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1. Introduction

Let us start with a beautiful idea of Mikhlin, contained in his 1936 study of convolution operators on R?
(see [19]). Let F denote a principal value convolution operator on R?:

F(¢)(z) = lim F(y)o(x — y)dy,

e—0
ly|>e

where ¢ € C5°(R?) and F € C*°(R?\ {(0,0)}) is homogeneous of degree —2 with the vanishing mean value,
i.e., F(A\y) = A"2F(y) for A > 0 and f\y|:1 F(y)dy = 0. It follows that

* The first author is partially supported by an NSF grant DMS-1408839 and a McDevitt Endowment Fund at Georgetown
University. The second author is partially supported by NFR-DAAD project 267630/F10 and ISP NFR project 239033/F20. The
third author is partially supported by National Nature Science Foundation in China (No. 11571305).

* Corresponding author.

E-mail addresses: chang@georgetown.edu (D.-C. Chang), irina.markina@uib.no (I. Markina), wwang@zju.edu.cn (W. Wang).

https://doi.org/10.1016/j.jmaa.2019.03.059
0022-247X/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2019.03.059
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:chang@georgetown.edu
mailto:irina.markina@uib.no
mailto:wwang@zju.edu.cn
https://doi.org/10.1016/j.jmaa.2019.03.059
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.03.059&domain=pdf

1856 D.-C. Chang et al. / J. Math. Anal. Appl. 475 (2019) 1855-1882

0 , )
F(y)Z%, y =y +iyo =re,

where f(0) = > iczr20 fre™™®. Suppose that g is another smooth function on [0,27] with g(f) =
9(0)

Zmez,m £0 gme’™ . Then g induces a principal value convolution operator G on R? with kernel G = pm

In [19], Mikhlin found the following identity:

|k|zf‘k\ eikG |m|Z*\m| eim9 |k+m|if|k+m\ ei(ker)e
— X = .

2 12 2 r2 2m 72

(1.1)

Here * stands for the Euclidean convolution. Denote the “symbol” o(F) of F as

o(F)= > (%ylﬁgeik".

k€EZ,k#0

With this notation, one may rewrite (1.1) as follows:
o(FxG) = o(F)-o(G).

It is natural to seek a similar calculus in noncommutative setting. The simplest and most natural noncom-
mutative analogue of the algebra of principal value convolution operators in R is the left-invariant principal
value convolution operators on the n-dimensional Heisenberg group H.,,. Mikhlin’s symbol is replaced by a
matrix, or tensor, and commutative symbol multiplication becomes noncommutative matrix or tensor multi-
plication. This is the so-called Laguerre calculus. Laguerre calculus is the symbolic tensor calculus originally
induced by the Laguerre functions on the Heisenberg group H,,. It was first introduced on #; by Greiner [15]
and later extended to #H,, and H,, x R™ by Beals, Gaveau, Greiner and Vauthier [1,3]. The Laguerre func-
tions have been used in the study of the twisted convolution, or equivalently, the Heisenberg convolution
for several decades. For example, Geller [14] found a formula that expressed the group Fourier transform of
radial functions on the isotropic Heisenberg group, i.e., functions f(z,t) that depend only on |z|?> and ¢ in
terms of Laguerre transform, and Peetre [22] derived the relation between the Weyl transform and Laguerre
calculus. The connection between Laguerre functions and Fourier analysis on the isotropic H,, has been ex-
ploited in the study of various translation-invariant operators on #,, by Folland-Stein [12], Jerison [16], de
Michele-Mauceri [18] and Nachman [21]. See also Tie [26,27], Chang-Chang-Tie [7], Chang-Greiner-Tie [8]
for the application to find the inversion of differential operators, and Chang-Tie [9], Strichartz [25] for the
study of the associated spectral projection operators.

The present paper is twofold. The first part of the paper can be considered as a continuation of [1,3,2,5,6].
We shall generalize results obtained on the Heisenberg group to general nilpotent Lie groups of step 2. The
second part contains some applications.

A connected and simply connected nilpotent Lie group A of step 2 is the vector space R™ x R” with the
group multiplication given by

(z,t) - (y,8) = (x +y,t + 5+ 2B(z,y)), (1.2)

where B : R™ x R™ — R" is a skew-symmetric mapping given by

B(z,y) = (B'(z,y),...,B"(2,9)), BP(x,y) = Z B,fla:kyl. (1.3)
k=1
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For simplicity, we do not consider the degenerate case and assume m = 2n in this paper. For any 7 € R"\ {0},
we consider the bilinear form

B (x,y) = Z 5B (2,y).
p=1

We show in Section 2 that for 7 € S"~1 \ E, where E C S"~! is of Hausdorff dimension at most r — 2,
there exists an orthonormal basis locally normalizing B”. The skew-symmetric bilinear form B7 can be
written in a normal form with respect to this local orthonormal basis {v],...,vZ, }, which depends on 7
smoothly, as

-B7 (Uggzl’ v;j) =B" (Ugjvvgjfl) = p;(7), (1.4)

j=1,2,...n, and B"(v],v]) = 0 for all other choices of subscripts. We can write y € R*" in terms of the
basis {v]} as

2n

y=3 uief <R (L5)
k=1

for some y7,...,y5. € R. We call (y],...,y3,) the T-coordinates of the point y € R?".
In Section 3, we discuss the twisted convolution of two functions f,g € L'(R?"), which is defined as

fergly) = / BT f(y 1) g(a)de,
R2»

for any fixed 7 € R". For a function F € L'(N), denote by ﬁf(y) the partial Fourier transformation of F
(see (3.1) for definition). It is in L?(R?") for almost all 7 if ' € LY*(N) N L2(N).

Proposition 1.1. For any ¢, € L*(N), we have

(ﬁ'r *r 'I;Z'r = (M)T (1'6)

We use 7-coordinates to define Laguerre distributions and establish their properties in Section 4. Let L,(f )
be generalized Laguerre polynomials. It is known [6] that

iy [ DE+D P g e s
(o) = {F(k—l—p—i—l)] L, (o)o2e™ 2, (1.7)

where o € [0,00),k,p € Z>o, constitute an orthonormal basis of L?([0,00),do) for fixed p. We define the
distributions .,?k(p ) on R2 x R” via their partial Fourier transformations

2|7]

ZP (y,7) = T (sgu )PP 2] [y, (1.8)

S
where p € Z, y = (y1,92) € R2y = y1 +iya = |y|e?’, 7 € R". Then we can define the ezponential Laguerre
distribution gép (y,s) on R2"*" via their partial Fourier transformations

207 = [T 2 (yfusrhwg.r). (19)
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where y € R, 7 € R".p = (p1,...pn) € Z", k = (k1,...kn) € Z%,, and

. T _ .
T = W € S 17 M](T) = ‘T|/J’J(T)a
T (1.10)

y;: (ygj—l’ygj) €R27 ]:1,,71
The definition of .,gﬂi(cp) (y,T) above depends on the choice of local orthonormal basis normalizing B”, and
in that local neighborhood, it smoothly depends on y and 7. Note that .L’?(kp) (y, 7) is only defined for 7 € R”

such that B7 is non-degenerate. In the degenerate case, if p;(7) = 0 for some j, we use ordinary Fourier
transformation in the direction spanned by v3;_;,v3;. For simplicity, we assume that B7 is non-degenerate

for almost all 7 € R" in this paper. In this case :?lep) (y, 7) is locally integrable and so fép) as a distribution
is well defined.
On the other hand, for any fixed 7 € R” \ {0} with B™ non-degenerate, .,?Ep)(-7 7) for fixed 7,k and p is

a Schwarz function over R?", and {D@Ep)(, 7)}pezn xezn, constitute an orthogonal basis of L?(R*") nicely
behaving under the twisted convolution. -

Proposition 1.2. For k,p,q,m € Z"}, we have

Fweck) L glaom) @) glo-m)

(kAp)—1 "7 ““(gAm)—1 (pAm)—1’
where p Am — 1 := (min(ky,p1) — 1,...,min(k,,pn) — 1) and 51(:1) is the Kronecker delta function.

