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Abstract. We study the interplay between geodesics on two non-
holonomic systems that are related by the action of a Lie group on them.
After some geometric preliminaries, we use the Hamiltonian formalism
to write the parametric form of geodesics. We present several geometric
examples, including a non-holonomic structure on the Gromoll-Meyer
exotic sphere and twistor space.
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1 Introduction

Our paper is related to the geometric control theory of mechanical systems with
symmetries. To be precise, we consider a configuration space M together with
a Lie group H acting on M which preserves some constraints on the velocities.
Of particular importance are non-holonomic constraints, which are restrictions
that can not be reduced to position constraints. In our model these restrictions
are modelled as a smooth distribution D inside the tangent bundle TM of the
configuration space which is transverse to the infinitesimal action of H. All
these data are combined in a geometric structure called principal bundle. We
also assume that there exists a Lie subgroup K < H such that the restriction
of the action of K is also a principal bundle. This leads to an interaction of two
non-holonomic systems. By making use of the Hamiltonian formalism we study
the interplay of the geodesic curves in these non-holonomic systems. Geometric
examples of this construction include the quaternionic Hopf fibration [2], the
Gromoll-Meyer exotic sphere [6] and the twistor bundle of S4 [1].
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2 Nested Principal Bundles

In this paper, all manifolds and Lie groups are assumed to be connected.

Definition 1. Let H be a Lie group. A submersion πH : M → N is a principal
H-bundle if H acts freely and transitively from the right on the fibers π−1

H (n),
n ∈ N .

We denote a principal H-bundle as H � M
πH−→ N . Note that N is diffeo-

morphic to the quotient M/H. The vertical bundle V → M is a vector bundle
defined by Vm = ker dmπH , m ∈ M . Let h be the Lie algebra of the group H.
Given a vector ξ ∈ h, we define the fundamental vector field on M by

σm(ξ) =
d

dt

∣
∣
∣
∣
t=0

m. expH(tξ), m ∈ M,

where expH : h → H is the group exponential, and m.h denotes the action of
h ∈ H on m ∈ M . Let K < H be a closed Lie subgroup of H with the Lie algebra
k. We say that the triplet (M,H,K) is a nested principal bundle if the restriction
of the action to K is also a principal bundle. In this case, if H � M

πH−→ M/H

and K � M
πK−→ M/K are the principal H- and K-bundles respectively, we

have the vertical bundles

VH = ker dπH
∼= h × M and VK = ker dπK

∼= k × M.

Consider two Ehresmann connections DH ↪→ TM and DK ↪→ TM for πH and
πK respectively, that is ker dπH ⊕DH = ker dπK ⊕DK = TM . Assume that the
distributions DH and DK are invariant under the action of H and K respectively.
The aim of the present paper is to study the sub-Riemannian structure of the
triplet (M/K,D , gD ), where the distribution D ↪→ T (M/K) is defined by D =
dπK(DH) and the metric gD will be defined later.

Observe that π : M/K → M/H is a submersion where a fiber is the homo-
geneous space H/K, so that we have the following diagram

H

��

�� H/K

��
K
� �

����������� ��
M

πK ��

πH

��

M/K

π
�����

��
��
��

M/H

(1)

where the two triangles commute. Notice that, in principle, the space H/K is
just a homogeneous space and H/K → M/K → M/H is just a fibration.

Lemma 1. The distribution D is an Ehresmann connection for π.
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Proof. By a dimension counting argument, it is enough to show that D is trans-
verse to ker dπ. If v ∈ D ∩ ker dπ, then v = dπK(w) for some w ∈ DH , and
dπ(v) = 0. This implies that dπ(dπK(w)) = d(π ◦πK)(w) = 0, by the chain rule.
Since diagram (1) commutes, we know that π ◦πK = πH , and thus dπH(w) = 0.
From this, we conclude that w ∈ DH ∩ ker dπH . By the assumption, DH is an
Ehresmann connection for πH , and therefore w = 0. This implies that v = 0. �	
Remark 1. Note that dπK gives the isomorphisms DH

∼= D and DK
∼= T (M/K).

It follows that the vector w such that v = dπK(w) is unique for any v ∈ D .

3 Hamiltonians in Nested Principal Bundles

Let g be a Riemannian metric on M , such that DH = V ⊥
H and DK = V ⊥

K

with respect to g, and such that g is invariant under the action of H (thus also
invariant under K). It follows that DH is H-invariant and DK is K-invariant.

For each m ∈ M , the restriction g|VH
defines the positive definite symmetric

bilinear form on the Lie algebra h

I
H
m(ξ, η) = g|VH

(

σm(ξ), σm(η)
)

, m ∈ M, ξ, η ∈ h.

