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Abstract

This paper uncovers a large class of left-invariant sub-Riemannian systems on Lie
groups that admit explicit solutions with certain properties, and provides geometric
origins for a class of important curves on Stiefel manifolds, called quasi-geodesics,
that project on Grassmann manifolds as Riemannian geodesics. We show that quasi-
geodesics are the projections of sub-Riemannian geodesics generated by certain left-
invariant distributions on Lie groups that act transitively on each Stiefel manifold
St; (V). This result is valid not only for the real Stiefel manifolds in V = R", but also
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1 Introduction

This paper provides geometric origins for a class of curves on Stiefel manifolds, called
quasi-geodesic, that have proved to be particularly important in solving interpolation
problems arising in real applications [13]. We show that quasi-geodesic curves are
the projections of sub-Riemannian geodesics generated by certain left-invariant dis-
tributions on Lie groups G that act on Stiefel manifolds. This quest for the geometric
characterization of quasi-geodesic curves uncovered a large class of left-invariant sub-
Riemannian systems on Lie groups that admit explicit solutions, in the form that will
be made clear below. As aresult, the paper is as much about sub-Riemannian structures
on Lie groups as it is about quasi-geodesic curves.

The first part of the paper deals with sub-Riemannian structures associated with
homogeneous spaces M = G /K induced by a transitive left action of a semi-simple
Lie group G on a smooth manifold M, where K denotes the isotropy subgroup relative
to a fixed point my € M. The sub-Riemannian structures will be defined by a left-
invariant distribution H generated by a vector space p C g that is transversal to the
Lie algebra £ of the isotropy group K, and satisfies additional Lie algebraic relations:

g=pDEL [p,E]Cp, £ [p,pl

The sub-Riemannian metrics are defined by bilinear, symmetric, non-degenerate,
Adg invariant forms (., .) that are positive definite on p. Under additional assumption
that p, the orthogonal complement relative to the Killing form, is a Lie subalgebra
of g, we show that the sub-Riemannian geodesics are of the form

g(t) = goe'PTDe™1Q

where P € p and Q € pt, see Theorem 1.

In these situations, a Riemannian metric on M is induced by the push forward of the
sub-Riemannian metric on G. We show that the corresponding Riemannian geodesics
on M are the projections of curves in (1) where P and Q satisfy the additional relation
that P 4+ Q is in &4 The above findings coincide with the analogous results on semi-
simple Lie groups with an involutive automorphism, as in the theory of symmetric
Riemannian spaces, where pJ- = ¢, see, for instance, [10].

The second part of the paper deals with the application of these results to the actions
of Lie groups on Stiefel and Grassmann manifolds and their relevance to the quasi-
geodesic curves. Rather than dealing exclusively with the real case, we also include
Stiefel and Grassmann manifolds over complex and quaternion algebras.

We realize each Stiefel manifold in two ways as homogeneous manifolds G/K.
On groups G that define the homogeneous structure we consider three distinct sub-
Riemannian structures whose sub-Riemannian geodesics are described by Theorem
1. We then single out the sub-classes of sub-Riemannian geodesics that project either
to Riemannian geodesics or to quasi-geodesic curves on the Stiefel manifolds. Addi-
tionally, we show that quasi-geodesics are curves of constant curvature relative to the
induced Riemannian metric. In the process we discovered an interesting fact that two
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distinct sub-Riemannian structures on G can induce isometric Riemannian structures
on the homogeneous manifold G/K, see Theorem 2.

We end the paper with a brief discussion of Lagrangian manifolds. First, we show the
relation of Theorem 1 to the canonical (symmetric) Riemannian metric, and secondly,
we show that the projections of curves on Stiefel manifolds, descending from the sub-
Riemannian curves on G, have constant geodesic curvature on the Grassmann manifold
relative to its canonical metric. In particular, we show that the quasi-geodesic curves
on the Stiefel manifolds project onto the Riemannian geodesics on the Grassmannian
manifolds.

This article constitutes a full version of the results announced in a short paper [11]
on Stiefel manifolds embedded in the Euclidean space R".

2 Group Actions and Sub-Riemannian Problems
2.1 Notations and Background Material

We begin with the notations and basic concepts that will be necessary throughout the
paper. Details about this background material may be found, for instance, in [9,12,16,
17].

In particular, M will denote a smooth (or real analytic) manifold, 7M and T*M
denote the tangent and the cotangent bundle of M respectively, and 7;, M and T, M
denote the tangent and cotangent spaces at m € M. If F is a smooth map between
smooth manifolds, then F, will denote the tangent map and F* the dual map.

The set of smooth vector fields on M is denoted by I" (T M). A smooth curve m(t)
defined on an open interval (—e, €) in M is said to be an integral curve, or a solution
curve, of X if %—’;’ = X(m(t)) forallt € (—e, €). A vector field X is said to be complete
if each integral curve of X can be extended to the interval (—oo, co0). We denote by
qb,X (m) the flow on M generated by a complete vector field X € I"(T M). Sometimes
we will regard a flow as a one parameter group of diffeomorphisms {¢ : # € R}. We
will make use of the fact that any one-parameter group of diffeomorphisms ¢; on M
is generated by the flow of a complete vector field X, in the sense that ¢; = ,X .In
this context, X is called the infinitesimal generator of the group of diffeomorphisms.

Throughout the paper G will denote a Lie group, and g will denote its Lie algebra.
We think of g as the tangent space 7,G at the identity e € G, with the Lie bracket
induced by the left-invariant vector fieldsin G: [A, B] = [X, Y](e) = (Y X —XY)(e),
where X (g) = (Lg)+(A) and Y (g) = (Lg)«(B), A, B € g, and Ly is the left trans-
lation by g in G. We will adopt a short-hand notation and write gA (Ag) for the left
(right) invariant vector fields.

If X(g) = gA is a left (Ag right) invariant vector field defined by A € g, then its
flow ¢ (g) is the left (right) translate Lo¢X (e) (Ry¢/ (¢)) of the flow through the
group identity. We will write exp(rA), as well as ¢’4 when convenient, for the curve
#X (e) with X (g) = gA.
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A Lie group G is said to act on a manifold M through the leftaction¢p: GXxM — M
if ¢ satisfies

¢(g, ¢(h,m)) = p(Lg(h), m) = ¢(gh,m) and ¢(e,m) =m,

forall g, hin G, and all m in M. We use ¢, to denote the diffeomorphism m > ¢, (m)
on M. If mg is a point in M, then K,,, = {g € G : ¢ (g, mg) = my} is the isotropy
group of mg. An isotropy group is a closed subgroup of G and any two isotropy
groups are conjugate. If a group G acts transitively on M, then M can be regarded as
the quotient G/ K, with m € M identified with g K,,, whenever ¢, (mo) = m. Then
the natural projection 7 : G — G/K,y,, is given by the map g — ¢, (mo).

Each element A € g induces a one-parameter group of diffeomorphisms {¢,ia :
t € R} on M. We will use X4 to denote its infinitesimal generator, so that ¢4 (m) =
qb,X A(m). We will refer to F = {Xa: A € g} as the family of vector fields on
M subordinated to the group action. Since G acts by the left action on M, F is a
homomorphic image of the family of right-invariant vector fields on G. Therefore, F
is a finite dimensional Lie algebra of complete vector fields on M.

If G is connected, then any g € G can be written as g = e’*4% ... /141 for some
elements Ay, ..., Ag in g. Then,
X X
Be(m) = Bn_gnar (m) = ¢, - 9, " (). (1)

This implies that M is equal to the orbit of F through any point m € M whenever G
is connected, and the action of G on M is transitive. In such a case, any absolutely
continuous curve m(t) in M is a solution of

dm k
5 = 20X a,m)
i=1

for some choice of elements Aq, ..., Ax in g and some choice of measurable and
bounded functions u(t), ..., ur(t).

2.2 Sub-Riemannian Problems on Lie Groups

In what follows we will always suppose that G is a connected Lie group that acts
transitively on M from the left, and K will always denote the isotropy subgroup of a
fixed point mq in M. Then £ will denote the Lie algebra of K.

We will now assume that p is a linear subspace in g such that

g=pdEL [p.E]ICp, EC[p,pl ()

The space p induces a family H,, of left-invariant vector fields X4 (g) = gA, g €
G, A € p. The associated distribution Hy,(g), g € G, will be called horizontal, or the
Ehresmann p connection, see for instance [12]. Left-invariant vector fields gB, B € ¢
will be called vertical, and V will denote the family of vertical vector fields.
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3952 V. Jurdjevic et al.

