other domains in the domain configuration of Qq(z)dz?. The Stokes graph and
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domain configuration are shown in Figure 44, Case II1.8.c.

The mirror configuration, shown in Figure 44, Case I11.8.c(m), occurs if and only if e4 <
—1 <e3 <1<ez<ep and the limit in (4.17) is zero.

Case TI1.9. Suppose that e; < —1 < eg < e3 < 1 < e4. In this case, the intervals (—oo, 1),
(€2, e3), (e4,00) are orthogonal trajectories of Qo(z) dz? and the intervals (e, —1), (—1,e3) and
(e3,1), (1,e4) are trajectories of Qo(z) dz?. There are no circle domains.

As in the previous cases, the topological constrains related to the basic structure theorem [14,
Theorem 3.5] and Lemma 3.1 imply that there exist eight critical trajectories, each having one
of its end points at ¢oco or —ioo. These critical trajectories are: Ve, i, k¥ = 1,2,3,4 and e, —ioco,
k =1,2,3,4. Now, when the Stokes graph of Qo(z)dz? is identified, one can easily see that the
domain configuration of Qq(z) dz? consists of end domains Q4, Q7 and five strip domains, which
are Qs(—1,i00), Q5(—1, —ioc0), Qs(1,i00), Qs(1, —ioco), and Q4(—ioco,i00). The boundaries of
the end domains Qle and 1) are Fle = Y—ico,er U Yerico @A I'L = Yioo ey U Ve, —ico Tespectively.
The sides of the strip domains Q4(—1,i00), Qs(—1, —ic0), Qs(1,i00), Qs(1, —ic0), Ns(—ioco,ic0)
are Fls(—l,ioo) = [—1,e1] U"e, ico and I'}(—1,700) = [—1, e2] UYey,ico; Fé(—z’oo, —1) = V_ico,e; U
[e1, —1] and I (—ico, —1) = Y_iooe, U [e2, —1], TL(1,i00) = [1, €3] U Yes.ico and I':(1,i00) =
[1, €4] Uegicor TL(—i00,1) = Y—iooe5 Ules, 1] and I (—ic0, 1) = V_ico e, U lea, 1], [ (—ioco, ic0) =
V—ioo,ea UYes ico aNd I (=100, 100) = Y_joo,e5 U Yes,ico Tespectively. The Stokes graph and domain
configuration in this case are shown in Figure 45, Case II1.9.

4.4. In this subsection, we discuss possible Stokes graphs and domain configurations for
degenerate cases. More precisely, we describe changes, which occur in the Stokes graphs and
domain configurations when two or more zeros merge. In the case without real zeros, there is
only one degenerate configuration described in Case 1.3 and illustrated in Figure 5. In the cases
with two or four real zeros, we have the following possibilities.

1. In the case with two real zeros e; and ey, these zeros can merge if and only if both
belong to one of the intervals (—oo, —1), (—=1,1), or (1,00). In all these cases, an interval (eq, eq)
is one of the critical trajectories of Qo(z)dz? and, therefore, v, ¢, = [e1,€2]. Thus, when e;
and ep merge, the arc 7., ¢, shrinks to a point ej 2, while the structure of domain configuration
remains the same as in the corresponding generic case. Therefore, the Stokes graphs and domain
configurations in the degenerate cases mentioned above are the same as in the generic cases I1.1
and I1.2 shown in Figures 6-13, except that the interval [e;, ea] shrinks to a single point.

2. Similar situation occurs in the case with four real zeros where the intervals (ej, e2) and/or
(e3,e4) are critical trajectories of Qp(2) dz> as it is illustrated in Figures 25-44. In these cases,
if e; merges with ep and/or e3 merges with ey, then the domain configuration remains the same
as in the generic case shown in the corresponding figure except that the interval [e1, es] and/or
the interval [es, e4] shrinks to a single point.

3. In Case III with four real zeros, there are situations when a ring domain and/or strip
domain collapses if two or more zeros merge. More precisely, in Cases I11.1, I11.3, I1I.4.b, II1.4.c
and in their mirror cases the ring domain €, collapses when the zeros e; and e3 merge forming a
double zero ez 3. The corresponding degenerate domain configurations for these cases are shown
in Figures 46, 48, 50, and 51.

Furthermore, in Cases I11.2, IT1.5, I11.9 and in their mirror cases, the strip domain Q¢ (—ioco, i00)
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collapses when ey and e3 merge forming a double zero e 3 as it is shown in Figures 47, 52, and 53.
Similarly, in Cases II1.4.a(a) and II1.4.a(vy) the strip domain §24(1,1) collapses and in the cor-
responding mirror cases III.4.a(a)(m) and III.4.a(y)(m) the strip domain Q4(—1, —1) collapses
when the zeros e; and e3 merge to a double zero eg 3 (see Figures 50 and 51).

In the remaining case, that is Case II1.4.a(/3), the ring domain €, and the strip domain
24(1,1) both collapse when the zeros ez and ez merge to a double zero ez 3. Similarly, in the
mirror case I11.4.a(5)(m) the domains 2, and Q(—1, —1) both collapse when ey and es merge
forming a double zero ez 3. The resulting degenerate domain configurations in these cases are
those shown in Figures 50 and 51.

Further merging of zeros, when a double zero merges with one or two single zeros, does not
change the domain configurations. Possible cases are the following. In each of Cases I11.1(deg),
II1.1(deg)(m), and II1.2(deg) shown in Figures 46 and 47, the double zero ey 3 can merge with
e1, then the edge [e1, e 3] shrinks to a point forming a triple zero, or ez 3 can merge with ey,
then the edge [e4, e23] shrinks to a point again forming a triple zero, or e 3 can merge with both
e1 and ey forming a zero of order four, then both edges [e1, e2 3] and [e3 3], e4] shrink to this zero
of order four.

In all cases shown in Figures 48-52, the double zero e 3 can merge with e; forming a triple
zero. In all these cases with triple zero, the domain configurations contain the same domains
as shown in Figures 48-52 and the Stokes graphs consists of the same edges as in these figures,
except that the edge [e;,ep 3] shrinks to a point forming a triple zero of the corresponding
quadratic differential.

4.5. In conclusion of this section, we stress that our description of cases given here covers
all possible nondepressed trajectory structures of the quadratic differential Qo(2) dz? with real
coefficients. In each case, we gave a detailed description of the corresponding Stokes graph
and domain configuration, which determine the behavior of solution curves of the differential
equation arising from the Rabi model.

5 Domain Configurations for the Rabi Model

The existence and properties of solutions to the Rabi problem depend on the values of
physical parameters A, E, and g, while our classification of the Stokes graphs for this problem is
given in terms of the number of real zeros and some other characteristics of associated quadratic
differential Qq(z)dz2. Thus, to apply the results presented in Section 4 to the Rabi problem,
we have to identify which of the types I, II, or III of Stokes graphs and domain configurations
of Qo(2) dz? correspond to a particular choice of the Rabi parameters A, E, and g.

For given A, F, and g the coefficients ¢j of the quartic polynomial Py(z), that is the numer-
ator of Qo(z) in formula (2.8), are expressed explicitly by formulas (2.9) and (2.10) as functions
of A, FE, and g. Thus, to use our classification of Stokes graphs to study the Rabi problem, we
have to determine if the polynomial Py(z) with these coefficients has no real zeros, has two real
zeros, or it has four real zeros.