If we assume that B” is non-degenerate for almost all 7 € R” and F € L*(N) N L?(N\), then for almost
all 7, F,(y) € L?*(R?") has the Laguerre expansion

= —k
F(y)= Y FEMZE: ),
p.keZ?

with Z;)kezi |FP(7)|* < oo, and the Laguerre tensor of F is defined as

M (F) := (F (7))

p.keZy *

The following theorem is the core of the Laguerre calculus on the nilpotent Lie group N of step two.

Theorem 1.1. Suppose that B™ is non-degenerate for almost all 7 € R". For F,G € L*(N) N L*(N), we
have

for almost all T € R".

Proposition 1.1 and Theorem 1.1 essentially give us homomorphisms of noncommutative algebras:

(LY (N), %) Jom. (LY (R?™), *,) Lom- the algebra of co X oo — matrices.

The Laguerre calculus can be viewed as a simplification of the group Fourier transformation in some
sense. For any 7 € R" \ {0}, there exists an irreducible representation 7, of A/ such that for each element
(y,s) € N, 7 (y, s) is a unitary operator on L?(R™). A crucial step to apply the group Fourier transformation
effectively is to find matrix elements
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(7 (y, )hi, hp), (1.11)

where {hy} is an orthonormal basis of L?(R") consisting of Hermitian functions. It can be shown that
the matrix elements (1.11) are exactly Laguerre distributions by using Wigner transformation formula of
Hermitian functions (see e.g. [29] for k = p and [23,24,28] for k = p = 0). Then the multiplicativity of
Laguerre tensors is a corollary of the following property of representations: 7, (F * G) = 7. (F)n,(G) for
F,G € L*(N), as Hilbert-Schmidt operators on L?(R™). See [6, pages 21-22] for this fact for the Heisenberg
group. So it is a simplification of the group Fourier transformation that we define Laguerre functions directly
and establish their properties, without mention representations. Namely, we skip the step from irreducible
representations to matrix elements.

In Section 5 we find the Laguerre tensors of left invariant differential operators, and apply them to
obtain the fundamental solution for the sub-Laplacian in Section 6. From the definition (1.9) of Laguerre
distributions, we see that cél(p)(y,r) becomes degenerate as 7 converges to some degenerate point (i.e.
pj(7) — 0 for some j). For simplicity, we assume that BT is non-degenerate for any 0 # 7 € R” in the
application (it can be applied to the general case by analyzing the degeneracy of eigenvalues).

Theorem 1.2. Suppose that B” is non-degenerate for any 0 # 7 € R". The fundamental solution to the
sub-Laplacian on N is given by the integral

F(n—&-r—l)/det{ 1B r dr
RT

s sinh |[B7||  ((|B7|coth|B7|y,y) + it - 7)ntr—1’

fory # 0, where |B7| := [(B7)!B7]z is a 2n x 2n symmetric matriz.

We also use the Laguerre calculus to find the Szegd kernel for k-CF functions on the quaternionic
Heisenberg group, which was established in [24] by using the group Fourier transformation. The proof given
here by applying the Laguerre calculus is much more easy and clear.

2. The nilpotent Lie groups of step two and 7-coordinates
2.1. The nilpotent Lie groups of step two

Let A be a nilpotent Lie group of step two with Lie algebra n. A nilpotent Lie algebra n is of step two
means that [n,n] is central, i.e. [n, [n,n]] = {0}. Let {T1,...T;} be a basis of [n,n]. It can be extended to a
(Malcev) basis of n, {T1,...T;,Y1,..., Y}, with dimn = m + 7. Then there exist real numbers B,’fl’s such
that

Vi, Yi] =4 BiTs,  [Ts,Yi] = [T3,T,] = 0.
p=1

Recall that for a connected and simply connected nilpotent Lie group, the exponential mapping exp is an
analytic diffeomorphism and the Baker-Campell-Hausdorff formula holds [10]. For nilpotent Lie group N of
step two, this formula becomes

1
exp X -expY = exp <X+Y+§[X,Y]) (2.1)

for any X,Y € n. If we identify the group N with R™ x R" by identifying the element exp(} -, yxYs +
22:1 tgT) with the point (y1,...Ym,t1,...,t) € R™ x R", the Baker-Campell-Hausdorff formula (2.1)
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implies that the multiplication of the group N can be written as (1.2)-(1.3). Conversely, for any given
skew-symmetric mapping B, the vector space R™ x R” with the multiplication given by (1.2)-(1.3) is a
nilpotent Lie group N of step two. The identity element is (0, 0). The skew-symmetry of B implies that the
inverse of (z,t) is (—x, —t), and the associativity follows from the bilinearity of B.

For any 7 € R" \ {0}, denote matrix

,

B
E T3 By,
p=1

which is a skew-symmetric m x m matrix related to the skew-symmetric mapping in (1.3). Since ¢B7 is
Hermitian, eigenvalues of B™ must be pure imaginary. So when m is odd, B” has at least one vanishing
eigenvalue. For simplicity, we do not consider this degenerate case and assume m = 2n in this paper. Vector
fields

r  2n

Y =0y, +2 Z Z Blﬁkylatﬁ7 (2:2)

B=11=1

are left invariant vector fields on N related to the multiplication in (1.2).
Let 0, for v € R?" be the derivative on R?" along the direction v, i.e. 8, = Ziil vi0y, - Then,

2n
Y, = kaYk =0, +2B(y,v) - O,
k=1
is a left invariant vector field on N, where B(y,v) - 9; := B (y,v)d, + -+ + B"(y,v)d;,. Their brackets are

[Yw le] = 4B(U,’Ul) . 815.
2.2. Figenvalues of BT

Consider the characteristic polynomial of the matrix B”

Q(\) :=det(B™ — Myy,) = Z (2.3)
The coefficients s,(7) are elements of the polynomial ring R[ry, ..., 7], that is the ring of polynomials in
indeterminate variables 71, ..., 7. over R. Since R is a field, the polynomial ring R[7q, ..., 7] is the integral

domain and therefore can be extended to the field

E=R(r,...,7)

of quotients of R[ry,...,7.]. In other words, any element in the field k& can be represented as a rational
function H, where polynomials f, h # 0 belong to R[ry, ..., 7] (see for instance [13, page 201]). Thus

the polynomial (2.3) can be considered as an element of the polynomial ring k[A] over the field k. Since
every nonconstant polynomial @ € k[\] can be written as a product of polynomials which are irreducible
over the field k (see [11, Proposition 2, page 151]), we can decompose the polynomial Q(\) € k[)\] into the
product

QM) =@ (N) ... Qpr(N) (2.4)

of irreducible polynomials over k.
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We need one more definition, see [11, page 155]. Given polynomials f, g € k[)\] of positive degrees, we
write them in the form

f=aX+.. . +ay, a #0, G=DbpA™ + ... +Dby, by #0.

