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Abstract: The metric approach to studying 2-step nilpotent Lie algebras by making use of non-degenerate
scalar products is realised. We show that a 2-step nilpotent Lie algebra is isomorphic to its standard pseudo-
metric form, thatis a 2-step nilpotent Lie algebra endowed with some standard non-degenerate scalar product
compatible with the Lie bracket. This choice of the standard pseudo-metric form allows us to study the iso-
morphism properties. If the elements of the centre of the standard pseudo-metric form constitute a Lie triple
system of the pseudo-orthogonal Lie algebra, then the original 2-step nilpotent Lie algebra admits integer
structure constants. Among particular applications we prove that pseudo H-type algebras have bases with
rational structure constants, which implies that the corresponding pseudo H-type groups admit lattices.
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1 Introduction and statement of main results

The present article is inspired by two series of works devoted to the study of 2-step nilpotent Lie algebras by
means of scalar products. In 1980 Kaplan introduced H(eisenberg)-type Lie algebras [29; 30], i.e. 2-step nilpo-
tent Lie algebras endowed with a positive definite scalar product compatible with the Lie structure. H-type
algebras and their groups became a fruitful source of research related to sub-elliptic and hypoelliptic opera-
tors and the geometry associated with these differential operators, which nowadays is called sub-Riemannian
geometry, see [4; 5; 6; 14; 24; 31; 33; 37; 39; 42; 43]. The metric approach was extended and generalised by
several authors [16; 17; 18; 19; 41] to a study of arbitrary 2-step nilpotent Lie algebras and their Lie groups.
A standard metric 2-step nilpotent Lie algebra, which is isomorphic to the direct sum R™ @ W, with the centre
W ¢ so(m), was introduced in [18]. The Lie bracket is uniquely defined by the Euclidean product on R™ and
the trace product on so(m) is given by (w(x), y)rm = (W, [X, ¥])somm) for x,y € R™, w € W. One of the results
in [18] states that any 2-step nilpotent Lie algebra is isomorphic to some standard metric 2-step nilpotent Lie
algebra. The H-type Lie algebras are the standard metric Lie algebras related to the representations of the
Clifford algebras CI(R").

Later, an analogue of the Heisenberg type Lie algebra was introduced in [11; 25], and studied in [10; 13;
16; 20; 21; 22; 27]. Since these types of algebras are related to the representations of Clifford algebras gener-
ated by a vector space with an indefinite scalar product, they were called pseudo H-type Lie algebras. The
pseudo H-type Lie algebras naturally carry a pseudo-metric, and therefore it would be inconvenient to con-
sider them as standard Lie algebras with a positive definite scalar product. In the present work we extend
the notion of a standard metric 2-step nilpotent Lie algebra allowing us to consider 2-step nilpotent Lie al-
gebras with an arbitrary non-degenerate scalar product. Particularly, we show results analogous to those of
Eberlein [18]; namely if a 2-step nilpotent Lie algebra g with a k-dimensional commutative ideal [g, g] and an
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m-dimensional complement admits a k-dimensional structure space as a non-degenerate subspace of so(p, q)
for some non-negative integers p, g with p + g = m, then the 2-step nilpotent Lie algebra is isomorphic to
a standard (pseudo-) metric 2-step nilpotent Lie algebra. It is a pleasure to thank Professor Patrick Eberlein
who suggested the proof of the existence of non-degenerate k-dimensional structure spaces in so(p, q), see
Theorem 3.2.

The structure of the work is as follows. We collect notation and necessary definitions in Section 2. Sec-
tion 3 is devoted to the definition of a standard pseudo-metric form for a 2-step nilpotent Lie algebra. Here the
main result states that any 2-step nilpotent Lie algebra is isomorphic to a properly chosen standard pseudo-
metric 2-step nilpotent Lie algebra. In Section 4, we formulate some properties of isomorphic Lie algebras
in terms of a chosen pseudo-metric. In Section 5 we show that in the case when the Lie triple system of the
pseudo-orthogonal Lie algebra so(p, g) has a trivial centre it forms a rational subspace of a specially chosen
subalgebra £ of so(p, q). In Section 6, we explain the construction of a 2-step nilpotent Lie algebra with the
centre isomorphic to a Lie triple system of so(p, g). We prove that if the Lie triple system is a rational sub-
space of £, then the constructed 2-step nilpotent Lie algebra has rational structural constants. This leads to
the existence of a lattice in the corresponding Lie group.

Funding: All the authors have been partially supported by the grants of the Norwegian Research Council
#239033/F20 and EU FP7 IRSES program STREVCOMS, grant no. PIRSES-GA-2013-612669, and the authors
Markina and Vasil’ev have been partially supported by the grant of the Chilean Research Council CONICYT-
PIA ACT1415. The second author has been partially supported by the JSPS fund Grand-in-aid for Scientific
Research (C) No. 26400124.

2 Preliminaries

2.1 Clifford algebras and pseudo H-type Lie algebras. Let (U, (., . )y) denote a real scalar product space.
A Clifford algebra CI(U, ( . , . )y) is an associative unital algebra freely generated by U modulo the relations
uev+veu=-2(u,v)y forall u,v € U, see [12; 34; 35]. We write Cl, s = CL(R"S, (., . )rs), where (u, v),s =
Yiiui— Y uw I ] CI(U, (., . yy) — End(V) is a representation, then V receives the structure of a
Clifford module, see [1; 34; 35].

Representations of Clifford algebras are closely related to the notion of pseudo H-type Lie algebras. Let
n be a 2-step nilpotent graded Lie algebra with the underlying vector space V @ Z, where Z is the centre. We
also assume that n is endowed with a non-degenerate scalar product ( . , . ), such that the restriction to the
centre ( ., . ) is non-degenerate and the direct sum V & Z is orthogonal with respectto (., . )y.

Definition 2.1. A 2-step nilpotent Lie algebran = (Ve, Z,[.,.],{.,.)s) is called of pseudo H-type if the
map J: Zx V — V defined by
(Jov, 0"y = (z, [v,0']) 2. 6)

satisfies the condition
(J=(0), I:(0"))v = (2, 2)2.(v,v')y  forallz e Z,v,0" € V. ®)

The map J defined by (1) satisfying (2) extends to the Clifford algebra representation J: Cl(Z, (.,.)z) —
End(V). Conversely, let a representation J: Cl(U, (., . )y) — End(V) be given, and let the Clifford module V
admit a scalar product ( . , . )y such that the restriction J = Jly to U is skew symmetric:

Jz(v),v")y = ~(v, J.("))v foranyze U,v,v" e V. 3)

We call such a module (V, (., . )y) admissible. Then the Lie algebrag = (U® V, [ ., . ]) is of H-type with the
centre U, with the Lie bracket defined by (1) and with the scalar product obtained by (.,.)g = (.,.)v @
< ey >V-
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We denote by n, s the H-type Lie algebran = (Ve, Z,[.,.],{.,.)n), Where Z = R*$; (V,(.,.)y)isan
admissible module of the representation J: CI(R"%, (., . )s) — End(V) isometric to R!if s > 0 and to R?! if
s = 0; the scalar productis (.,.)n =(.,.)v®(.,.)rs, and the Lie bracket is related to the representation of
the Clifford algebra by (1). More about equivalent definitions of pseudo H-type Lie algebras, their properties
and relation to composition of quadratic forms can be found in [2; 11; 13; 14; 15; 20; 21; 22; 25; 29; 30; 34].

Remark 2.1. An admissible Clifford module (V, (., . )y) of CI(U, (., . )y) with an indefinite scalar product
(.,.)u,is necessarily a neutral space, which means that the dimension of V is even and the dimensions of
the maximal subspaces where the scalar product (., . )y is positive definite or negative definite coincide. If
(.,.)y is positive definite, then the admissible module (V, (., . )y) carries a positive definite product [11].

2.2 Lie structure compatible with scalar product. We set up the relations described in the previous section
in a more general perspective.

From Lie algebras to skew-symmetric maps. Letg = (Ve, U,[.,.],(.,.)q) bea 2-step Lie algebra with
the centre U and with a non-degenerate scalar product . , . 4. The Lie bracket and the non-degenerate scalar
product on the centre define a bilinear map J: U x V — V by (1) which is skew-symmetric on V.

From skew-symmetric maps to Lie algebras. Let now (V, (., .)y)and (U, (., . )y) be two non-degenerate
scalar product spaces, and let J: U — o(V), where by o(V) we denote the space of all skew symmetric linear
mapson (V, (., .)v). Then the sum g = V& U is orthogonal with respectto (.,.)g =(.,.)ve{(.,.)y,and
we are able to define the Lie bracket on g by making use of (1). Theng = (Ve U,[.,.],(.,.)q) becomes a
2-step nilpotent Lie algebra, where U belongs to the centre.

The discussions above raise the following question. Let two finite-dimensional vector spaces U and V be
given, and let J: U — End(V) be a linear map. When can one find a (non-degenerate) scalar product (., . )y
on V such that J, is skew symmetric for all z € U ? If, moreover, a scalar product (.,. )y on U is given,
then we are able to define a Lie algebra structure on V & U by means of (1) using {(.,.)y ®(.,.)y.IfJisa
representation of a Clifford algebra CI(U, { . , . )u), then V (or V & V) always admits a required scalar product
(.,.)v and the 2-step nilpotent Lie algebra will be of H-type; see [11].

2.3 Lattices and nilmanifolds. One of the aims of this paper is to prove that pseudo H-type Lie groups admit
lattices, or equivalently, the corresponding pseudo H-type Lie algebras admit a basis with rational structure
constants. Let us explain this relation.

Definition 2.2. A subgroup K of G is called a (co-compact) lattice if K is discrete and the right quotient K\G
is compact. The space K\G is called a compact nilmanifold or a compact 2-step nilmanifold if G is a 2-step
nilpotent Lie group.

Theorem 2.1 (Mal’cev criterion [36]). A Lie group G admits a lattice K if, and only if, its Lie algebra g admits a
basis B = {b1, ..., by} with rational structure constants, that is [b;, b;] = Z,’Z=1 C{-‘jbk with Cf.‘j € Q.

2.4 Standard metric 2-step nilpotent Lie algebras. In this subsection, we present shortly ideas from [18; 19].
Let a 2-step nilpotent Lie algebra g have a commutator ideal [g, g] of dimension n and let its complement
V have dimension m. We choose a basis {v1,...,vn} for V and a basis {z1, ..., z,} for [g, g]. Define the
skew-symmetric (m x m)-matrices C1, ..., C" by [v,, vg] = Zzzl C’;sz. The matrices C¥ are elements of the
Lie algebra so(m), and they are linearly independent in so(m), see [18]. Then the n-dimensional subspace
@" = span{C, ..., C"} c so(m) is isomorphic to [g, g] = span{z1, ..., zn} and is called the structure space
determined by the chosen basis. The vector space span{vy, ..., vy} ® span{zy, ..., z,} of g is isomorphic
to R™ @ C™. The spaces R™ and " ¢ so(m) have a natural choice of inner products that will define the Lie
bracket on G = R™@&C". Denote by ( . , . Yso(m) the positive definite product on so(m) defined by (Z, Z')so(m) =
~tr(ZZ'), and let ( ., . ), be the standard Euclidean inner product in R™. Then the inner product (. ,.)g =
(.s.Ym+{.,.)s00m makes the direct sum G = R™ @ C" orthogonal. Let [ . , . ] be the unique Lie product on
G such that C" belongs to the centre of G and

(ZX, YYm = {Z, [X, Y])so(my for arbitrary x,y € R™, Z € ",
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where Zx simply denotes the action of Z € C" ¢ so(m) on a vector x € R™ defined by matrix multiplication.
It is easy to see that (G, [.,.]) is a 2-step nilpotent Lie algebra, with [G, §] = €" and being endowed with
the inner product (., . )g; it is called a standard metric 2-step nilpotent Lie algebra. It was shown in [19]
that any 2-step nilpotent Lie algebra g is isomorphic to a standard metric 2-step nilpotent Lie algebra G =
(R"e €% [.,.],(.,.)g). Inspired by the definition of pseudo H-type Lie algebras, later in Section 3 we
generalise the ideas from [18; 19], showing that actually a non-degenerate scalar product of any index can be
chosen.

