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Abstract. In this paper we use a variational approach, combining holo-
nomic and nonholonomic constraints, to find an equation for sub-Rie-
mannian geodesics on the orthogonal group. This approach is extrinsic
in nature and makes the paper fully self-contained and possibly more
accessible for a wide audience. The problem is formulated in the vector
space of real square matrices, subject to two side conditions, and solved
using a Langrange multiplier approach. The nonholonomic constraint
corresponds to the requirement that the curves are tangent to a left-
invariant distribution. This distribution is defined by the vector space
that shows up in a Cartan decomposition of the Lie algebra associated
to the orthogonal group.
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1 Introduction

The control of nonholonomic mechanical systems, i.e., systems whose motions are
subject to nonintegrable differential constraints, has attracted growing attention
over the years. We refer to [2,3,6], and [7] for details concerning the geometry
of these problems and to [4] and [11] for an engineering point of view. One can
find many examples of nonholonomic systems in physics, mechanical engineering
and robotics. These nonholonomic constraints arise naturally in the presence
of underactuated systems, which are characterised by having less inputs than
degrees of freedom and include robot manipulators with flexible links and joints,
mobile cars, robotic cars with trailers, aircrafts and underwater vehicles, among
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others. The configuration space of most mechanical systems has components that
are Lie groups, and in this context the orthogonal group plays an important role.

One important objective in the study of underactuated systems is the possi-
bility of controlling their motion, so that, in spite of the reduced dimension of
the input space, it is still possible to reach any configuration by properly steering
the input. This corresponds to the ability of connecting an initial state to a final
state by a trajectory of the system. For the problem studied here, all possible tra-
jectories of the system correspond to curves that are tangent to the distribution
defined by the nonholonomic constraints. In spite of that, the bracket generating
property of the system ensures that one can move continuously between any two
given admissible configurations. Among the connecting curves we distinguish an
optimal one which minimises a certain cost functional induced by the natural
sub-Riemannian metric on the nonintegrable distribution.

More precisely, in this paper we consider the group of orthogonal matrices,
endowed with the trace metric, and look for curves that minimise the length
functional and have their velocity vector restricted to be tangent to a distin-
guished subspace of the tangent space at each point. This problem is known as
a sub-Riemannian problem on the Lie group On of orthogonal matrices and can
be considered as a particular interesting case usually tackled by geometric opti-
mal control theory methods involving the Pontryagin Maximum Principle and
dealing with the nonholonomic constraints. However, in this paper we propose
a simpler alternative approach which is extrinsic and variational in nature and
does not require additional knowledge besides some variational and matrix cal-
culus. For that, we embed the orthogonal group On into the vector space IRn×n

of square matrices and reformulate the minimising problem on this bigger space
with additional constraints to ensure that the solution will stay in the group of
orthogonal matrices. This variational view point is combined with a Lagrange
multiplier approach, where the multipliers are associated to the holonomic and
nonholonomic constraints.

The organisation of the paper is the following. In Sect. 2 we set the ter-
minology and notations that will be used later. The statement of the prob-
lem and some convenient reformulations appear at the beginning of Sect. 3. In
Subsect. 3.1 we derive necessary conditions for a curve in On to minimise the
given energy functional and to satisfy the prescribed nonholonomic constraints,
subject to some initial conditions. Finally, we comment about the importance
of the sub-Riemannian geodesics in the orthogonal group to derive geodesics on
homogeneous spaces that are quotients of On by certain subgroups of On, such
as Stiefel and Grassmann manifolds.