The Sylvester matrix of f and g with respect to A, denoted by Syl(f, g, A) is the coefficient (I +m) x (I +
m)-matrix:

a; 0 0 0 bm 0 e 0
aj—1 ay 0 0 by bm . 0
aj—_o a—1 Qq ... 0 bm_g bm—l 0
a b
Syllfs9. ) = | S . . . ;
a.o : : : : 0 : : b
0 ap 0
0 0 e 0 ap 0 0 b()

where the empty spaces are filled by zeros and the coefficients a; occupy the first m columns and the
coefficients b; occupies the last | columns. The resultant of f and g with respect to A, denoted Res(f, g, A),
is the determinant of the Sylvester matrix: Res(f, g, \) = det(Syl(f, g, \)).

Proposition 2.1. [11, Proposition 8, p. 156] Given f, g € k[\] of positive degrees, the resultant Res(f,g,\) € k
is an integer polynomial in the coefficients of f and g. Furthermore, f and g have a common factor in k[)|
if and only if Res(f,g,\) = 0.

We write S"~! for the unit sphere in R” and the topology induced from R". Since for fixed 7, BT is
skew-symmetric, all its eigenvalues are pure imaginary.

Proposition 2.2. There exists a subset E of ST~1, whose Hausdorff dimension is at most r — 2, such that
B™ has pure imaginary eigenvalues ii(7),...,i\,(T) of constant multiplicity over S"' \ E, that can be
ordered as: A\1(T) > ... > A (7).

Proof. Decompose the polynomial Q(A) into the irreducible ones as in (2.4) and consider one irreducible
polynomial @;(\). The common factors of polynomials Q;(A\) and its derivative Qj(A) = %}\)‘) can
be detected by the zeros of the resultant Res(Q;, @, A\) by Proposition 2.1. By definition the resultant
Res(Q, @), ), being the determinant of the Sylvester matrix, is a polynomial in coefficients of (;(\) and
Qj(N), thus it is an element of k.

We need to be careful about the sets in R”, where the coefficients of the polynomials Q;()\) and Qj(X)

are not defined. If we write

Qi(A) = Z(sz)p(T)AP, with  (s;)p = éi{i))p €k,
p=0 p
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Recall that a subset V' of R" is called real semi-algebraic if it admits some representation of the form

a b;
V= U ﬂ {z € R"; P, j(x)0450}

i=1j=1

for some real polynomials P; ;, where 0O;; is one of the symbols {<, =, >}. V is called a real algebraic set if
each Oy is =. Then

E = U {T eR": (h)p(r) =0}

is a real algebraic set, and the semi-algebraic set
Zp={t€R"\ E;: Res(Q;,Q),\) =0}

contains the points in R” where the polynomial Q;(\) has roots of multiplicity greater or equal to 2. There
are three options:

(1)212(2), (Q)Q#ZIQRT\EI, (3)Zl:Rr\El

(1) If Z; = 0, or in other words Res(Q, @], A) is non-zero on R” \ Ej, then all the roots of Q;()\) has
constant multiplicity one for any value of 7 € R" \ E;. (2) If the set Z; is a non-empty proper subset of
R" \ Ej, then it contains the points 7, where the multiplicity of roots of Q;()) is at least 2. Thus the set
R"\ (Z, U E;) is an open set containing points 7, where the multiplicity of any root is equal to one. (3) The
case Z; = R"\ E} occurs only if Res(Q;, @}, A) is identically zero, but it means that @; and Q] have a common
factor, which contradicts to the assumption that Q; is irreducible. We conclude that for any 7 € R" \ E,
where E := Z; U Ej is a real algebraic set, the irreducible polynomial @;(A) has roots of multiplicity one.
These roots have multiplicity «; for the polynomial Q(X) due to the decomposition (2.4).

Repeating the arguments for each of the irreducible polynomials in (2.4), we deduce that all of the
irreducible polynomials will have simple roots on the set

q
R"\ E, with E:=|J(ZUE). (2.5)
=1

Thus the multiplicities of the roots of Q(\) will be locally constant. Recall that a real algebraic set carries
a finite semi-algebraic partition by analytic submanifolds of R” (cf. [4, page 135]), and so it is of Hausdorff
dimension at most r — 1.

The equation (2.3) is homogeneous in the sense that if (A, 7) is a solution, then (sA, s7) for 0 # s € R is
also a solution of (2.3) by the trivial property of determinants. So if some eigenvalue of B is not of constant
multiplicity in some neighborhood of 79, neither is s7g for any 0 # s € R. Namely, E in (2.5) is a conic
algebraic set. So the intersection £ N S"~! is an algebraic subset of S"~! of Hausdorff dimension at most
r—2. 0O

2.8. Normalization of B™ and the T-coordinates

Now we can find a smooth orthonormal frame to normalize B7 locally as Katsumi [17] did for symmetric
matrices.
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Proposition 2.3. Let E be a subset of ST~ of Hausdor(f dimension at most r—2 as in Proposition 2.2. Then

for any 70 € S""1\ E, we can find a neighborhood U of 1o € S"! and an orthonormal basis {v], ... ,v3.}
of R?™ smoothly depending on T € U, such that the matriz O(t) = (v],...,v5,) normalizes BT, i.c.
0 —p1(7) 0 0
w1 (7) 0 0 0
O(r)'BO(r)=J(r):=| O 0 0 —p2(7) : (2.6)
0 0 p2(7) 0

where pi(7) > pa(r) > - > pn(7) > 0 also smoothly depend on T in this neighborhood, and
ipr (1), —ipr (1), .« ipn (T), —ipn (7) Tepresent repeated pure imaginary eigenvalues of BT .

Proof. Let Q(X;7) := det(B"™ — Ala,) be the characteristic polynomial of the matrix B”. Write

Q7)) = A" 4 s (M)A £ so(T)A2 oo 50, (1),
where the coefficients s1(7),- -, s2,(7) are polynomials of 7. By Proposition 2.2, B™ has pure imaginary
eigenvalues iA1(7),- -+ ,iAg(7) with constant multiplicities nq,...,nq and A1 (7) > Aa(7) > -+ > Ag(7).
Suppose that @; in (2.4) is of order k;. Then %Ql(z)\) is a real polynomial with only simple real roots.

