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Abstract. We study the interplay between geodesics on two non-
holonomic systems that are related by the action of a Lie group on them.
After some geometric preliminaries, we use the Hamiltonian formalism
to write the parametric form of geodesics. We present several geometric
examples, including a non-holonomic structure on the Gromoll-Meyer
exotic sphere and twistor space.
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1 Introduction

Our paper is related to the geometric control theory of mechanical systems with
symmetries. To be precise, we consider a configuration space M together with
a Lie group H acting on M which preserves some constraints on the velocities.
Of particular importance are non-holonomic constraints, which are restrictions
that can not be reduced to position constraints. In our model these restrictions
are modelled as a smooth distribution D inside the tangent bundle T'M of the
configuration space which is transverse to the infinitesimal action of H. All
these data are combined in a geometric structure called principal bundle. We
also assume that there exists a Lie subgroup K < H such that the restriction
of the action of K is also a principal bundle. This leads to an interaction of two
non-holonomic systems. By making use of the Hamiltonian formalism we study
the interplay of the geodesic curves in these non-holonomic systems. Geometric
examples of this construction include the quaternionic Hopf fibration [2], the
Gromoll-Meyer exotic sphere [6] and the twistor bundle of S$* [1].
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2 Nested Principal Bundles

In this paper, all manifolds and Lie groups are assumed to be connected.

Definition 1. Let H be a Lie group. A submersion mg: M — N is a principal
H-bundle if H acts freely and transitively from the right on the fibers wﬁl (n),
neN.

We denote a principal H-bundle as H ~ M ™ N. Note that N is diffeo-
morphic to the quotient M/H. The vertical bundle ¥ — M is a vector bundle
defined by ¥, = kerd,,my, m € M. Let h be the Lie algebra of the group H.
Given a vector £ € B, we define the fundamental vector field on M by

o€ = T moespy(te). me M,
dt|,_q

where expy: h — H is the group exponential, and m.h denotes the action of
he€ Honm € M. Let K < H be a closed Lie subgroup of H with the Lie algebra
t. We say that the triplet (M, H, K) is a nested principal bundle if the restriction
of the action to K is also a principal bundle. In this case, if H ~ M =% M/H
and K ~ M ™5 M/K are the principal H- and K-bundles respectively, we
have the vertical bundles

Yy =kerdny 2hx M and Vi =kerdrg =€ x M.

Consider two Ehresmann connections g <— TM and Y — TM for mg and
Ty respectively, that is kerdrny @ Py = kerdng & P = T M. Assume that the
distributions Zy and P are invariant under the action of H and K respectively.
The aim of the present paper is to study the sub-Riemannian structure of the
triplet (M/K, 2,9 ), where the distribution 2 — T(M/K) is defined by 2 =
dr i (Pr) and the metric go will be defined later.

Observe that m: M/K — M/H is a submersion where a fiber is the homo-
geneous space H/K, so that we have the following diagram

H— H/K (1)

P

K~ TM-—"% M/K
”Hi /
M/H

where the two triangles commute. Notice that, in principle, the space H/K is
just a homogeneous space and H/K — M/K — M/H is just a fibration.

Lemma 1. The distribution & is an Ehresmann connection for .
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Proof. By a dimension counting argument, it is enough to show that 2 is trans-
verse to kerdm. If v € 2 Nkerdn, then v = drg(w) for some w € Py, and
dm(v) = 0. This implies that dn(drk (w)) = d(momk)(w) = 0, by the chain rule.
Since diagram (1) commutes, we know that momx = mp, and thus drg(w) = 0.
From this, we conclude that w € Py Nkerdny. By the assumption, 2y is an
Ehresmann connection for 7g, and therefore w = 0. This implies that v = 0. O

Remark 1. Note that dr gives the isomorphisms Py = 2 and 9 2 T (M/K).
Tt follows that the vector w such that v = dng (w) is unique for any v € 2.