The theory of quartic equations, which origin goes back to the work of Lodovico Ferrari in
the 16" century, is well known and contains all information on distribution of zeros of such
equations, which we need for our study. More precisely, in Propositions 5.1 and 5.2 below, we
present classical results of Lagrange [18, Chapitre V, Article III, Section 39, p. 67] (see also
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[19, Chapter 10, Section 7]) interpreted in terms of the parameters A, F, and g of the Rabi
problem. As it was shown by Lagrange, the number of real roots of Py(z) depends on the sign
of the discriminant 2y and two additional characteristics, &y and 2y, of the polynomial Py,
which are defined as follows:

Do = —27cact 4+ 18c3cacicy — Acsed — dcicSc + cieac? + 144c3eact — 6c3cicy — 80cscieico
+ 18¢3c263 + 16¢acy — 4c3c? — 192030103 - 1280%0(2) + 144cocicy — 27c] + 25608,
Py =8¢y —3c3, 2y =64cy — 16¢5 + 16¢3cy — 16¢3¢1 — 3¢

Using Equations (2.9) and (2.10), we express %y, P, and 2y, as the following functions of the
physical parameters A, E, and g:

1
Do = —m(1024A6g8 — 1024A*E? 8 + 2048A° E¢® — 2048A*E3 g5 — 1024AYE g8
g

+ 4608A2Eg'% — 4096 E3 ¢ + 512A83¢* + 512A°E2g* 4 1024A5¢° — 1024A* E4 g*

— 3072AYE?¢5 + 2048A* ¢® + T680A2E?¢8 + 2304A2%¢10 — 8192F4¢8

— 6144E2¢1% +1728¢'%2 + 512A8F¢? — 512A%FE3¢% + 512A%Eg? — 2048A*E3¢*

+ 3328A*E¢5 + 1536 A% E3¢% + 7680A2E¢® — 4096 E° g5 — 16384 E3¢® + 3840E¢'°

+ 64AY0 — 64A3E? + 256A8¢% — T68ASE?¢? + 512A5¢* + 1024A*E?¢* + 2176 A*¢5

— 1536A2EY¢* + 2304A%E% g0 4 2208A%¢% — 10240E4 ¢ — 2688 E2¢® + 294440

— 64A8E — 224A°E¢? + 256 A*E3g? 4 2048A*Eg* — 3072A%E3¢* + 672A2E ¢S

— 3840E3¢% + 5504E¢® — 64A% + 96 ASE? + 16A%¢% + 384A*E?¢% — 52A%¢*

— 1440A%E%g* — 48A%¢5 + 960F* g* + 4480E2¢° + 1024¢° + 96ASE — 40A* E¢?

+ 96A2E3g? + 96A%Eg* + 1920F3¢* + 1744E¢° 4+ 20A° — 52A*E? — 84A%4?

+ 144A2%E%g? + 60A%g* + 672F%¢* — 216¢° — 52AYE 4+ 72A%E¢% — 48E3 4% — 288F¢*

—2A* + 12A2E? + 12A%¢% — 72F%¢% — 25¢* + 12A%E — 26Eg¢* — E* — ¢°> — E),
Py =g 4 (16Eg® + 8A% 4 8¢% — 5),

9y = —%(8A294 + 8A%Eg? + 2A" + 4A%g% — 8E g% — 3A% — 4¢% 4 1).
g

Now, having the functions %y = Z(A,E,g), Py = Po(AE,g), and 2y = 2y(A,E,g)
depending on the physical parameters of the Rabi problem in hand, we can use the Lagrange
theorem as it was stated in [19, Chapter IV, Section 7] to identify which of the types I, II, or
IIT of Stokes graphs and domain configurations of Qq(z) dz? described in Section 4 corresponds
to a given choice of the parameters A, E, and g.

Proposition 5.1 (generic cases). Suppose that the parameters A and E of the Rabi problem
are real and g> # 0 is also real. Then the following holds:

I. The quadratic differential Qo(z) dz? has four distinct complex zeros, which are in conjugate
pairs, if and only if the discriminant Zo(A, E, g) is positive and at least one of the functions
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II.

I11.

Po(AE,g) and 20(A,E,g) is also positive. In this case, possible Stokes graphs and
domain configurations of Qo(z) dz* are described in Cases 1.1, 1.2, and 1.3 of Section 4.

The quadratic differential Qo(z) dz? has a pair of complex conjugate zeros and two distinct
real zeros not equal £1 if and only if the discriminant 9o(A, E, g) is negative and E # —g?,
E# —g>+1, E# —g%>+2. In this case, possible Stokes graphs and domain configurations
of Qo(2) dz? are described in Case 11 of Section 4.

The quadratic differential Qo(z) dz? has four distinct real zeros not equal £1 if and only if
the discriminant 20(A, E, g) is positive, both functions (A, E,g) and 2o(A,E,g) are
negative, and E # —g?, E # —g> £1, E # —g*> + 2. In this case, possible Stokes graphs
and domain configurations of Qo(z) dz? are described in Case 111 of Section 4.

To specify possible positions of multiple zeros, we follow Lagrange’s work cited above. For
this, we need two more characteristics %y and % of the polynomial Py(z), which can be ex-
pressed in terms of the coefficients c; of Py(z) and in terms of the parameters of the Rabi
problem as follows:

Ko = ¢35+ 8¢y — degeo = g70(1 — 16g% — 16 Eg* — 4A% — 7g°),
1
Sy =2 —3ezer +12¢9 = @(1 — 192A%¢1 + 256 E%¢* + 64A%Eg? + 256 Eg*

+ 16A* + 32A2¢% + 64¢* + 32E¢? — 8A2 +164% + 1).

Proposition 5.2 (degenerate cases with full set of critical points and multiple zeros of

Py(2)). Suppose that the parameters A, E, and g*> # 0 of the Rabi problem are real an such that
E+# —g>, E# —¢>?+1, E# —g>+ 2. Then Py(z) has a multiple zero # +1 if and only if
go(A,E,g) =0.

Furthermore, if Zo(A,E,g) = 0, then the following subcases refining positions of zeros of
Py(z) happen.

1.
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If 20(AE,g) = 0, Z2y(A,E,g) > 0, and Zy(A,E,g) = 0, then there are two double
complex conjugate zeros. In this case, possible Stokes graphs and domain configurations of
Qo(2) dz? are described in Cases 1.4 of Section 4.

CIf 20(AE, g) =0 and Po(A,E,g) <0, then there are two double real zeros # +1.

CAf Q0(AVEg) = 0 and SA(AE,g) = 0, then Py(z) has a real zero of order four at
1

Z:*@.

CAfPy(AVE g) <0, 20(AE,g) <0, and S(A,E, g) # 0, then there is a double real zero

% +1 and two simple real zeros # +1.

CAf20(AVE g) > 0 orif Po(A,E,g) > 0 and at least one of the quantities 2y(A, E, g) and

Ho(A, E, g) is not zero, then there are a double real zero # +1 and two complex conjugate
zeros.

Af AAE g) = 0 and 2o(A,E,g) # 0, then there are a triple real zero # +1 and a

simple real zero # +1.



We stress here that Proposition 5.2 describes all possible cases when Py(z) has multiple zeros
and the quadratic differential Qq(z) dz? has double poles at the points +1.