Absolutely continuous curves g(¢) € G that satisfy i—f = g(t) € Hp(g()) for
almost all ¢ in some interval [0, T] are called horizontal. Alternatively, horizontal
curves can be described as the solution curves of a control system

dg k
prl ;Mi(l)gf‘\i,

where Ay, ..., Ay is a basis for p, and u(?), ..., ux(¢) are bounded and measurable
functions on [0, T].

Conditions (2) imply that p+[p, p] = g, which in turn implies that Hy, is a two-step
bracket generating distribution, in the sense that

Hp(g) + [Hp, Hpl(g) = T,G, g€G.

Therefore, any two points in G can be joined by a horizontal curve whenever G is
connected [1,5,15].

A curve g(t) in G is called a horizontal lift of a curve m(t) ¢ M = G/K if g(t) is
a horizontal curve that projects onto m(¢), that is, w(g(t)) = ¢g(r)(mo) = m(?).

Proposition 1 Every absolutely continuous curve m(t) in M is the projection of a
horizontal curve. Moreover, if g1(t) and g,(t) are horizontal lifts of a curve m(t) in
M, then g1(t) = g2(t)h for some constant element h € K.

Proof Equation (1) implies that every absolutely continuous curve m(t) in M is the
projection of an absolutely continuous curve g(f) € G. Then g(¢t) = g(r)U(¢) for
some curve U(t) € g,and U (¢) = P(t) + Q(¢), with P(¢t) e pand Q(¢) € t.

Now define a new curve g(t) = g(t)h(t), where h(t) is a solution in K of fz(t) =
—Q(t)h(t). The curve g(t) also projects on m(t) and furthermore,

2(1) = g()(P() + QUuDh(t) + g(h(t) = O™ () P(1)h (D).

The condition [p, €] C p implies that h=Y(t)P(t)h(¢) is in p for all 7, hence g(¢) is a
horizontal curve that projects onto m(z).

If g1(¢) and g»(¢) are horizontal lifts of a curve m(¢) in M, then g; = g1 U (¢) and
g2 = g2Ux(t) for some curves U;(¢) and U, (t) in p. Since g;(¢) and go(¢) project
onto the same curve m(t), g1(t) = g2(t)h(¢t) for some curve h(¢) € K. But then,

giU1(t) = &1 = &oh + goh = g1 (W' Ush + h™'h).
Hence, U; = h™'Ush + h~1A. Since h=1Ush is in p, h='h = 0. Therefore & is
constant. O

Assume now that (., .), is any positive definite Adg -invariant symmetric bilinear
form on p. This bilinear form induces a left-invariant inner product (gA, gB), =
(A, B)p, on Hy(g). We define |||, = \/(g*I (1% g1 (z)i—f)p for any horizontal

curve g(t). This metric is called a (left-invariant) sub-Riemannian metric relative to
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the distribution Hy,. We denote it by the same symbol (., .),. The pair (Hy, (., .)p) is
called a (left-invariant) sub-Riemannian structure on G and the triplet (G, Hp, (., .)p)
is called a sub-Riemannian manifold, see for instance [3,4]. The sub-Riemannian
metric (., .)p induces a length I(g, T') of a horizontal curve g: [0, T] — G, by

T T
e, )= / (4. &) dr = / g a0, g7 g ar

0

The sub-Riemannian distance function dsg on G is defined by

dsr(g1, 82) = inf{l(g, T): g(1) € Hp(g(®)), g0)=g1, g(T)= gz}.

Definition 1 A horizontal curve g: [0, T] — G is called a sub-Riemannian geodesic
if for any ¢ € (0, T) there exists & > 0 such that

f 1/2
dir(g (i), g(12)) = / @), ) dr.

n
forany t1, 1, witht —e <t] <th <t +e¢.

Any Ad left-invariant sub-Riemannian metric (. , .) induces a Riemannian metric
on M = G/K, whereby the length of a curve m(#) on an interval [0, 7] is equal to
the length of a horizontal lift g(¢) of m(¢) in G. That is, the length of m(¢) is given by
Im,T) = fg (U@, U(1)), dt, where U (1) = g~ 1(t)§(r).If g is another horizontal
lift of m(¢) then, according to the previous proposition, g = gh for some constant i €

K., and U(r) = h~'U(t)h. But then [ TU @), U@), dr = [+/(U @), 0(t))pdt,

by Adg-invariance of the metric. Hence the length of m(¢) is well defined.

Definition 2 A Riemannian metric on M = G/K that is the push forward of a sub-
Riemannian left-invariant metric (., .), on a horizontal distribution Hj in G will be
called homogeneous.

In the present paper we are essentially interested in the structure of sub-Riemannian
geodesics on G and their relation to the Riemannian geodesicson M = G /K relative to
the homogeneous metric. Our fundamental results will be extracted through the length
minimizing property of the geodesics and the following auxiliary optimal problem
on G:

Given any two points g1 and g; in G, find a horizontal curve of shortest length
that connects g1 to g3.

The solutions to this auxiliary problem are intimately related to the sub-Riemannian
geodesics, because any horizontal curve of shortest length that connects g; to g2
is a sub-Riemannian geodesic. Conversely, every sub-Riemannian geodesic g(¢) is a
curve of shortest length relative to the points g = g(0) and g» = g(#1) for sufficiently
small 7.
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This formulation permits easy comparison between the sub-Riemannian geodesics
in G and the Riemannian geodesics in M = G /K via the following proposition.

Proposition 2 Suppose that my and m» are given points in M. Let S; = 7~ (m1) and
S» = w71 (my) be the fibers above these points. Then, the projection of a horizontal
curve g(t) is a curve of minimal length in M that connects m1 to my if and only if g(t)
is the curve of minimal length that connects Sy to Sy.

The proof is simple and will be omitted.

2.3 The Associated Optimal Control Problem

The optimal problem of finding curves of shortest length that connect two given points
can be easily formulated as a time-optimal control problem, but since it is more conve-
nient to work with the energy functional £ = % f g U (t) ||12J dr rather than the length
functional | g U @)y dt, we will, instead, pass to the following energy-optimal con-
trol problem on G:

If T > Ois afixed number, and g; and g are fixed points in G, find a horizontal
curve g(t) that satisfies g(0) = g1, g(T) = g», along which the total energy
E = %fg U@ N5 de, U@) =g~ ()% (1), is minimal among all the horizontal
curves that satisfy the boundary conditions g(0) = g; and g(T") = g».

The following proposition clarifies the relation between the two previous two optimal
control problems.

Proposition 3 Every horizontal curve of shortest length is a solution of the energy-
optimal control problem for a suitable T > 0.

Proof If g(t) is any horizontal curve that is a solution of i—f = g U (¢) that connects
g1 = g(0) to go = g(T), then by the Cauchy inequality

T | T ) %
/0 ||U<z>||pdrst(/0 U@ dr)*.

The equality occurs only when || U (¢)]|, is constant, that is, when T is proportional to
the length of g(¢) on [0, T].

In particular, if g(¢) is a curve of minimal length, and if |[U(#)|, = 1, then T
is the length of g(¢) on [0, T], and E = %T is the minimal value of the energy
functional relative to the boundary values g; and g». Conversely, suppose that g(¢) is
a horizontal curve parametrized by arc length: || U() lp = 1, such that g(0) = g1 and
g(T) = g». Then, by the above inequality, E = %T is the minimal value of the energy
functional over all horizontal curves that satisfy the boundary conditions g(0) = g
and g(T) = g, and g(¢) attains this minimal value.