3 Pseudo-metrics on 2-step nilpotent Lie algebras

In this section, we continue to develop the approach proposed in subsections 2.2 and 2.4. The choice of the
Euclidean product in R™ is very natural, but it is also possible to choose the metric (x,y)p 4 = Z’le Xiyi —

f’;qﬂ x;y; of an arbitrary index (p, q) with p + ¢ = m. This leads to the change of the structural space
C € so(m) to the space D c so(p, q), and of the positive definite metric on so(m) to the indefinite metric
on so(p, q). The main motivation of this choice is the following. The standard metric form for classical H-type
Lie algebras carries a positive definite scalar product and in this case the Lie algebras are isometric also as
scalar product spaces. Meanwhile the pseudo H-type Lie algebras, introduced in subsection 2.1, are isomor-
phic (and isometric) to a standard pseudo-metric form with an indefinite scalar product related to the scalar
product of the underlying Clifford algebras. Note that being 2-step nilpotent Lie algebras, the pseudo H-type
Lie algebras are also isomorphic to a standard metric form with a positive definite metric, see [18], but in this
case they are not isometric and the isomorphism neglects the relation with the Clifford algebras generating
pseudo H-type Lie algebras. We also aim to show that any 2-step nilpotent Lie algebra is isomorphic to some
metric Lie algebra with an indefinite scalar product.

3.1 Pseudo-orthogonal groups. We use the notation r, ; = diag(I, —I;) for diagonal (m x m)-matrix, m =
p+¢, having the first p entries on the main diagonal 1 and the last g equal to —1. Further we continue to use I,
to denote the (pxp) unit matrix. The scalar product ( . , . ) 4 is related to the matrix np, 4 by (X, ¥)p.q = X'1p,q¥
for x,y € R™, m = p + q, where x! is the transpose to x. We use the notation

1, ifl<i<p,

vi =Vi(p, @) = {Xi, Xi)p,q = { (4)

-1, ifp+1<i<p+q=m,

for an orthonormal basis {x;}¥"7

i, for RP4. We denote by the symbol O(p, q) the pseudo-orthogonal group

O(p, q) = {X € GL(m) | X'Np,¢X = Np,q}»

where X' is the matrix transposed to X. The pseudo-orthogonal group preserves the scalar product ( . , . }p, 4.
The inverse X1 of X is given by X1 = np ¢X'np 4. If we write A = n, ;A 4 for any matrix A, then
Xmwa = X1 for X € O(p, q). In general, (A"4)"¢ = A and (AB)".« = B'lra AMr.a for any matrices A and B.

If we replace 1p 4 by any symmetric matrix 77 with p positive and g negative eigenvalues, then we get a
group isomorphic to O(p, q). Diagonalisation of 7} gives a conjugation of this group with the standard group
O(p, q). It follows from the definition that all matrices in O(p, g) have the determinant equal to +1.

The Lie algebra of O(p, q), and thus of SO(p, q), see definitions in [40], equipped with the Lie bracket
[A, B] = AB — BA, is the set

s0(p, q) = {A € gl(m) | 1p,gA'Np,q = —A.
So, an element X € so(p, q) satisfies X« = X, and one has X"»¢X = XX"»4 = —X2. The Lie algebra so(p, q)

can be equipped with the scalar product (. , . )so(p,q) defined by (X, Y)sop,q) = tr (XW4aY) = —tr(XY). The
scalar product is positive definite only for g = 0. Matrices in so(p, q) can be written as

a b
X = (b’t’ aq> , a, € so(p), aq € so(q).
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So, for X € so(p, g) one has (X, X)so(p,q) = tr(XeX) = —tr(af, + aé) — 21tr(bb"). As we see, the first term
in the right hand side, involving the skew-symmetric matrices a, and ag, is always positive. The matrix b
is responsible for the negative part of the indefinite scalar product (. , . )s.(p,q), and this scalar product has
the index ((p(p — 1) + q(q — 1))/2, pq) as one can see from the dimensions of so(p) and so(q). Note that if
X € so(p, g)and x,y € R™, p + g = m, then (XX, ¥)p,q = X*Xtnp gy = —X'N, Xy = —(x, Xy)p,¢. Thus matrices
from so(p, q) are skew-symmetric with respectto (., . )p 4.
Generally, for a scalar product space (V, (., . )y) we denote by o(V, ( . , . )v) or shortly o(V) the subspace
of End(V) such that
(Av, w)y = =(v, Aw)v. 5)

We call o(V) the space of skew-symmetric (with respect to { . , . Yv) maps and note that it coincides with so(p, q)
when V = RP9,and (.,.)v = (.,.)pq. In general, it can be shown that o(V) is isomorphic to the space
so(p, q) for any m-dimensional non-degenerate scalar product space (V, (., . )y) with a scalar product of
index (p, q), p + ¢ = m. We can endow the space o(V) with the scalar product (A, B) ) = — tr(AB). One can
prove that the index of (. , . )o(v) is ((p(p — 1) + g(q — 1))/2, pq) by the isomorphism property with so(p, g).

3.2 2-step nilpotent Lie algebras with trivial abelian factor. Themap]: U — o(V) discussed in subsection 2.2
is not necessarily injective. Nevertheless, if it is so, the corresponding 2-step nilpotent Lie algebra possesses
nice properties [19]. Let g be a 2-step nilpotent Lie algebra. A complement to the commutative ideal [g, g] in
the centre Z is called the abelian factor.

Lemma3.1. Let(g,[.,.],{.,.)y) be a2-step nilpotent Lie algebra with a centre Z, and let a scalar product
(.,.)q be such that its restrictions to Z and to [g, g] are non-degenerate. Let V = Z*, and let J : Z — o(V) be
the linear map defined by (1). Then the following statements are equivalent:

1. The abelian factor has dimension d > 0 in Z;
2. The kernel of ] has dimension d.

Particularly, the Lie algebra g has a trivial abelian factor if and only if the map ] is injective.

Proof. Let us write Z = [g, g] ® [g, g]*. Then (J,v, w)y = (z, [v, w])z, and the non-degeneracy of the scalar
products imply that J,v = 0 if, and only if, z € [g, g]*; this proves the equivalence of items 1 and 2. O

3.2.1 Examples of skew-symmetric maps

Example 3.1. Consider R”°?, p + g = m with the metric (x, y),, 4. Let W be a non-zero subspace of so(p, q).
The inclusion map (: W — so(p, q) defines a skew-symmetric map in the following sense: if z € W and
I, = (2) = Z € so(p, q), then (1:(x), V)p,qg = (ZX,V)p,qg = —X, ZY)p,q = —(X, 1z(¥))p,q. If the restriction of
(.. )so(p,q) tothevector subspace W c so(p, q) is non-degenerate, then we can define a Lie algebra structure
onRP9eW.If W = so(p, q), then the constructed Lie algebra on RP*?@so(p, q) will be the free 2-step nilpotent
Lie algebra that we denote by F(p, q). Thus F(p, q) = RP"? @ so(p, q) with the commutator defined by

1
(W, vlF@p,q) = —E(wvt —uwhnp,q. 6

For the standard basis {e;} of R”*? we get [e;, ej]Fr(p,q) = —%(Ei]‘ —Eji)np,q, where Ej; denotes the (m x m) matrix
with zero entries except of 1 at the position ij. Since F(p, q) is a 2-step nilpotent Lie algebra, we obtain that
s0(p, q) forms a centre. Particularly, if g = 0, then we get the free Lie algebra F(m) studied in [18].

Example 3.2. Any graded 2-step nilpotent Lie algebra, endowed with a non-degenerate scalar product de-
fines a skew symmetric map as described in subsection 2.2.

3.3 Standard pseudo-metric 2-step nilpotent Lie algebras. Let(V, (., . )y)bean m-dimensional scalar prod-
uct space. Equip the space o(V, (., . )v) with the scalar product (Z, Z’)U(V) =-tr(ZZ"), Z,Z' € o(V). Observe
that if the scalar product ( ., . )y has index (p, q), p + ¢ = m, then the scalar product (., . ), has index
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((p(p - 1)+ q(q — 1))/2, pq). Since the Lie algebra o(V) is simple, any symmetric bilinear form is a multiple
of the Killing form.

Let W be an n-dimensional subspace of o(V) such that therestriction of ( . , . ) o(v) to Wisnon-degenerate.
LetG=VeWand(.,.)s =(.,.)v+{.,.)0). Thedirect sum § = V & W is orthogonal with respect to
(.,.)g.Let[.,.]g betheLieproducton G defined as follows. If v, w € V, then [v, w]g is the unique element
of W such that

(v, wlg, 2)o(vy = (z(v), W)y foreveryz e W. 7)

Definition 3.1. We call the Lie algebra G constructed above the standard pseudo-metric 2-step nilpotent Lie
algebraand write G = (Ve, W,[.,.]g,(.,.)g).

It is easy to see that [§,G] = W and W is the centre of § if, and only if, for any O # v € V there is
Z € Wsuchthat Zv # 0.If V = RP%and (.,.)v = (.,.)pq, then we write so(p, q) for skew-symmetric
maps, and the standard pseudo-metric 2-step nilpotent Lie algebrais § = (RP9a, W,[.,.],(.,.)g) with
(.,.)9 =(.,.)p,q+(.,.)50(p,q).
3.4 Reduction of a 2-step nilpotent Lie algebra to the standard pseudo-metric 2-step nilpotent Lie algebra.
We start from the following observation relating elements in so(m) and so(p, q) withp + g = m. Let np 4 =
diag(I,, —Iy), p + g = m, and let v; = v;(p, q) be defined by (4). Then, for any matrix A = {aij}z’j:l, we have
(Anp,q)ij = aijvj, and (p,4A)ij = aijvi. Let C € so(m), and define D = Cnp, 4 (or equivalently, Dj; = v;(p, q)Cyj).
We claim that D € so(p, q). Indeed,

’Ip,th"lp,q = Up,q(c’?p,q)t’lp,q = "lp,q’l;,qct’lp,q =-Cnp,q =-D.
Analogously, we can show that D = Np,qC € so(p, q) if C € so(m), m=p +q.

Lemma 3.2. Let g be a 2-step nilpotent Lie algebra such that dim([g, g]) = n, and let the complement V to [g, g]
be of dimensionm. Denoteby z1, . . ., zn abasis of [g, gl, and by vq, . . . , um abasis of V. Let [v;, vj] = Z,’(’Zl Cf.‘].zk
for 1 < i,j < m. Then the matrices D* = rlp,qu are linearly independent in any so(p, q), p + q = m.

Proof. 1t was proved in [18] that C!, ..., C" are linearly independent in so(m). Thus for any real numbers
ai, ..., a, wehave Y}_; axC* = {0} ifand only if ax =0,k =1,2,...,n. Then
n n n
{0} = np,q<z aka) =Y axnp,eC* = ) aD"
k=1 k=1 k=1
ifand onlyifay =0fork=1,2,...,n. m]

Any 2-step nilpotent Lie algebra g defines a subspace G c so(m), where ¢ = spang{C!,..., C}, and
this subspace is non-degenerate in so(m). This fact allows us to construct the isomorphism between g and
the corresponding standard metric Lie algebra G = R™ @ € with positive definite scalar product, see [18]. The
space C also generates spaces D = spang{D', ..., DX}, D = n, ,C, in each so(p, q). Moreover, if D ¢ so(p, q)
is non-degenerate with respect to the restriction of . , . )s0(p,q) to D, then there is an isomorphism between
g and the standard pseudo-metric Lie algebra § = R”>? ¢ D.

Theorem 3.1. Let g be a 2-step nilpotent Lie algebra such that dim([g, g]) = k and such that the complement
V to [g, g] has dimension m. Assume that there are non-negative integers p, q such that the structure space
D = spang{D?, ..., DX} is a non-degenerate k-dimensional subspace of so(p, q),p +q = m, k < m(m — 1)/2.
Then g is isomorphic to the standard pseudo-metric 2-step nilpotent Lie algebra G = RP*9 &, D.