2 Terminology and Notations

In what follows, IRn×n stands for the Lie algebra of n × n real matrices, the Lie
bracket being the matrix commutator, i.e., [A,B] := AB − BA. The orthogonal
group On in its standard representation is denoted by

On := {X ∈ IRn×n | X�X = In}, (1)
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where In is the n × n-identity matrix. The Lie algebra of On is the set of real
skewsymmetric n × n-matrices, denoted by son, and so defined by

son := {A ∈ IRn×n | A = −A�}. (2)

The tangent space of On at X is then

TXOn
∼= son X ∼= X son . (3)

In the sequel we will mainly use the second isomorphism in (3). In particular, to
each A ∈ son one associates a left-invariant vector field in On defined by XA,
with X ∈ On. We also need the vector space of symmetric (n × n) matrices

symn := {A ∈ IRn×n|A = A�}. (4)

The vector space IRn×n is also considered as a Riemannian manifold endowed
with the Euclidean metric, i.e., with the usual Frobenius inner product 〈·, ·〉 on
each tangent space TXIRn×n ∼= IRn×n

〈·, ·〉 : IRn×n × IRn×n → IR, 〈A,B〉 := tr(A�B). (5)

It is well known that IRn×n is a direct sum of son and symn and, moreover,
〈son, symn〉 = 0. Consequently, we write:

IRn×n = son ⊕⊥symn. (6)

Accordingly, any matrix A ∈ IRn×n can be uniquely decomposed as the sum
of a skewsymmetric and a symmetric matrix, here denoted by Askew and Asym

respectively, that is,
A = Askew + Asym, (7)

where
Askew := A−A�

2 , and Asym := A+A�
2 . (8)

Furthermore, we consider any Cartan decomposition of son:

son = k ⊕ p, (9)

where k is a Lie subalgebra of son and p is a vector space satisfying the additional
Lie algebraic relations

[k, k] ⊆ k, [p, k] ⊆ p, k ⊆ [p, p]. (10)

The restriction of 〈·, ·〉 to son is a scalar multiple of the Killing form and it also
happens that p⊥ = k. So, instead of (9), we write

son = k ⊕⊥ p. (11)

Putting together (6) and (11), we have

IRn×n = k ⊕⊥ p ⊕⊥ symn, (12)
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i.e., every matrix A ∈ IRn×n can be uniquely decomposed as

A = Ak + Ap + Asym. (13)

The inner product 〈·, ·〉 satisfies

〈A, [B,C]〉 = 〈B, [C,A]〉, A,B,C ∈ son . (14)

The space p induces a family Hp of left-invariant vector fields, and the associated
distribution Hp(X) = {XA ∈ TXOn|X ∈ On, A ∈ p} is called horizontal. The
left-invariant vector fields XB, with B ∈ k, are called vertical. A smooth curve
t 	→ X(t) ∈ On that satisfies X�(t)Ẋ(t) ∈ p is called horizontal.

Conditions (10) imply that p + [p, p] = son, which in turn implies that Hp

is a two step bracket generating distribution and, consequently, any two points
in the same connected component of On can be joined by a horizontal curve
[1,5,13].

3 A Sub-Riemannian Geodesic Problem on On

We are interested in the solutions of the following optimal control problem:

min
ui∈L2([0,1],IRm)

1
2

∫ 1

0

m∑
i=1

u2
i (t) dt (15)

subject to:

Ẋ(t) = X(t)

(
m∑

i=1

ui(t)Ai

)
, X ∈ On, m < n,

X(0) = X0, X(1) = X1,

(16)

where {A1, . . . , Am} is an orthonormal basis for the subspace p ⊂ son, and X0

and X1 are given matrices belonging to the same connected component of On.
The above optimal control problem can be reformulated as the following

sub-Riemannian geodesic problem on On.

min
X∈On

1
2

∫ 1

0

tr
(
Ẋ�(t)Ẋ(t)

)
dt (17)

subject to

X�(t)Ẋ(t) ∈ p, (nonholonomic constraint);
X(0) = X0, X(1) = X1, (boundary conditions).

(18)

Solutions of this problem are called sub-Riemannian geodesics. These problems
can be tackled using the geometric optimal control theory involving the Pontrya-
gin Maximum Principle and consequently Hamiltonian methods. This approach
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has been addressed before, for instance in [8] and [10], but here we propose an
alternative variational approach that is extrinsic in nature.