Suppose now that g (s) is a horizontal curve of minimal length L such that g(0) = g
and g(S) = g, for some § > 0. Then L = fg||U(r)||p dr. It is not difficult to

show that g(s) is a regular curve on the interval [0, S], in the sense that ?i—f(s) # 0,

@ Springer



Extremal Curves on Stiefel and Grassmann Manifolds 3955

s € [0, S]. Therefore, g(s) can be reparametrized by a parameter s(t) t € [0, T] so
that the reparametrized curve g(¢) = g(s(r)) has constant speed || g_ ||,J = A In
fact, s(¢) is the inverse function of 7(s) = %ff)HU(r)Hp dr. Since the property to be
horizontal and the length functional are invariant under reparametrizations, g(z) is a
horizontal curve of minimal length that reaches g» from g in T units of time, by a
control of constant magnitude A = % Therefore, g(¢) is a solution of the optimal
control problem on the interval [0, T] relative to the boundary conditions g and g».
Hence it attains the optimal value E = %T. It then follows that

T
L=3T = / 100l de = TERE) =T
0

and, therefore, A, =1land L =T. 0O

Proposition 4 Given any pair of points g and g in G, there exists a horizontal
curve g(t) such that g(0) = g1, and g(T) = g», along which the total energy E =
LI WU )| dt is minimal,

The proof is essentially the same as that given in [10, Proposition 9.5, p. 151] and will
be omitted.

Corollary 1 For any two points g1 and g> in G there exists a sub-Riemannian geodesic
that connects g to g».

2.4 The Maximum Principle and the Extremal Curves

We will now turn to the Maximum Principle of Pontryagin to obtain the necessary
conditions of optimality for the optimal control problem stated in the last subsection,
under the additional assumptions that G is semi-simple group, and that (., .), is a
positive definite bilinear form on p that is the restriction of a symmetric, non-degenerate
Adg-invariant bilinear form (., .) on g. The Adg-invariance implies that

(A,[B.C]) = (B,[C, A]), 3

forall A, B, C in g. It also implies that (., .), is Adg-invariant. Typically, (., .) could
be any scalar multiple of the Killing form KI(A, B) = Tr(adA o ad B) that is positive
definite on p.

To make an easier transition to the literature on control theory, we will represent
curves U (¢) inp in terms of an orthonormal basis Ay, ..., AgyasU (t) = Zle u;i()A;.
In this representation, horizontal curves are the solutions of 3—‘;" = Zf»‘:l u;(t)gA;,and
their energy is given by

1 T
zf W@, Uy / Zlu%(t)dt.
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To take advantage of the left-invariant symmetries, the cotangent bundle 7*G will
be represented by G x g*, where g* stands for the dual of g. In this representation,
points & € T;‘G are viewed as the pairs (g, £), £ € g* definedby £(gA) = ¢(A) for any
A € g. Then the Hamiltonian %4 (&) of any left-invariant vector field X4(g) = gA
is given by h4(€) = £(A). In particular, the control system ((]j—f = Z;‘:l u;(t)gA;,
together with the associated energy functional, lifts to the extended Hamiltonian

k k
A
hoo(0) = =3 Y uj@® + Y ui®hi®), =10,
i=1 i=l

where h; (€) = £(A;),i =1, ..., k. The corresponding Hamiltonian vector field hy ;)
is called the Hamiltonian lift of the extended energy-control system. Its integral curves
(g(2), £(t)) are the solutions of

dg de k

ik U, i ad"U@) (), U@) = ;uz(t)Az,
where (ad*U (¢)(£))(A) = £([U (), A]), A € g, see [10].

According to the Maximum Principle, every optimal solution g(¢) generated by

a control U (t) is the projection of an integral curve (g(t), £(¢)) of the Hamiltonian
vector field hy ) such that

k k
A
hu (E©0) = =2 Y vf + ) vihi€@), )

i=1 i=1

for any (vy,...,v) € Rk and all . In addition, the Maximum Principle requires that
£(t) # 0 when A = 0.

Integral curves (g(t), £(¢)) of hy () that satisfy the conditions of the Maximum
Principle (4) are called extremal; abnormal extremal when A = 0, and normal extremal
when A = 1. In the abnormal case, inequality (4) yields constraints

hi(€(t) =0, i=1,...,k

while in the normal case, the inequality shows that the extremal control U (¢) is a
critical point of the Hamiltonian Ay (€) = —1 5 u? (1) + Y5, ui (1)h; (0), that
is, the extremal control is of the form U (¢) = Zf.‘:l hi(€(t))A;.

The above shows that the normal extremals are the solution curves of a single
Hamiltonian vector field corresponding to the Hamiltonian

k
1
H(O) = 5 > hi o).
i=1

We will not pursue the abnormal extremals since it is known that their projections on
G cannot be optimal when H,, is a two-step bracket generating distribution (see [1]).
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It follows that the sub-Riemannian geodesics are the projections of the integral
curves of the Hamiltonian vector field H on energy level H = %, since the energy
functional is equal to the length functional only over the horizontal curves parametrized
by arc length by Proposition 3. That is, the sub-Riemannian geodesics are the projec-
tions of curves (g(¢), £(¢)) that are the solutions of

dg

de .
¢ (dH), pri —ad™dH (£)(£(1)), (5)

on the energy level set H = %, where dH = Zf-czl hi(£)A; is the differential of H.

For our purposes, however, it will be more convenient to express equation (5) on
the tangent bundle G x g rather than the cotangent bundle G x g*. For that reason, g*
will be identified with g via the bilinear form (., .), i.e.,

Legt<= Leg ifandonlyif €(A)= (L, A), forall A € g.

Then, relying on (3),

dLA —dZA——d*dHE(K(t) A) = —(([dH, A]
S A) = S ) = —ad dHO@)(A) = L AD

= (L,[dH, A]) = ([dH, L], A).

Since A is an arbitrary element of g, % = [dH, L]. Hence the extremal equations
(5) are equivalent to

9 _ gdHEw),  SE = [dH(@), L] ®)
a8 ode T

Let now p* denote the orthogonal complement of p in g relative to (., .). Since
(.,.) is a symmetric and non-degenerate quadratic form, g = p @ p*. Then each
L € gcanbe writtenas L = Ly + L1 with Ly e pand L1 € pL. Relative to the
orthonormal basis Ay, ..., Ay, Ly = Zf-‘zl(L, Aj)A;.But, (L, A;) = €(A;) = hi (L),
hence dH = L.

The above shows that the Hamiltonian H can be written as H = %(Lp, Ly) and
the associated equations (6) can be written as

dg_ L dL—[L L]
a gt g T e s

Under the previous assumptions, together with the condition that p* is a Lie sub-
algebra of g, we now come to the main theorem of the paper.

Theorem 1 Assume that p* is a Lie subalgebra of g. Then, the sub-Riemannian
geodesics are given by

g(t) = g(0) exp(t(Py + Py1)) exp(—1Py1), ©
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for some constant elements Py, € p and Py € pt with | Ppll = L
The Riemannian geodesics on M = G /K are the projections of the sub-Riemannian
geodesics for which Py + Py is orthogonal to .

Proof Sub-Riemannian geodesics are the projections of
ds _ (L (1) a_ [Lp(2), L(1)]
ar — SR gy T e B

on the energy level set H = 3| L% = 1.
We now address the solutions of

dL

or, equivalently, the solutions of

de deL
X + = [Lp (), L(1)] = [Lp (), L1 (D)]. (3)

Due to the adg-invariance property of (., .), and the assumption that p* is a Lie
subalgebra of g, we have

([Lp, Lyl p) = (Lp, [Lyr, p™]) =0,

dL
from which we conclude that [L (), LpL (t)] € p. Consequently, d_T = 0, hence

L,1(t) = Py, for some constant element P, 1 € pt.
So, Eq. (8) reduces to

dL, . dL
P P
=0, — =[Ly(), Py1].
dr FPRELICIEES
Therefore,
U(t) = Lp(1) = exp(t Py1) Py exp(—t P, 1), O]

where Py, = Ly (0).

The corresponding sub-Riemannian geodesics are the solutions of ‘31—‘;” =gU({1).
In order to show that the solution of this differential equation has the required form,
we define g(r) = g(t) exp(¢ ij_) and use (9) to obtain

s
d_f = g(OU (1) exp(tPyr) + §(1) P,

= 2(t)(exp(—t P, )U (1) exp(t Py1) + Py1)
= g()(Pp + Py1).
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Hence, g(¢) is given by (7).

To complete the proof, we will use the fact that the geodesics in the quotient space
M = G /K are the projections of the extremal curves in G that satisfy the transversality
conditions implied by Proposition 2, which, after the identification £ — L, means
that L(t), the extremal curve that projects onto a geodesic in G/K, is orthogonal
totatt = 0and t = T. Since the horizontal distribution Hy, is K-invariant, the
Hamiltonian lift h4(L) = (L, A) of any left-invariant vector field gA, A € ¢ is
constant along the solutions of (8). Indeed, %(L(t), A) = ([Lypt, Lp()], A) =
(Lypts [Lp(2), Al) = 0, because [Ly(2), A] € p.