Proof. Let{vi,...,vn}beabasisfor V,{z1, ..., zx} beabasisfor [g, g],and let {eq, . . ., ep.4} be the standard
orthonormal basis for R?-4. Let [v;, vj]4 = Zﬁﬂ Cg.zn forl<i,j<mandD" =1p4C". Chooseapairp, g € N,
p +q = m, such that the space D = span{D?, ..., D¥} c so(p, q) is non-degenerate with respect to the metric
(., Vsa(p,q)- Let {p1, ..., pr} be a basis of D such that (p,, D’)so@,q) = 6y for 1 < n, 1 < k. Define a linear
isomorphism T: g — G by

T(vi)=e;, i=1,...,m, T(zn) = —pn, n=1,...,k.
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We claim that T is a Lie algebra isomorphism because T([v;, vjlq) = [T(v;), T(vj)]g. Indeed

([Ti), TW)lg, D" so(p,q) = {[€is €jlg, D™ so(p,q) = (D" (€1), €j)p,q
= (e)'(D")'Mp.q€j = (D™)'Np,g)ij = (C)Y)yj = —Cjj = CJri
On the other hand,

k k k
(T([Uiy U]']g); Dn)so(p,q) = <z C;jT(Zr), Dn> == z C{j(Pr,Dnﬁa(p,Q) == z C:}Srn = _CZ = C]rif
=1 s0(p,q) r=1 r=1

which finishes the proof. O

Now we aim to show that the set of non-degenerate subspaces D of so(p, q) is open and dense in the
corresponding Grassmannian. Observe that the scalar products (. , . )sop,q), P + g = m,and (., . )so(m) are
the restrictions of the symmetric bilinear form (., . ) on the space of (m x m) matrices defined by (4, B) =
—tr(AB), see Section 3.1. The bilinear form (., . )som is positive definite and (., . )sop,q)» P + ¢ = M, is
indefinite. Thus, we drop the subscript for the scalar products and write { . , . ) until the end of Subsection 3.4.

Let Gr(k, T) be the set of k-dimensional subspacesin T = (so(m), {.,.)) andlet M = m(m - 1)/2 denote
the dimension of T. We recall some known facts about the Grassmann manifold; see [38]. The Stiefel manifold
V(k) € Tk is defined by

Vik)={C=(Cl,...,C5 eTh | Ct,..., CKarelinearly independent in T}

for elements C! € T. Then there is a canonical surjective map m: V(k) — Gr(k, T) defined by n(C) =
a(CY, ..., C* = span{C!,..., CK} = C. The set Gr(k, T) is endowed with the quotient topology that makes
the map 7 continuous and open. It can be shown that the map 7 is actually a smooth map.

Theorem 3.2. There exists an open dense subset U ¢ Gr(k, T) whose complement has measure zero in Gr(k, T)
such that if C € U, then (., . ) is non-degenerate on D = 1, 4(C) = span{n, 4C', ..., npqC*} for all positive
integers p, q withp + q = m.

Proof. We observe that it is enough to prove the theorem for one choice of p, g with p + g = m, since for the
possible m — 1 choices the answer will be given by the intersection of open and dense subsets.

The proof of the theorem contains two steps. We use the Gram matrix for the symmetric bilinear form
(.,.)in order to detect whether the form is degenerate on the space D. Define the map @: V(k) — R by

@(C) = d(CL, ..., CY = det((ny,qCl, np,gC)) = det((~ tr(np,qcinp,qcf)gjjzl)) = det((D, D)).

Consider the set W = {C € V(k) | (., .) is non-degenerate on D}.

STEP 1. The polynomial function @ satisfies the property: ®(C) # 0 if and only if C € W. In particular, the
set W is open and dense in V(k) and the complement V(k) — W has measure zero.

Fix a basis &1, . . ., &y for T and write C = Z‘,"il Ci;&;. The trace functions

M
—~t1(1p,qC'Mp,gC) = = ) CirCys tr(1p,qérMlp,qaés)

r,s=1
are polynomial that implies that @ is polynomial as a composition of determinant function and the trace.

We take C € V(k) and observe that the symmetric bilinear form ( . , . ) is degenerate on D = span{D?, ...,
D*} if and only if there exists a non-zero vector B = 21::1 b,D" € D such that 0 = (B, D!) = er(:l bi(D", D)
foralli =1,..., k. The latter happens if, and only if, b - E = 0, where b = (b1, ..., bx) € R¥ and the matrix
E = ((D", DY) consists of columns E; = ((D*, DY, ..., (DX, D'))t. Thus ( ., . ) is degenerate on D if, and only
if, det E = @(C) = 0.

This implies that the set ¥~1(0) is closed in V(k) and has measure zero. Thus the complement W = V(k) -
¥-1(0) is open and dense in V(k).

STEP 2. Proof of Theorem 3.2. The set W is open and dense in V(k) and, moreover, the measure of V(k) - W
is zero. The map m: V(k) — Gr(k, T) is smooth and open. Hence U = (W) is open and dense in Gr(k, T) and
the complement Gr(k, T) — U = m(V(k) — W) has measure zero. The set U is exactly the set of elements in
Gr(k, T) such that if C € U, then the symmetric bilinear form ( . , . ) is non-degenerate on D. O

Authenticated | irina.markina@uib.no author's copy
Download Date | 3/30/18 7:28 AM



8 —— Autenried, Furutani, Markina and Vasil’ev, Pseudo-metric Lie algebras DE GRUYTER

3.5 Examples of standard pseudo-metric algebras.

Example 3.3 (Free standard pseudo-metric Lie algebra). Let us equip the 2-step free Lie algebra F(p, q) =
RP-9Y@so(p, q) with the scalar product (., . )p.g+ (., . )so(p,q)- Then {{w, vlrp,q)s L) sop,q) = (ZW, V)p,q forall
w,v € R4, Z € so(p, q), where the Lie brackets are from (6). To show this we calculate (Zw, v)p, 4 and obtain

(Zw, V) p.q = WZp,qv = ~Winp g Zv = — tt(W'np 4 Z0) = - tr(uw'n, 4 2),

as w'Znp qu € Rand Z'p 4 = —1p,¢Z for all Z € so(p, q). We also get (Zw, v)p 4 = —(W, Zv)p 4 = tr(wotny, 4Z)
by skew symmetry of Z € so(p, q). With these relations we calculate

1 1
(W, VF(p.a)s Z)solpeq) = —tr(—z(wvt - uw‘)np,qz> = (W 0p,42) — W0 2)) = (W, VD,

and obtain the desired equality.

Example 3.4 (Heisenberg algebra). Let us consider the 3-dimensional Heisenberg algebra ) = span{e;, e;} ®
span{z} = V @ Z with the only non-vanishing commutation relation [e1, e;] = z. Consider four standard
(pseudo-)metric forms

1) 1 = R"“0 e W with W ¢ so(2) defined by W = span{J; = (9 })};
2) G, =R%' e W with W c so(1, 1) defined by W = span{J, =(9 §)};
3) 93 =RV e Wwith W c o(R?, —(.,.)1,1) = s0(1, 1) defined by W = span{J5 = (9 §)};
4) G4 =R>' @ W with W ¢ s0(2) defined by W = span{J, =( % &)}

It is easy to see that G; is the (classical) H-type algebra, G, is the pseudo H-type algebra, and the last two are
not (pseudo) H-type algebras since they do not satisfy the Clifford condition J 12 = —(z,z)2 Idy; see also [16].

Example 3.5 (Representation of Clifford algebras). Consider (R"%, (., . ),s) and let Cl, s denote the Clifford
algebra generated by R"S. LetJ: Cl, s — End(V)be arepresentation on a finite-dimensional vector space V. If
s > 0, then we identify V with R4, 20 =m, equipped with the scalar product ( . , . );,;, such that W = J(R"®) €
so(l,1). If s = 0, then we identify V with the Euclidean space R™, and in this case W = J(IR"?) ¢ so(m). The
scalar product on V should be neutral in the case s > 0, see Remark 2.1. It determines the choice of the scalar
product (., . );; and the inclusion of W = J(IR"*) into the space so(!, l), see Subsection 2.1.

Let us particularly consider three pseudo H-type Lie algebras n; o, n1,1, and ng » and show that they can
be realised as standard pseudo-metric algebras for some choice of so(p, q).

The pseudo H-type Lie algebra n; o. The algebra n; o is constructed from the Clifford algebra Cl,,o. Thus
the centre of n; ¢ is isometric to R? and the complement to the centre is isometric to R* with the standard
Euclidean metrics. Let {21, z,} be the standard basis of R?, and let J;,, J;, € so(4) be such that J2 = J2 =
—1Idgs, Jz,Jz, = —Jz,Jz - We choose the following orthonormal basis in R* constructed by

vy =e1, v =]J,J;v1, v3=Jnv1, v4=]zv1.

In the basis {v1, v2, v3, v4} the matrices of the maps J;,, J, take the following form:

0 0 -1 O 0O 0 0 -1
P P I
“7l1 0 o o [’ 2710 -1 0 0
01 0 O 1 0 0 O
The maps J,, permute the basis of R* by the rule:
Jznv1=v3, Jnva=v4,  Jzyus=-vi, Jzvs=-v2,
Jo,v1 =04, Jnva=-v3, Jpus=va, Jnvus=-v1.
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According to the equality ([va, vgl, zi)2,0 = {JzVa> Ug)4,0 and to permutation of the basis, we calculate the
structure constants in [vg, vg] = C;ﬁzl + Cﬁﬁzz as

0 0 10 0 0 0 1
0 0 0 1 0 0 -1 0

cl= , c* = 8
-1 0 0 0 0 1 0 O ®
0 -1 00 -1 0 0 O

Thus Ci = -] 2> which also follows from the choice of the orthonormal basis by

Chp = ([vas vp], 20)2,0 = Uz0as v 4,0 = VeJ5,0p = UL )ap = ~Uz)ap-

The pseudo H-type Lie algebra ny,1. The Lie algebra is constructed from the Clifford algebra Cl;,1, and
therefore the centre of ny ; is isometric to R"! and the complement to the centre is isometric to R?2. We
start from the basis {z1, z,} for the centre and two skew-symmetric maps J,,, J,, € s0(2, 2), satisfying ]§1 =
—Idge2, J2, = Idre2, J2,Jz, = —Jz,Jz, . Choose the orthonormal basis in R*2: vy = ey, vy = J;,v1, v3 = J,v1,
vy = J5,Jz,v1. The maps J,, J, take the form

0 -1 0 O 0010
(1 0o o o0 [0 o0 01
121_0001’122_1000

0 0 -1 0 0100

in the basis {v1, v, v3, v4}. We calculate the structure constants in [vg, vg] = C;ﬂz1 + Ci 522 according to the
permutation of the basis by J;, and the rule ([vq, vg], zi)1,1 = (Jz;Va» U)2,2 @S

0 1 0 O 0O 0 1 0
-1 0 0 O 0 0 01
Cl = 3 Cz -
0 0 o0 1 -1 0 0 O ©)
0 0 -1 0 0 -1 0 O

We see that C! = -15.5] 2, and C? =n2.] 2, They are also defined by the choice of the orthonormal basis as

vi(1, 1)C§1ﬁ = ([va, Uﬁ],zi>1,1 = (]z,—va, Uﬁ)z,z = —Ultxnz,Z]inB = —("lz,zjzi)aﬁ-

The pseudo H-type Lie algebra ny . This Lie algebra is related to the representation J: Clp > — End(R??).
We start from an orthonormal basis {z1, z,} for the centre isometric to R%-? and from skew-symmetric maps J. 215
Jz, € 50(2,2) satisfying J2, = J2, = Idge2, J2,Jz, = —Jz,Jz,. Choose the orthonormal basis for R*? as v; = ey,
vy = Jz,Jz,01, U3 = ], 01, U4 = ]z, v1. The matrices of the maps J,, J, written in the basis {v1, vy, v3, v4} are:

0010 0 0 0 1
[0 0 0 1 o 0o -1 0
Jo = 1.0 0 0] Jz. = 0 -1 0 O

0100 1 0 0 O

According to the relation ([vq, vgl, zi)o,2 = (JzVa, Ug)2,2 We calculate the structure constants in [vg, vg] =
Ciﬁzl +C2 522 as follows

0 0 1 0 0 0 0 1
c1_0001 CZ_OO—lO
-1 0 0 o0/}’ 0 1 0 O
0 -1 0 0 -1 0 0 O

We see that C = n2,2J, or they can be found from
vi(0, 2)Cly = ([va, Ug, Zi)0,2 = —(Vas JUg)2,2 = —viM2,2) 08 = ~(112,2) ) ap-
Since v;(0,2) = -1 fori = 1, 2, we obtain C' = 13,2/,.
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We conclude that the pseudo H-type Lie algebras n; o and ng , are isomorphic as Lie algebras. It can be
interpreted as the following illustration to Theorem 3.1. The Lie algebra n; o is isomorphic to the standard
metric Lie algebra § = R* @ € with € = span{C?, C?} ¢ so(4) and with C*, C? given by (8). This standard
metric Lie algebra is the H-type algebra because the skew-symmetric maps J,, = —-C! and J,, = —C? satisfy
the additional conditions ]gi =Idge and J;, Jz, = —Jz,Jz, . Let us check if the Lie algebra n, ¢ can be isomorphic
to the standard Lie algebra generated by other choices of so(p, q), p + q = 4.