Equations (2.9) and (2.10) provide a parametric description of the set of all quadruples
(€3, ca,c1,c0) € R, which coordinates are the coefficients of the numerator Py(z) of the quadratic
differential Qo(z) dz? that appears in the framework of the Rabi problem. Next, we prove two
results, which provide more explicit description of this set.

Theorem 5.1. Let

24+ 0323 + 0222 +ci1z+ ¢

(z - 1)2(z + 1)2 dz*

Qo(2) dz? =

be a quadratic differential associated with the Rabi problem for some choice of the parameters
A, E, and g such that A, E.g> € R, g #0. Then

(c3,¢a,c1,¢0) € {a} x S(a), a=g 2, (5.1)
and S(a) denotes a parabolic cylinder in R® defined by
S(a) ={(X,Y,Z) e R®: (Y +a)* — a*X — a*’Z — (1/4)a*(4 + 3a®) = 0}. (5.2)

Moreover, there is a constant ¢ > 0 such that the coordinates X, Y, Z in (5.2) representing the
coefficients ca, c1, co are related via the following equations:

X = —i(SY +a®+16a) +¢, Z= %(21/2 +8aY — a* 4 84?) — c. (5.3)

Proof. To prove the first part of this theorem, we put a = ¢~2 and suppose that the
quadratic differential Qg(z)dz? is associated with the Rabi problem having parameters A, E,
and g, such that A, E, g% € R, g # 0. Since c3 = a = g~ 2 by the first equation in (2.9), we have
to show that (cg,c1,c0) € S(a). Substituting expressions for co, ¢1, and ¢y given by Equations
(2.9) and (2.10) for the variables X, Y, and Z in (5.2), we get

2 1 2
(c1 + a)? — a’cy — a’co — %(4 + 3a%) = ( — 2—94(492 +2E+1) +g_2>

1 1 1
— —(8Fg® +4A? + 4¢% — 1) + —(4A? —4F%* —4E +1) — —(4¢" +3).
4gg( 9" +4A% +4g )+4gg( +1) 4g8(9+)
Simplifying the last equation, we find that the right-hand side of this equality equals zero and,
therefore, the point (c2, 1, ¢p) lies on the surface of the parabolic cylinder (5.2).

To prove the relations (5.3), we substitute Y for ¢; into the first equation in (2.9) and then
solve it for E to get

1 2
Substituting this expression for E, X for ¢y, and Z for ¢y into Equations (2.9) and (2.10), we
obtain the relation (5.3) with ¢ = a?A® > 0. O

Theorem 5.1 shows that the equality @ = g~2 and the relations (5.2) and (5.3) are necessary
for the point (X,Y, Z) € R? to represent coefficients cs, ¢1, and ¢y of the quadratic differential
Qo(z) dz? associated with the Rabi problem. Our next result shows that these conditions are
also sufficient.
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Theorem 5.2. If X, Y, and Z satisfy Equations (5.2) and (5.3) with some a # 0 and ¢ > 0,
then there are parameters A, E, and g of the Rabi problem such that ¢~ = a and

X:CQ(A,E,Q) Yzcl(Eag)a Z:CO(Aang) (55)

with co(A,E, g), c1(E, g) and co(A, E, g) defined by (2.9) and (2.10).

Proof. We can choose ¢ so that a = ¢g—2.

Solving (5.4) for Y, we obtain

Then for a given Y we choose E as in (5.4).

Y =—(a/2)(2aF + a+4). (5.6)
Substituting this expression for Y and g~2 for a into Equations (5.3), we find

L oo 2 1 2
X=4—g4(8g E+4¢°—1) +c, Z:E(zLE +4FE —1) —c. (5.7)

Choosing A so that ¢ = A2/g* > 0, substituting this into the latter equations, and taking into
account Equations (2.9), (2.10), we obtain the desired equations (5.5). O

Figure 1. Portion of the cylinder S(a) associated to the Rabi problem with parameters g2 =
a'=1,A>0, and E € R.

Since the four real coefficients ¢, k = 0, 1,2, 3, of the polynomial Py(z) depend on only three
real parameters A, E, and g? of the Rabi model, it is reasonable to expect that some of the
Stokes graphs and domain configurations of Qq(z)dz? described in Section 4 will not appear
within the framework of the Rabi problem. We start our discussion of possible and impossible
types of Stokes graphs with a simple result, which excludes the possibility of graphs symmetric
with respect to the imaginary axis.

Lemma 5.1. There are no Stokes graphs and domain configurations of Qo(z) dz? symmet-
ric with respect to the imaginary axis, which are associated with the Rabi problem having the
parameters A, E, and g such that A,E,g?> € R, g # 0.
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Proof. Since the Stokes graphs appeared in this study already posses symmetry with respect
to the real axis, the symmetry with respect to the imaginary axis occurs when the zeros of
Py(z) are in pairs symmetric with respect to the origin. In this case, the polynomial Py(z) is
biquadratic, i.e., Py(z) = 2*+co22+co. In particular, c3 = 0 in this case. Under our assumptions
on the Rabi parameters, c3(g) = g~2 represents the boson-fermion coupling g. Thus, the case
c3 = 0 does not occur for finite values of g and, therefore, Stokes graphs symmetric with respect

to the imaginary axis do not appear in the Rabi problem under our assumptions. O

Although the symmetry of Stokes graphs with respect to the imaginary axis does not occur
for finite values of g, the symmetric cases are possible as “asymptotic cases,” which appear in
the Rabi model when the boson-fermion coupling tends to infinity. Possible structures of Stokes
graphs in these asymptotic cases will be discussed in Section 6.

Next, we examine the possibility of so-called “breaks of symmetry” in the Rabi model. Let
Q = Q(A, E, g) denote the domain configuration of the quadratic differential Qo(2) dz? defined
by (2.8) .with the coefficients ¢, = ¢ (A, E, g), k =0, 1,2, 3, given by Equations (2.9) and (2.10).
By “break of symmetry” in the Rabi model we understand a situation, when a certain domain
configuration Q = Q(A, E, g) corresponds to some values of the Rabi parameters A, E, and ¢
such that A, E, g% € R, g # 0, but its mirror configuration, call it ﬁ, does not correspond to
any choice of such A, E, and g. As the following lemma shows, such breaks of symmetry never
occur in the settings of the Rabi problem with A, E, ¢ € R, g # 0.

Lemma 5.2. For any domain configuration Q = Q(A, E, g) corresponding to the Rabi prob-
lem with A, E,g?> € R, g # 0, there exists a mirror domain configuration §2, which corresponds
to the Rabi problem with the parameters A, —(E + 1), and ig, i.e., @ = Q(A, —(E + 1),1ig).

Proof. Let 2 = Q(A, E, g) be the domain configuration of Qg(z) dz? with coefficients c;, =
cx(A, E, g) defined by formulas (2.9), (2.10) with A, E,g?> € R, g # 0. Let ex = ex(A, E,g),
k = 1,2,3,4, denote zeros of Qo(z)dz2. Since the coefficients c; are real, it follows that the
mirror domain configuration Q corresponds to the quadratic differential @0(2) dz?, which has
zeros at the points ey = —ei (A, E, g), k = 1,2, 3,4. From this, using the Vieta formulas (see, for
instance, [20, Section 26, formula (1)] or [21, Remark 3.14]), we conclude that the coefficients

Ck, k=0,1,2,3, of the numerator Py(z) of Qo(z) satisfy the following equations:
c3=—c3(g9), C2=c2(AE,g), a1 =—c(E,g), ¢ =co(A E,g).