So, since (L(t), A) is constant, (L(0), A) = 0 if and only if (L(¢), A) = 0 for all
t. It follows that the orthogonality conditions reduce to L(0) = Pp + P, L . O

As a corollary we have the following result, [10, Proposition 8.30].

Corollary 2 If p =&, the sub-Riemannian geodesics are given by

g(t) = g(0) exp(t(Pp + Py)) exp(—1 Pe), (10)

for some constant elements Py, € p and Py € t with || Py|| = 1.
The Riemannian geodesicson M = G /K are the projections of the sub-Riemannian
geodesics (10) for which Pe = 0.

Proposition 5 If p = ¢, then the projection of a sub-Riemannian geodesic on the
quotient space M = G /K is a curve of constant geodesic curvature relative to the
Riemannian metric.

Proof Recall that the geodesic curvature of a curve m(t) parametrized by its arc length
is equal to the length of the covariant derivative of %—": along m(t). In this context it
is most convenient to express the covariant derivative in terms of its horizontal lift as
follows.

Let Y (¢) denote a vector field defined along the curve m(#) in M. Then Y (¢) is
the projection of a horizontal curve g(¢) W(¢), for some curve W(¢) € p, where g(¢)
denotes the horizontal curve that projects onto m (¢). It follows that i‘j—’f is the projection
ofacurve g(¢)U (¢) for some U (¢) € p. Then the covariant derivative % of Y (¢) along
m(t) is the projection of

dw 1
s0( 5 + 50O W, ).

on M, where [U, W], denotes the projection of [U, W] on p.

In this situation m(t) = mw(g(r)), where g(¢) is given by (10). Then, i—‘f =
gU @) = g(t)(exp(tPe) Ppexp(—1Py)) and [[U(@)| = [[Ppll = 1. Hence m(r)
is parametrized by arc length. It follows that

D /dm du
—(5) =m(s07) = mls) expt PPy, Prlexp(—1Pr).
But then d—%(‘g—'?)H = || exp(t P[Py, Pelexp(—tPo)| = || [Py, Pel |- 0
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3 Homogeneous Metrics on General Stiefel Manifolds Stﬁ(V)
3.1 Stiefel Manifolds

A Stiefel manifold St}/ (V) consists of ordered k orthonormal vectors vy, ..., v in
an n-dimensional Euclidean vector space V. We will focus on the cases when the
vector space V is an Euclidean space V = R”", an Hermitian complex vector space
V = C", or a quaternionic space V = H" (with the right multiplication by scalars)
equipped with its inner product (u, v) = Y ;_, i#;v;. We will identify points m =
(v1, ..., vx) € St (V) with matrices M,x whose columns consist of the coordinate
vectors vy, . . ., U With respect to a chosen orthonormal basis for V. Each such matrix
M, satisfies M:k M, = I, where * stands for the transpose, the complex conjugate,
or the quaternion conjugate, depending on the case.

The quaternionic Stiefel manifold requires some additional explanations. Let
1,1, j, k denote the standard basis in the quaternion algebra H. Then, every quaternion
is a linear combination ¢ = qo + ¢1i+ ¢2j + g3k with real coefficients. The conjugate
q of the quaternion ¢ is given by ¢ = qo — q1i — g2j — ¢3k. The product of two
quaternions is defined by using the coordinate representation and the law i = j> =
k? = ijk = —1. It follows that g¢’ = §' and Gq = g2 + q7 + q3 + q3 = |q|*. The
notion of conjugacy extends to H" and yields the inner product (v, w) = Y /_; jjw;.
It readily follows that

(v, w) =a(v,w), W, wa)=@w,wao, @ w) = w,v), (11D

forany o € HL. Then Sp(n) is the group of matrices that leave invariant the quaternionic
Hermitian product (11). It follows that Sp(n) consists of n x n matrices ® with
quaternionic entries that satisfy ®*® = ©O®* = [,. Reminiscent of the unitary
group, one can show that Sp(n) is isomorphic to Sp(2n, C) N U(2n) [9, p. 445].

3.2 Stiefel Manifolds as Homogeneous Spaces

All Stiefel manifolds are homogeneous manifolds, and can be realized as the quotients
of Lie groups through several group actions. Below we will describe two such actions.
To avoid unnecessary repetitions, we will use G, to denote SO(n) in the real case,
SU(n) in the complex case, and Sp(n) in the quaternionic case.

Let us first consider the full group action from the left.

o St} (V) as a homogeneous manifold G, x Gi/Gy x G,_i. Here the full group
G = G, x Gy acts on St (V) by

d((r,s),m) =rms*, meSt(V), reG, sceGy.

.. .. . 1
The action is transitive, and the orbit throughm = I;; = < é‘

My = rlgs™, r € G, s € Gg. The isotropy group K, that leaves I,,; fixed, consists
of matrices r € G,, and s € Gy such that

) consists of the matrices
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rly = Lis. (12)

R R»
R3 Ry
matrix, and the remaining matrices of the corresponding sizes. Then (12) holds for r

only when Ry = s and R, = R3 = 0. Therefore, r = (If)l Ig ) This shows that the
4

The matrix r € G,, can be written in block form as r = ( , with Ry an k x k-

isotropy group K is

K:{((gg),s):5eGk,TeGn_k};kaG,,_k. (13)

o St} (V) as a homogeneous manifold G, /G, . The reduced group action is given
by

¢(g,m)=gm, meSt(V), geG,.
The orbit of the reduced action through the matrix m = I,; consists of matrices

My = glu € St(V), g € Gy, i.e., the first k columns of g. The isotropy group at
the point 7% is equal to

K = { (IO" 1?1) " He G,,_k} ~ Gt (14)

The above shows that each Stiefel manifold St} (V') can be represented in two ways:
as the full quotient (G, X G)/Gk x G, —k, as well as the reduced quotient G, /G, k.

In what follows we will write St} (V) = G/K with the understanding that G and K
areeither G = Gy, and K = G, 0or G = G, X G and K = G X G —, depending
on the context. Then, g and £ will denote the Lie algebras of G and K. Similarly gy,
gn—k will denote the Lie algebras of Gy and G, .

3.2.1 Homogeneous Metrics

Each Lie algebra g is endowed with a positive definite bilinear form (., .). If g, is
either so(n) or u(n), then the form is given by

1
(A, B) = —ETr(AB) for A, B € g,, (15)
with Tr(A) the trace of the matrix A. On g,, = sp(n) the form is written as
1
(A, B) = —ZTr(AB + (AB)"). (16)

We will often refer to the above forms on g as the trace form, and to the induced
metric as the trace metric. The trace form extends to the product g; x g,—; with
(.,.)={(, 1+, .)2, where (., .) is the trace form in g and (., .)7 is the trace form
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in g, —. The trace form on g is Ad¢ invariant and satisfies (3). Thus, the corresponding
left-invariant Riemannian metric (., .) is also bi-invariant.

We will now introduce three decompositions g = p @ € that conform to (2) and
induce the left-invariant horizontal distributions H,, that are relevant for the applica-
tions.

The reduced horizontal distribution is the horizontal distribution associated with
the representation St} (V) = G, /G, —. It is induced by the orthogonal complement

A B
P=[<_B* O)ergk} an
with respect to the trace metric to the isotropy algebra
00
b= { (0 D) ' De gn_k} (18)

of the isotropy group K in (14).

The other two horizontal distributions are associated with the representation
StZ(V) = (Gu x Gu—1) /(G x Gp—p).

First, the orthogonal horizontal distribution on G = G, x G, _i. It is induced by
the orthogonal complement

ngL=[<<_/;* g),—A>:Aegk} (19)

with respect to the trace metric to the isotropy algebra

co
E:{((O D),C): C e g, Degn_k} (20)

of the isotropy group K in (13).
Second, the quasi-geodesic horizontal distribution on G = G, X G,_k. This
horizontal distribution is induced by the vector space

(% B T

that is not orthogonal to € in (20).

Evidently p is transversal to £, and satisfies g = p@ ¥, because for any ( A Al* 22> €
—A% A;

gn and B € g; we have

(545 2)= (2 5) 22 (5 2) )
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The distribution defined by the left translations of p in (21) is called quasi-geodesic
distribution to emphasize the connection with curves called quasi-geodesic, whose
significance was demonstrated in [13] for solving interpolation problems arising from
applications.