3 Hamiltonians in Nested Principal Bundles

Let g be a Riemannian metric on M, such that 2y = ¥ and Pk = V&
with respect to g, and such that g is invariant under the action of H (thus also
invariant under K). It follows that Py is H-invariant and Pk is K-invariant.

For each m € M, the restriction g|y,, defines the positive definite symmetric
bilinear form on the Lie algebra b

Hg(fvﬁ) :g|"VH (O-m(f)’o-m(n))7 me M, §mneb.

We require that T2 does not depend on m € M. According to the terminology
in [10, Chapter 11], the metric g satisfying all of these hypotheses is called of
constant bi-invariant type with respect to both group actions. The metrics g,
and gy, , obtained by restriction, are sub-Riemannian metrics on M for the
distributions 2k and %, respectively.

Define the Riemannian metrics gy x and gy g by the equalities

g(U,’LU) = g]\/[/K(dmﬁK(U)admﬁK(w))7 v,w € -@K7 m e Ma (2)
g(v,w) = grvya(dmmu(V), dpmg(w)), v,w € Py, me M. (3)

Proposition 1. The map n: M/K — M/H is a Riemannian submersion, with
respect to the metrics (2) and (3), respectively.

Remark 2. The map drk|g, : Zx — T(M/K) is an isometry on each fiber with
respect to the Riemannian metrics g9, and gas/ k-

Given a smooth subbdundle D of TM and a metric tensor gp on M defined
only for vectors belonging to D,,, m € M, the gpsharp map 92 : T*M — TM,
is the unique map satisfying im#9? = D and if A € T}, M, then #9°(\) € D,,
is the unique vector for which A(w) = gp(§92(\), w), for all w € D,,, m € M.
The cometric g5,: T*M x T*M — R associated to gp is defined by g}, (A, p) =
gp (892 (X), 92 (1)) . Every cometric defines a function H € C°(T*M), called
the Hamiltonian associated to g*, by the formula

m °

1
H(m,\) = 39" (\N), A€ T M
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Using the metrics g, 9o, 924, 97y = 97y and gy, = glv,. on M, we define
the respective Hamiltonian functions on T*M. Note that ¢ = g9, + 9y, =
995 + g7, . This implies the equalities Hy, = HZ# + H'# = H7x + H'x,

Similarly, considering the metrics ga/x, 92 = gu/klz and gy = ga/i |y
on M/K, one has the respective Hamiltonian functions on T*(M/K) and a
decomposition Hyy/x = H? + H”.

Let us denote by 7. : T*(M/K) — T*M the induced map of cotangent
bundles defined by 7} (A\)(v) = A(dm7k(v)), for A € T*(M/K), v € T, M,
m € M.

Proposition 2. The following identities take place:

(a) H?# o 73, = H?,
(b) (H’x —H7#)omy =H".
(c) As a consequence, we have that (Hy — H'®) o} = H7% o}, = Hyy/pc.

Proof. Let n =dim M, r = rk Py and s = rk Pk . Consider Xy,..., X, ..., X,
Vi,...,Vh_s alocal frame of vector fields of X(M) orthonormal with respect to g,
where the vector fields X, ..., X, span the local sections of Zy, the vector fields
X1,...,X, span the local sections of P and the vector fields V7,...,V,,_, span
the local sections of #%. Denote by Y; = drg(X;), for j = 1,...,s. It follows
from this choice that Y3, ..., Y, are orthonormal with respect to gas/x and that
Y1,...,Y, span & at each p € M/K.