Matching these equations with appropriate equations for the coefficients c¢; given by formulas
(2.9) and (2.10), we obtain the following:

G =—g " =(ig)”

&= 4—;4(8Eg2 HAN? gt = 1) = o (B((E -+ 1))(ig)? +4A% + dig)* ~ 1),
¢ = 21?(492 +2E+1) = —2(;)4(4(@)2 +2(—(E+1))+1),
Co = —4—;(4& —4F% —4E +1) = —ng)él(zm? —4(—(E+1))2—4(—(E+1)) +1).
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As the last equations show, the domain configuration © = Q(A, —(E + 1),ig) corresponding to
the Rabi parameters A, —(E + 1), and g is the mirror domain configuration for the domain
configuration 2 = Q(A, E, g) for a given set of the Rabi parameters A, E, and g. O

As Lemma 5.1 shows, the Stokes graphs of Qo(z) dz? symmetric with respect to the imaginary
axis do not appear in the Rabi problem. Next, we discuss the possibility of cases when critical
points of Qo(z)dz? possess some “partial symmetries.” In the following lemma, we study the
case where all zeros of Qo(z) dz? lie on the same vertical line {z : Rez = a}. Since the mirror
configuration always exists, in this lemma, we assume without loss of generality that a > 0.

Lemma 5.3. For every a > 0 and 1 > 0 there is a unique B2 > 1 such that the quadratic
differential Qo(z) dz* with zeros e = o+ iB1, ea = a +ifa, e3 = a — if1, and eq = o — ifBa is
associated with the Rabi problem for some A, E, and g such that A,E,g> € R, g # 0. More
precisely, Bo = Pa(a, B1) is given by the following equation:

B2 =/ B} — 8a. (5.8)

Furthermore, the Rabi parameters g, E£, and A corresponding to the given values o and (1 are
defined by the following equations:

1

1
=—da, E=—(a?—-6a+2+p57), A®
9 @, (0 = 6a+2 + i), o2

2 2
= (3o —da+ 1+ 7). (5.9)

Proof. Let e; = a+ i1, ea = a+ i, e3 = a — i1, and e4 = a — iy with a > 0,
0 < B1 < P2, be zeros of Py(z). Then

Py(z) = 24— 4oz + (602 + Bf + B3)2* — 2a(20% + B + B3)z + (o + B1)(a® + B3).  (5.10)

We define @ = ¢g~2 — 4a and

01 =B+ B3, 0a=piBs5. (5.11)
As in Theorems 5.1 and 5.2, we denote by X = co, Y = ¢1, and Z = ¢y the appropriate
coefficients of Py(z). Then the coefficients of the polynomial (5.10) are the following:

3 a4

3 a 1 1
X = 242 Y =—+= 7Z=-—+ —a’ . 12
g o TR TR (5.12)

Equating the right-hand side of the second equation in (5.12) to the right-hand side of
Equation (5.6) and solving the resulting equation for 01, we find

1
61 = —2aF — ga2 —a—4. (5.13)

Substituting this expression for d; in the first equation in (5.12) and then equating its right-hand
side to the right-hand side of the first equation in (5.7) and then solving the resulting equation
for ¢, we get

1
c=aA?= —4aF + §a2 — 2a — 4. (5.14)

To find an expression for d2, we replace c¢ in the second equation in (5.7) with the right-hand
side of Equation (5.14) and replace §; in the third equation in (5.12) with the right-hand side
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of Equation (5.13). Then we equate the resulting expressions and solve this equation for ds to
get, after some algebra, the following:

1, 1 1, 3
_ 12 1 224l _ 1
09 (aE+16a 2a+2)<aE+16a +2a—|—2) (5.15)
From Equations (5.11) it follows that 57 and 35 are solutions to the quadratic equation
2 — 0T+ d0=0 (5.16)

with 1 and d2 given in (5.13)) and (5.15). Calculating the discriminant V of this equation, we
find
V = 0?2 — 465 = 4a® > 0.

Solving Equation (5.16) for 7 = Bi, k=12, we get

1 3 1 1
2_ g Lo 9 2 _ 2 S R I S S
pfi = —aFE 5% ~ 3¢ 2, B3=0B1+2a ) 6% + 50 2. (5.17)

The second of these equations implies (5.8). Solving the first of these equations for E, we obtain
the second equation in (5.9).

Next, we recall that ¢ = a?A2. Substituting this expression for ¢ and the expression for E
given by the second equation in (5.9) into (5.14) and then solving the resulting equation for A?,
we obtain the third equation in (5.9)). O

Corollary 5.1. As Equation (5.8) shows, degenerate configurations, when Qo(z) dz? has two
conjugate double zeros or one real zero # +1 of order four, do not appear within the framework
of the Rabi problem with A, E,g> € R, g # 0.

Another case, when a “partial symmetry” can be important, is when zeros of Qq(z) dz? lie
on two horizontal lines {z : Imz = £}, § > 0. But, as the following lemma shows, this case
does not appear in solutions of the Rabi problem with A, E, g? € R.

Lemma 5.4. Suppose that the quadratic differential Qo(z)dz? with complex zeros e; =
a1 +if61, es = ag + i, e3 = a1 — if1, e4 = ag — if2, such that f1 > 0, By > 0, is associated
with the Rabi problem for some values of the parameters A, E, g*> € R. Then 31 # [2.

Proof. Assume the contrary: B; = B2 for some choice of A, E, ¢?> € R. Using the “mirror
configuration” argument once more, we can assume without loss of generality that, in this case,
the zeros are e; = (o —0) +if, ea = (a+0) +1i83, e3 = (a — 0) —if, and es = (a + 9) — i with
a <0, >0,and § > 0. With these zeros, the polynomial Py(z), which is the numerator of
Qo(z), is the following:

Po(z) = 24 — daz® + 2(3a2 — 62 + %)22 — da(a® — 62 + B2)2
+ (a® — §%)? + B%(2a% 4 26% + 7). (5.18)

We define a = —4«a and, as above, use X, Y, and Z to denote the coefficients ca, ¢1, and ¢y of
Py(z). Then

2((3/16)a” + 8 — 67),
a((1/16)a* + B> — 6%),
((1/16)a® — 6%)% 4 B2((1/8)a® + 262 + 7).

X
Y
A
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Equating these expressions for X, Y, and Z to the corresponding expressions in formulas (5.6)
and (5.7) and then solving the resulting equations for E, ¢, and ¢, we find

a’B? + 168* + 8af? + 4a? + 322

B =
16a32 ’
168* + (3a2 + 16) 5% + 4a?
C =
432 ’
52 = _1a_2
432"
Since a® > 0 and 82 > 0, the last equation contradicts the assumption that § > 0, which proves
the lemma. O

Next, we examine the possibility of two real zeros symmetric with respect to the origin and
two complex conjugate zeros.

Lemma 5.5. The quadratic differential Qo(z) dz? with zeros e; = —«, e = a, e3 = 6 +if3,
eq =6 —if3, where o > 0, B > 0, is associated with the Rabi problem for some A, E,g> € R if
and only if one of the following conditions holds:

() @ € (1, VBJB) U (v3,2) and
5 a?(a?-1)
S PR

(b) /8/5) < a < V2 and

5% >
o2 +2

and if and only if
2\ 52 2(.2
9 (@A—=a%)* —a*(a” —1)
= . 5.19
g = (519
Furthermore, the Rabi parameters g, E, and A corresponding to the given values o and 0,
satisfying conditions (a) and (b), are defined by the following equations:

(a® 4 2)6% — 4(a? — 1)?