Lemma 1 In all three cases above, the reduced, orthogonal, and quasi-geodesic case,
the decomposition g = p @ ¥ satisfies (2).

Proof In the reduced and the orthogonal cases ([p, €], &) = (p, [, €]) = 0, because ¢
is a Lie algebra, and it is orthogonal to p. Therefore, [p, €] C p. It is also true for the
quasi-geodesic case by a direct calculation. So in all cases [p, £] C p.

We will now show that £ C [p, p]. In the calculations below, E; ; denotes the
n x n matrix with entry (7, j) equal to 1 and all other entries equal to 0, and A; ; =
E; j — E; ;. Matrices A; ; satisfy the following commutator properties:

[Aij Apa]=—8uAj s —8jpAir+8ifAji+381Ai .

where §;; denotes the Kronecker delta function.

Taking into consideration the structure of the matrices in € and p in the reduced
case, given respectively by (18) and (17), it is clear that

{Aktiktj, 1 <i<j=<n—k}
is a basis for £, while
{Aij, 1<i<j<klU{Aj)+j, 1 Si<k 1<j<n-—kj
is a basis for p. Since for any Ayi; x4+ € €, there exists Ay x1i, Aj k+; € p such that
Attikrj = [Atk+is Atk+j] (22)

we have proved that in the reduced case £ C [p, p]. To show that this inclusion is also
true for the other two distributions, it is enough to take into account the structure of

the matrices that define the subspaces £ (given by (20)) and p, given either by (19)
or (21), and use (22) together with the following extra identity:

Aij = [Aiksi: Ajrs]
whichis valid forall 1 <i < j <kandl e {1, ---,n —k}. O

Thus we obtain the following corollary.
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Corollary 3 All three horizontal distributions Hy, are two-step bracket generating dis-
tributions, Hy(g) + [Hp, Hpl(g) = TG, forall g € G.

Theorem 2 The homogeneous metrics on the Stiefel manifold St} (V') induced by the
sub-Riemannian metrics relative to the reduced horizontal distribution on G,,, and
the sub-Riemannian metric on G, x Gy relative to the quasi-geodesic distribution
are equal, and they are different from the homogeneous metric induced by the sub-
Riemannian metric relative to the orthogonal horizontal distribution on G, x Gy.

Proof We start with the proof of the first statement. Let 772(¢) denote the tangent vector
of a curve m(t) in St (V). Then, m(t) = g(t) Ik and m(t) = r(t) Lyxs™*(t) for some
horizontal curves g(¢) € G, and (r(¢), s(¢)) in G = G, X Gf. Then

m(t) = g(t) W) L = r(t) (Ui () Ik — LU (£))s™ (1), (23)

where

d _ s ywa o &
E_g() @, E—r() 1(1), E—S()z()-

It will be convenient to embed Gy into G, by identifying s € Gy with (g IO >,
n—k

I 0

and identify I,,; with (O 0

), so that all the matrices above can be written as n X n

matrices in block form:

A B 0 C DO
wo (A5 0= (%), 6m(20). aben

Let ||m(#)]l1 and ||m(¢)]|> denote the lengths of mi(¢) relative to the homogeneous
metrics induced by the reduced and the quasi-geodesic distributions. Since the sub-
Riemannian metrics on G are left-invariant, we need only to compare the norms of
the horizontal vectors on the corresponding Lie algebras. Thus

IW O35 = 1AM + Tr(B () B*(1)).
is equal to ||ri2(1)||%, and

I(U1@), U2l = 1U1OIP + [U2(0)])> = ID@)]* + Tr(C(1)C* (1))

is equal to ||n'1(t)||%. We need to show that || (¢)]|1 = ||m(t)]|>.
Since I,,; commutes with s*,

m(t) = g(t) Ik = r() Lues™ (t) = r(®)s™ () Lk,
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and therefore, r(¢)s*(t)h = g(t) for some constant 4 € K, where K is given by (14).
Now equation (23) implies that rs*AWh* I, = r(Uy — Up) Lygs™, or (U — Up) Ly, =
s*hWh*s L, because I commutes with Uy, and I,z h = hly; = k. This equality
implies that

_(—D® C\ _
U—-Ux= (—C*(t) 0 ) =W,

Y). Here we denote W =

because both of these matrices are of the form (_ X* 0

s*hWh*s. Then,

- 1 -
IW@IE = IWOI; = =5 Tr(W2©)

1 <—D(t) C()

3T\ _cxa) o

IUL@), U212 = [l (@)]13-

i (1)13

2
) = |D@®)|* + Tr(C(H)C*(1))

Now we prove the second statement of the proposition. In this case

dg 0 ds 0
3 —s0ni@), —=s0) 00
with Uy (1) = (_/I‘;Sf()t) B(()t)), Ux(t) = <_f(‘)(t) 8). The norm of (Uy, U>) with

respect to orthogonal horizontal distribution is given by
101, 2Dl = 1011 + 020> = 21| A@0) 1> + Tr(B(1) B*(1)).

A calculation similar to the one above shows that

2A() B(t)

UV — o* koo
W =s"hWh s_<—B*(t) 0

) _ 0, — .
Therefore,

W@l = WOl = 4IA@I + Tr(B()B*(1) # |(T1 (), U2 (t)l;.-
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3.3 Sub-Riemannian Geodesics

3.3.1 Geodesics on StZ(V) Induced by the Reduced Horizontal Distribution

In this case, p = £+ where £ and p are given by (18) and (17) respectively, and hence
by (10), the sub-Riemannian geodesics on G, are of the form

A B I, O
g(t) = goexp (t (_B* D)) ((‘;{ etD) ’

Their projections on St (V) are given by

A B
m(t) = m(g(t)) = goexp <t (—B* D)) Lk,
and the Riemannian geodesics are of the form
A B
m(t) = goe' Iy, £ = (—B* 0) . (24)

These geodesics are called canonical in [7] and normal in [8].

3.3.2 Geodesics on StZ(V) Induced by the Orthogonal Horizontal Distribution

In this case p and £ are given by (19) and (20), respectively. Then

(59 ) mn=((E5))

which leads to

g(1) = goexp (1(Pp + Pg)) exp(—1 Py)

A + C B _ e—lC O B
= g0 (exp (t ( _p* D)) Lelt A+C)) (( 0 e_tD) e tC> '
The projection is given by
A+CB e 1€ 0 B
T =g <eXp (t ( 5" D)) (< 0 e—"D) e C)>
A+CB _
= g0 <exp (t ( _p* D> )Inket(A C)) )

If go = (r,s) € G, x Gy, then the geodesics through the point gol,x = rlLks™,
corresponding to P¢ = 0, i.e., C = D = 0, have the form

m(t) = go exp (t (_12* g) )I,,ke'A = re"QInke'As* (25)
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3.3.3 Geodesics on Sty (V) Induced by Quasi-geodesic Horizontal Distribution

The quasi-geodesic distribution is generated by (20) and (21). An easy calculation

shows that p~ = { ((5 2) ,0) cE e g F o€ gn_k}. Evidently, pt is a Lie

subalgebra of g, hence its sub-Riemannian geodesics are given by (7). Let
0 B EOQ n
B=((52)a)er o r=((E2)0)erts a0

8(1) = go exp(t(Py + Py1)) exp(—1Pp1)

—tE
ol (G L))

If go = (r,s) € G, x Gg, then

—tE
7(8(t) = r <exp (r (_P;; ﬁ)) (e . e_O,F) Lie ™45
—tE ,—tA
= r(exp <t (_l;* g)) (e Oe e_()’F) Liks™. (28)

According to Theorem 1, the geodesics on St’fZ (V) are the projections of the above
curves for which Py + P, 1 is orthogonal to ¢. The orthogonal complement £ consists
. X Y

of matrices of the form ((—Y* 0
Py + PpL e tlifand only if £ = —A and F = 0. In such a case,

(399 w2
e =((CA 7))

It then follows from (28) that the projection of the geodesics at gg = (r, s) € G, X G
are Riemannian geodesics of the form

Then

) , —X). So, if P, and Ppi are as in (26), then

and

m@t) = re' st = (__1?* g) . (29)

At first glance, formulas (29) and (24) give different curves. To show that it is not
the case, let g = rs*, where, whenever convenient, we identify s € Gy with s =

S 0
<O I”_k> € G,,. Then,
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m(t) = re' Ls* = re'?s* Ly = rs*se's* Ly = g "% Ly,
~ —SAS* SB
_ * _
where 2 = 525" = (—B*S* 0 )

We are now almost ready to relate the above formalism to the quasi-geodesic curves.
The following lemma will lead the way.