CASES 50(3, 1) AND s0(1, 3). We calculate the matrices

0 0 1 0 0 0 0 -1
0 0 -1 0 -1 0
D'=Clns; = ,  D*=Cnsa=
131 1 0 0 O 13,1 01 0 0
0 -1 0 0 10 0 0

Since (D!, D/)s(3,1) = tr(n3,1(D)tn3,1D/) = 0, the subspace D = span{D?, D?} ¢ s0(3, 1) is degenerate, and
actually the scalar product ( . , . )s0(3,1) vanishes on D; therefore the Lie algebra n; o cannot be realised as a
standard pseudo-metric Lie algebra in R3>! @ D. The same calculations are valid for the case of so(1, 3), and
we conclude that the Lie algebra n, o can neither be realised as the standard pseudo-metric Lie algebra as
R>' oD, D cso(3,1)noras RM3 oD, D c s0(1, 3).

CASE s0(2, 2). In this case we use 17,,, and deduce the following matrices

0 0 -1 0 0 0 0 -1
0 0 -1 01 0
pt=ct = , D? = C? =
12,2 1 0 0 0 n2,2 0 1.0 0
0 -1 0 0 100 0

from the matrices in (8). In this case (D!, D')s0(2,2) = —4, (D%, D*)50(2,2) = —4, and (D!, D?)4,(2,2) = 0. The
subspace D = span{D', D?} c so(2, 2) is non-degenerate and has index (r, s) = (0, 2). Therefore, the Lie
algebra n; o can be realised as a standard metric Lie algebra R?>? & D, D ¢ s0(2, 2), and it gives the pseudo
H-type Lie algebra ng,, constructed above. The last statement is valid due to the relations ]ﬁi = Idg22 and
]zljzz = _]zzjzl-

Now we turn to the Lie algebra n; ;. Analogous calculations show that this Lie algebra can be realised in
R* ® C with € = span{C!, C?} ¢ so(4), where C!, C? are from (9), but this is not an H-type Lie algebra (with
a positive definite scalar product), see Remark 2.1. The Lie algebra can neither be realised in so(3, 1) nor in
s0(1, 3), due to the degeneracy of the corresponding spaces D. In the case s0(2, 2), the matrices

O 1 0 O 0 0O -1 O
0O 0 O 0 0 0o -1
D=t = , D? =(C? =
271 9 0 0 -1 2= 1 o o o
0O O 1 O 0O -1 O 0
satisfying (D, D) s0(2,2) = 4, (D%, D?®)s0(2,2) = —4, and (D', D?)4,(2,2) = O span a two-dimensional non-

degenerate space of index (r, s) = (1, 1) in s0(2, 2). The standard metric Lie algebra R*>2 & D, D ¢ so(2, 2),
in this case is the pseudo H-type Lie algebrany ;.

Finally, we observe that DX = CXn,., = —112.,v¥(1, 1)J;,12,2. Thus, we also have (D)t = -D, (D?)t = D?
and D is closed under transposition. It is not always the case and we discuss it after Proposition 5.2.

4 Isomorphism properties

4.11somorphisms defined by scalar products. In this section we study the uniqueness of the choice of scalar
products and start with a simple observation. Let (V, (., . )y)and (U, ( . , . )y) be non-degenerate scalar prod-
uct spaces, andletJ: U — o(V). The multiplication of both scalar products (., . )yand (., . )y by anon-zero
number ¢ does not change the bracket defined by (1).
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Lemma 4.1. Let V and U be finite-dimensional vector spaces, and let { . , . )y be a non-degenerate scalar prod-
ucton U. Let J: U — End(V) be a linear map which is skew symmetric with respect to non-degenerate scalar
products (., . )%, and (. ,. )%/. Denote by [.,.]' and [ ., .]? the Lie bracket defined by (1) with respect to
(.,. )%, and (., . %,, respectively. Then (Ve U, [.,.1Y) and (Ve U, [ ., .]?) are isomorphic Lie algebras if

1) thedirectsumV = @2’:1 Vi of J-invariant subspaces V is orthogonal with respect to both scalar products
(., pand(.,.)},

2) there are positive Ay, k=1, ..., N, such that (v, w)%,k = A {v, w)‘l,k for the restrictions of scalar products
toVi,k=1,...,N.

Proof. Letuswrite V> v = 22721 vkand Vo> w= Zl,le Wy, where vy, wi € Vi. We claim that [vg, vj]i = 0 for
vk € Vi,vj € Vj, k#j,1=1, 2. We calculate

(2, v, vl u = Jzo60)y = (U, 1)y, =0, i=1,2;0c, v, € Vi, v5 € Vj

for any z € U. The scalar product (., . )y is non-degenerate, thus [vy, U]‘]i ={0}.
The Lie algebra isomorphism ¢: (Ve U,[.,.]?) = (Ve U,[.,.]") is given by

AIdy,, k=1,...,N, v,
_ | VAdy, on (10)
Idy, onU.
In order to finish the proof we need to check that ¢([v, w]?) = [@(v), @(w)]*. We calculate
N N N
(2, o([v, WI)u = (2, [v, W)y = ) (2, [vk, Wil Do = Y, a0k Wiy = ). Aklzvk, wi)y,  and
k=1 k=1 k=1
N N
(2 [p@), oW1y = Y Alz, [vi, wid Yo = Y. ook, Wiy,
k=1 k=1
because of Condition 2) of the lemma. O

Particularly, if (. , . )%, =A{.,. )%, for some A > 0, then the corresponding Lie algebras are isomorphic.

Let us consider another example illustrating Lemma 4.1. Let (. , . )1V and (.,. )f, be two skew symmetric
non-degenerate scalar products of equal index and such that the set of spacelike (timelike and correspond-
ingly null) vectors coincide. Define the linear map S: V — V by (v, w)%, = (Sv, w)},. Then S is injective and
symmetric with respect to both scalar products. We assume also that the operator S has only real eigenvalues.
Then they are positive because if Su = Auand (u, u)}, # 0, i = 1, 2, then Au, )i, = (Su, u)}, = (u, u)?. Since
{u, u)%, and (u, u)%, have always the same sign by the assumption, we conclude that A > 0. If Su = Au and
{u, u)’;, = 0,1 =1, 2, then we change the reasonings. Let {e1, ..., en} be an orthonormal basis with respect
to(.,. )‘1,, that always exists since the scalar product is non-degenerate. Choose a basis vector ey such that
{ek, u)%, # 0. Such vector ey exists, otherwise u would be the zero vector that contradicts the requirement that
uis an eigenvector. Then (cex—u, cex—u)} = 0for c = 2(ex, ex) ¥ (ex, u)L. Setv = cex. Then (v-u, v-u)l, = 0
fori =1, 2. Thisimplies 0 = (v—u, v— u)’;, = (v, v)’;,— 2{v, u)’;,, and we conclude that the non-vanishing value
of (v, u)’%, has the same sign in both vector spaces. Thus A{u, v)%, = (Su, v)lv ={(u, v)%,, and we conclude that
A>0.

The map S commutes with J, for any z € U by

(J=Sv, W)y, = —(Sv, w)y = —(v, w)§, = Jzv, w)j, = (STv, W) (11)
Let V4, ..., Vi be eigenspaces of the map S corresponding to different eigenvalues, which we denote by
A, ...,Ay.Then Vq, ..., Vy are mutually orthogonal with respect to both scalar products because the map

S is symmetric with respect to them. Moreover, the subspaces Vi, k = 1, ..., N, are invariant under J, for any
z € Ubecause SJ, = J,S. Now we finish the proof as in Lemma 4.1.

Corollary 4.1. Let (V,(.,.)y)and (U,{.,.)y) be two non-degenerate scalar product spaces, and let J: U —
o(V). Then every scalar product { . , . )iy on U defines a unique 2-step nilpotent Lie algebra structure given by (1)
on the vector space g = V &, U.
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4.2 Isomorphism defined by skew-symmetric maps. Given a scalar productspace(V, (., . )v), thespaceo(V)
of skew-symmetric maps has a scalar product defined by the trace. Let J: U — o(V, (., . )y) be an injective
map, and let the space J(U) be a non-degenerate subspace in o(V, (., . )v). Then we can pull back the trace
metric from o(V) to U. We write

(z,2Yuc = -c*tt(J,]»), foranyz,z' €U (12)

and for any ¢ # 0. This scalar product has an index, which we denote by (r, s), and it depends on the choice of
themap J: U — o(V). The scalar product space (U, (., . )u,c) is degenerate if J(U) is degenerate with respect
to the trace metric. Let us assume that (U, ( . , . )y,¢) is a non-degenerate scalar product space, andlet|[ ., . ],
be the 2-step nilpotent Lie algebra structure on & = Ve, U defined by the map J: U — o(V) by means of (1).
The spaces V and U are orthogonal with respect to the scalar product (., .)g =(.,.)v + (., . )uc.

Definition 4.1. The Liealgebra® = (Ve , U,[.,.]lc,(.,.)g=(.,.)v+{.,.)u,) described above is called
the standard pseudo-metric 2-step nilpotent Lie algebra induced by the map J: U — o(V, (., . )v).

Example3.4withmapsJ;: R — o(V, (., . )y) for different choices of two-dimensional spaces (V, (., . )v)
illustrates Definition 4.1.

Diagonalising the matrix of the scalar product ( . , . )y, we get the matrix 17, 4 defining the standard scalar
product (U, v)p,q = Yr_, Uiv; - Zf;qﬂ uv; foru = (U1, ..., Um), v = (U1, ...,vm), m = p + q, and the matrix
of the skew-symmetric map J, will satisfy the condition 1, 4Jt1p,q = —J-. Since the trace does not depend on
the choice of coordinates we get a symmetric bilinear form defining a scalar product on U, which also can be
written as (z, z')y,c = ¢ tt(Np,qJiNp,qJ2) = —c* ttU ] 2).

Lemma 4.2. With the notation as above, if the scalar product { . , . )y, is non-degenerate, then the standard
pseudo-metric Lie algebra & induced by ] has no abelian factor. If two scalar products { . , . )%, and (. ,. )%, on
V satisfy the conditions of Lemma 4.1, then the commutator [ . , . ] does not depend on the choice of { . , . )’;,
onV,i=1,2.

Proof. If the scalar product (., . )y, is non-degenerate and the map J: U — o(V) is injective, then the Lie
algebra structure (&, [ ., . ]¢) is unique up to an isomorphism by Lemma 4.1, and & has a trivial abelian factor
by Lemma 3.1. O

Lemma 4.3. Let (V, (., .)v) be ascalar product space, let Uy, U, be two finite-dimensional vector spaces, and
letJ1: U — o(V,{.,.)v), Jo: Uy — o(V,{.,.)v) be two injective skew-symmetric linear maps such that
]1(U1) = ]2(U2) =W c O(V, ( e )V).Let &y = (V@ Uy, [ e ]1) and &, = (V@ Us, [ e ]2) be twopseudo-
metric Lie algebras induced by the maps J1 and J,. Then &, and &, are isomorphic as Lie algebras.

Proof. It suffices to construct an isomorphism between the Lie algebras &; and &, only for the case when
J1(U1) =W =U,andwhen ], =t: W — o(V, (., .)y)is the inclusion map. We define scalar products on U
and U, by
<(7 (’>U1 = _tr(]l(O]l((,))’ (s (, € Uls
(2,2, = —tt(1(2)]2(2") = - tr(zz"), z,2' e Uy =W co(V,(.,.)p).

Denoteby [.,.]%, [.,.]? the commutators constructed by means of these scalar products, respectively. De-
finethemap ¢p: Vo U; - Ve U, = Ve Why
_ IdV onV,
]1 on U1 .

Then we need to show that ¢([v, w]') = [@(v), @(W)]?. Let v,w € V, z € W be arbitrarily chosen, and let
(o € U; be the unique element such that J1({y) = z = J»(2). Then

(9(lv, wI"), 2)u, = J1([v, wI), J1($o)) v, = — tr(J1 ([, wI')]1(40))
= ([v, wI', {o)u, = J1(§o)v, W)y = (J2(2)v, why = ([v, W]?, 2)u, = ([p(v), p(W)]?, 2,

because ¢ = Idy. This finishes the proof because the scalar product is non-degenerate. O
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4.3 Action of GL(m) and gl(m) on the Lie algebra so(p, q), p + g = m. If we have two scalar product spaces
(U, (., Yv),(V,{.,.)y)and alinear operator A: U — V, then we say that the formula (ATx, y)y = (x, Ay)v
defines the transpose AT to A with respect to the scalar products (. , . )y and (., . )y. Note that At is used
for the usual transpose of A.