7(5—|—a2—2

) 2
g ! 2% 18%(a? — 1) (5:20)
Proof. With zeros defined in the lemma, the numerator of Qq(z)dz? has the form
Py(z) = 2 — 2623 + (6% — o + B2 + 20262 — (6% + ?). (5.21)

Thus, in this case, c3 = ¢72 = —26. As above, denoting by X = cp, Y = ¢1, and Z = ¢ the
appropriate coefficients of Py(z), we find

X=6-a%475% Y =242, Z=-a2+p%. (5.22)

Equating these expressions for X, Y, and Z to the corresponding expressions in formulas (5.6)
and (5.7) and then solving the resulting equations for E, A% = ¢/(46%), and 32, we obtain the
second and the third equations in (5.20) and Equation (5.19).
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Now, a simple calculation shows that the right-hand side of Equation (5.19) is positive if
and only if 1 < a < 2 and 62 > (a?(a? — 1))/(4 — o?). Furthermore, if 1 < o < 2, then the
right-hand side of the third equation in (5.20) is positive if and only if 6% > (4(a?—1)%)/(a?+2).
Combining these cases, we conclude that the relation (5.19) and the inequalities

(5.23)

a?(a? —1) 4(a® - 1)2}

2
l<a<?2, § >max{ — o o712

are necessary and sufficient for the quadratic differential Qg(z)dz? to be associated with the
Rabi problem and the corresponding physical parameters are given by formula (5.20). Finally,
comparing functions

a?(a? —1)
4 —a?
and
4(a® —1)2
a2+2 7
one can easily find that conditions (a) and (b) of Lemma 5.10 are satisfied if and only if the
inequalities (5.23) are satisfied. O

A similar result, for the quadratic differential Qq(z) dz? with four real zeros such that two
of them are symmetric with respect to the origin is presented in the following lemma.

Lemma 5.6. The quadratic differential Qo(2) dz* with zeros e; = —a, e3 = a, e3 = 6 — 3,
es =0+, where o > 0, B >0, § > 0, is associated with the Rabi problem for some A, E, g> € R
if and only if one of the following conditions holds:

(a) 0<a<1and
4(a? —1)2

5 <
a2+ 2

)

(b) a € (1,/8/5]U[V2,2] and

4(a? —1)2 <5< a?(a? - 1)’
a?+2 4—a?

(c) «>2 and
2 _ 12
5224(05 1)
a?+2

and if and only if
4—a2)6? —a2(a? -1
P CEL LT ) 52

Furthermore, the Rabi parameters g, E, and A corresponding to the given values o and § satis-
fying conditions (a), (b), (c) are defined by Equations (5.20).

Proof. The proof is similar to the proof of the previous lemma. Under assumption, the
numerator of the quadratic differential Qg(z) dz? has the form

Py(z) = 2% — 2623 4 (0% — o® — %) 2?2 + 20262 — o2 (6° — B?). (5.25)
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Thus, in this case, c3 = ¢g~2 = —26. Denoting X = c3, Y = ¢, and Z = cg, we have the

following;:
X=0"-a?>-p% Y =2a%, Z=-a*06*-p%. (5.26)

Equating these expressions for X, Y, and Z to the corresponding expressions in formulas (5.6)
and (5.7), and then solving the resulting equations for £, A2 = ¢/(46%), and 32, we conclude
that g, E/, and A are given by Equations (5.20) as in Lemma 5.5 and [ is given by Equation
(5.24).

After a simple calculationj left to the interested reader, we conclude that, under the assump-
tions of Lemma 5.11, the right-hand side of Equation (5.24) and the right-hand side of the third
equation in (5.20) are nonnegative if and only if o and ¢ satisfy conditions (a), (b), (c) of the
lemma. O

As we have shown earlier, the quadratic differentials Qo(z)dz? associated with the Rabi
problem can have all zeros on the same vertical line, but cannot have all zeros on two horizontal
lines. Next, we show that a similar effect happens for quadratic differentials with all zeros on
the same circle centered at the origin and all zeros on two rays issuing from the origin.

Lemma 5.7. For every r > 0 and 0 < 01 < 7/2 there is a unique 02, 0 < o < 7 such that
the quadratic differential Qo(z) dz? with zeros e; = re1, ey = rei?2, e3 = re” W and ey = re=2
is associated with the Rabi problem for some A, E,g?> € R. This unique 02 does not depend on
r and is given by the following equation:

1
Oy =7 — arccos(§ cos f1). (5.27)

Furthermore, the Rabi parameters g, F, and A corresponding to the given values v and 61 are
defined by the equations

r24+1—2r2a2

1
g =—4ra, E=—@?—-2ra+2), A?= a2 ,

dro

(5.28)

where o = %cos 0.

Proof. Suppose that Qq(z) dz? has zeros e; = re', eg = ret? | e5 = re=% and ey = re"2.
Then the numerator of this quadratic differential has the form
Py(z) = 2% —drd23 + 2r2 (1 + 2(6% — B2))2% — 4r362 + 14, (5.29)
where
9 = (1/2)(cos 01 + cos b2), B =(1/2)(cos b1 — cosbs). (5.30)
Thus, in this case, c3 = ¢g~2 = —4rd. Identifying the coefficients co, ¢i, and ¢y with the
coordinates X, Y, and Z of R3, we obtain the following relations:
X =2r2(1+20%-B%), Y =—4r3, Z=r" (5.31)

Equating these expressions for X, Y, and Z to the corresponding expressions in formulas
(5.6) and (5.7), and then solving the resulting equations for E, A% = ¢/(46%), and 32, we obtain

1, o  rr4+1-—2r%52
(T —2T5+2), A :W,

EF=—
4rd

(5.32)
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and 32 = 462. The last equation, together with (5.30), leads to the following quadratic equation
cos 05

for the quotient y = :
cos 01

3y + 10y +3 =0,
which solutions are y = —1/3 and y = —3. The solutions correspond to two configurations,
which are mirror configurations to each other. Thus, without loss of generality we assume that
y = —1/3. Then cosf = —3 cos 61, which gives (5.27).

Furthermore, substituting —% cos B for cos By into the first equation in (5.30), we find

0 =(1/2)(cos 01 + cos b3) = %cos&l = a.

This, together with the relation ¢g=2 = —4r§ and Equations (5.32), gives Equations (5.28).

It remains to verify that the right-hand side of the third equation in (5.28) is nonnegative.
This is immediate from the following obvious inequality:
1 1 1
2 2
== 0 < -+ —.
e} 9 cos” 1 5 + 92
The lemma, is proved. ]

For the quadratic differential Qq(z) dz? with zeros on two rays issuing from the origin, which
are symmetric to each other with respect to the real axis, we have the following result.

Lemma 5.8. Suppose that the quadratic differential Qo(2) dz? with complex zeros e; = 1€,
ey = T2€i92, e3 = rle*ial, e4 = 7“26*102 such that r, >0, 0 < 0, <7, k =1,2 is associated with
the Rabi problem for some values of the parameters A, E,g?> € R. Then 01 # 0.

Proof. Suppose, by contradiction, that 0 < §; = 6, = 6 < 7 for some choice of A, E, g> € R.