We require that I
H
m does not depend on m ∈ M . According to the terminology

in [10, Chapter 11], the metric g satisfying all of these hypotheses is called of
constant bi-invariant type with respect to both group actions. The metrics gDK

and gDH
, obtained by restriction, are sub-Riemannian metrics on M for the

distributions DK and DH , respectively.
Define the Riemannian metrics gM/K and gM/H by the equalities

g(v, w) = gM/K(dmπK(v), dmπK(w)), v, w ∈ DK , m ∈ M, (2)
g(v, w) = gM/H(dmπH(v), dmπH(w)), v, w ∈ DH , m ∈ M. (3)

Proposition 1. The map π : M/K → M/H is a Riemannian submersion, with
respect to the metrics (2) and (3), respectively.

Remark 2. The map dπK |DK
: DK → T (M/K) is an isometry on each fiber with

respect to the Riemannian metrics gDK
and gM/K .

Given a smooth subbdundle D of TM and a metric tensor gD on M defined
only for vectors belonging to Dm, m ∈ M , the gDsharp map �gD : T ∗M → TM ,
is the unique map satisfying im �gD = D and if λ ∈ T ∗

mM , then �gD (λ) ∈ Dm

is the unique vector for which λ(w) = gD(�gD (λ), w), for all w ∈ Dm, m ∈ M .
The cometric g∗

D : T ∗M × T ∗M → R associated to gD is defined by g∗
D(λ, μ) =

gD

(

�gD (λ), �gD (μ)
)

. Every cometric defines a function H ∈ C∞(T ∗M), called
the Hamiltonian associated to g∗, by the formula

H(m,λ) =
1
2
g∗(λ, λ), λ ∈ T ∗

mM.
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Using the metrics g, gDH
, gDK

, gVH
= g|VH

and gVK
= g|VK

on M , we define
the respective Hamiltonian functions on T ∗M . Note that g = gDH

+ gVH
=

gDK
+ gVK

. This implies the equalities HM = HDH + HVH = HDK + HVK .
Similarly, considering the metrics gM/K , gD = gM/K |D and gV = gM/K |V

on M/K, one has the respective Hamiltonian functions on T ∗(M/K) and a
decomposition HM/K = HD + HV .

Let us denote by π∗
K : T ∗(M/K) → T ∗M the induced map of cotangent

bundles defined by π∗
K(λ)(v) = λ(dmπK(v)), for λ ∈ T ∗(M/K), v ∈ TmM ,

m ∈ M .

Proposition 2. The following identities take place:

(a) HDH ◦ π∗
K = HD ,

(b)
(

HDK − HDH
) ◦ π∗

K = HV .
(c) As a consequence, we have that

(

HM − HVK
) ◦ π∗

K = HDK ◦ π∗
K = HM/K .

Proof. Let n = dimM , r = rkDH and s = rkDK . Consider X1, . . . , Xr, . . . , Xs,
V1, . . . , Vn−s a local frame of vector fields of X(M) orthonormal with respect to g,
where the vector fields X1, . . . , Xr span the local sections of DH , the vector fields
X1, . . . , Xs span the local sections of DK and the vector fields V1, . . . , Vn−s span
the local sections of VK . Denote by Yj = dπK(Xj), for j = 1, . . . , s. It follows
from this choice that Y1, . . . , Ys are orthonormal with respect to gM/K and that
Y1, . . . , Yr span D at each p ∈ M/K.

Given the Riemannian metric g, we have a canonical isomorphism between
TM and T ∗M , thus we have the dual frames pX1 , . . . , pXs

, pV1 , . . . , pVn−s
defined

on M and pY1 , . . . , pYs
defined on M/K. With all of these notations, we have

the Riemannian Hamiltonians

HM (λ) =
1

2

s∑

i=1

g∗(λ, pXi)
2 +

1

2

n−s∑

j=1

g∗(λ, pVj )
2, HM/K(μ) =

1

2

s∑

i=1

g∗
M/K(μ, pYi)

2,

where λ ∈ T ∗M and μ ∈ T ∗(M/K), the horizontal Hamiltonians

HDH (λ) =
1
2

r∑

i=1

g∗(λ, pXi
)2, HDK (λ) =

1
2

s∑

i=1

g∗(λ, pXi
)2,

HD (μ) =
1
2

r∑

i=1

g∗
M/K(μ, pYi

)2,

and the vertical Hamiltonians

HVK (λ) =
1
2

n−s∑

j=1

g∗(λ, pVj
)2, HV (μ) =

1
2

s∑

j=r+1

g∗
M/K(μ, pYj

)2.
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Before we start computing, it is convenient to note that the diagram