Let A € GL(m). Define the action p of A on so(p, q) by

Z p(A)Z = AZAW4,  where A1 =1, s A'p g, Z € 50(p, q).

Indeed, if Za = —Z, then (AZA"ra)lra = AZra Alra = —AZA"ra, We recall that the operation A"ra gives the
transpose to A with respect to the scalar product (., . ), 4. The action p is a left action on so(p, g). The map
p(A) is invertible and its inverse is given by (0(4))~! = p(A~1) which shows that p(4) € Aut(so(p, q)). Thus
the map

p: GL(m) — Aut(so(p, q))

is a group homomorphism. The differential dp of the map p is the Lie algebra homomorphism
dp: gl(m) — End(so(p, q))

defined by A — dp(A)Z = AZ + ZAra, with A € gl(m), Z € so(p, q).

Lemma 4.4. Let A € GL(m) and A € gl(m) be arbitrary elements. Then
(p(AZ, Z sop,q) = (Z, p(AP ) Z Y sop,p  and  (dP(A)Z, Z")s0(p,q) = (Z, Ap(A)Z Y sop,q)  (13)
forany Z,Z' € so(p, q). We can reformulate (13) as
(p(A)" = p(A™a),  (dp(A)" = dp(ATPa),

where T stands for the transposition with respect to the scalar product { . , . Yso(p,q)-

Proof. We calculate (p(A)Z, Z')so(p,q) = — tt(AZAMaZ") = —t1(ZAWaZ' A) = (Z, p(A"9)Z") 50(p,q) Y the trace
property. The other equality is obtained similarly. O

Lemma 4.5. All 2-step nilpotent free algebras F(p, q) with p + q = m are isomorphic.

Proof. To prove Lemma 4.5 we show that F(p, q) = RP*? @ so(p, q) with p + g = m is isomorphic to F(m) =
R™ @ so(m). Recall the definition of the Lie bracket from Example 1 and formula (6). Let v;j = —%(Ei,- - Eji),
i<j=1,...,m,beastandard basis of so(m). Then ¢;; = —%(Eij - Eji)p,g, 1 <j=1,...,m, form abasis
of so(p, q). We define the isomorphism f: so(m) — so(p, q) by f(vji) = ¢;; and extend it to the isomorphism
F(m) — F(p, q) by

ex — ek, vij > @i, forO<k<m,0<i<j<m=p+q.
It follows that

f(lvjk, i +vir]) = {0} = [Pk, ei + Pur] = [f(vjn), flei +vir)],
fles e = flug) = iy = 3 (Bij - Exdipq = lei, 5] = e, ey

Hence f is a Lie algebra isomorphism.

At the end of the proof we observe that the orthogonal basis of F(m) is mapped to the orthogonal basis
of F(p, q), p + ¢ = m under the isomorphism f. The equations (Ejj, Eqg)so(m) = —tt(EjjEqg) = 6ia0jp show
that the basis vj; is orthonormal with respect to the trace metric, and the basis ¢;; for so(p, q) satisfies the
relations ((¢ij), (Pap))sop,q) = — tr(PjiPap) = vij6iabjg, Where v;j = 1ifi <j<pori>p,andv; =-1ifj>p
andi < p. O

Lemma 4.5 allows to reformulate some results proved in [17; 18; 19] for the 2-step free Lie algebras F(p, q).
We denote by Aut(F(p, q)) the group of automorphisms of F(p, q).
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Lemma 4.6. For any ¢ < Aut(F(p, q)), there exist unique elements A € GL(m), m = p+qand S €
Hom(IRP4, so(p, q)) such that

a) ¢p(x) = Ax + S(x) forall x € RP+9,

b) ¢(Z) = AZAa forall Z € so(p, q).

Conversely, given (A, S) € GL(m) x Hom(RP9, so(p, q)), m = p + q, there is a unique automorphism ¢ €
Aut(F(p, q)) that satisfies a) and b) simultaneously.

Proof. An analogue of Lemma 4.6 for the free group F(m) was proved in [17]. Let f: F(m) — F(p, q), m = p+q,
be an isomorphism. Then, for any ¢ € Aut(F(m)) the superposition ¢ = f o ¢ o f~! is an automorphism
of F(p, q). Moreover, if S’ ¢ Hom(R™, so(m)) is such that the property a) is satisfied then f o S’ = S ¢
Hom(RP:4, so(p, q)). The converse statement follows easily. O

Let g be a 2-step nilpotent Lie algebra with dim([g, g]) = n and with an m-dimensional complement V.
Abasis B = {wq,...,Wn, Z1,...,Zy} for the Lie algebra g is called adapted if {Z1, . .., Z,} is a basis of [g, g].

If [wi, wjl = Yy Cf.‘].Zk, then the spaces Dp, g = span{C'np,q, ... , C"np,q} € s0(p, ) are called the structure
1p,q-Spaces by analogy with the structure space € = span{C?, ..., C"} ¢ so(m). The n-dimensional subspace
Dyp,q € s0(p, q) depends on the choice of the adapted basis. If {W1, ... , W, Z1,...,Z,}is another adapted

basis for g and if Dy 4 = span{C'}!, is the corresponding structure 1, 4-space, then we have AD jATra =
@I,,q for A € GL(m), m = p+q such that v; = Zj"z’l Ajjv;. This follows from the definition of the action of GL(m)
on so(p, q).

Proposition 4.1. Let d be an integer 1 < d < dim(so(p, q)). Let W1, W, c so(p, q) be two d-dimensional
non-degenerate subspaces with respect to { . , . )so(p,q)- Then the following statements are equivalent:

a) The Lie algebra F(p, q)/ W is isomorphic to F(p, q)/ W>;
b) There exists an element A € GL(m), m = p + q, such that AW,A"r.a = W;
c) The Lie algebra F(p, q)/ W7 is isomorphic to F(p, q)/W5.

Proof. First we show that the statements 1) and 2) are equivalent. For any pair (p, g) with p + ¢ = m and
Wy, Wy ¢ so(p, q) we have Winp 4, Wanp,q € so(m). The Lie algebras F(m)/(W1np,q) and F(m)/(W2np,q)
are isomorphic if, and only if, there exists A € GL(m) such that AW1n, 4A* = Wan, 4, see [17]. The last
equality can be written as AW, A"»e = W,. Let f: F(m) — F(p, q) be an isomorphism. Then W; = f(W;np )
and F(p, q)/W; = f(F(m)/(Winp,q)) for i = 1, 2. This implies that F(m)/(W1np,q) and F(m)/(W3n,, ) are
isomorphic if, and only if, F(p, q)/ W1 is isomorphic to F(p, q)/ W>.

Now we show that the statements 1) and 3) are equivalent. The arguments above illustrate also that
F(p, q)/W, is isomorphic to F(p, q)/W,, if and only if, F(m)/(W1np,q¢)* is isomorphic to F(m)/(W,np,q)*.
Define f*: F(m) — F(p, q) by

1 1
E(Eij - Ejj) E(Eij - Eji)Np.q-

e, for1<i<p,
e — .
—-ej, forp+1<i<p+aq,

Then F(m)/(W1np,q)* is isomorphic to the quotient F(m)/(Wan,,¢)* if, and only if, F(p, q)/1p,q(Winp,q)* is
isomorphic to F(p, q)/Np,q(Wanp,q)*.

It only remains to prove that W;, i = 1,2, is orthogonal to np, 4(Win,,4)* with respect to the metric
(., )so(p,q)- Forany w € W; and any v € (Winp,q)* it follows that (w, np qV)sop,q) = —tr(wnp,qv) =
(WNp,g> V)som) = 0, as Wipq € Winp g and v € (Winp 4)*. Since dim(np,q(Winp,q)*) = dim(so(p, q)) -
dim(W;) and W; is non-degenerate, it follows that 1, q(Winp,¢)* = Wl.i. a

Proposition 4.2. Let {w1,...,Wn,Z1,...,Zy} be an adapted basis for a 2-step nilpotent Lie algebra g with
the structure space C = span{C', ..., C"} ¢ so(m). Let p: F(p,q) — g, p + q = m, be the unique Lie algebra
homomorphism defined by p(e;) = wj fori = 1,...,m. Then p is surjective, and if Cnp 4 C so(p, q) is non-
degenerate, then ker(p) is the orthogonal complement (Cnjp,4)* to Cnp g inso(p, q) withrespectto (. , . )so(p,q)-
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Proof. Itis known that the Lie algebra homomorphism p, : F(m) — gwithp;(e;) = wifori=1,...,missur-
jective and ker(p;) is the orthogonal complement to C in so(m) with respectto ( . , . )so(m), See for instance [17].
We define the surjective linear map p = p1 o (f*)~!: F(p, q) — g with f* to be the isomorphism between F(m)
and F(p, q) from the proof of Proposition 4.1. Proposition 4.1 also shows that if Crjp, 4 is non-degenerate in
so(p, q), then (Cnp,q)* = np,q(C*). Since

F) 1 (Cnp,)*") = (FF) " (1p,q(€1)) = M o€ = €* = ker(p1),
it follows that ker(p) = (Cnp,q)*. O
Corollary 4.2. Let two d-dimensional subspaces W1, W, of so(p, q) be non-degenerate and let 51 = RP-9& W,

and §, = RP?2 @ W, be the corresponding standard pseudo-metric 2-step nilpotent Lie algebras. Then the
following statements are equivalent.

o The Lie algebra G is isomorphic to Gs.
o There exists A € GL(m), such that AWA»a = W,, p + q = m.

Proof. The Lie algebras §; are isomorphic to F(p, q)/W;- for i = 1, 2 by Proposition 4.2. The statement of the
corollary follows now by using Proposition 4.1. O

Corollary 4.3. Assume that g is a 2-step nilpotent Lie algebra with dim([g, g]) = 1, and assume that there exist
positive integers p, q and a non-degenerate one-dimensional subspace W in so(p, q) such that g is isomorphic
to RP9 @ W withm = p + q > 2. Then the group O(m) acts transitively by np, 4-conjugation on the set Ap 4 =
{Z € so(p, q) | rank Z is maximal }.

Proof. We define the set A,;, = {Z € so(m) | rank Z is maximal } which is Zariski open in so(m). The group
O(m) acts transitively on it by conjugation, see [17]. Note that Amnp,q = Ap,q. Forevery Z, Y € Ay, there exists
an A € O(m) such that Z = AYA™ = AYA". Then Znp ¢ = AYn} ;A" np.q = AYN ;A Np,q = AV gAPa with
ZNp,q» YNp,q € Ap,q. This finishes the proof. O

5 Lie triple systems as rational subspaces

5.1 Lie triple systems of so(p, q) and representations of Clifford algebras.
Definition 5.1. A subspace W of a Lie algebra g is called a Lie triple system if [W, [W, W]] c W.

The properties of Lie triple systems are known in the literature, see e.g. [18; 26]. We collected in [2,
Section 5.1] all necessary properties used further on. We start from an example of a Lie triple system of
so(l, 1) related to representations of the Clifford algebras Cl, 5. Let us recall Example 3.5, where the subspace
W = J(R"®) c so(l, 1) was defined by the Clifford algebra representation J: Cl,s — End(Rb!). The case s = 0
was studied in [18].

Proposition 5.1. The space W is a Lie triple system of so(l, l) with a trivial centre.

Proof. First we show that the vector space W is a Lie triple system. For any X;, X5, X3 € W, with X; =

Y21 Aijlz, Aij € R, where {Z1, ..., Zy.s} is an orthonormal basis of R"?, it follows that
r+s
X1, [X2, X3]] = Z MjAauAsilzs Uzis Tz,11- (14)
k=1

If we prove that [Jz;, Uz, Jz]]l € Wforallj, k, 1 € {1,...,r+ s}, then it will follow that [Xy, [X2, X3]] € W.
We recall that Jz,Jz, = —JzJz forall j # k. If all indices j, k, [ are different, then

UZ}') []Zk)]ZI]] = []Z/')]Zk]ZI] - []Zj’]Z]]Zk] :]Z]']Zk]ZI _]Zk]ZIJZ}' _]Zj]ZIJZk +]Z[]Zk]Z,' = {0} € W

Ifj =k, then [Jz, Uz, Jz]1l = ~4(Zj, Zj)rs]z, € W.Ifk = lorj = k = I, then [Jz, [z, Jz]] = {0} € W. So we
conclude that W = J(R"®) is a Lie triple system.
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Let us show that the centre 3(W) of W defined by
3(W)y={aeW][a,b]=0forallb € W} (15)
is trivial. For any Z, Z' € R"S we obtain
UzsJz1=Jzlz =Jz)z = 220z +{Z, 2" s1dy, if (Z,Z'),s#0.