We can assume without loss of generality that the zeros are e; = rleie, ey = rgew, e3 = rle*ia,
eq = roe” " with 0 < 6 < 7/2. Then the polynomial Py(z) has the form
Py(z) = 2* — 46t 23 + 2(26% — B + 2Bt%) 2% — 408t z + 32,
where
0=(1/2)(r1 +r2), B =rira, t=cosb. (5.33)

As above, we use the coordinates X, Y, and Z to denote the coefficients co, ¢1, and ¢y of Py(2).
Thus,
X =2(202 - B+28t%), Y =-468, Z=p%
Equating these expressions for X, Y, and Z to the corresponding expressions for the coordinates
X, Y, Z in formulas (5.6) and (5.7), one can solve the resulting equations for E, ¢, and 5. We
only need the following resulting expression for 3:
1432

b=7= t2
Using this equations and the relations (5.33), we obtain the following quadratic equation for the
ratio y = r1/ro:

62,

(1+3t%)y? + 2(5t% — 1)y + (1 + 3t%) = 0.
We recall that ¢ = cos @ and, therefore, the discriminant 7 = 16t%(t? — 1) of the latter equation

is negative. Therefore, the ratio r1/r is not real contradicting our assumption that r; > 0,
k = 1,2. This proves the lemma. ]
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6 Asymptotic Behavior for Rescaled Rabi Problem

In this section, we describe possible limit cases of the quadratic differential Qo(2)dz2, when
the boson-fermion coupling g grows without bounds, i.e., when |g| — co. To guarantee the
existence of the limit quadratic differential, we impose the following conditions on the level of
separation of the fermion mode A and on the eigenvalue E of the Hamiltonian:

E/g* = E., A%/g' — A% |g] = oo (6.1)
Here, E, € R, A, > 0 and the subscript “a” stands for “asymptotic.”

Under these conditions, the polynomial Py(z) defined by Equations (2.8)—(2.10) reduces to
the biquadratic polynomial P,(2) = 2% + c222 + ¢y with the coefficients

co=2B, + A% cy=E?— A2 (6.2)

which zeros can be calculated as follows:

A2+ 4E, +4,

1 A
—5 AL Eat 5 VAL H4E +4,

1 A
63:—\/—§AZ—Ea+—a\/A?L+4Ea+4,

1 A,
64:\/§A2 E, ——\/A2+4E + 4.

Accordingly, the quadratic differential Qq(z) dz? reduces to the quadratic differential

Q (Z)d2:2 _ z4 + 0222 + co dz2 _ (Z — 61)(2 — 62)(2 — 63)(2 — 64) dzz_

(2 —1)2(241)2 N (z—1)2(z + 1) (6.3)

We stress here that the expressions for the coefficients ¢y and ¢p in (6.2) and the numeration
of zeros ey, es, ez, e4 in this section can differ from those used in Section 4. Note that the
coefficients of Q,(z) dz? are real and its set of zeros is symmetric with respect to both real and
imaginary axis and, therefore, its Stokes graph and domain configuration are also symmetric
with respect to both axes.

Since zeros of Q,(2) dz? are given explicitly, the type of the associated Stokes graph can be
easily identified in terms of the asymptotic parameters E, and A,. More precisely, the type
of the Stokes graph of Q,(z)dz? is determined by the numbers of real and complex zeros of
Qu(z) dz? and, therefore, by the combination of signs of the expressions inside of the radicals in
the formulas for e, es, e, e4 given above, i.e., the type depends on the functions

A,

1
A2 4 4E, +4, —§A2 E, iT\/AQ—i—ALE +4

Next, we describe the sets of the parameters E, and A,, which correspond to the types of
Stokes graphs and domain configurations introduced in Section 4. Our designation of possible
cases here is the same as in Section 4.
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Figure 2. The sets %y, ¢4, % and %4 with different types of Stokes graphs of Q,(z) dz2.

Case 1.1. The quadratic differential Q,(z) dz? has four distinct pure imaginary zeros if and
only if the following relations hold:

1 A
Ay >0, AZ44E,4+4>0, —§AZ—EG+7‘1\/A§+4EG+4<O.

Using these relations, we conclude, after a simple calculation, that this case occurs if and only if
(A4, E,) € Fy, (here #; stands for “four distinct pure imaginary zeros), where the set .#; C R?
is defined as the following union:

i ={(X)Y): Y >X>0U{(X,)Y): X >2, —1—%X2<Y<—X}

(see Figure 2, where the set Z; is shown in the yellow color).

Under these conditions, Ime; > Imey > 0 > Imeg > Imey. Then the intervals (—ioco,ey4),
(e3,e32), and (e1,ic0) of the imaginary axis are critical trajectories of Q,(z) dz? and the intervals
(e4,e3) and (ea, e1) are critical orthogonal trajectories of Q,(z) dz2. This implies that the domain
configuration of Q,(z)dz? has a ring domain 2,.. Therefore, in this case, the Stokes graph and
domain configuration belong to the type described in Case 1.1 of Section 4 (see Figure 2).

Case 1.2. The quadratic differential Q,(z)dz? has four distinct complex zeros, each having
nonzero real and imaginary parts, if and only if Delta, > 0, A2 + 4E, + 4 < 0 or, equivalently,
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if and only if (A4, E,) € €1, where € stands for “four complex zeros” and the set €3 C R? is
defined by €4 = {(X,Y): X #0,Y < —1X? — 1} (see Figure 2, where the set %} is shown in
the blue color).

In this case, the imaginary axis is a trajectory of Qq(z)dz2. This implies that the domain
configuration has a strip domain Q4(—ioco,i00). Therefore, in this case, the Stokes graph and
domain configuration belong to the type described in Case 1.2 of Section 4 (see Figure 2).

In Case 1.3 discussed in Section 4, the Stokes graph is not symmetric with respect to the
imaginary axis and, therefore, this type of graphs does not appear in the asymptotic cases
considered in this section. Also, Case .4 of Section 4 is a degenerate case when Qo(z)dz? has
a multiple zero. These cases will be considered later in this section.

Case 11. The polynomial P,(z) has four distinct zeros, two real and two pure imaginary, if
and only if

A 1
Do >0, AL+4E,+4>0, S2V/AZ+4E,+4> (§A§+Ea

. (6.4)

Note that these inequalities hold if and only if 0 < |E,| < A,. Therefore, this case occurs if and
only if (A,, E,) € IR, where the set S % C R? is defined by S Z = {(X,Y): 0 < |Y]| < X}
(see Figure 2, where the set .#Z is shown in the pink color). Furthermore, using the inequalities
(6.4) and elementary calculations, one can show that ez and e3 defined earlier are real zeros such

that —1 < e3 < 0 < es < 1. In the case eg = —e3 = 1, which occurs if and only if F, = —1,
Qu(2),dz? reduces to the depressed quadratics differential
Qs(2) d2? R
2)dz = ———————dz
s (z—1)(z+1)

with ¢g == 1 — A2

2, which has the simple poles at £1. In the case under consideration, the

Stokes graphs as in Cases II.1, I1.3, and I1.4 of Section 4 do not appear as an asymptotic case.

Also, Cases II.1 and II.3 can be excluded because the Stokes graphs in these cases are not
symmetric with respect to the imaginary axis and, therefore, these type of graphs do not appear
as asymptotic cases.