T ∗(M/K)
π∗
K ��

�
gM/K

��

T ∗M

�g

��
T (M/K) ��

dπK
TM

(4)

commutes, that is, we have the equality dπK ◦ �g ◦ π∗
K = �gM/K . To see this,

observe that dπK(Xj) = Yj implies that π∗
K(pYj

) = pXj
. Indeed

π∗
K(pYj

)(Xi) = pYj
(dπK(Xi)) = pYj

(Yi) = δji,

where δji is the Kronecker delta. Also note that �gpXi
= Xi, which implies

that �g
(

π∗
K(pYj

)
)

= Xj . Finally, we can conclude that dπK

(

�g
(

π∗
K(pYj

)
))

=
dπK(Xj) = Yj = �gM/KpYj

. By linearity, the commutativity of the diagram
follows.

To prove (a), let μ ∈ T ∗(M/K), then we compute

(

HDH ◦ π∗
K

)

(μ) =
1
2

r∑

i=1

g∗(π∗
K(μ), pXi

)2 =
1
2

r∑

i=1

g(�gπ∗
K(μ), �gpXi

)2

=
1
2

r∑

i=1

g(�gπ∗
K(μ),Xi)2 =

1
2

r∑

i=1

gM/K(dπK�gπ∗
K(μ), dπKXi)2

=
1
2

r∑

i=1

gM/K(�gM/Kμ, Yi)2 =
1
2

r∑

i=1

g∗
M/K(μ, pYi

)2 = HD (μ).

In the fourth equality we used the fact that πK is a Riemannian submersion,
and in the fifth one, the commutativity of diagram (6).

A similar computation can be performed for (b). Equality (c) can be obtained
adding (a) and (b). �	
Remark 3. Proposition 2 is a special case of the so-called lifted Hamiltonian
in [7]. In our case, the map π2 defined in [7] corresponds to (π∗

K |imπ∗
K

)−1 and
extended by zero to the orthogonal complement of imπ∗

K . We observe that since
TM = DK ⊕⊥ VK , then the metric produces the two isomorphisms D∗

K
∼=

Ann(VK) and V ∗
K

∼= Ann(DK). Here Ann(E) ⊂ T ∗M is the annihilator of the
vector subbundle E ⊂ TM .

4 Sub-Riemannian Geodesics

Definition 2. A sub-Riemannian manifold is a triplet (M,D, gD), where D ↪→
TM is a smooth (integrable/non-integrable) vector subbundle of TM and gD is
a metric tensor on M defined only for vectors belonging to Dp for all p ∈ M .
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Given a Riemannian metric g = gTM on M , we denote by HM the Hamiltonian
associated to g∗. Given a sub-Riemannian metric gD on M , we denote by HD

the Hamiltonian associated to g∗
D.

Definition 3. Let (M,D, gD) be a sub-Riemannian manifold. The image of the
projection ΠM : T ∗M → M of the flow et

−→
HD

of the Hamiltonian vector field
−→
HD

associated to HD is called a sub-Riemannian geodesic.

The aim of this section is to relate the sub-Riemannian geodesics in the sub-
Riemannian manifolds (M,DH , gDH

) and (M/K,D , gD ). Notice that we have
the following commutative diagram of cotangent bundles

T ∗M

ΠM

��

T ∗(M/K)
π∗
K��

ΠM/K

��

T ∗(M/H)

π∗
H

		���������� π∗



�����������������

ΠM/H

��

M
πK ��

πH

�����
��
��
��
�

M/K

π

������
����

����
����

����
�

M/H

Let (m,λ) ∈ T ∗M , then the sub-Riemannian geodesic starting at m ∈ M
with covector λ ∈ T ∗

mM and tangent to DH is given by

γsR
DH

(t;m,λ) =
(

ΠM ◦ et
−→
HD H

)

(m,λ),

for t > 0 sufficiently small. An analogous definition is valid for sub-Riemannian
geodesics γsR

D (t;n, μ), (n, μ) ∈ T ∗(M/K). Let ωM and ωM/K be the canonical
symplectic forms on T ∗M and T ∗(M/K), respectively.