By applying the implicit function theorem, we see that its roots locally smoothly depend on 7. So, locally,
there exists a polynomial g(A;7) in A with coefficients depending on 7 satisfying

g T) = (A —ida (7)™ (A —iAg (7)), (2.7)
such that
QN T) = (A=A (7)™ g(N 1) (2.8)
where g(iA1(79); 70) # 0.
Because the skew symmetric matrix B is diagonalizable, there exist n; linearly independent eigenvectors
Vi,--+, Vo, € C" with eigenvalue i\ (1), i.e. B™V; =i\ (10)V}, j =1,...,n1. If we set
Z](T):g(BT7T)‘/]7 jzla"'7n17
ie. A in g(X;7) is replaced by BT7, then Z;(7)’s depend smoothly on 7. Since Q(B7;7) = 0 by the well

known Cayley-Hamilton theorem, we have (BT — i\ (7)I2,)™" Z;(7) = 0 by (2.8). Note that B™ — i\ (7)1,
is Hermitian skew symmetric, and so it is diagonalizable. We get

(BT — i)\l(T)IQn>Zj(T) = 0,
i.e. each Z;(7) is an eigenvector of B7. Note that
Zj(To) = (i/\l(To) — i)\Q(TO))n2 c (i/\l(To) - i)\q(To))anj, j= 1,...,n,

are linearly independent. It follows that Z;(7), ..., Z,, (1) are linearly independent for every 7 in a neigh-
borhood of 75. Now we repeat the procedure for Aa(7),...,Aq(7). Then we apply the Gram-Schmidt
orthogonalization process to them.
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(3) Recall that ipy (1), —ip1(7), ..., ipin(7), —ip, (7) represent repeated pure imaginary eigenvalues of B”
for real 7. Let U;(7)+iW,(7) be an eigenvector of B™ in C?" with eigenvalue ip;(7), i.e. BT (U;(7)+iW;(7)) =
i (T)(U; (1) + iW,;(7)). Since BT is a real matrix for real 7, we see that —iu;(7) is also an eigenvalue of
BT with eigenvector U;(7) — iW;(7), and so

BTU;(1) = —p; (1)W; (1), B™W;(1) = p;(1)Uj(T) (2.9)
for real 7. Then
(U1 + Wy, Uy —iWn,...,U, +iW,, U, — ZWn)
is a unitary matrix. It follows that (U; +iW;)" (Uy, £ iWy) = 0 for j # k, i.e. UfUy = 0 = WiWy, WiU}, = 0,

and (Uj —l—in)t(Uj — ZW]) =0, (U] +in)t(Uj + ZWJ) =1lie. U;Uj = % = W;Wj, U;W] = 0. In summary,
the matrix

O(7) = (VIWA(7), VRUL(7), ..., V2W,(7), V2U, (7))

is a 2n x 2n orthogonal matrix. The equations in (2.9) are equivalent to the equation

0 —m(r) 0 0
pa(T) 0 0 0

B O(r)=0(r)| O 0 0 —pa(r)
0 0 p2(7) 0

The result follows. O

Now in terms of 7-coordinates, B™ can be written as

n

BT(xay) = ZM](T) (_xgj—ly;j + Igjygj—l) ’ for T,y € RQ”' (210)
j=1

Recall (see [24]) that the 7-dim quaternionic Heisenberg group is the vector space R* x R?® with the
multiplication given by (1.2) with

0 1 0 O 0 0 1 0 0 0 0 1
-1 0 0 O 0 0 0 1 0 0 -1 0

B':= B? .= B? = 2.11
0 0 0 —-1}|{° -1 0 0 0}’ 0 1 0 o0}’ ( )
0 01 0 0 -1 0 O -1 0 0 O

satisfying the commutating relation of quaternions: (B')? = (B?)? = (B3)? = -1, B'B?B3 = —I,. Then
B™ =1 B! + 13B? 4+ 13B3 for 7 € S? also satisfies

(BT)2 = —1Iy,
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3. The twisted convolution
For a fixed point (z,t) € N, the left multiplication by (x,t) is an affine transformation of R?"+7:

Y=y -+, s+ s—+t+2B(z,y),

which preserves the Lebesgue measure dyds of R?"*7. The measure dyds is also right invariant, and so it is
a Haar measure on the nilpotent Lie group A of step two. The convolution on N is defined as

oxb(y,s) = / o, ) (2,8 (3, ) dadt = / o (5, 9) (. t)Y) ()t
N N

for ¢, € L*(N). In general, the algebra L'(N\') under the convolution is not commutative

frxg#gxf.  fge L'N).
The partial Fourier transformation of a function ¢ € L'(N) is defined as
or(y) = /e*”'scp(y,s)ds, for TeR". (3.1)
R~

Proposition 3.1. (c¢f. [20, section 4.2]) The Fourier transformation and its inverse are continuous on the
space S'(R?"T7) of tempered distributions. So are the partial Fourier transformation and its inverse.

Corollary 3.1. For 1 < p < oo, we have

[ r vl Lrweny < [Jullpr@en) 0]l e @en) (3.2)

This follows from |u *, v| < |u|* |v|, where * is the Euclidean convolution on R?", and from Minkowski’s
inequality.

Proof of Proposition 1.1. Taking partial Fourier transformation on both sides of
prvis) = [ [ oy s~ t = 2By 00w, s (33)
R'r RQT:,
with respect to s, we get

(P )ely) = / e ds / / oy — 2,5 — t — 2By, 2))(x, t)ddt
RT RQTL

R~
— /dm//e—ir~[§+t+2B(y,x)](p(y_x7§),(/}($7t)d§dt
R

2n R R7™

= /e_2iBT(y7x)‘ZT(y_m)&‘r(m)dx

R2n

by taking transformation §:= s — ¢ — 2B(y, x). Equality (1.6) follows. O
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Proposition 3.2. For o, € L*(N) N L2(N), we have

1 o -
(@nEr TG (T, (€), 7) (€, T)dE dr,

]R2n+7‘

px(y,t) =

where p and {p\ is the Euclidean Fourier transformation of ¢ and 1, respectively, and T,(§) € R*™ with

T, =&—-2Y Biyrs.
k,B

Proof. Apply the Euclidean Plancherel formula to the convolution (3.3) to get

P b0t) = G [ BETIIE T)dsdr

R2n+r

where ® is the Fuclidean Fourier transformation of the function

Oy, t") =y —y' .t —t' —2B(y,y')),

for fixed (y,t), i.e.,

(¢, / Werti oy — ot —t — 2B(y,y'))dy'dt’

R2n+r

/ ei(tft"JrQB(y,y”))-T+i(y—y”)~§<p(y//’ t//)dy//dt//
Roir (3.4)

= it THiyE e TR (6-2 54,5 Bliwers )i Loy ") dy" dt”

R2n+r
=MTTES (L T, T),

by taking the transformation ¢y’ =y —y', t" =t —t' —2B(y,y’) =t —t' + 2B(y,y"), which preserves the
volume element. Here we have used

Bly,y") =B(y,y—y") = Bly,y) — B(y.y") = —B(y,y"),
for 4/ = y — ", which follows from the skew-symmetry of B. The result follows. O
4. The Laguerre basis

The generalized Laguerre polynomials L,(Cp ) are defined by the generating function formula:

OO 1 _ oz
ZLP m ==, oc€Ry, p€Zyo, |Z|<1 (4'1)
k=0

(cf. [6, section 2.2]). In particular,
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The definition .,é’izp) (y,7) in (1.9) depends on the choice of local orthonormal basis {v],...,v7 }. By
Proposition 2.3, there exists a subset E of S"~! of Hausdorff dimension at most r — 2 and S™~!\ E can
be covered by mutually disjoint Borel subsets Uj,...,Ux such that we can find orthonormal basis {v],

.,v3,} of R?™ normalizing B”, which continuously depend on 7 in each U;. So .,é’zp)(y,T) is continuous
in each R?" x U;. We see that it is measurable on R?"*". Moreover, D@Ep) (y,7) is locally integrable by the
following lemma.