Thus, the only possible types of Stokes graphs and domain configurations in the case under
consideration are those discussed in Case I1.2 of Section 4. In this case, the intervals (—ioo, e4)
and (ej,i00) of the imaginary axis and the interval (es, e2) of the real axis are critical trajectories
of Q,(2)dz?, and the interval (e4,e1) is a critical orthogonal trajectory. This implies that the
domain configuration has a ring domain €2,.. Therefore, in this case, the Stokes graph and domain
configuration belong to the type described in Cases I1.2.a of Section 4, as shown in Figure 2,
and Cases II1.2.b and II.2.c do not occur as asymptotic cases.

Case III. The polynomial P,(z) has four distinct real zeros if and only if

1 A
Ay >0, A24+4E,+4>0, —§A§ —E, — {\/Ag +4F, +4 > 0. (6.5)

We perform algebraic operations to find that the inequalities (6.5) hold if and only if (A,, E,) €
R4, where the set Z4 C R? is defined by Z4 = {(X,Y): 0 < X < 2, —%XQ -1<Y < -X}
(see Figure 2, where the set %, is shown in the green color). Furthermore, using the inequalities
(6.5) and elementary calculations, one can show that e1, ea, e3, and ey defined above are real
zeros such that —1 < e3 < ey <0 < e; < eg < 1. As in the previous case, if eg = —eg = 1,
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then Q,(2),dz? reduces to the depressed quadratics differential Q4(z)dz? with simple poles at
the points +1. This implies that, if e3 = —es < 1, then only Stokes graphs described in Cases
II1.2 of Section 4 and shown in Figure 2 appear as an asymptotic case while all other subcases
of Case III of Section 4 do not appear as asymptotic cases.

Turning to the depressed and degenerate cases, we first mention that if (A,, E,) € Z(—-1),
where L(—1) = {(X,Y): X >0, Y = —1} is the dash line shown in Figure 2, then P,(z) has
zeros at the points £1 and, therefore, Q,(2) dz? reduces to the depressed quadratic differential
Qs(2) dz? defined above. Thus, if A, > 1, then Q4(2) dz? has two pure imaginary zeros and the
Stokes graph as in Figure 2. If A, = 1, then Qs(z) dz? has a double zero at z = 0 and the Stokes
graph as in Figure 2. If 0 < A, < 1, then Q4(z) dz? has two real zeros and the Stokes graph as
in Figure 2. Finally, if A, = 0, then Q(2) d2? = —dz? and, therefore, its Stokes graph is empty
and the vertical lines are the trajectories of Q,(z)dz? in this case.

Next, we mention that, if the point (Ag, E,) lies on the half-parabola L; = {(X,Y) :
Y = —1X? — 1, X > 0} or on one of the half-lines L, = {(X,Y) : ¥ = X, X > 0}, Ly =
{(X,)Y): Y =-X,X >0}, Ly{(0,Y) : Y > -1}, Ls = {(0,Y) : Y < —1} (all of them
are shown in the red color, except four black points, in Figure 2), then Q,(z)dz? has two
double zeros if (A1, E,) # (0,0) and (A1, E,) # (2,—2) and it has zero of order 4 at z = 0
when (A1, E,) = (0,0) and when (A1, E,) = (2,-2). If (Ay, Ey) € Ly, k= 1,...,5, then the
corresponding quadratic differential Q,(2) dz? has the Stokes graph of the type shown in Figures
2-6 respectively.

A Appendix. List of Notation

A — level of separation of the fermion mode in the Rabi problem.

g — boson-fermion coupling in the Rabi problem.

e F — cigenvalue of the Hamiltonian in the Rabi problem.

C — complex plane.

e C — Riemann sphere.

e H, — upper half-plane.

e H_ — lower half-plane.

e (a,b) — open interval from a to b.

e [a,b] — closed interval from a to b.

e Q(z)dz% — general notation for a quadratic differential.

e G( — Stokes graph of Q(z) dz>.
b
e [a,b]g — integral [ \/Q(z)dz taken over the interval [a, b].

e Qo(z)dz? — quadratic differential —Z4+Cé’;iir)%2(ziﬁc)§z+co dz2.

o Py(2) = 2* + 323 + 222 + c12 + ¢ — numerator of Qo(z) dz>.
e ¢, k=0,1,2,3 — coefficients of Py(z).

o e, k=1,2,3,4 — zeros of Py(z).

e ¢;, — double zero of Py(z) obtained by merging zeros e; and ey,.
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Q = Q(A,E,g) - domain configuration of Qg(z) dz? associated with the Rabi parameters
A, E, and g.

0k — Qo-length of a trajectory/orthogonal trajectory around k = —1, 1.

Yap — closure of a critical trajectory of Qo(z) dz? oriented from a to b.

wfw — closure of a critical trajectory of Qo(z)dz? from a to b intersecting (—oo, —1).

Yap — closure of a critical trajectory of Qo(z) dz? from a to b intersecting (—1,1).

Yo — closure of a critical trajectory of Qo(2) dz? from a to b intersecting (1,00).

7L — closure of a critical trajectory of Qq(z)dz? from a to a intersecting (—oo, —1), anti-
clockwise oriented.

7¢ — closure of a critical trajectory of Qo(z)dz? from a to a intersecting (—1, 1), anticlock-
wise oriented.

4% — closure of a critical trajectory of Qo(z) dz? from a to a intersecting (1, o), anticlockwise
oriented.

7= — closed curve 4} with reversed orientation.
vs~ — closed curve ¢ with reversed orientation.
v4~ — closed curve ~/ with reversed orientation.

Ya,ico — closure of a critical trajectory of Qo(z)dz? starting at a and approaching oo along
positive direction of some vertical line.

Va,—ico — closure of a critical trajectory of Qo(2) dz? starting at a and approaching co along
negative direction of some vertical line.

V—ioo,ico — closure of a critical trajectory of Qo(z) dz? from oo to oo, which approaches its
initial point along negative direction of some vertical line and approached its terminal point
along positive direction of the same vertical line.

Vico,a — AIC Yaico With reversed orientation.

Ya,—ico — ATC Y_jno,q With reversed orientation.

Vioo,—ico — closed curve y_js ioo With reversed orientation.

'y;b — closure of a critical trajectory of Qo(z)dz? from a to b, a,b € R U {co} lying in H,.
Vap — closure of a critical trajectory of Qo(z)dz? from a to b, a,b € RU {oo} lying in H_.
Q! — left end domain of Qy(z) dz>.

I'Y — boundary of QL positively oriented.

Q" — right end domain of Qo(z) dz>.

I'Y — boundary of €] positively oriented.

Qc(k), k= —1,1 — circle domain of Qq(z) dz? centered at z = k.

I'c(k), k= —1,1 — boundary of Q.(k) positively oriented.

Q, — ring domain of Qq(z) dz>.

Fﬁout) — outer boundary component of €2, oriented counterclockwise.
I’ﬁmn) — inner boundary component of €2, oriented counterclockwise.

Qs(a,b) — strip domain of Qo(z) dz? with vertices a and b.
I'l(a,b) with a = —ico and/or b = ico — left side of Q(a,b).



e I'{(a,b) with a = —ico and/or b = icc — right side of €2;(a, b).
o Fgout) (a,a) with a = —1 or a = 1 — outer side of Q(a,a).

. Fgmn)(a’ a) with @ = —1 or a = 1 — inner side of Q(a, a).

e I'f(=1,1) - side of Q,(~1,1) lying in the upper half-plane.

o I'(—1,1) — side of Q4(—1,1) lying in the lower half-plane.