The sub-Riemannian geodesic problem on On is formulated as a Rieman-
nian problem on IRn×n over the space of smooth curves S := C∞([0, 1], IRn×n),
subject to holonomic and nonholonomic constraints:

min
X∈S

1
2

∫ 1

0

tr
(
Ẋ�(t)Ẋ(t)

)
dt (19)

subject to:

X�(t)X(t) = In, (holonomic constraint);
X�(t)Ẋ(t) ∈ p, (nonholonomic constraint);
X(0) = X0, X(1) = X1, (boundary conditions).

(20)

3.1 A Lagrange Multiplier Approach to Solve the Sub-Riemannian
Geodesic Problem

To solve this problem we use a Langrange multiplier approach, by extending
the Lagrangian in (19) by adding extra terms corresponding to the holonomic
and nonholonomic constraints. So, instead of minimising the functional (19) we
minimise the functional defined by

F : S̃ → IR,

(X,S,Q) 	→ 1
2

∫ 1

0

tr
(
Ẋ�Ẋ+ S�(

X�X−In

)
+Q�X�Ẋ

)
dt =: F (X,S,Q).

(21)

Here S̃ := C∞([0, 1], V ), where V := IRn×n × symn × (k × symn). The first
summand in (21) is the energy functional, i.e., the squared norm of the velocity
of the smooth curve X(t) ∈ IRn×n integrated over the interval [0, 1]. The second
summand in (21) incorporates the holonomic constraint in (20). Here the matrix
S ∈ symn serves as a matrix valued Langrange multiplier to ensure that the curve
X will stay on the orthogonal group. Clearly, by taking derivatives this will imply
X�(t)Ẋ(t) = −Ẋ�(t)X(t) ∈ son for all t ∈ [0, 1]. The third summand in (21)
will ensure the nonholonomic constraint in (20). Here the matrix Q ∈ k⊕⊥ symn

will serve as a second Lagrange multiplier, ensuring that the velocity Ẋ, when
left-translated back to the identity In ∈ On, will stay in the subspace p.

According to the theory of calculus of variations, a neccessary condition for
a critical point of the functional (21) is the vanishing of the first derivative of
the following smooth function, evaluated at 0.

Fε : [−δ, δ] × S̃ → IR,

(
ε, (Xε, Sε, Qε)

) 	→ 1
2

∫ 1

0

tr
(
Ẋ�

ε Ẋε + Sε

(
X�

ε Xε − In

)
+ Q�

ε X�
ε Ẋε

)
dt,

(22)

where δ > 0, and Xε, Sε, Qε are admissible variations of X,S,Q, respectively,
defined by

Xε := X + εY ∈ IRn×n, Y (0) = Y (1) = 0, (23)
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Sε := S + εT ∈ symn, T (0) = T (1) = 0, (24)

Qε := Q + εR ∈ k ⊕⊥ symn, R(0) = R(1) = 0. (25)

By computing the first derivative of Fε at 0, we obtain:

F ′
ε(0) =

∫ 1

0

tr
(
Ẋ�Ẏ + 1

2T
(
X�X − In

)
+ SX�Y

+ 1
2R�X�Ẋ + 1

2Q�(
Y �Ẋ + X�Ẏ

))
dt

=
∫ 1

0

tr
(

− Ẍ�Y + 1
2T

(
X�X − In

)
+ (XS)�Y

+ 1
2 (X�Ẋ)�R + 1

2 (ẊQ�)�Y − 1
2

(
d
dt (XQ)�)

Y
)
dt

=
∫ 1

0

tr
(( − Ẍ + XS + ẊQ�

2 − ẊQ+XQ̇
2

)�
Y

)
dt

+
∫ 1

0

tr
((

X�X−In
2

)
T

)
dt +

∫ 1

0

tr
((

X�Ẋ
2

)�
R

)
dt.