Lemma 4.1. For 7 € R” with BT non-degenerate, we have

2 2"(det [B7])Z 2" {1
P ’ B e Vi .
H k (. 7) L2(R2n) " T ogqn j:1“3(7—)a
ZP) (. ‘ '
H k (7 L1(R2n) 1;[ kj L1(R1)’

where |BT| := [(B™)'B"]z.

Proof. Recall that p;(7) # 0 for non-degenerate B”. Note that for a fixed 7 # 0 with B™ non-degenerate,
the mapping

R2" — R?", y—y =y, Y5, Yom), (4.2)

in terms of 7-coordinates in (1.5), is an orthonormal transformation of R?". So dy™ = dy. Then we have

;(Rm _/ yH i (T ( py (7 )}’377)

2

R2n Jj=1
n n 2
[T 11 [ d5; | 22 (57
Jj=1 J=1R2

27 e’}
L 2 L 2T
[T [ w22 s =11 [ a0 [ rare |27 oy
J=1R2 =19 9
el T j2r]
T (Ips1) 7"
:H—Z/de/dR‘lp (R)‘ -
=t 9 0

by taking transformation 2|7|R? — R and the fact that {l,(cp (o) rez . is an orthonormal basis of L*([0, o))
for fixed p, and |7[* [[j_, p;(7) = (det |B7|)2z by BT in (2.6). The L! norm of agﬂép)(-,r) can be obtained
in the same way. O

We define the functions %(p ) on R? x R! via their partial Fourier transformation by

2 .
%p)(x,T) = ﬂ(sgnp)plgp‘)(2|T||x|2)e”’9, 7€ RY 2z e R?.
™
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This is the usual exponential Laguerre functions on the Heisenberg group Hi. The twisted convolution %
of two functions f,g € L'(R?) is defined as

Firgly) = / e watue) £y p)g(a)de iy (4.3)
RZ

for 7 € RY,y € R? (cf. §1.2 of [6]). The twisted convolution of %p) satisfies the following important
property.

Proposition 4.1. (Theorem 1.3.4 of [6])

Pk 4 apla—m) 75(11)7}@ m)

(pAR)=1%7 7 (qAm) - (pAm)—11
where k A p = min(k,p) and 5,(;1) is the Kronecker delta function.

This proposition implies the result of the twisted convolution of exponential Laguerre functions i}ép) in

Proposition 1.2.

Proof of Proposition 1.2. For p = (p1,...,px), 4 = (q1,---,q2) € Z"™, k = (k1,..., k), m =
(ma,...,my) € Z%,, we have

,:ZZIEP) o LD (y,7) = / e_%BT(y’”‘)EZEp) (y — 2) LD (z)dw
R2n

_ / o2 S5y 1 (1) (~uE; 1w HugE )

j ]<+>3,;Ff“( uj<+><y;—x;>n)

R2n Jj=1
. H uj(f)g(ni?) (\/ﬂj (T')XJT,T> dx”
j=1

_ H Mj(j_)/e—2i|T|\/Hj(+)(—ygj—1x2j+y27szj—1)‘:??;fj) ( lffj(i-)y] Xj,T >2;(qu1) (x;,7) dx;

by using (2.10), taking the orthogonal transformation x — z7 as in (4.2) and then \/pu;(7)x] — x;. Here
*|7| is the twisted convolution (4.3) for |7| € R. The result follows from using of Proposition 4.1 for the

twisted convolution of %p ). O

Proof of Theorem 1.1. Recall that for any fixed p, {l,(f)(<7)]>kez>O in (1.7) is an orthonormal basis of
L?([0,00),do), and therefore {.,?;p)(-, T)}pez kez-, in (1.8) is an orthogonal basis of L?(R?) for any fixed
7 € R"\ {0} with B™ non-degenerate. Consequently, {i’?l((p)(, 7)} in (1.9) is an orthogonal basis of L?(R?").

Note that for F' and G in L*(N) N L2(N), F % G is also in L*(N) N L?(N) by Minkowski’s inequality
I1F"* Gllreovy < I1F 2o IGll ey for 1< p < +oo (the proof of this inequality works for groups). It is
directly to see that for almost all 7, we have F,, G, € L*(R2") N L2(R2").

Note that by Minkowski’s inequality (3.2) for the twisted convolution, u#, acts continuously on L?(R?")
for u € L*(R?"). Thus, we have
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(FrQ=FonGo= Y 3 G0 o 238 )
|m| [q|=1
=SSN e | YD BROZEE () e L )
[m| |q|=1 |k|,|p|=1
= 3 camn | Y e ZR e
m|,|q|=1 |p|=1

for almost all 7 by using Proposition 1.2. Noting that (m) e L2(R2), Z\m‘ . P < s
> ialipl=1 F& (T)[? < oo and

S FR(n).ZR () <2 H 7S |FR()P

Ip|=1 L2(R27) Ip|=1

we find that

(Fx@)r ZRNm) = > G <ZFP ><,r>7§},&m‘f"i<-,r>>
LZ

|m|,|q|=1 Ip|=1
_ || o m) a
_ H,sfp,m, ) ‘LQ - Z e (7).

la|=1
Thus (m), has the Laguerre expansion

oo

(FxG)r= > | X GLIFR(r) | ZBm(7).
Ip|,/m|=1 \]q|=1

2

‘ is convergent by Cauchy-Schwarz inequality. The theorem is

Here Z\O;Mm\:l Z\O;\=1 Gm(T)Fg(7)
proved. O

Now to recover F', we take the inverse partial Fourier transformation

(2717)’“ / T (y)dr

R7

F(y,t) =

—~ -1
In the next section, we obtain the Laguerre expansion of the kernel of /A,  and then recover the kernel of
the inverse Agl of the sub-Laplacian.

Remark 4.1. On the Heisenberg group H,,, the Laguerre tensor splits to the positive and negative parts since
the center R! has only 2 directions, while in the general case, we have to consider each direction represented
by a point of the unit sphere S™~! in R”. At last we integrate over all directions.
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Theorem 4.1. Suppose that BT is non-degenerate for almost all 7 € R™. Then (1) for f € L?>(R?>"*"), we
have f *.i”lfp) € L?(R?"*7); (2) for f € S(R®™'7), we have

“+o0
ST FxLPRM 5 f as Ro1-. (4.4)
|k|=0

Proof. Recall that for a distribution u € §'(R™) and ¢ € S(R™), we have (u,¢) = (u, @ and (u, @) =
ﬁ(ﬁ,(b(—-)), where (-,-) is the pairing between S’'(R™) and S(R™). Consequently, the convolution of
€ S(R2"*7) and the distribution £ satisfies
k

1 BB, 5) = (L, fym ) = (zi)r <$,§P),f1> - ﬁ <.$1§p>,f§> (4.5)

by definition of convolution and the partial Fourier transformation of a distribution, where f(, o (2,t) =

F((y, s)(@,6)71), fi(a,t) = fy.s (@, —t) and fo(z,t) = f(,.s) (—2, —t). Since fép) is locally integrable and
f1 € S(R?"*7), we find that

1 — ~
f* ‘iﬂép) (y,8) = W .i”ép)(x, ) f1 (z,7) dedr

T
R2n+r

1 : ST o) ~

= @y /e”'TdT / e?iB (y’m)fép)(x,T)fT (y — x) dx.
R'r‘ RZ’H.
Then we get
(P) d .,;\(;) =112
Hf* ‘LQ(R”‘”) / T A L1(R2n) ’fT‘ L2(R2m)

R™

(pj)

S/dTﬁ‘lk]
Rr J=1

by Minkowski’s inequality (3.2) for the twisted convolution and Lemma 4.1. Consequently, f — f *éfép)
be extended to a bounded operator from L?(R?"*7) to itself. Thus f*flgp) is well defined for f € L?(R?"+")
and the above estimate holds.