Lemma2 Curves

E B —tE ,—tA 0
m(t) = rexp <t <—B* F)) (e Oe etF) Lngs™

in Sty (V) that are the projections of sub-Riemannian geodesics on G, x Gy, relative
to the quasi-geodesic distribution are also the projections of horizontal curves g(t) in
G, that are solutions of

d _A tAE R ,—tF
—g—g(t)( Ae alere ) (30)

dr _eth*e—tEe—tA 0

with A = SAS*, E = SES*, and B = SB.

Proof The sub-Riemannian geodesic relative to the quasi-geodesic distribution is given
by (27) and its projection on the Stiefel manifold is given by (28). The latter can be
written as

m(t) = goe'® AW L, g0 = 5%, (31)

o E B\\ . _ E B
e —sexp<t<_B*F s =exp|t _B*F and

e—tEe—tA e—tE"e—tA 0
A=s ( 0 e tF st = 0 1P|

The curve g(1) = goe'® A(z) is the curve on G,, having the derivative

with

a(1) = goef‘f’A(A”ch + A*‘A) — g(;)(A”qu + A"A).
A straightforward calculation shows that

. _x tA tE R —tF
A—‘@A+A—1A:( A ¢ e Be )

eftFE*eftb:eftA 0
Therefore, g(¢) is a horizontal curve in G, satisfying the conditions of the lemma. O

@ Springer



Extremal Curves on Stiefel and Grassmann Manifolds 3969

We finally come to the quasi-geodesic curves.
Definition 3 Quasi-geodesic curves through a point m = rIxs* in Sty (V) are curves
y (t) having the form y (¢) = r exp(tlI/)Inke_’As* for some matrices ¥ = (_%* g),
with B € M- (V) and A € g;.

Alternatively, quasi-geodesic curves can be defined as curves
y(t) =exp(tX)mexp(tY),
where X = r¥r*,and Y = —sAs™ € gi. Indeed,

y(t) = rexp¥) Ly exp(—tA)s™ = rexp(tW)r*rLyis*s exp(—tA)s*
= exp (t(r¥r*))riys* exp(—tsAs™*) = exp(t X)m exp(tY).

Proposition 6 Quasi-geodesic curves coincide with the projections of sub-Riemann-
ian geodesics in (27) with P,1 = 0. They are curves of constant geodesic curvature.
A quasi-geodesic is a Riemannian geodesic on Sty (V) if either Py = (0, A), or

()

Proof The first statement is a consequence of formula (28).
To show the second statement we will use Lemma 2. When PpL =0,E=F=0,

0 é e_tA 0 .
and m(t) = g(t) Ik, where g(t) = goexp | ¢ _B* 0 0 I . Then equation

(30) reduces to

d_g_ (l‘) —A~ e”&é _ (t) e”i() —A~ B 67“{0
ar 8N\ _pei o )T o )0/ 0 1)

Since m(t) is the projection of a sub-Riemannian geodesic, it is parametrized by the

1A _A B —1A
arc length. That implies that U (¢) = <eO ?) (_g* g) (e 0 (I)> is of unit length.

The geodesic curvature of m(t) is given by || (%(%—’7) || relative to the homogeneous

metric, where % denotes the covariant derivative. An argument completely analogous
to that in Proposition 5 shows that

I3 (@)1 =151, =10 0) (o 0) =1 (a0 70%)]

Evidently, || %(%—’:’)H = 0 if and only if either A = 0, or B = 0. m]

The last two statements of Proposition 6 were proved earlier in [13] by direct
computations without any recourse to Lie groups.

@ Springer



3970 V. Jurdjevic et al.

3.4 The Ambient (Euclidean, Hermitian, or Quaternion Hermitian) Metric on the
Stiefel Manifolds

Each Stiefel manifold St} (V') is a closed subset of the vector space M,;x (V) of n x k
matrices with entriesin V, V = R", V = C", or V = H", endowed with the usual
quadratic form (A, B)yq = Tr(A*B), A, B € M1 (V). We will refer to M (V)
together with the metric induced by (., .) o¢ as the ambient manifold.

Thus, each Stiefel manifold St} (V) is identified with a closed submanifold defined
by {X € Mur(V) : X*X = It} of M. And, consequently, its tangent space
Tx Sty (V) is identified with

TxSE(V) = (X € My : X*X = —X*X}, X € St(V).
We will now consider St/ (V') as a Riemannian manifold with the metric given by
(X1, X2) = (X1, X2)pm = Tr(X7X2)

This choice of a metric will be called ambient.

We will now show that the ambient metric can be lifted to a metric (., .)p, on
the space p given by (17), which induces yet another left-invariant sub-Riemannian
structure (Hp, (., .)p) on G,. We will then extract the Riemannian geodesics relative
to the ambient metric by analyzing the sub-Riemannian geodesics induced by (., .)p
using a procedure analogous to the one described in Sect. 3.3.

We have shown earlier that every tangent vector X at a point X can be lifted to a

. . . A B
unique horizontal vector gU above X, thatis X = gU I,;x, where U = <_ B 0) for

suitable matrices A and B. Now,
Tr(X}X2) = Tr(15 U g* gUa L) = Tr(L5 U Uz Lyy)
—Tr ((Af —B)) <_AI§; )) — Tr(AtAz) + Tr(B1 BY).
Thus, the ambient bilinear form lifts to

(U1, Ua)p = Tr(ATA2) + Tr(B1 B) (32)

for Uy = ( Al;* 1(3)1> ep,and Uy = < ABZ* l(?)2> € p. We therefore have two bilinear
-1 P2

forms on p, the trace form (., .), given by (15) or (16), and the quadratic form (., .)
given by (32). They are related by the formula

(U1, Uz)p = (Uy, DU + Uy D)y,

(I 0
where D = <0 0).
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3.4.1 Sub-Riemanian Problem on (Gp,, H,p, (., .)p)

We will now obtain the sub-Riemannian geodesics associated with minimizing the cost
functional % / g (g7! ‘é—‘f, g ! g—f) p dz, over the horizontal curves that satisfy g(0) = g;
and g(T) = go.

The Hamiltonian equations, based on the Maximum Principle, will be obtained
much in the same manner as in Sect. 2.4. For the moment we assume that V = R”
or V = C". We let L denote the vector in g dual to some / € g* with respect to the
metric (., .) defined in (15), and write L = L, + L¢ for the decomposition relative to
the factors p and ¢ defined in (17) and (18). It follows that the regular extremals are
the projections from 7*G onto G of the integral curves L(t) of the lifted Hamiltonian

1
hy(L)(t) = _E(U(t)’ U@)p +(Lp, Uy,

subject to the optimality condition that the extremal control U(¢) and the asso-
ciated dual vector L(t) maximize hy (L(t)) over all controls U in p. If L() =

At) B() (uow
<—B*(t) C(t))’ and U = (—v* o>’ then

1
hy (L)) = —%Tr(u*u) - %Tr(vv*) - %Tr(A(t)u) + 5 Tr(B (v + BO)vY).