(26)

For the second equality in (26) we have integrated by parts, respecting the
boundary conditions which Y has to fullfil. Hence, F ′(0) = 0 holds for all Y, T,R
in their respective spaces, if and only if

−Ẍ + XS + Ẋ(Q�−Q)
2 − XQ̇

2 = 0,

X�X = I,

Ẋ�X = −X�Ẋ ∈ p.

(27)

The objective now is to simplify the first equality in (27) to get rid of the
Lagrange multipliers, eventually to solve the corresponding Euler-Lagrange-type
differential equation under the holonomic and nonholonomic constraints. We
proceed as follows. First, we rewrite the first equality in (27) exploiting S =
S�, respecting the skewsymmetry of X�Ẋ ∈ son and the holonomic constraint
X�X = In, to arrive at

S = X�Ẍ − X�Ẋ(Q�−Q)
2 + Q̇

2 = Ẍ�X − (Q−Q�)Ẋ�X
2 + Q̇�

2 = S�. (28)

Thus,
S − S� = X�Ẍ − Ẍ�X + [X�Ẋ, Q−Q�

2 ] + Q̇−Q̇�

2 = 0. (29)

We see that the latter equality depends only on the skewsymmetric part of the
Lagrange multiplier Q. Consequently, exploiting Q−Q�

2 = Qk and accordingly
Q̇−Q̇�

2 = Q̇k, we obtain

X�Ẍ − Ẍ�X + [X�Ẋ,Qk] = −Q̇k. (30)
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Recall the special structure of the terms in (30) and the consequences, i.e.,

X�Ẍ − Ẍ�X ∈ son,

X�Ẋ ∈ p,

[X�Ẋ,Qk] ∈ p.

(31)

The holonomic constraint, i.e., the second condition in (27), implies, by taking
derivatives

X�X = In =⇒ X�Ẋ + Ẋ�X = 0 =⇒ 2Ẋ�Ẋ + X�Ẍ + Ẍ�X = 0. (32)

The nonholonomic constraint, i.e., the third condition in (27), implies, by taking
derivatives

X�Ẋ ∈ p =⇒ d
dt

(
X�Ẋ

) ∈ p ⇐⇒ Ẋ�Ẋ + X�Ẍ ∈ p. (33)

The last condition in (33), respecting Ẋ�Ẋ ∈ symn together with (32) implies

(X�Ẍ)k = 0. (34)

Last but not least, from (30) and (31) we get

(X�Ẍ)p = [Qk,X�Ẋ]
2 . (35)

Finally, the last equality in (30) together with (34) imply

Q̇k = 0 =⇒ k 
 Qk = const, (36)

i.e., the skewsymmetric part Qk of the Lagrange multiplier Q is a constant. In
summary, we have proved the following result

Theorem 1. The necessary condition for the matrix X ∈ IRn×n to be a crit-
ical point of the functional (21) is given by the system of differential-algebraic
equations

(X�Ẍ)p = [Qk,X�Ẋ]
2 ,

(X�Ẍ)k = 0,

X�X = In,

X�Ẋ ∈ p.

(37)

Corollary 1. System (37) in Theorem 1 implies that a critical point of the func-
tional (21) satisfies the one-parameter family of ordinary differential equations

Ẍ = X
(
(X�Ẋ)2 + [Qk,X

�Ẋ]
)
. (38)
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Proof. According to the decomposition (13),

X�Ẍ = (X�Ẍ)sym + (X�Ẍ)k + (X�Ẍ)p. (39)

From the last equality in (32) and the skewsymmetry of X�Ẋ, the symmetric
part of X�Ẍ can be written as

(X�Ẍ)sym = X�Ẍ+Ẍ�X
2 = −Ẋ�Ẋ = −Ẋ�XX�Ẋ = (X�Ẋ)2. (40)

So, using the first two equations in (37) together with (40), and also absorbing
the constant 1

2 in the value of the constant matrix Qk, the decomposition (39)
reduces to the family of ordinary differential equations (38). ��

Let us rewrite Eq. (38) in a way that involves the data from both summands
of the Lie algebra son = p ⊕ k. We define

U(t) := X�(t)Ẋ(t) ∈ p. (41)

Therefore, by making use of (40) and (38) we obtain

U̇ = Ẋ�Ẋ + X�Ẍ

= −(X�Ẋ)2 + X�Ẍ

= −U2 + U2 + [Qk, U ] = [Qk, U ].