Note that at the point 0 #£ 7 € R", we have

Ll(Rl) ]' 1 Rl ||f||L2 ]R2'n+r)

n
s, = TL [

L0, 1) = / e T 2O (y H)dtdy = / L0 (y, 7)dy
R2n+r R2»

- / VL (g )y
R2n

=/ - ETH#’J ( i (7)y5, ™ )dy?--dy;
—iyl BT 0 SN\ T T /F =7
_H/ YiE i (r _’gT()< Nj(T)YjaT)dyj:HZk(j)< ‘J(.)ﬂ_),
j=1 Ha\T

J= 1]R2
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by taking the orthonormal transformation y — 3™ and using definition in (1.9), where
§=&v] + -+ &5,05,, y & =y-¢
(since {v]} is an orthonormal basis), and
== (65,00,85),  =1,...,n. (4.6)

Now let us calculate the Fourier transformation of .,fk(o). Note that

ad S10) 2|T| 14 2
S 70 k2T il 4
% (x,T)z - Z)e ) (4.7)

k=0

since the generating function formula for l,(co) is

it 1 1+2z o
S 0)F = e T, oeRy, [o <1, (48)

by the generating function formula (4.1) for L,(CO). Take Fourier transformation with respect to z € R? on
both sides of (4.7) to get

o0~ 2 . 2
S 2O )t = e (4.9)
142
k=0
Then, applying the formula (4.8) for z replaced by —z and o = |€‘—|Tj at the right hand side (4.9), we get
— é‘ 2
L0 (e, 7) = 2(-1)H1 (% , (4.10)

for £ € R2. Since B7 is non-degenerate for almost all 7 € R", we find that

E(F 57 ﬁ ( |’_‘T|2 ) .2(_1)kj

is uniformly bounded a.e. on R2"*" by the definition of l,(CO) in (1.7). Thus, we have

o0~ 7' 2 A
iﬂ@) ( ) RFi =2 0) ( | ) (_R)kj — % T IFRAG(™
ka=:0 AV () kz—:o 2u5 (T (1+R)

by using (4.10), (1.10), and the generating function formula (4.8). Note that by the non-degeneracy of B7,

[\
I
—
|
&
o
[~

we see that

[
ey

n 2 _1-R
11 an° 0 !

as R — 1—, uniformly for (£,7) in any compact set excluding an arbitrarily small neighborhood of the
degeneracy set of p;’s. It is direct to check that fo(&,7) = e 7HWE (... ¢ — 23 s B,flykrﬁ, ...T). Then
apply the above result to (4.5) and change variables to get
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2

0

o

—+oo n
> 1o 0w = s [ e [ e R fe mydear
j=1

P e S (1+R)

for f € S(R*™*"), where é; is obtained from =7 in (4.6) by replacing & by 7;(§). The result follows. O

5. The Laguerre tensor of left invariant differential operators

For a differential operator D on the group N, we denote by D the partial symbol of D with respect to
7 € R", i.e. d, is replaced by i75. Then, we have

Y, =0, + 2iB" (y,v).

Proposition 5.1. (1) For Y,, a=1,...,2n, given in (2.2) and o € L*(N) satisfying Yo € L*(N'), we have

— e~

Yoor = (Yv@)T
(2) For f,g € L*(R?") satisfying 0,9 € L*(N), a =1,...,2n, we have
?v(f *r g) = [ *: (i};g)
(3) For f,g,h € L*(R?"), we have (f %, g) x; h = f *, (g%, h).

Proof. (1) and (3) follows from definitions directly. Note that

Volf *r 0)(y) = ¥, / 3B f(1)g(y — x)da

R2n
- / BT WD f(2){D,g(y — x) + 20(B"(v,x) + BT (3,0))gly — z)}dx
R2n
= [ 0N (@) (Vag) - )i
R2n
(2) is proved. O
Let {v], ...,v5.} be an orthonormal basis of R?" given by Proposition 2.3, which smoothly depends on
7 in an open set U. Then
Y,r = o7 +2iB7 (y,v])
for j = 1,...,2n, by (1.4)-(1.5). We need to express Laguerre tensor of }7;]: as an oo X oo — matrix, i.e.

the matrix element of 1//; acting on the orthogonal basis {,,?IEP) (y,7)} of L?(R?™). For this purpose, we
introduce the complex T-coordinates

T . T . T
Zj = Y51 T 12y,

and complex horizontal vector fields
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Then

— 9 . i P ]
Zi = 5,2; +iB7 (y,v3;_1) + B” (y,03;) = 8725 — uy(7)2], (5.1)

by (2.10), where

Similarly, set

— 1
Zj = 5 (szj71 + ’LY;,; ) 5
and
= 0 0 1 0 0
77 = — +u;(7)zj, where — = — — . (5.2)
Tozr T 027~ 2\ dy5; Oy,
We will show that partial symbols of complex vectors Z7, j = 1,...,n, act on Laguerre basis simply as

shift operators. As a corollary, the partial Fourier transformation of the sub-Laplacian is diagonal as shown
in Section 6.

Lemma 5.1.

—= o(-p) /205 () (ks + )BT (y, 1), pi=1,2...,

/25 g P (y, ), p; =0,

— V2 () (k th(ie]ej Y, T), p; =1,2,...
V2 () (k j—|—1.3ﬂ£p ei) (y,7), p; =0,

where e; = (0,...,1,...,0) with 1 appearing in j-th entry and 0 otherwise.

Proof. Recall that by definition (1.8)-(1.9), for p,k =0,1,..

*

2 (\fuserwg.r ) = 240 cap | D L o) Sy G

with complex 7-coordinate 2} and

o = 20;(r)|T .
Note that
9 oy, L pEet, T = e
aZ .7 azj J J J J

Then applying ZT in (5.1), we get

77y (o) = {21 (0) + L (o)} - 1s(n)%
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and so

Z:[[Mj(T'),,?Z‘p)( Mj(*)y;',T)]

[¥iS)
—
o
b
T
i

o[ T+ 77 2(n) p [ @) (p) .
_51 [I‘(k-l—p-l—l)} . (—1) {Lk (O')O'+ka (o’)}e [QM](T)]

=52+ 8 1D ZE (Vi Py 7). p=12...

by using the following identities (cf. [6, page 28]) for Laguerre polynomials:

_dry

(o) = ~L ) (5) (5.4)

LY (o)
forp=20,1,..., and
—o LD (o) + pL (o) = (k +p) LV (o)

for p=1,2,.... For p = 0, we only need to use (5.4). So the first identity of (5.3) is proved.
Similarly, we have

.\ o(p) LN\ T _2Mj(7—) F(k+1) : () -3 ) L(.T\P
w2 (fus(erygor ) = 280 | D o) ] )
and
T 0 T\p __ T\p—1 _-er_U T\p—1
6—40:2%(7)%7 W(Zj) —P(Zj) ) Mj(T)Zj(Zj) —5(%) .