Theorem 1. Let (n, μ) ∈ T ∗(M/K), and consider m ∈ M with n = πK(m) and
π∗

Kμ = λ ∈ T ∗
mM . If the map π∗

K : T ∗(M/K) → T ∗M is a symplectomorphism,
then

πK

(

γsR
DH

(t;m,λ)
)

= γsR
D (t;n, μ). (5)

Proof. For any w ∈ TT ∗(M/K), we have

ωM/K(
−→
HD , w) = dHD (w) = d

(

HDH ◦ π∗
K

)

(w) = dHDH
(

dπ∗
K(w)

)

= ωM

(−→
HDH , dπ∗

K(w)
)

,

from the definition of the Hamiltonian vector fields, the chain rule and Propo-
sition 2. The map π∗

K : T ∗(M/K) → T ∗M is a symplectomorphism, that is
ωM/K(α, β) = ωM

(

dπ∗
K(α), dπ∗

K(β)
)

, for all α, β ∈ TT ∗(M/K). Then for any
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w ∈ TT ∗(M/K) we also have ωM/K(HD , w) = ωM

(

dπ∗
K(HD ), dπ∗

K(w)
)

. Since
the symplectic form ωM is non-degenerate, we deduce that

−→
HDH = dπ∗

K(
−→
HD )

from
ωM

(

dπ∗
K(

−→
HD ), dπ∗

K(w)
)

= ωM

(−→
HDH , dπ∗

K(w)
)

.

This implies that the flows of the Hamiltonian vector fields are related by

et
−→
HD H (m,λ) = etdπ∗

K

(−→
HD

)

(m,λ) = π∗
K ◦ et

−→
HD

(n, μ).

To complete the proof, observe that the natural diagram

T ∗M �� π∗
K

ΠM

��

T ∗(M/K)

ΠM/K

��
M

πK �� M/K

(6)

commutes, therefore

πK

(
γsR
D H

(t; m, λ)
)

=
(
πK ◦ ΠM ◦ et

−→
HD H )

(t; m, λ) =
(
πK ◦ ΠM ◦ π∗

K ◦ et
−→
HD )

(t; n, μ)

=
(
ΠM/K ◦ et

−→
HD )

(t; n, μ) = γsR
D (t; n, μ),

which is the equality sought after. �	
Corollary 1. The sub-Riemannian geodesics γsR

DH
(t;m,λ) and γsR

D (t;n, μ) in
Theorem 1 have the same projection to M/H, that is

πH

(

γsR
DH

(t;m,λ)
)

= π
(

γsR
D (t;n, μ)

)

.

5 Examples

5.1 The Quaternionic Hopf Fibration from Sp(2)

An important special case of the case in which K �H is a normal subgroup is the
quaternionic Hopf fibration, as constructed in [2]. A comprehensive introduction
to Hopf fibrations, one can find in [3]. Recall that the 10-dimensional compact
symplectic group Sp(2) = U(4) ∩ Sp(4, C) can be defined through quaternionic
matrices as follows

Sp(2) =
{

Q =
(

a b
c d

)

∈ M(2 × 2, H) : Q∗Q = QQ∗ = id
}

,

where Q∗ denotes the transpose (quaternion) conjugate of Q. Let us consider

the 6-dimensional subgroup H =
{(

μ 0
0 ν

)

∈ Sp(2)
}

� Sp(1)×Sp(1) of diagonal

quaternionic matrices in Sp(2). The right multiplication
((

μ 0
0 ν

)

, Q

)

�→ Q

(
μ̄ 0
0 ν̄

)

, (7)
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defines a left group action of H on Sp(2). The homogeneous space Sp(2)/H of
this action is diffeomorphic to the usual 4-dimensional sphere S4 by means of
the “stereographic projection”

Sp(2)/H
πH−→ S4, H

(
a b
c d

)

�→ (2db̄, |b|2 − |d|2) = (−2cā, |c|2 − |a|2),

where S4 = {(q, x) ∈ H × R : |q|2 + x2 = 1}.
Let K be the 3-dimensional subgroup of H such that ν = 1. Restricting the

left action (7) to the subgroup K determines the homogeneous space Sp(2)/K
which is diffeomorphic to the usual 7-dimensional sphere S7 by means of the

projection map K

(
a b
c d

)

πK−→ (b, d), where S7 = {(b, d) ∈ H×H : |b|2+|d|2 = 1}.

In this way, we have two maps as in the diagram

Sp(2)

S7 S4

πK πH

As a direct consequence of this definition, we see that the quaternionic pro-
jective line HP

1 is diffeomorphic to the sphere S4 under the map

[b : d] �→ (2db̄, |b|2 − |d|2).

Obviously this diffeomorphism is invariant under right multiplication by an ele-
ment in Sp(1). Using these identifications, the projectivization map

H
2 − {(0, 0)} → HP

1, (b, d) �→ [b : d]

induces a map h : S7 → S4 called the quaternionic Hopf map. Since Sp(1) is
diffeomorphic to the 3-dimensional sphere S3, we have the diagram

Sp(2)

S3 S7 S4.