Let us assume that the centre 3(W) is non-trivial, that is there exists Z € R"$, Z + {0}, such that [Jz, Jz] = {0}
forall Z' € R"S. There are two possible cases: (Z, Z),s # 0 and (Z, Z),s = 0.

Case (Z,Z):s # 0. Then ]% = —(Z, Z); s Idy implies that Jz is invertible. The orthogonal complement to
span{Z} is a non-degenerate scalar product space, and there is Z' € (span{Z})* such that (Z', Z'), s # 0. Then
Jz is also invertible and so is JzJ 77, which yields Jz] 7 + {0}. It follows that [Jz, Jz'] = 2] 7]z # {0}, which is a
contradiction to the assumption that J; € 3(W) with Z # {0}.

Case (Z,Z),s = 0. First we note that Jz cannot be invertible since ]% = {0}. Let Z’' be an element of R"*$
such that (Z, Z'), s # 0, which exists because { . , . ),,s is non-degenerate. Then, since J; € 3(W), we obtain

Uz,Jz] = =2]zJz+(Z, Z")1,s1dy = {0},

which is equivalent to Jz1Jz = 2(Z, Z'),sIdy. Hence J; is invertible with the inverse (2(Z, Z'},s) 1] z. We
again come to a contradiction. a

It is not difficult to see that £L = W + [W, W] is a Lie subalgebra of so(l, I) and the following is true.

Proposition 5.2. Let W be a Lie triple system of so(l, l) defined by a representation of the Clifford algebra. Then
L=W+[W,W =[L, L]

Proof. It was shown in Proposition 5.1 that Z(W) = {0}. The space £ is a subalgebra so(l, 1), and the centre of
W coincides with the centre of £, see [2, Proposition 11]. This finishes the proof. ]

Working with a subalgebra £ of so(p, ) we use the following definition of the transpose: Dt = -, 4Dnp, 4.
It is not true in general that D € £ implies Dt € £. Any vector subspace C ¢ so(m) is closed under transpo-
sition, because C ¢ Cimplies Ct = —C ¢ C. It is not generally true for vector subspaces of so(p, ). They are
only closed under the np, 4-transposition: D = 1, , Dy, 4 = -D.

Proposition 5.3. Let C c o(m) and let np 4 = diag(l,, —I4). Define

D1 =Cnp,g» D2 =1np,eC Cso(p, q).

Then, if the indefinite scalar product { . , . )so(p,q) iS non-degenerate on D1, then it is non-degenerate on D, and
on D1 + D,. Moreover, the space D1 + D> is invariant under transposition and involution

0: so(p,q) — so(p,q): X — Np,gXNpq-

Proof. We can show that D; = np, 4C; € D,, are linearly independent if C; € C are linearly independent by the
same arguments as in Lemma 3.2. Observe that the equations 8(D1) = 1, D11p,g = Np.qCNp.4 = Np.q€ = D2
imply that Dtl = —-0(D1) = —D,. The space D1 + D, is invariant under the transposition and involution 6,
because (D1 + D)t = —(Dy + Dy) and (D1 + Dy) = D1 + Do.

If the metric (., . )so(p,q) is NOn-degenerate on D4, then for any X € D, thereis Y € D, such that
(X, V)so(p,q) = —tr(XY) £ 0. Then

(Mp,aXNp.q> Mp.g YNp.q) so(p.q) = — 1(1p,qX¥Np,q) = —tr(XY) # O
and (., . )so(p,q) is NON-degenerate on D,. m|
Corollary 5.1. Under the assumptions of Proposition 5.3, the subspaces D1 and D, are isometric.

Proof. Since 8(D4) = D,, we have — tr(DD') = —tr(np,anf,,qD’np,q) = —tr(8(D)O(D")) for D, D' € D;. O
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The Lie triple systems W associated with a representation of a Clifford algebra yield simple or semisimple
subalgebras £ = W + [W, W] of so(l, I). Before we formulate the precise statement and prove it, we give the
following lemma.

Lemma 5.1. Let a Lie triple system W be associated with a representation of a Clifford algebra J: Cl, s —
s0(l, 1). Then the Lie algebra L = W + [W, W] is generated by the basis

{]Zl’]Z]]Zk’ i’j) k): 1, AR r+s)j < k}’
where Z1, ..., Zy,s is an orthonormal basis for R"S.

Proof. Recall that we have the relations JzJz + Jz1Jz = =2(Z, Z'); s Idgi: where Z, Z' € R"S. Let {Z1, ..., Zn},
n = r + s, is an orthonormal basis for R™$. Then the following commutation relations

Uz Iz =2zJzs Uz UzsJz11 = ~4{Zi, Zi)rslz;s Uz Uz, Jz 1] = {0}

hold. Thus the Lie algebra £ = W + [W, W] is generated by the set {/z,,JzJz | i,j,k=1,...,n=r+s}.
In order to show that {Jz,,JzJz | i,j,k = 1,...,n,i < j} is a basis, we proceed by induction. Recall that
Jz,» ... ,Jz, are orthogonal to each other, hence linearly independent. If r + s = 2, then we have

Jz,0, ]z 02,0011 = (v, Jz,v)1,1(Z1, Z1)r,s =0 forany wve Rb,

Analogously (Jz,v, Jz,Jz,v)1,1 = O forany v € R We conclude that J 7, and Jz, are orthogonal to Jz,Jz,, and
hence, {Jz,,Jz,,Jz,Jz,} is a linearly independent system.

Let n = r+s > 3. For the induction step we assume that we are given a set of linearly independent opera-
tors {Jz,, JzJz} fori,j,k=1,...,d < nwithi < j. By adding one operator Jz,,, # {0} with (Zg,1, Zg+1) = *1
to the set we aim at proving that it remains a set of linearly independent operators. By contradiction, assume

that there exist A1, ... ,Ag, #1,2, ... , Ha-1,a € Rsuch that
d
Jz41 = Z Az, + Z Wiz ]z (16)
k=1 1<i<j<d

We calculate O = [Jz,.,,, Jz4.,] = 2(X%_, AkJz,)]z,,, and obtain Y | AiJz, = {0} as Jz,,, is invertible. It follows
that Ay = O forall k = 1, ..., d by the induction assumption. Substituting the values of Aj in (16) we obtain
J241 = leiqsd Mi,jJz ]z We choose now any pair of indices I, m € {1, ..., d} such that Il < m and calculate

{0} = Uzgos JzJz,) = 2020, Z1) ), auidzJz +2Zms Zn) ). BsumsIz)z,
ke{1,...,d)\{l} s={1,...,d}\{m}
where ay, Bs = +1. This implies that pj,m = O foralll, m € {1, ... , d}, l < m, since the operators {Jz,Jz | i,] €
{1,...,d}, i< j}arelinearly independent by assumption of the induction. But then Jz, , = {0} in (16), which
yields a contradiction. Thus we conclude that the operators {Jz,, Jz,,,, Jz.J 7} fori,j,k=1,...,d,i<j,are
linearly independent. By this method we can add any operator J. Z 9= d+1,...,n,with(Z,, Z;) = +1,and
obtain a linearly independent set.

Now we assume that we are givenaset {Jz,, Jz,,,,JzJz}, k. i,j € {1, ... , d}, 1 < j, of linearly independent
elements. We will prove that adding an element of the form Jz,Jz,, with a fixed t € {1, ..., d}, we obtain a
new set

Uzes 72400572025 J2J 2403k, 1§ € {1, ..., d}, i< j}

which is still linearly independent. Assume that there are real numbers A1, ... , Agi1, H1,25 - - - 5 Hd-1,4 Such
that
d+1
JzJ240 = Z Az, + Z Mijlz ]z (17
k=1 1<i<j<d

We calculate

Oy =UzJzansJz =2 Y MzJz-2 Y  wislZaZ)z+2 Y MislZs, Zs)z
ke{1,...,d+1}\{s} ie{1,...,s-1} ie{s+1,...,d}
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foranys € {1,...,d}\ {t} and arrive at

Az Jdzo= Y, Mzdz - Y MisZs,Zz+ Y Mis(Zs,Z)z.  (18)
ke{1,...,d}\{s} ie{1,...,5s-1} ie{s+1,...,d}
If Ags1 = O, then it follows that Ay = u; s =Oforallk e {1,...,d}\ {s},i € {1,...,d}\ {s} by the induction
assumption. Since s was chosen arbitrarily we can continue the proof and assume that 14,1 # 0. Then, for
anya € {1,...,d}\{s}

{0} = -Aqs1Uz4 02, T2, ] = —2AalZay Za)) 2,

-2 Y wislZe, ZzJz +2 Y Mis(Zs, Zs)z) 2,
ie{1,...,s—1}\{a} ie{s+1,...,d}\{a}

As{Jz.,JzJz, | i € {1,...,d}\ {a, s}} is linearly independent, it follows that A, = p;s = Oforall s €
{1,...,d}\{t}, forany choiceof a € {1, ... ,d}\{s},and fori € {1, ..., d}\{a, s}. Hence, adding the element
JzJz4,s t = 1,...,d + 1, we again obtain a linearly independent set. This implies that the set {Jz, JzJz},
i,j,k=1,...,n,i<jisabasis for L. O

Theorem 5.1. Let J: Cl,s — so(l, 1) be a representation, and let W = J(R"®) c so(l, l). Then the Lie algebra
L =W+ [W, W]issimpleif (r,s) ¢ {(3,0), (1, 2)}, and it is semisimple if (r, s) € {(3, 0), (1, 2)}.

Proof. Letusassumethath c £isanideal: [h, £] c h. We aim at showing that the only possible ideal is either
trivial or the whole £, unless (r, s) ¢ {(3, 0), (1, 2)}. In the latter case we show that £ is the direct sum of two
ideals.

CASE 1. Let us suppose that Jz € b, with Z # {0} and (Z, Z), s # 0. Then, normalising Z, we can assume

that there exists an orthonormal basis {Z1, ..., Z,} with Z = Z;. So,
2h 3 Uz, Jz1 = 2]z,Jz, j=2,...,n,
b5 Uz, Uz, Izl = -4{Z1, Z1)rs)z;,  j=2,...,1,
h>Uz,Jzl=2]z]z, i,j=1,...,n,i+]j.

We see that all generators of £ are contained in h, which implies that h = £.

Let us assume now that Jz € h, with Z + {0} and (Z, Z), s = 0. Choose an orthonormal basis {Z1, . . ., Zu},
such that Z = 27:1 AkZ with A; # 0. Note that there is at least one more coefficient Ay # 0. Then [Jz, Jz,] =
2Y o AdzJz, = 2]y)z, in b, where we set Y = Y}, AiJz,. Note that (Y, Y),s # 0, (Y, Z1),s = 0. Then
b > Uyvlz,,Jz] = -2{(Z1, Z1)rs]y. So we reduce the problem to the previous case, concluding that h = £.

CASE 2. In this case, we assume that h = }; < AijJzJz € band A1; # O, otherwise we can change the
numeration of the basis. Then

r+Ss

b5 Uz, hl = 2(Z1, Z1)rs Y Aijlz; # {0},
j=2

because [Jz,, [J. zJz 1] = {0} for i + j # k. We apply now Case 1.

CASE 3. We assume now that h € b is a linear combination of J, and JzJz forsome k,i,j=1,...,r+s.
Consider threecases: r+s=2,r+s=3,andr+s > 4.

Letr+s = 2. Let {Z1, Z,} be an orthonormal basis for R"”® such that h = A1Jz, + A2Jz, + A3Jz,Jz,, where
at least A; and A3 are different from zero. Then

b3 Az, + Az, +A3)z,)z,,)2,) = 200 2,02, + 2A3(Z1, Z1)1,s) 7,

If A, = 0, then we apply the arguments of Case 1. If 1, # 0, then

b3 [A3(Z1, Z1)rs)z, + Aad 2,07, 2,1 = 2A0(Z2, Z2) v s 2, s

and we again reduce the proof to Case 1.
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Letr+s>4.Leth>h=Y" Mz + Yi<jMijJz )z, where the basis {Z1, . . ., Zs} is orthonormal and at

least two coefficients do not vanish, say A, #+ 0 and u1,, # 0. Then

r+s

hshy=1[hJz]= Z ANz Jz, + 2421, Z1)rs lel,jfz,-, (19)

k=2 j=2
We have h; # {0} since otherwise this contradicts the assumption A, # O and y;,, # 0. Taking the commutator

with Jz,, we obtain

b3 hy = [h1,]z7,] = 205(Za, Zodrs)z, + 4421, Z1)es . M)z )z,
j=3

The vector h, # {0} since A, # 0. We take the commutator with /7, and obtain
h > h3 = [hy,]z,] = 4A2(Z2, Z2)rs] 2, )z, + 8(Z1, Z1)r,s{Z3, Z3)r,sM1,3) 2, -
If we are still not in Case 2, we take the commutator with Jz, and obtain
b > hy =[hs3,Jz,]1 =16{Z1, Z1)rs{Z3, Z3)r,sM1,3)2,) 2,-

Thus the proof is reduced to Case 2.
Let r + s = 3. We start as in the previous case and obtain the vector

b3 h3 =1[hy,Jz,] = 4A2(Z2, Z2)rs) 7, )7, + 8(Z1, Z1)r,s{Z3, Z3)r,s11,3) 2, -

Since we do not have an element Jz,, we can only take the commutators with Jz, or Jz,Jz, k,i,j = 1, 2, 3.
Anyway we are able to produce either zero vectors or an element of the same type as h3, namely a linear
combination of Jz, and JzJz fori #j # k, 1,j, k=1, 2, 3.