Then applying ZT in (5.2), we get
ZiL? (o) = {200 (o) = LY (o) } - s (1)7]
g k k Hj

J

and so

ZT[M(T')‘Q;}F)( Mj(T')y;,T)]

_50 I'(k+1) : 2415(7) ()1 (p (p -% 5 (VP

=57 {F(k+p+1)} ™ {[Lk) (o) — LY (0)] o +ply )(0)}6 [2ps () ()7

[V EED DL (Vi) P=12..,
0720y (M) 1) - 1 (DL (Vi (P r) p=0

by using (5.4) and identities (cf. [6])
—oL (o) = oL (0) + pL (0) = (b + DI (o),

for p =1,2,..., which follows from taking derivatives in the both sides of the generating function formula
(4.1) with respect to z, and L,(cp) (o) + L,(ffrll)(a) = L,(Cpﬂ)(a) forp=0. O
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6. Applications
6.1. The fundamental solution to the sub-Laplacian
Define the sub-Laplacian

1 2n
Ab = —Z’;kak.

Proposition 6.1. For any given 7 € R"\ {0} with B™ non-degenerate, let {v],...,v3,} be the local orthonor-
mal basis of R®" as before. Then, we have

2n
1
Ay =—7 ;Y%Yv;.

Proof. For given 7 € R"\ {0}, we write vT = (aj1,...,aj(2n)). Then (a;)) is an orthogonal matrix since

{v],...,v5 } is an orthonormal basis of R?", and so we have Zi’;l Apiaem = 4. It follows from (2.2) that

2n 2n 2n 2 2n 2n 2n
S Vv = 30 (zy> S S ¥ — S
k=1

k=1 \l=1 l,m=1k=1 k=1

The result is proved. O

It follows from Proposition 6.1 that for any fixed 7 € R™ \ {0}, we have

and its partial symbol is

— R 1 |

Ab = _ZZY}}/J = _ZZYU;’YUJT - _5 Z (ZJ Zj +ZJZ]) .
By formula (5.3), we find that

1l /~—= =
5 (G +Z7) B0 .m) = ms(1)2hs + DA 7). 6.1)
Thus its Laguerre tensor is
n
Mo (D) = | S s (r)(2ky + 1) - 5P
j=1

Its inverse Laguerre tensor is

-1

Me (8,7) = Zuj(T)(ij+1) 51(31’1)"-5;52")
Jj=1
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Since ,,Sf ( 7) is a locally integrable function over R?"*" by Lemma 4.1, it follows from the continuity
of the inverse partial Fourier transformation that fép)(y, 7) is a tempered distribution on R?"*". Now
consider a tempered distribution %y, whose partial Fourier transformation is

7. _ 1 70
M yaCTCER

Note that

e

™

o~ s (2) < H2 (2)

by Lemma 4.1. Since B” is non-degenerate for all 0 # 7 € R", the upper bound of the above L? norm is
C|7|"~! for some C > 0 independent of k and 7. Therefore, Zi(y, 7) is locally integrable. Define

Up= Y AR, Re(-11) (6.2)
|k|=0

It is a tempered distribution because its partial Fourier transformation Zmzo %(7 -)RX is locally integrable
by using the above argument.
Now we have Ay 7 = 92”150), due to

—_

D Fic =

—(z7z7 T77\ 2(0) _ (0
Z?lﬂj( )Qk +1) 22( JZ +ZZ>$1< (y,7) =4 "y, 7)

J
implied by (6.1). Then it follows from Theorem 4.1 that
DNV R(y,s) = Z Ny F R* = Z ﬁéo) (y,s)R* — 4, as R — 1—, (6.3)
[k|=0 k|=0

because A, continuous on the space S'(R?"*7) of tempered distributions, since differentiation and multi-
plication by a polynomial are continuous on the space S’(R?"*"). We claim that

U := lim Up is a tempered distribution. (6.4)
R—1—

Then we get
Ab‘l/ = Ab lim \I/R = lim Ab\I/R =0
R—1— R—1—
by the continuity of A, on &’(R?"*7). Thus ¥ is the fundamental solution to the sub-Laplacian.
Let us prove the claim (6.4) and calculate ¥. By definition (6.2), we have

_ 1 i v
Valnn) = 1 3 sy L 20 (Vuowg.r) v

k=0 =1

Note that % = fooo e~A4%ds for A > 0. Then by u;(7) # 0, we get
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n

= 1 x 7 — 7)(2k; .
gy, 7) = H Z /e [Z] 1 15 (F)(2k; +1 H ( 1 (7 )y;ﬂ') RFids
0

k=0 j=1
n—1 oo %
T 7)(2k;+1 r )
_ | 7|Tn $ /e [ 3 () (241 s HQM WO (2015727 2) R
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by the generating function formula (4.8) for llio). Take partial inverse Fourier transformation and use Fubini’s
Theorem to get

Up(y,t) = /e‘“'T‘TfR(yﬁ)dT
RT

—2p; (‘r)s‘

[ oS
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Set

A=71seR".
Then A = 7, B> = sB” and 2 = 27. Since v] is the eigenvector of the symmetric matrix |B|? = (B*)!B*,
and so it is the eigenvector of |B’\|% If we write y = Z yjur, we get

n
1+e2(sR (| 1+e2BYR
. 7'2 A . .
E_luj( A ey )B ‘ gty ) = Bu A R).

Write C(\; R) := H;L:l(e“io‘) — e # M R). Then we integrate out the variable || to get

A
Vr(y,t) = d|/\| / dAw/l =2~ IrllitABu.XR)] gl |
IAI" C(A
n _ ® r—1 A
_ 2"T'(n+r—1) / |A] d|)1\| d}\det\B |2 1 ‘ 65)
T |)\|’ﬂ+r— C()\, R) (B(y,)\,R) + 1t - )\)n+rfl
e
B 2”F(n+r—1)/detBA% d\
- ™ CNR) (IAIB(y, A R) + it - A=t
by using Fubini’s theorem, and I'(m)A~"™ 000 sm—1e=45 s for Red > 0. Noting that

lim |A|B(y, A; R) = (| B| coth [B*[y, y),
R—1—

lim C(\; R) = det(2sinh |B*|?) = 2" det(sinh | B*|?),

R—1—
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we see that the last integral in (6.5) is absolutely convergent for y # 0 when ;(7)’s have a positive lower
bound. Then we get

\I/(yﬂ t) = Rliﬁnllf \I/R(l,h t)

Do) [ [ 1B : 2
B sl sinh |B | ((|B*| coth |B*y,y) + it - A)ntr—1"

Rr

For y = 0, it is standard to use analytic continuation (cf. e.g. [28]). We omit details.
6.2. The Szegi kernel for k-CF functions on the quaternionic Heisenberg group

The 7-dimensional quaternionic Heisenberg group # is the nilpotent group R* x R3 with B given by
(2.11). Recall the tangential k-Cauchy-Fueter operator [24]

g C= (0, CHY) 5 (e, CF) k=1,2,-- .