It follows that hy (L(¢)) attains the maximum relative to the control functions precisely
when 2u(t) = A(t), and v(¢) = B(t). Therefore, the extremal curves (g(¢), L(t)) are
the integral curves of the Hamiltonian system generated by

H=Yw. v, =142+ s (33)
= — s = — — 1T s
2 Py 2

i.e., they are the solutions of the system i—f =gU(@), % = [U(t), L(t)]. where
1
dH = < 24 B) = U. Hence,

—~B* 0
A B\ _ 0 1AB — BC
-B*C)  \JB*A-CB* 0 '

It follows that A and C are constant and that B(t) = exp(%A)B(O) exp(—tC). From
this, the following yields

1A e%’AB(O)e”C) 1A BO) -
_ p) =@ 2 10
v = (_ezCB*(O)e—éfA 0 —¢ <_B*(0) 0 )e ’

1
where Q = (264 g)
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The extremal curve g(f) in G, is a solution of ‘é—‘f = g(0)(e2Pe19), with
1 1
5A 0 A  B(0) . .
= 2 = 2 -
(0] < 0 C) and P (_ B*(©0) 0 ) It then follows that the sub-Riemannian
geodesic
g(1) = goe' PTPe1C

projects on the Stiefel manifold as
X(1) =7(g(t) = goe' Pt Ly = goe! PO Le ™34, Acg, (34)

. _( A B
with P + 0 = <—B*(O) c
For the Riemannian geodesics on the Stiefel manifold we set C = 0, because of

the transversality conditions.
Let us now show that X(r) = goe!P+De~"C[  with the term P + Q =

A B epand Q = %0 tisfies the Euler-Lagran tion
_B* 0 pa = | § ¢ ) satisfies the Euler-Lagrange equatio
X+XX*X=0 < X=VY, Y=-X{I%Y), (35)
found in [7] and [8] for the case V': R”™.
We have X(t) = gy, Xt) = Y@) = g@)U@)Il, where g(t) =
1
g0 e’ P+tDe=1Q and U(r) = '2 (_Zg* g) e '2. Then,

Y =g ULy + gUlLi = g ("2 P2 ) Ly + g ('[P, Qle ™) Lk
=ge' QP2+ [P, Qe Py
_ (eT(LAT—BBMe 1 0\ _ (1A= TBB*e 7 0
=8 =8 .
0 0 0 0

On the other hand,

1A2 _¢'3 BB*e™) 0>

X(Y*Y) = —gly ULy = —¢ ( 0 0

Therefore, X (¢) in (34) satisfies the Euler-Lagrange equation (35) when C = 0.
The calculations in the case V = H" are similar. We obtain

hy(L(t)) = — %Tr(u*u) - %Tr(vv*) - j—lTr(Au + (Au)®)
+ %Tr(Bv* + (Bv*)* + B*v + (B*v)*).

@ Springer



Extremal Curves on Stiefel and Grassmann Manifolds 3973

The maximum is achieved at 2u = A and v = B giving the Hamiltonian (33) for the
corresponding metric. The rest of the calculations, identical to the ones above, show
that the quaternionic geodesics are given by (34), with C = 0.

Observe now that all the homogeneous metrics discussed above coalesce into a
single metric in the extreme cases k = n and k = 1, and in both cases agree with the
ambient metric. This is obvious in the case that k = n, for then St} (V) is equal to G,
and the homogeneous metric is equal to the bi-invariant metric on G,,.

In the case k = 1, the Stiefel manifolds St} (V') is the unit sphere, $"~1 in the real
case, §2=1 in the complex case, and S§4=1in the quaternionic case. To see that the
homogeneous metric coincides with the metric inherited from the ambient space V,
_12* g) in (24) and (25) is equal to (_%* 8) where b
is a row vector when k = 1. Hence

note that the matrix 2 = (

0 b 1 0 b\ .
m(t) = exp (t (—b* 0) )61 = (I cos ||b||t + m (—b* O) sin ||b||t)e;.

Therefore, m(t) is a solution of
() + |b]|*m(t) = 0.

It may be somewhat surprising that in all other cases, 1 < k < n, the metric on Stj’ (V)
inherited from the ambient space M, (V) is less natural than the homogeneous metric
on Sty (V) relative to the reduced action of G,.

4 Grassmann Manifolds Grz(V)

We will now demonstrate the relevance of the sub-Riemannian structures on Lie
groups, as described in the first part of this paper, to the canonical Riemannian struc-
ture of the Grassmann manifolds Grj/ (V). We will also make use of the fact that
St} (V) is a principal G, bundle over Grj/ (V) to examine the geometric properties of
the projections to GrZ(V) of the sub-Riemannian geodesics in StZ(V).

Recall that Grj/(V) is the set of all k-dimensional vector subspaces of an n-
dimensional vector space V. We will continue with our notations from above, with V
one of R”, C", or H" endowed with its usual metric, except that for the moment G,
will denote O(n) in the real case, U(n) in the complex case, rather than SO(n) and
SU(n) as before, while in the quaternionic case G, will be Sp(n), the same as before.

Then Grj (V) can be embedded into G, by identifying each vector space W in
Gr} (V) with the orthogonal reflection Ry defined by

X if xeWw,
—x, if xewt

Ry (x) ={
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Group G, acts on Grassmann manifolds Gry (V') under the action
O,W) > OW={Ow: weW}, OcecG,.

The action of G,, on Grj (V) can be also expressed in terms of the reflections Ry by
the following:

(O, Ry) — ORwO*, O € G,. (36)

It is easy to verify that this action is transitive. Therefore, Gr (V) can be realized as
the quotient G,/ K, where

K:[(é g) A€Gi CeGuu) = Gix Gy (37)
is the isotropy group of Ry, = (g‘ > associated with the vector space Wy
—In—k

spanned by the standard vectors ey, .. ., ex.

For our purposes it is desirable to work with connected Lie groups. So, from now on
we assume that G and K are connected, thatis G is equal to SO(n), SU(n), or Sp(n), K
is modified accordingly, and the quotient G /K is the oriented Grassmannians instead.

Alternatively, the decomposition g = £ @ p could have been obtained through the
involutive automorphism o' (g) = DgD~! where we denote D = (I(;C 0 k). Then

n—
K is equal to the subgroup of fixed points of o: K = {0(g) = g : g € G}. Note
that D can be also seen as the orthogonal reflexion Ry, across Wy, the linear span of
€l, ..., €.

In general, an involutive automorphism o # Id onaLie group G is an automorphism
that satisfies 0> = Id. It follows that the tangent map o at the group identity is a Lie
algebra automorphism that satisfies 0*2 = Id. Hence (o, — Id)(0y + Id) = 0, and
therefore, g = £ @ p, where

p={Aeg: 0,(A) =—A}, and E={Aeg: o.(A) = A}

The subspaces p and € are orthogonal relative to the Killing form and satisfy Cartan
relations

(p.e]Sp, [p.plCt [EE]CE

On semi-simple Lie algebras [€, p] = p, and on simple Lie algebras [p, p] = ¢, and
therefore p 4 [p, p] = g, see [10].

Our case here is a particular case of this general situation since the trace form is a
scalar multiple of the Killing form. Moreover, [p, p] = ¢, as can be easily verified. So
we are in the situation where p + [p, p] = g.

Therefore, the left-invariant distribution H,, with values in p defines a natural sub-
Riemannian problem on G,:
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Find the sub-Riemannian geodesics on G, and identify those that project on the
Riemannian geodesics in the Grassmannian Gry (V).
According to Theorem 1, the sub-Riemannian geodesics are given by

_ A B e4 0
_ t(Pp+Pe) ,—tPe _ ( )
g(t) go¢e e 80 exp ! ( B* C) ( 0 e—tC) )

and their projections on GrJ (V'), obtained by (36), are of the form

R(®) = goexp (t (_?9 f;)) Dexp (—r (_j‘g 2)) - (38)

Since p~ = ¢, the curves in (38) have constant geodesic curvature in Grj (V)
by Proposition 5. The Riemannian geodesics on Gry (V) are given by Corollary 2,

R(1) = goexp (t (_‘; ﬁ)) D exp (—t (_‘; '3)) - (39)

Equation (39) can be expressed in the form

R(t) =exp (tP)Rpexp (—tP),

B . .
where P = go (_%* O) 8¢ Itis easy to verify that Ry P + P Ro = 0. The converse

is also true. Indeed, if P € g, satisfies RyP + PRy = 0, then P = g (_%* g) 8-

Let us now note that the involutive automorphism o (g) = DgD~! is an isometry
for the above sub-Riemannian structure on G since

(04(A), 04(B))p = (—A, =B)p = (A, B),.

We will presently show that this isometry accounts for the geodesic symmetry of the
Riemannian Grassmannian manifolds.

To elaborate on that, first note that o (e!4) = ¢/®*4) for any A € g. Next, let
Fg: G — G be the mapping defined by F,(h) = g o (g~ 'h)ateach g € G. It follows
that Fy is an isometry for the sub-Riemannian structure and satisfies F(g) = g. If
go ' Fr P 1Pt j5 3 sub-Riemannian geodesic at go, then

FgO (g(t)) = g0 o‘(et(Pp+PE)e_fPE) =g etU*(Pp+PE)e_tU*PE) = g0 et(—Pp-‘rPt)e—tPg.
It follows that F, maps the sub-Riemannian geodesics at g onto the sub-Riemannian
geodesics at g. The sub-Riemannian geodesics that project onto the Riemannian
geodesics are given by Py = 0, and we have

Fg(geth) — ge—th'
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It follows that Sy (g (7 (g)) = 7 o Fgy(g) is an isometry that satisfies S, (y (7)) =
y (—1t) for any geodesic curve y () with y(0) = p.