Thus, without loss of generality, we can assume that the ideal h of £ contains anelement h = Jz, +AJ 2,/ z,,
A # 0. We calculate

(h,Jz,] = {0},
hi =1[h,Jz,]1 =2]2,]z, + 2MZ>2, Z2) 1) 7,
hy =[h,Jz,) = 2]7,Jz, — 2MZ3, Z3)15) 7,5
hs =1[h,Jz,Jz,]1 = -2{Z1, Z1)rs)z, + 2MZ2, Z2)r,s) 2, ] 7,
hy =[h,Jz,]z,) = -2{Z1, Z1)rs)z, — 2A{Z3, Z3)r,5)2,] 2,
(h,Jz,]z,] = {0}.

If h1 and hy are linearly independent, then their span in f contains Jz, and Jz, /7, and we continue the proof
as in Cases 1 or 2. The same arguments are applied when h, and hs are linearly independent.

We assume that neither hq, hy nor h,, hs form a linearly independent pair of vectors. Since the basis
{Z1, Z,, Z3} is orthonormal, the vectors hy, h,4 can be linearly dependent only if A = +1. To distinguish the

values of the vectors, we write the superscript * for the case A = 1 and the superscript ~ for the case A = —1.
Assume now that A = 1. We write h = h* = Jz, +Jz,Jz, and obtain

hy =2((Z2, Za)rs)zs + 1z, J2,)s  hy = 2(=(Z1, Z1)rs)z, = (23, 230,50 2,) 2,)-
It suffices to consider the following different cases. If
(Z1,Z1)rs =22, Z2)r,s =(Z3,Z3)rs =1 and  —(Z1,Z1)rs = (22, Z2)rs = —(Z3,Z3)rs = 1, (20)
then hi = —h; = 2(Jz, +Jz,Jz,) or hi = h; = 2(Jz, +Jz,Jz,), respectively, and

b3 [0, hi] = 4(2022, Z2) sl 2 )z, = (21, Za)rs +(Za, ZaYs(Z3, Z3)5)) ;)
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for this choice of signatures of the scalar product (. , . ), s. We see that b > [h*, h]] = 4h] = 4hj. In the cases
(Z1, Zl)r,s =—(Z,, ZZ)r,s =—(Z3, Z3>r,s =1 and -(Zj, Zl)r,s = —(Z,, ZZ)r,s =(Z3, Z3>r,s =1, (21)

wehave h] = h; = 2(-Jz,+Jz,Jz,) ot h] = —h;, = 2(=Jz,+Jz,Jz,), respectivelyand b > [h*, h]] = —4h] = 4h3.
Analogously, we consider the possibility when A = —1. We use the notation h™ = Jz, — Jz,Jz, and obtain

hI = 2(—(Z>, ZZ)r,s]Z3 +]Z1]ZZ), hZ = 2(—(Z4, Zl)r,s]Z; +(Z3, ZB)r,s]ZJZZ)-

If the signature of the scalar product (., . ), satisfies (20), then h] = hy = 2(=Jz, +Jz,Jz,) ot h] = -h, =
2(=Jz, +Jz,Jz,), respectively. Since

h>[h,h]]= 4(—2(22, ZVrslz )z, + (21, Z1)rs — (22, Z2)1,5{Z3, ZB)r,s)]Zz),

we obtain by > [h*, h]] = -4h; = 4h3. In the case (21) we have either h] = -h;, = 2(Jz, + Jz,Jz,) or h] = h, =
2(Jz, +J2,Jz,), respectively, and b > [h*, h]] = 4h; = 4h3.

We come to the following conclusion. The cases of the signatures considered in (20) and (21) correspond
to the cases R = R3% and RS = R1:2, Itis easy to see that in both cases the Lie algebra £ = W+[W, W]is the
direct sum of two ideals by, = span{h., h], hj}and h_ = span{h_, h7, h;} and the Lie algebra £ = W + [W, W]
is semisimple. O

Corollary 5.2. If W is a Lie triple system as defined in Theorem 5.1, then L = W + [W, W] is reductive.
As a consequence we also obtain a new proof of Proposition 5.2.

5.2 The Lie triple system W is a rational subspace of £. The main aim of this section is to show that in the
case of the trivial centre 3(W) of the Lie triple system W of so(p, q), the set W is a rational subspace of L.
Let us assume that £ = W + [W, W] is reductive. So £ = 3(L) & [£, £], where 3(L) is the centre of £. Since
3(L) = 3(W), we obtain that £ = [£, £] is a semisimple Lie algebra in the case 3(W) = {0}. As we saw in
Corollary 5.2, it is the case when the Lie triple system W is defined by a Clifford algebra representation.

It is a well known fact that any complex semisimple Lie algebra g admits a basis in which the structure
constants are integer. The real basis for the compact real form can be easily recovered, and the structure con-
stants are half integers, see, for instance, [9; 32]. Recently an analogous result for an arbitrary real semisimple
Lie algebra g was obtained in [28, Theorem 4.1]. An explicit form of the real basis was recovered from the com-
plex semisimple Lie algebra g¢ by using the Cartan involution and the Killing form. We will not use the exact
form of this basis, the only important fact for our purpose is that the structure constants are rational, more
precisely, they belong to %Z, see [28]. We denote this basis by Cy and called it Chevalley basis referring to
C. Chevalley, who constructed analogous basis for real compact forms.

Definition 5.2. Let g be a Lie algebra having rational structure constants with respect to a Chevalley basis Cj.
Then the set spang{C,} is called the rational structure of the Lie algebra g. A subspace U of g is called a
rational subspace with respect to the rational structure spang {Cg}, if there is a basis By with By ¢ spang{Cy}.

Proposition 5.4. Let L be a semisimple Lie subalgebra of so(p, q) such that £ = p & t, where p and t form the
Cartan pair, [t, t] € t, [t, p] S p, [p, p] € t. Then p and t are rational subspaces of £ with respect to spang{C.}.

Proof. We define the involution by the rule 8(p + k) = —-p + k, forall p € p, k € t. It is an isomorphism for the
real semisimple Lie algebra £. Construct the complex Chevalley basis for the complexification £ ® C of £ by
making use of the unique complex extension O of the involution 6 and the conjugation on £ ® C with respect
to the real form £. Then applying the construction of [28] we recover the real basis € for the real form £.
Hence p and t have the basis in spani z1Cc} C spang{L}. O

Corollary 5.3. If W is a Lie triple system of so(p, q) with trivial centre, and if L = W & [W, W], then W is a
rational subspace of £ with respect to the rational structure spang{C }.

Proof. If W is a Lie triple system of so(p, q) with trivial centre 3(W), then £ = [£, £]. The pair We [W, W] =
p @t = L is the Cartan pair because W is a Lie triple system. Then we finish the proof by applying Proposi-
tion 5.4. O
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Now let us assume that £1 = W n [W, W] # {0}. We need to show that W has a basis in the rational
structure spang{Cs}. Note that £ is an ideal of £ = [W, W] + W because £ is adw and ad;w,w) invariant,
see [2, Proposition 11]. Let £, be the orthogonal complement to £, with respect to any ad-invariant inner
product (., . )¢ on L. Then £, is also an ideal of £. Indeed

([X, L2], L1) o = =(L2, [X, L1]) o € (L2, L1) 2 = 0.

Thus we have two ideals £1, £, of £ such that £; n £, = {0}. This implies that they are also orthogonal with
respect to the Killing form B, and therefore the condition £ = [£, £] of semisimplicity leads to the fact that
B is non-degenerate on both £ and £,. Moreover, the restrictions of B on the ideals £, and £, define the
Killing forms B, and B, of them.

Proposition 5.5. Every Lie triple system W of so(p, q) with trivial centre is a rational subspace of a semisimple
Lie algebra £L = W + [W, W] = [£, L] with respect to the rational structure spang{C.,} ® spang{Cc,}.

Proof. Let us denote £, = Wy, and let W, be the orthogonal complement to W1 in W with respect to the
ad-invariant positive definite scalar product ( . , . ) o, which we have used before for the definition of £,. Let
V5, be the orthogonal complement to W in [W, W] with respect to thesame (., . ). Then W = W; & W>, and
(W, W] = W1 & V5. Obviously, W, n V, = {0} and W, & V, ¢ £, = £1. Thus

L1®52=L=W+[W,W]=(W1®W2)+(W1®V2>=Wlﬂ)(WzG)Vz)QL]@Lz

and we conclude that £, = W) & V5.
Observe also that £1 = W; and W, are Lie triple systems of so(p, q), satisfying [W1, W>] = {0}, see the
proof in [2, Proposition 10]. So,

[Vo, W]  [[W, W], W] c Wy, and [V, Wq] c [[W, W], Wy] c W4, (22)
(Wy, Wo] c [W, W] =WqreV,, and ([W,, W], Wi)o = (W3, [W,, Wi])¢ = {0},

which implies that [W,, W] c V,. Finally,

[Va, Vo] c [[W, W], [W, W]] c [W,W]=W;eV, and
([Va, Vo], Wi) o = (Vo [Vo, Wil) g € —(V2, Wi) s =0

by (22). Thus the semisimple Lie algebra £, admits a decomposition £, = W, & V,, where W and V, form a
Cartan pair. Moreover, there is a Chevalley basis C, such that W, is a rational subspace of £, with respect
to spang{C.,} by Proposition 5.4.

Asasemisimple Lie algebra £ admits the Chevalley basis €, , the basis C = C;,UC, isa Chevalley basis
for the Lie algebra £ = £1®L,. We define the rational structure of £ by spang{C} = spang{C., }@spang{Cs,}.
Now W = £ @ W, is a rational subspace of £ with respect to spang{C}. |

6 2-step nilpotent Lie algebras admitting rational structure
constants

In this section we show that the standard pseudo-metric Lie algebra § = V @ W admits rational structure
constants if W is a Lie triple system of o(V) being a rational subspace of the Lie algebra £ = W+[W, W] c o(V).
Another important result is that the Lie algebras & from Definition 4.1 also admit rational structure constants
under a special condition on the map inducing the standard pseudo-metric form on &. We start from some
general properties of subspaces of End(V).

6.1 More about rational structures. Let V be an m-dimensional vector space, and let W be a k-dimensional
subspace of End(V).
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Definition 6.1. A subspace W is called a rational subspace of End(V) if there are bases By = {v1, ..., vn} of
Vand By = {{3, ..., {x} of W such that

(j(spanq{By}) < spanq{By} forall {j € By.

Thus the basis for W leaves invariant the rational linear combinations of By. It is equivalent to the fact that
{; € By written as a matrix in the basis By has rational entries.

Example 6.1. Let V = RP9. Let A4, ...,Ax € so(p, q) be arbitrary matrices with rational entries and W =
spang{Aj, ..., Ax}. Then W is a rational subspace of so(p, g) ¢ End(R™), m = p + q.

Let Z be an n-dimensional vector space, and let J: Z — End(V) be a linear map.

Definition 6.2. A map J: Z — End(V) is called rational if there are bases By = {vy, ..., vy} of Vand By, =
{z1, ..., zn} of Z such that

Jz;(spang{By}) < spang{By} forallz; € By.

Thus, if the map J: Z — End(V) is rational, then the space W = J(Z) is a rational subspace of End(V) with
respect to the bases
By ={v1,...,vm} and Bw={{1=/)z,...,¢n =)z}

If moreover, the map J: Z — End(V) is injective and W = J(Z) is a rational subspace of End(V) with respect
to the bases By and By, then ] is a rational map with respect to the bases By and By, = {z1, ..., zn} with

]Zi =(i€Bw.