Given the Riemannian metric g, we have a canonical isomorphism between
TM and T*M, thus we have the dual frames px,,...,0x.,Pv,---,Dv,_, defined
on M and py,,...,py, defined on M/K. With all of these notations, we have
the Riemannian Hamiltonians

n—s

1

1~ - - N
i=1 =1

j=1

where A € T*M and p € T*(M/K), the horizontal Hamiltonians
; I & . , I,
HQH ()\) = 5 Zg ()\7pXi)27 HQK ()\) = 5 Zg (AapXi)27
i=1 i=1

) 1 <
9 _ * 2
H”(0) =3 21 Ik (1 Pv:)",
and the vertical Hamiltonians

n—s

1 . , 1 &,
HVK()‘) = 5 Zg (Avp‘/})2v Hl/(lu’) = 5 Z gI\/I/K(/jﬂpyj)2'
Jj=1 j=r+1
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Before we start computing, it is convenient to note that the diagram

T*(M/K) —= T*M (4)
ﬁ-‘IJVI/K \L g9

d7TK

T(M/K)<~—"% TM

commutes, that is, we have the equality dmg o §9 o wj = #9M/%. To see this,
observe that dr (X;) =Y, implies that 7} (py;) = px;. Indeed

T (py; ) (Xi) = py; (drk (Xi)) = py; (Yi) = 654,

where §;; is the Kronecker delta. Also note that #9px, = X;, which implies
that #9 (7} (py;)) = X;. Finally, we can conclude that drg (ﬂg (W}}(pyj))) =

dr(X;) = Y; = §9v/Xpy,. By linearity, the commutativity of the diagram
follows.
To prove (a), let u € T*(M/K), then we compute

(H" o i) () = ;;g*w}(m,pxiﬁ = ;;gww{(m,wxi)‘z

1 - * 1 a *
B Zg(ﬁgﬂK(H)in)z ~ 3 ZQM/K(dWKﬁgWK(H)a dr g X;)?
i=1

=1

I — 1 , g
=5 2 omy (B Y)? = 53 g (pv)* = HY (p),

i=1 i=1

In the fourth equality we used the fact that mx is a Riemannian submersion,
and in the fifth one, the commutativity of diagram (6).

A similar computation can be performed for (b). Equality (¢) can be obtained
adding (a) and (b). O

Remark 3. Proposition 2 is a special case of the so-called lifted Hamiltonian
in [7]. In our case, the map 72 defined in [7] corresponds to (7 |imz)~" and
extended by zero to the orthogonal complement of im 7%,. We observe that since
TM = 9k ®, Vi, then the metric produces the two isomorphisms Zj =
Ann(7%) and ¥ = Ann(Zk). Here Ann(E) C T*M is the annihilator of the

vector subbundle £ C T M.

4 Sub-Riemannian Geodesics

Definition 2. A sub-Riemannian manifold is a triplet (M, D, gp), where D —
TM is a smooth (integrable/non-integrable) vector subbundle of TM and gp is
a metric tensor on M defined only for vectors belonging to D, for allp € M.
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Given a Riemannian metric g = grps on M, we denote by Hj; the Hamiltonian
associated to g*. Given a sub-Riemannian metric gp on M, we denote by H”
the Hamiltonian associated to g7,.

Definition 3. Let (M, D, gp) be a sub-Riemannian manifold. The image of the

projection Il : T*M — M of the flow etH” of the Hamiltonian vector field HD
associated to HP is called a sub-Riemannian geodesic.

The aim of this section is to relate the sub-Riemannian geodesics in the sub-
Riemannian manifolds (M, Zx,92,) and (M/K,2,g5). Notice that we have
the following commutative diagram of cotangent bundles

*

T*M <5 T*(M/K)

i

M/H

Let (m,\) € T*M, then the sub-Riemannian geodesic starting at m € M
with covector A € T M and tangent to Py is given by

Yok (tsm, N) = (Iay 0 €Y (m, N),

for ¢t > 0 sufficiently small. An analogous definition is valid for sub-Riemannian
geodesics v (t;n, 1), (n,p) € T*(M/K). Let wy and wyy/ i be the canonical
symplectic forms on T*M and T*(M/K), respectively.