πK πH

h

Observe that the quaternionic Hopf map provides a principal bundle with a
typical fiber S3, called the quaternionic Hopf fibration.

The map h corresponds to the submersion π : Sp(2)/K → Sp(2)/H. It is
known [2,5] that the distribution D = dπK(DH) on S7 is bracket generating of
step 2. We endow Sp(2) with a bi-invariant Riemannian metric g defined by

g(u, v) = Re tr(u · v∗), u, v ∈ sp(2) ⊂ M(2, H),

where v∗ denotes the transposed conjugate of v. The Ehresmann connections
DH and DK are chosen as the left-translations of the orthogonal complements
to h ∼= sp(1) × sp(1) and k ∼= sp(1) × {0} in sp(2), with respect to g.
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5.2 Gromoll-Meyer Exotic Sphere

The Gromoll-Meyer sphere [6] is constructed in a similar fashion as the quater-
nionic Hopf fibration, but does not fit in the scheme of Subsect. 5.1, in the
relation of sub-Riemannian geodesics, see [2].

Consider M = Sp(2), and the subgroup of M : H = Sp(1) × Sp(1), acting on
the right by

(
x y
z w

)

.(λ, μ) =
(

λ̄xμ λ̄y
λ̄zμ λ̄w

)

=
(

λ̄ 0
0 λ̄

) (
x y
z w

) (
μ 0
0 1

)

, (8)

where (λ, μ) ∈ H and
(

x y
z w

)

∈ M . Consider the restriction of the action (8) to

the subgroup Δ = {(λ, λ) ∈ Sp(1) × Sp(1)} < H, which is not normal in H.
As before, the maps πH and πΔ are the quotient maps with respect to the

action of H and Δ respectively. In a similar way as before, it can be shown that
the homogeneous space M/H is diffeomorphic to the sphere S4 with respect
to the action (8). On the other hand, the homogeneous space ΣGM := M/Δ,
called the Gromoll-Meyer exotic sphere, is a seven dimensional manifold home-
omorphic, but not diffeomorphic, to the sphere S7, see [9]. The corresponding
submersion π : ΣGM → S4 is an S3-bundle over S4 which is not a principal
bundle. The distribution D = dπΔ(DH) on ΣGM has been recently shown to be
bracket generating of step 2, see [2].

Endowing M with the Riemannian metric g from Subsect. 5.1, we define the
Ehresmann connections DH and DΔ as the orthogonal complements to VH =
ker dπH and VK = ker dπΔ, with respect to g. In this case, the bilinear form
I
H
m does depend on m ∈ M , therefore it is necessary to consider more general

formulas for sub-Riemannian geodesics, see [4].

5.3 Twistor Space of S4

Let N be a four dimensional Riemannian manifold. The twistor space T(N) of
N is the fiber bundle of almost complex structures on N that are compatible
with the Riemannian metric. In the case of N = S4 this yields to a well known
construction where T(N) = CP 3 and the bundle map is given by

CP 3 
 e
T�−→ eH = e ⊕ ej ∈ HP 1 ∼= S4,

where e ∈ CP 3 is thought of as a line in C
4 ∼= H

2. The fibers correspond to
spheres CP 1 ∼= S2 endowed with its unique complex structure. The map T is
sometimes referred as the twistor projection. For more details, see [1,8].
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Consider the inclusion S1 ↪→ S3 ⊂ C
2 given by eiθ �→ (eiθ, 0). The twistor

projection T fits in the following diagram

S3

��

H1 ��
CP 1

��
S1

� �



�������� ��
S7 H3 ��

h
��

CP 3

T
�����

���
���

���
�

S4

where H1 : S3 → CP 1 and H3 : S7 → CP 3 are the classical Hopf fibrations and
h : S7 → S4 is the quaternionic Hopf fibration from Subsect. 5.1.

6 Conclusions and Future Work

In the paper, an interplay between two principal bundles is studied. It leads to a
fiber bundle, called nested bundle, that is not principal in general. We described
the relation between natural distributions, Hamiltonians, and geodesics on all
three involved fiber bundles. The motivation for the study were some examples
from geometry and physics.

Similar systems can appear in the rolling problems, where, in a local chart,
we can consider a subgroup K of the group H of isometric transformations acting
on a configuration space of two rolling bodies. In the future we consider different
rolling systems appearing in the robotics, or spline constructions related to the
approximation of curves on Grassmann and/or Stiefel manifolds.
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