S

e S(a) — parabolic cylinder {(X,Y,Z) € R®: (Y +a)? —a®X —a?Z — (1/4)a®(4 + 3a?) = 0}.

o Qu(2)dz? — asymptotic quadratic differential — 21z *c,
(z—=1)2(2+1)

B Appendix. Zoo of Stokes Graphs

l
’YEZ 1€4

r
752 ,€4

z4+cgz2+co

dz2.

Ql

l
Yer,es

Ql

l
Yer,2,63,4

.
751,2,53,4

Figure 5. Case 1.3(deg).
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Yei ico Ve ico

Q(—io0, i00)

C
Ves

'Yel,—ioo

Ye1,—ico

Ye1,—ico

Figure 8. Case II.1.c and case II.1.c(m).

JYes,ico Yes,ico
€3 €3
oL Q Qr QL @ QF
Yper|  €1p€2 "9 Teseq - Clepder |y
€4 €4
Ves,—ico Yes,—ico
Figure 9. Case I1.1.d and case I1.1.d(m).
Yes ico Yes ico
Q Q
€3 €3
+ Q(-1)  2(1) Qo(-1) Q1) +
761,63 761,63
Ql@ 1 &2 by 752,‘ 723@4 7@3,64 x,YSZ * €2 €1 QZ
Ver,ea Ve e
€4 €4
VYeq,—ico VYes,—ico

Figure 10. Case II.1.e and case II.1.e(m).




Yes,ico

Qc _1) Qc(l)

Yes,—ioco Ye1,—ico Ye1,—ico Yea,—ico

Figure 12. Case I1.2.b and Case 11.2.b(m).

Yes ,100 VYes 4,500

Ql €3
+
Yer,es

Ver,ea
€4

764,—i00

Figure 13. Case II.2.c and Case I1.2.c(m).

Ve ico Ve ,ico
! .

QL 2

Ye1,—ico ’Ye4,—ioo Ye1,—ico

Figure 14. Case I1.3.a(«) and Case IL.3.a(a)(m).
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Yey,ico VYea,ico Ves,ico

VYex ,—100 Vea ,—100

Q4 (—i00, i00)

Qs(—1,200)

c
€2 YVes,es

Q5(—1, —ioco)

'Yez,—ioo 'Yel,—ioo

Figure 15. Case I1.3.a(3) and Case I1.3.a(8)(m).

VYes,ioco

Ye1,—ico / VYea,—ico

Yesq,—ico \ Ve1,—ico

Figure 16. Case I1.3.a(7y) and Case IL.3.a(y)(m).

Ves,ico

Figure 17. Case I1.3.b and Case 11.3.b(m).

Ql

l
763 €4

Figure 18. Case I1.3.c and Case I1.3.c(m).




Qs(—1, —i00)

Yey,—ico

Q,(1, —i00)

Yes,—ico Yeg,—ico

Ve ico Yes,ico

Qs(—1,400)

L
’Yea,fl

Ql

€1

Ye1,—ico

Yea,—ioo

Figure 22. Case I1.4.b(a) and Case I1.4.b(«)(m).

Ol

1
Ves,eq

Yea,—ioco

e



e

VYes,—ico

[eld

l
Veseq

Yes,—ioco

Figure 23. Case I1.4.c(«) and Case I1.4.c(a)(m).

Yes 4100

€4

VYeq,—ico

Figure 24. Case 11.4.

'792,—1'00

VYes,ico

€

Q,(—ioo, i)

Figure 26. Case II1.2



Yer,—ico (1, —ic0) —i 2 s(—1,—i00) Ye1,—ioco

Ol

e

Ye1,—ico

Figure 31. Case I11.4.b and Case I11.4.b(m).
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Figure 32. Case III.4.c and Case II1.4.c(m).

Ql Yes,ioo

e

. T .
Ye1,—ico Yes ’7‘132 Yey,—ico

Figure 35. Case II1.6.b and Case II1.6.b(m).

Qr Q!

e

Qc(

—1)

T !
764 764

Figure 36. Case II1.6.c and Case IIL.6.c(m).



Ve ico Vesjico
Q(—ioo, i00)

(1) (1)

TYe1,—ico TYea,—ico

Figure 37. Case II1.7.a.

Ye1,—ico

Yes,—ico

I1.7.c and Case II1.7.c(m).

Ve ico

Yes,—ico Yea,—ico Ves,—ico Ye1,—ico
Figure 40. Case II1.8.a and Case I11.8.a(m).
Vea ioo VYei,ico
Qs(—1,400)
ol 1) %(-1,-1)
Vea,—1
€4 €3x )yr €2 er Q
Yez,—1
(-1, —ioco)
VYea,—ico Ye1,—ico

Figure 41. Case II1.8.b(«) and Case II1.8.b(a)(m).
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Figure 42. Case II1.8.b(8) and Case II1.8.b(5)(m).

Qr O

e e

N
1) Vez,ea

@

€q €4

Ves Qs(-1,-1)

762 €4

Ve ico

Ye1,—ico

Figure 43. Case II1.8.b(y) and Case II1.8.b(~)(m).

Yesyico Qs(1,4900) Yeasico \ €2F Q[ ewio Qy(—1,400)
+ +
Vea,es Vea,es
’ Qe(-1) (1)
Qc el €9 x €3 €4 eq €3 x €9
76_2,03 7c_2,c;3
Yer—ico  Qs(L, —300)  Yes,—ico Yes—ico Qs(—1, —100)

Yer,ico

e1 QL

Yey,—ico

e

Figure 44. Case II1.8.c and Case IIL.8.c(m).

Ve ,ico Yes,ico Yesjioco VYey,ioco
(g4 Q,(—1,i00)
Qs(_im, 'I:OO)
€1 - - €2
Qs(—1, —i00)
Yez,—ioco
Ye1,—ioco
Figure 45. Case II1.9.
Ve ico Qg Qé Yey ico
Qc(_l) Qc(l) Qc(_l) Qc 1)
O e DV x Veps 'Yflzz,a AR o S CRE
Ye1,—ico Yei,—ico

Figure 46. Case III.1.deg and Case III.1.deg(m).




Q Q
Qc(-1) (1)
7,

T
Ves

Yez,3,—ico

Figure 47. Case I11.2.deg

Ql

€

Yer,—ico

Ye1,—ico

Figure 48. Case I11.3.deg and Case II1.3.deg(m).

Q,(1, i00) Veaico

Q5(1, —ioco)

Yea,—ico  Qs(—1, —i00)

'Ye],—ioo

Ve ico Qz Qé Yey ico
Qs(=1,=1) 2s(1,1)
Yea,—1 Vea
1 Qs(_Ll) Qs(_lyl r
QL e 23 ey| eq %53 er QF
,7;‘2 Yea,—1 Yea,1 ’}’é -
Yer,—ico Yey,—ico
Figure 50. Case II1.4.b(deg) and Case I11.4.b(deg)(m).
Ve ,ico Qle Yeu ico
Q(-1,1) 4
€2,3,e4
Qb er 2 o33 e1 QF
76—2,3,64
Ye1,—ico Ye1,—ico

Figure 51. Case I11.4.c(deg) and Case III.4.c(deg)(m).
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Figure 52. Case II1.5(deg) and Case II1.5(deg)(m).

Ve ico VYea,ico

Yez,3,ic0

Q,(—1, ico) Q5(1,300)

,
Qe es

Figure 53. Case II1.9(deg).
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