Theorem 1. Let (n,pn) € T*(M/K), and consider m € M withn = wx(m) and
e =N TrM. If the map i : T*(M/K) — T*M is a symplectomorphism,
then

mi (Vo (tm, A)) = 75 (tn, ). (5)

Proof. For any w € TT*(M/K), we have
wM/K(Hg,w) = dH? (w) = d(HQH oy ) (w) = dH7H (drc(w))
_)@H *
= (-‘-)M(H 7d7TK(w))7

from the definition of the Hamiltonian vector fields, the chain rule and Propo-
sition 2. The map nj: T*(M/K) — T*M is a symplectomorphism, that is
w i (o, B) = wM(dﬂ'}}(oc),dﬂ'f{(ﬁ)), for all o, 3 € TT*(M/K). Then for any
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w € TT*(M/K) we also have wy/x (H? ,w) = wy (drje(H?), drj (w)). Since
the symplectic form wjy; is non-degenerate, we deduce that H7# = dw}(ﬁg )
from

— y — N
wi (dic (H?), dric(w)) = wa (H?H, dr (w)).
This implies that the flows of the Hamiltonian vector fields are related by

=g « (29 ==
tH (m, \) = e'mx (57) (m,\) =75 o etH” (n, p).

To complete the proof, observe that the natural diagram

*

"M <5 T*(M/K) (6)
HM\L J/HM/K
M = M/K

commutes, therefore

=g

TK (7%12 (t;m,\)) = (mx o IInr o ethH)(t; m,A) = (mx o Iy oy 0 e™ ) (t;m, )
—, .
= (HJ\/I/K OetH )(t7n7.u‘) :V%R(tvnmU‘L
which is the equality sought after. a

Corollary 1. The sub-Riemannian geodesics ’yﬁjfl (t;m, \) and y5R(tin, ) in
Theorem 1 have the same projection to M /H, that is

ma (V5 (tm, A)) = (5 (tm, ).

5 Examples

5.1 The Quaternionic Hopf Fibration from Sp(2)

An important special case of the case in which K< H is a normal subgroup is the
quaternionic Hopf fibration, as constructed in [2]. A comprehensive introduction
to Hopf fibrations, one can find in [3]. Recall that the 10-dimensional compact
symplectic group Sp(2) = U(4) N Sp(4,C) can be defined through quaternionic
matrices as follows

Sp(2) = {Q - (iZ) € M(2x 2,H): Q'Q = QQ" = id},

where Q* denotes the transpose (quaternion) conjugate of Q). Let us consider

the 6-dimensional subgroup H = { (g g) € Sp(2)} ~ Sp(1) x Sp(1) of diagonal

quaternionic matrices in Sp(2). The right multiplication

((22)) ()
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defines a left group action of H on Sp(2). The homogeneous space Sp(2)/H of
this action is diffeomorphic to the usual 4-dimensional sphere S* by means of
the “stereographic projection”

ab

mH g4
Sp(2)/H = 54, H(cd

) = b~ dP) = (~20a. P o),
where S* = {(¢,z) e H x R: |¢|*> + 22 = 1}.

Let K be the 3-dimensional subgroup of H such that v = 1. Restricting the
left action (7) to the subgroup K determines the homogeneous space Sp(2)/K
which is diffeomorphic to the usual 7-dimensional sphere S7 by means of the
ig) 5, (b,d), where S” = {(b,d) € HxH: |b]>+]|d|*> = 1}.
In this way, we have two maps as in the diagram

Sp(2)

TK TH
'Y N
S7 sS4

projection map K (

As a direct consequence of this definition, we see that the quaternionic pro-
jective line HP! is diffeomorphic to the sphere $* under the map

[b:d] — (2db,|b]* — |d|?).

Obviously this diffeomorphism is invariant under right multiplication by an ele-
ment in Sp(1). Using these identifications, the projectivization map

H? — {(0,0)} — HP!, (b,d) — [b: d]

induces a map h: ST — S* called the quaternionic Hopf map. Since Sp(1) is
diffeomorphic to the 3-dimensional sphere S3, we have the diagram

Sp(2)

g 51 L S

Observe that the quaternionic Hopf map provides a principal bundle with a
typical fiber S3, called the quaternionic Hopf fibration.