Any Riemannian space M in which the map S, : y (t) = y(—t) is an isometry for
any geodesic y is called symmetric Riemannian space [6,9]. The above shows that
the oriented Grassmannian manifolds Grj (V) with the above homogeneous metric
belongs to the class of symmetric Riemannian spaces.

4.1 Relation Between Stiefel and Grassmann Manifolds

Every k-dimensional subspace W of V is in one to one correspondence with the
orthogonal reflection Ry and the orthogonal projection ITy defined by

x, if xeW
HW(X):{O, if xewl

The map
W—Hye{Aecgl(V): A*=A, A? = A, dim(ker(A)) = n — k}

defines a matrix representation of Gry (V) in terms of the orthogonal projections. The
passage from the reflections to the projections is given by a simple formula

Rw =2y — 1.

Therefore Rw = gRw,&" corresponds to 2Ty — I = g2y, — I)g*, or [Ty =
Iy O
00
geodesic equations (39) become IT(¢) = ' Iye ™7, where ITyP + PITy = P.
There is a natural projection from the Stiefel manifold to the Grassmann manifold,
because every pointg = [vy, ..., vg] in St} (V) can be projected to the vector space W
spanned by vy, ..., vg. In terms of the orthogonal projections, the projection I7(g) =

W is given by I1(q) = Zf-‘zl v; ® v}'. When ¢ is regarded as an n x (n — k) matrix

glTw,g*. In particular, [Ty, = ( ) when Ry, = D. In this representation the

with columns vy, ..., vg, then IT(g) = Zf:l v; ® v} = qq*. This identification then
yields

I1(q) =qq* € Grji(V), q € St;(V).

Evidently, IT~Y(IT1(g)) = {gh, h € G}}. Therefore, IT is a surjection, and St/ (V) is a
principal Gy bundle over Grj (V) relative to the action of G given by ¢ (h, q) = qh,
see for instance [2,14].

Let us now go back to the curves on St} (V) that are the projections of various
sub-Riemannian geodesics. Equations (31) capture all these curves. They are of the
form

q(t) = goe'® A Lk, g0 = rs”, (40)
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with

1o E B )*_ ( E B )
e sexp(t(_B* F) s* =exp(t g rl) and

e—tEe—tA 0 N e—tEesz 0
s —tF | S = )

A 0 e 0 e—tF

S 0
0 L '

The curves in (40) for arbitrary @ correspond to the projection of sub-Riemannian
curves relative to the quasi-geodesic distribution. The case E = F = 0 corresponds
to the orthogonal distribution, and A = E = F = 0 corresponds to the projection
of the sub-Riemannian geodesics relative to the reduced orthogonal distribution. The
projection of equations (40) on the Grassmannians is given by

é (I 0\ _ié . E B
M(g(1) =goe' (00 8 2=(_p )

or in terms of the orthogonal reflections, by

where A = SAS*, E = SES*, B =SB, and s = (

~ I 0 _ ~
R(1) =goe'? (O" _,n_k> e 'Pgp. (41)

Proposition 7 The projections of sub-Riemannian geodesics on St} (V) project onto
curves of constant curvature in Gry (V). Their curvature is zero precisely when E =

F = 0. In particular, the quasi-geodesic curves project onto Riemannian geodesics
in Gri, (V).

Proof Equations (41) are of the same form as (38), and curves in (38) have constant
geodesic curvature by Proposition 5. These equations reduce to the geodesics when
E =0and F = 0, and that case corresponds to the quasi-geodesic curves. O

References

1. Agracheyv, A., Sachkov, Y.: Control Theory from the Geometric Point of View. Encyclopedia of Math-
ematical Sciences, vol. 87. Springer, New York (2004)

2. Autenried, C., Markina, I.: Sub-Riemannian geometry of Stiefel manifolds. STAM J. Control Optim.
52(2), 939-959 (2014)

3. Balogh, Z.M., Tyson, J.T., Warhurst, B.: Sub-Riemannian vs. Euclidean dimension comparison and
fractal geometry on Carnot groups. Adv. Math. 220(2), 560-619 (2009)

4. Boscain, U., Rossi, F.: Invariant Carnot-Carathéodory metrics on s3, SO(@3), SL(2), and lens spaces.
SIAM J. Control Optim. 47(4), 18511878 (2008)

5. Chow, W.L.: Uber Systeme von linearen partiellen Differentialgleichungen erster Ordnung. Math. Ann.
117, 98-105 (1939)

6. Eberlein, P.: Geometry of Nonpositively Curved Manifolds. Chicago Lectures in Mathematics. The
University of Chicago Press, Chicago (1996)

7. Edelman, A., Arias, T.A., Smith, S.T.: The geometry of algorithms with orthogonality constraints.
SIAM J. Matrix Anal. Appl. 20(2), 303-353 (1998)

@ Springer



3978

V. Jurdjevic et al.

8.

9.

10.

11.

12.

14.

15.

16.
17.

Fedorov, Y., Jovanovic, B.: Geodesic flows and Newmann systems on Stiefel varieties. Geom. Integr.
Math. Z. 270(3—-4), 659-698 (2012)

Helgason, S.: Differential Geometry. Lie Groups and Symmetric Spaces. Academic Press, New York
(1978)

Jurdjevic, V.: Optimal Control and Geometry: Integrable Systems. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge (2016)

Jurdjevic, V., Krakowski, K.A., Silva Leite, F.: The geometry of quasi-geodesics on Stiefel manifolds.
In: Proceedings of International Conference on Automatic Control and Soft Computing, June 4-6,
2018, Azores, Portugal, pp. 213-218. IEEE Xplore (2018)

Koldr, 1., Michor, P., Slovék, L.: Natural Operations in Differential Geometry, p. 434. Springer, Berlin
(1993)

. Krakowski, K.A., Machado, L., Silva Leite, F., Batista, J.: A modified Casteljau algorithm to solve

interpolation problems on Stiefel manifolds. J. Comput. Appl. Math. 311, 84-99 (2017)
Montgomery, R.: A Tour of Subriemannian Geometries. Their Geodesics and Applications. American
Mathematical Society, Providence (2002)

Rashevskii, P.K.: About connecting two points of complete nonholonomic space by admissible curve.
Uch. Zapiski Ped. Inst. K. Liebknecht 2(1938), 83-94 (1997)

Sternberg, S.: Lectures on Differential Geometry. Prentice-Hall Inc, Englewood Cliffs (1964)
Warner, F.: Foundations of Differentiable Manifolds and Lie Groups. Graduate Texts in Mathematics,
p. 94. Springer, New York (1983)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Extremal Curves on Stiefel and Grassmann Manifolds
	Abstract
	1 Introduction
	2 Group Actions and Sub-Riemannian Problems
	2.1 Notations and Background Material
	2.2 Sub-Riemannian Problems on Lie Groups
	2.3 The Associated Optimal Control Problem
	2.4 The Maximum Principle and the Extremal Curves

	3 Homogeneous Metrics on General Stiefel Manifolds Stnk(V)
	3.1 Stiefel Manifolds
	3.2 Stiefel Manifolds as Homogeneous Spaces
	3.2.1 Homogeneous Metrics

	3.3 Sub-Riemannian Geodesics
	3.3.1 Geodesics on Stkn(V) Induced by the Reduced Horizontal Distribution
	3.3.2 Geodesics on Stkn(V) Induced by the Orthogonal Horizontal Distribution
	3.3.3 Geodesics on Stkn(V) Induced by Quasi-geodesic Horizontal Distribution

	3.4 The Ambient (Euclidean, Hermitian, or Quaternion Hermitian) Metric on the Stiefel Manifolds
	3.4.1 Sub-Riemanian Problem on (Gn,mathcalHp,(.,.)mathfrakp)


	4 Grassmann Manifolds Grkn(V)
	4.1 Relation Between Stiefel and Grassmann Manifolds

	References