(42)

That is, the horizontal tangent vector U(t) ∈ p fulfils a linear time-invariant
matrix valued ordinary differential equation of first order, with the solution

U(t) = etQk U(0) e−tQk , U(0) = X�
0 Ẋ0, Ẋ0 := Ẋ(0). (43)

In the sequel we will simply use Q instead of Qk, since, as explained earlier, the
symmetric part Qsym of the Lagrange multiplier Q could be chosen equal to zero.
As the main result of the paper we state the following.

Theorem 2. For fixed Q ∈ k, the unique solution of the initial value problem

Ẍ(t) = X(t)
(
U2(t) + [Q,U(t)]

)
= X(t) etQ

(
P 2+[Q,P ]

)
e−tQ,

P := U(0) = X�
0 Ẋ0 ∈ p,

X0 ∈ On,

(44)

is the sub-Riemannian geodesic tangent to the left-invariant distribution defined
by p, and starting from the point X0 ∈ On with initial velocity Ẋ0. The solution
is given by

X(t) = X0 et(P+Q) e−tQ . (45)
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Proof. The ordinary differential equation in Theorem 2 is linear time variant
which can be solved by means of the following time variant coordinate transfor-
mation

Y (t) := X(t) etQ . (46)

By making use of the substitution (46) into (44) we reduce the initial system
to the Cauchy problem of the linear second order equation with constant coeffi-
cients

Ÿ − 2Ẏ Q + Y
(
Q2 − P 2 − [Q,P ]

)
= 0,

P ∈ p,

Q ∈ k,

Y (0) ∈ On.

(47)

Although the corresponding characteristic second order equation

Γ 2 − 2ΓQ + In

(
Q2 − P 2 − [Q,P ]

)
= 0 (48)

for the ordinary differential equation in (47) is matrix valued, and therefore not
defined over a commutative ring, we solve it by the following Ansatz. Define the
matrix Γ := αP + βQ, where α and β are real numbers. Then, by substituting
this Ansatz into (48), we find α = β = 1. It leads to the unique solution of the
initial value problem (47), given by

Y (t) = Y (0) et(P+Q) . (49)

The previous equation, together with (46), finishes the proof of Theorem 2. ��
Formula (45) is in accordance to the results in [8] and [10], but here this formula
was derived using an approach that is possibly more suitable for a wide audience.

Remark 1. Formula (45) defines a curve in On having velocity vector Ẋ(t) ∈
Hp(X(t)), or analogously X�(t)Ẋ(t) ∈ p ⊂ son. This formula can be used
to find the Riemannian geodesics on homogeneous spaces On/K, where K is
the isotropy subgroup at a point in On, having k as its Lie algebra. We get
a Riemannian metric on On/K by pushing forward the bi-invariant metric on
On, when restricted to the horizontal distribution Hp ⊂ TOn. The Riemannian
geodesic on On/K is the projection of (45) under the projection map π : On →
On/K, when Q = 0 and P ∈ p. This idea was already exploited when the
homogeneous space is the Stiefel manifold Stn,k consisting of all k-orthonormal
frames in IRn, or the Grassmann manifold Grn,k of all k-dimensional subspaces
in IRn. In the Stiefel case On/K ∼= On/On−k

∼= Stn,k, and in the Grassmann
case On/K ∼= On/(On−k × Ok) ∼= Grn,k. The reader can find more details in
[10], Chapter 11, [12], Chapter 11, and in [9].
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