The map h corresponds to the submersion 7: Sp(2)/K — Sp(2)/H. It is
known [2,5] that the distribution 2 = drx(Zx) on S7 is bracket generating of
step 2. We endow Sp(2) with a bi-invariant Riemannian metric g defined by

g(u,v) = Retr(u-v*), wu,vesp(2) C M(2,H),

where v* denotes the transposed conjugate of v. The Ehresmann connections
Py and P are chosen as the left-translations of the orthogonal complements
to h = sp(l) x sp(1) and € = sp(1) x {0} in sp(2), with respect to g.
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5.2 Gromoll-Meyer Exotic Sphere

The Gromoll-Meyer sphere [6] is constructed in a similar fashion as the quater-
nionic Hopf fibration, but does not fit in the scheme of Subsect. 5.1, in the
relation of sub-Riemannian geodesics, see [2].

Consider M = Sp(2), and the subgroup of M: H = Sp(1) x Sp(1), acting on
the right by

(Fn)om=(om)=(0) 06 ®

where (A, ) € H and Z g} € M. Consider the restriction of the action (8) to

the subgroup A = {(\,A\) € Sp(1) x Sp(1)} < H, which is not normal in H.

As before, the maps my and ma are the quotient maps with respect to the
action of H and A respectively. In a similar way as before, it can be shown that
the homogeneous space M/H is diffeomorphic to the sphere S* with respect
to the action (8). On the other hand, the homogeneous space gy == M/A,
called the Gromoll-Meyer exotic sphere, is a seven dimensional manifold home-
omorphic, but not diffeomorphic, to the sphere S7, see [9]. The corresponding
submersion 7: Ygy — S* is an S3-bundle over S* which is not a principal
bundle. The distribution 2 = dna(Zn) on Yy has been recently shown to be
bracket generating of step 2, see [2].

Endowing M with the Riemannian metric g from Subsect. 5.1, we define the
Ehresmann connections 9y and 24 as the orthogonal complements to ¥y =
kerdry and ¥k = kerdma, with respect to g. In this case, the bilinear form
T2 does depend on m € M, therefore it is necessary to consider more general
formulas for sub-Riemannian geodesics, see [4].

5.3 Twistor Space of S*

Let N be a four dimensional Riemannian manifold. The twistor space T(N) of
N is the fiber bundle of almost complex structures on N that are compatible
with the Riemannian metric. In the case of N = S this yields to a well known
construction where T(N) = CP? and the bundle map is given by

(CP3B'eline]HI:e@ejEIHIPl%S‘l7

where e € CP3 is thought of as a line in C* = H?. The fibers correspond to
spheres CP! = S? endowed with its unique complex structure. The map T is
sometimes referred as the twistor projection. For more details, see [1,8].
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Consider the inclusion S! < % C C2 given by ¥ — (e 0). The twistor
projection T fits in the following diagram

3 _cp!

) |

RN R ) S
hl /
T
54

where Hy: §% — CP! and Hsz: ST — CP? are the classical Hopf fibrations and
h: ST — S* is the quaternionic Hopf fibration from Subsect. 5.1.

6 Conclusions and Future Work

In the paper, an interplay between two principal bundles is studied. It leads to a
fiber bundle, called nested bundle, that is not principal in general. We described
the relation between natural distributions, Hamiltonians, and geodesics on all
three involved fiber bundles. The motivation for the study were some examples
from geometry and physics.

Similar systems can appear in the rolling problems, where, in a local chart,
we can consider a subgroup K of the group H of isometric transformations acting
on a configuration space of two rolling bodies. In the future we consider different
rolling systems appearing in the robotics, or spline constructions related to the
approximation of curves on Grassmann and/or Stiefel manifolds.
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