A C**lvalued distribution f on S is called k-CF if Qlfk) f = 0 in the sense of distributions. The tangential
k-Cauchy-Fueter operator and the k-CF functions on the quaternionic Heisenberg group are quaternionic
counterparts of the tangential CR operator and CR functions on the Heisenberg group in the theory of
several complex valuables. Consider the subspace of L?-integrable k-CF functions

AW, CHY) = {f e 120r,CH ) 9P 1 = 0}
The orthogonal projection operator
P: L2, CFYY — A(s,CFTY

is called the Szegé projection operator. We will drop superscripts (k) for simplicity. The Szego kernel of P
is given by the following theorem.

Theorem 6.1. (Theorem 1.1 in [24]) The Szegé kernel of the Szegé projection is an End(C*+1)-valued ho-
mogeneous function

lyl?> —iT - )

27.3 PT
S = d
(yvs) (27T)5 / ( 5 4T,
SZ
fory # 0, where PT is the orthogonal projection to vector e] given by (6.6). In general, for (y,s) # (0,0),

it is given by the integral with changed contour.

In the main step of the proof of this theorem, the group Fourier transformation is used. This part can
be simplified by using the Laguerre calculus as follows. To find the kernel of P, we consider the associated
operator of the second order Oy := %y ¥, where &} is the adjoint operator of Z,. The explicit expression
of the associated operator O is known [24] as

Oy = 4Ay - My, + 8Dy,

where the sub-Laplacian A, = —1 Z?zl Y} is different from that in [24] with a factor }, and
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1
2
Mk =
2
1
and

id,, ds, — i0s, 0 0 0 0

8., — ids, 0 d,, — i, 0 0 0

0 8, — ids, 0 0 0 0

Dy = : : : :

0 0 0 0 d,, — i0s, 0
0 0 0 _8,, —id,, 0 d,, — ids,

0 0 0 0 8, — i, i,

are (k+ 1) x (k4 1) matrices. We know that
A(A,CMY) =ker Oy, := {f € L*(A,C"); 9, f € L2 (0, CHY), 97 9, f = 0}
by Corollary 4.1 in [24], where Z; %, f = 0 holds in the sense of distributions.

Proposition 6.2. (Lemma 3.1 in [24]) The matriz |t|My + D} for any 7 € R3\ {0} is semi-positive with only
one eigenvalue vanishing, whose eigenvector is

(1+m)"
(14 71)*(iry — 73) . z
e] = 1 with = Z (1+7m)* (1 —m) (6.6)
(1+Tl)(iT2—T3)k_1 =0
(Z'TQ —Tg)k

if T # (=1,0,0); and €] := (0,---,0,1), if T = (—1,0,0).

We identify L2(R* C**1) with L2(R*) @ C**1. For fixed 7 € R3\ {0}, we write ,,5?},91(-,7) as ,,2(,0)1 in

the sequel. Define

r 0
Vo= LPRY) +, 220

29

Recall that p;(7) = |7| for the quaternionic Heisenberg group. Since £~ (-, 7) is a rapidly decreasing

smooth function for fixed 7 # 0 by definition,
IL = .2, L2(RY, CFH) — LR, CPHY)
is a bounded operator. Moreover, it is a projection, i.e. 12 = II,, because of
(f* 0))>k ATO) = [, ("(01*7:35( ) 7 ATO)
Here we used Proposition 5.1 (3). Note that

ZUP) o, T, = ) Z0P) (67)

*r p—1— kAp—1>
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by Proposition 1.2. Therefore

V7T = span {.:?jk P). keZz}

P kAp— 1
which is an infinite dimensional space. Then the following decomposition follows from the fact that { kipp)l}
in (1.9) is a basis of L?(R*) for any fixed 7 € R™\ {0}.
Proposition 6.3. For any 7 € R\ {0}, we have
2md k+1y ~ T k+1
L*(R*,CH) = P vy o CHH.
Ip|=1
Proposition 6.4. We have
ker O, = Vi ®e7, (6.8)

where V' is spanned by {D{”gk_l); ke Z3}.

Proof. By definition, the partial symbol of O is 4MkANb + 8tD] where

iTl Tg—iT3 0 0 0 0
—TQ—iTg 0 7'2—i7’3 0 0 0
O 77’27’@7’3 O 0 0 0
D]Z:— — . . . . : : :
0 0 0 0 7—2—'1:7—3 0
0 0 0 cee =Ty —1IT3 0 Ty —iT3
0 0 0 0 —TQ—’iTg —’L'Tl

isa (k+1) x (k+ 1) matrix for 7 € R®. Note that

B BUGP, = Do (LGP B0) = B0+ (B B

kAp—1 p

k k
=2|7|(|p| = DAGGP, * L) =2l7|(Ip| - DAL,

by using Proposition 5.1, (6.1) and (6.7), where |p| = p; + pa. Thus for v € CF+1
(4085, + 8iDF) (LGP (0.7) @ ) = ZULP (9.7) @8 (I7l(1p| = DMy + D) v

The symmetric matrix in the right hand side is 8(|7|Mjy + ¢D}) + 8Z§=1(pj — 1)|7|My. It follows from
Proposition 6.2 that for p € Zi with p # 1, it has k + 1 eigenvectors with positive eigenvalues, while for
p = 1, it has k eigenvectors with positive eigenvalues and only one eigenvector e] with vanishing eigenvalue.
In summary, we find a basis of L2(R*, C¥*1), consisting of smooth functions, such that 0, acts diagonally
and (6.8) holds. O

For any g € L?(#,C*+1), we have Laguerre expansions
k D, - T
Z Gp k/\pp?[a and (Pg)'r = Z Cé (T)og/’z;)(q H & €1, (69)
k,p.j

by Proposition 6.4, where G}, is C*™!-valued and O} is scalar. Now for any given o € Cs°(R?\ {0}) and
qce€ Z%r, it is easy to see that ¢ as the inverse partial Fourier transformation of JT given by
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Yy = O'(T),:??O(qil) ® e] € ker Oy,

by Proposition 6.4, is in L*(N) and satisfies ¢ € ker Oy. Then (g, %) p2(r7) = (Pg, %) r2(r7) implies that

/@T,JT)L’A‘(RZL)OZT = /<(13§)TJZT ) 2R+ AT,

R3 R3
and so

R[(%(T)&I)U(T) <z>2|7'2d7'=/0;(7')0(7) <2>2|T|2d7’

s m
R3

by using Lemma 4.1. It follows that C%(7) = (G§(7),€]) a.e. because o(7) is an arbitrary C5°(R?\ {0})
function. Substitute it into (6.9) to get

(Pg)r = > (GL(m).e) 27V wel =P | Y GLn).7%Y
q

q

= P (G0 B) = P @) 2.

2
Here we use the property of the projection *7%0) in (6.7). By definition, %O) (y,7) = (@) eIyl
Thus for g € C°((R7 \ {0}) x R3), we get
1 ; ~
Pylant) = o [P @) w0 0w r)r

(2m)?
R3

16 . .
(2’”)5 /dde/PTg(JJ _ y)s)ez(tfs)rf2z|T|B (ac,y)€7|r||y\2|7_|2d7_
S R3

(o}

16 . o
- W/ dyds / diP7g(y,s) / pAdpe—li(—t+5)7+2iB7 (—y.o)+|—y+al*)r
ra 52 0

:g*S(x,t),

with

_16T(5) P
S(y,s) == @n) / (|y|2—is-7')5d77 for y#0.

S2
The facor 16T'(5) was errorneously missing in [24].
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