Example 6.2. Let W be a rational subspace of so(p, g) ¢ End(R™), p + g = m. Then the inclusion (: W —
End(R™) is an injective and rational linear map. Moreover, it is skew-symmetric in the following sense,

(t(Qv, W)p,q = ({(v), W)p,q = —(v, ((W»p,q = —(v, I(OW>p,q-

First we show that if A € GL(R™) and if W is a rational subspace of End(IR™), then the inclusion map
1: AWA™! — End(R™) is injective and rational linear. To see that ( is rational we choose the bases Br» and
By satisfying Definition 6.1. Then the matrices { € W written in the basis Br» have the same entries as the
matrices A(A~! € AWA™! written in the basis A(Brn). So, all matrices from ABwA~! have rational entries
written in the basis A(Bgrn), and therefore the space AWA™! is a rational subspace of End(R™) relative to the
bases Bawa— = ABywA~! and A(Bgn).

Now we want to show that any map from AWA~! is skew-symmetric with respect to some scalar product
if W c so(p, g). Recall that (A1)« = (A"r.4)~1, We define a matrix M = (A"»4)"1A~! and the scalar product
(v, w)u = (v, Mw)p 4. Then we obtain for any { € W ¢ so(p, q), A € GL(R™), m = p + g, and for arbitrary
0, W € spanp{ABRn} that

(AGA Y0, Wy = (AGA™T Av, MAW)p 4 = ({v, AT MAW), 4 = —(v, (W) q
= (A0, ATra MALA™ W) p g = —(D, (ATP0) LA a MAJAT W) p g = —(0, AQA W) .

Definition 6.3. Avector space V is called W-irreducible for W ¢ End(V) if no proper subspace of V is invariant
under all elements of W.

Let (., . )y be a scalar product (non-degenerate bilinear form) on V. If a vector space W is a subspace
of o(V,(.,.)y) ¢ End(V), then the scalar product (., . )y is called W-invariant. Notice an analogy with
the invariant scalar product on Lie algebras, where it is equivalent to the fact that the adjoint map ad, is
skew-symmetric with respect to this scalar product. Having in mind Definition 4.1, we formulate the following
statement.

Theorem 6.1. Let Z be a finite dimensional vector space, (V, (., . )v) a scalar product space, and let the map
J: Z — o(V,(.,.)y) c End(V) be injective and rational. Let V be W-irreducible for W = J(Z). Then the
standard pseudo-metric Lie algebra ® = (V& Z, [ ., .]) induced by J admits a basis with rational structure
constants. Here V.= (V, c{.,.)y) withc # 0.
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Proof. We give the proof in several steps.

STEP 1. Let (V, (., . )yv) be an m-dimensional scalar product space with a basis B‘g = {v1,...,vun} such
that vi; = (v;, vj)v € Q, for instance we can take an orthonormal basis. Now we claim: if v € V is such that
(v,vi)y € Q forallv; € Bg, thenv € spanQ{Bg}. Indeed, for v = }; xxvi the linear system y; = (v, v;)v =
Y« Xk{vk, vi)v has rational coefficients (vi, vi)v and y; € Q. It is clear that the solutions x; are rational num-
bers.

STEP 2. Consider now an arbitrary k-dimensional rational subspace W ¢ End(V) with respect to bases
By ={v1,...,vptand By = {(3, . . ., {k}. Let us also assume that there is a scalar product ( . , . )y, such that

WcolV,{.,.)y) c End(V) and (v, vpveQ, 1,j=1,...,m.
Consider a Lie algebra G = (Ve W, [ ., . ]g) with the Lie bracket defined by

(€, [v, V') ov) = ({(v), V).

We claim: the Lie algebra S has rational structure constants with respect to the basis {v1, ..., vm, (1, ..., Ck}.
Indeed, W c End(V) is a rational subspace, the matrices of all {; € By written in the basis By have rational
entries, and therefore (i, {j)ov) = —tr({;{j) € Q, 1,j = 1,..., k. Moreover, since (vq, vg)v € Q, a, =
1,...,m, wealso have ({j(vq), vg)v € Qforalli=1,...,k a,f=1,...,m. Thus,

<<‘l’) [Ua, U/B]S)o(V) = (Cl'(va)a vﬁ)V € Qy

which implies [vq, vg]g € spang{Bw} by Step 1.

So it remains to show that we can modify a given scalar product( . , . )y toanewone( ., . )}, such thatall
hypotheses of Theorem 6.1 are still satisfied, and moreovet, (vq, vg)}, € Q. Then by Lemma 4.3 we conclude
that the Lie algebras § and & are isomorphic, and therefore ¢ admits rational structure constants. We still
need some auxiliary results.

STEP 3. If there are two W-invariant scalar products < . , . )%, and { . ,. )%/ on V, and moreover, V is W-
irreducible, then ( ., . )3, = ¢{ ., . )} forsome c + 0.Indeed, we defineamap S: V — Vby (v, w)% = (Sv, w)},
and the transformation S is symmetric with respect to both scalar products and commutes with all elements of
W as it was shown in (11). Thus the elements of W leave invariant the eigenspaces of S, and the irreducibility
of V implies that S = cIdy, ¢ # O.

STEP 4. Let us set up our considerations in a more general perspective. Let us denote any bilinear sym-
metric form on a space V by b, and the space of all possible bilinear symmetric forms on a space V by B. So
B is a real vector space. We define the action of End(V) on B by

Xb(v,w) = b(Xv,w)+ b, Xw), X eEnd(V),v,we Vandb € B.

Thus if X € End(V) is skew-symmetric with respect to b, then Xb = {0}, and we say that b is X-invariant.
A symmetric bilinear b is W-invariant if Xb = {0} for all X ¢ W c End(V).

Let by = (.,. )}, be a non-degenerate W-invariant bilinear symmetric form on V, and let V be W-
irreducible. Let X = {b € B,| bis W-invariant}. Then X # 0, since b; € X. The space spany{b1} belongs
to K, because if by is W-invariant, then cb; is W-invariant for any c. If we assume that there is beB linearly
independent of by, then b is not W-invariant by Step 3. Thus we conclude that dim K = 1. For the future
purpose we only need the fact that dim X > 1.

STEP 5. Let V be W-irreducible relative to W c o(V, (., . )v), and let W be a rational subspace of End(V)
with respect to the bases By = {v1,...,vm}, Bw = {(1, . .., (y}. We claim: there exists a constant ¢ + O such
thatfor (.,.)y, = c{.,.)v theinclusion W c o(V, (., .)},) holds and (v;, vj)}, € Q, for all v; € By. To show
this, we start by taking the dual V* of VV and by choosing the basis By~ = {v], ..., vy} such that v (vj) = 6.
It allows us to choose the basis {bjj}1<i<j<m Of B by setting b;; = %(v? ® v]fI= + vj* ®v;). Then

1 lfl = ] == ﬁ,
bij(va,vp) = 1% ifi=a,j=PB,i#],
0 otherwise.
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Observe that since the action of End(V) on B is linear, we obtain

Sk(spang{{bijhi<i<j<m}) S spang{{bij}isisj<m} for all {x € By. (23)

Now we define the map =: B — B" by Z(b) = ((1(b), ..., {n(b)) for {y € Byw. Then it is clear that
Z(spanq{{bij}i<icj<m}) S spang{{bij}1i<icj<m} by (23) and ker(Z) = XK. We need only to find a non-zero form
b € P = ker(8) n spang{{bij}1<icj<m}. Let us assume that b € P. Then we can write b = ¥,_; gi;b;; with g € Q
and b(vq, vg) € Q. Then b = cb, where b(.,.) = (.,.)y, ¢ # 0 by Step 3. If ¢ > 0, then the form b* has the
same index (p, q) as the original scalar product, and if ¢ < 0, then the index is (g, p).

Denote N = dim(B). The map £: B — B" and the basis {b;j}ij define a basis in B" in a natural way.
Then the (nN x N)-matrix A for the map = has rational entries by (23), and therefore the determinant of any
(k x k) sub-matrix belongs to Q. Hence rankg(A) = rankr(A4) and kerg(A) = kergr(A). Because of dim(X) =
dim(ker(Z)) = kerr(4) = 1, we can find a non-zero element in ker(Z) N spang {{b;j}1<i<j<m} by Step 4. This
proves the theorem. O

Applying the Mal’cev criterion we obtain the following corollary.

Corollary 6.1. If G is a simply connected 2-step nilpotent Lie group with the Lie algebra & as in Theorem 6.1,
then the group G admits a lattice.

Let a semisimple Lie algebra £, acting on a finite dimensional space V, possess the following property:

(®B) the vector space V admits a basis By and the Lie algebra £ admits a basis € such that € leaves the
rational structure spang{By} invariant:

(k(spang{Bv}) ¢ spang{By} forall {; € Cg.

We remark that if £ is a semisimple Lie algebra of a compact subgroup G of GL(V), then the representation
p: G — GL(V) has the property that the vector space V admits a basis By such that dp(C ) leaves the integer
structure spany{By} invariant and, as a consequence, leaves the rational structure spang{By} invariant. Thus
for the Lie algebras of compact Lie groups the property (8) always holds.

Theorem 6.2. Let L c o(V,(.,.)v) be a subalgebra that admits a Chevalley basis C such that the struc-
ture constants with respect to this basis are rational, and let W be a rational subspace of L relatively to the
rational structure spang{Cs}. Assume also that V = P V; where each V; is W-irreducible and admits a W-
invariant scalar product { ., . )v,. Moreover, assume that the basis C satisfies the property () for all V;.
Then there exists a scalar product { . ,.)g on V & W such that the standard pseudo-metric Lie algebra G =
(Ve W,[.,.],(.,.)qg)admits rational structure constants.

Proof. Let By = {{1,..., G} < spang{C}. By the hypothesis of the theorem we can find a basis By, such
that the matrices for all C* € € have rational entries when they are written in the bases By, for all j. Since
Bw ¢ spang{C.}, the subspace W c End(V;)) is a rational space relative to the bases By and By, for each j.
Then for any V; we can modify the scalar products (., . }y; such that (vq, vﬁ);j € Q for any vq, ug € By, in

the modified scalar product. Let By = {v1, ..., vn} be a union of bases {By,}, and let (., . )} = Pe(.,. )*Vj.
It makes the direct sum €p V; orthogonal. Then the bases By and By satisfy the conditions of Step 2 of the
previous theorem, and therefore the Lie algebra VV @ W has rational structure constants. O

Theorem 6.3. Let (V,{.,.)y) be a finite-dimensional scalar product space. Let W be a Lie triple system in
o(V, (., .)y) with trivial centre. If the vector space V and the Lie algebra £L = W + [W, W] satisfy condition (5),
then the standard pseudo-metric 2-step nilpotent Lie algebra G = V & W admits rational structure constants.

Proof. The Lie algebra £ = W + [W, W] is a semisimple subalgebra of o(V, (., . )y) and has a basis C such
that the structure constants of £ are rational, and moreover, W is a rational subspace of £ with respect to the
rational structure spanq{B .}, see Subsection 5.2. Then we apply Theorem 6.2 and finish the proof. O

Corollary 6.2. If G is a simply connected 2-step nilpotent Lie group with the Lie algebra S described in Theo-
rem 6.3, then G admits a lattice.

Authenticated | irina.markina@uib.no author's copy
Download Date | 3/30/18 7:28 AM



DE GRUYTER Autenried, Furutani, Markina and Vasil’ev, Pseudo-metric Lie algebras =— 25

Now we are ready to show an important consequence of the theory developed above. We make the fol-
lowing observation. It was shown that any pseudo H-type Lie algebra n, s (recall the definition from Subsec-
tion 2.1) arises from a representation of the Clifford algebra Cl, s, see [11]. Thus if there are 21 x 2I-matrices Jj,
j= 1,...,r+ssatisfyingtheconditions]j2 = —IdRa forj = 1,...,r,]j2 =Idguforj=r+1,...,r+sand
JiJi = —JiJ; for j # i, then the corresponding pseudo H-type algebra n, s exists. It is known by [44] that the
matrices satisfying the above conditions exist and moreover, they can be chosen with integer entries. Thus
the space W has the basis (J1, ..., Jr+s) and the space [W, W] is spanned by J;J;,i,j = 1, ..., r + s. Thereby
we see that the Lie algebra £ = W + [W, W] admits a basis of (21 x 21)-matrices having integer entries, and
moreover, the Lie algebra in the basis {Jj, JiJ k}{;szl admits integer structure constants, and the space Wis a
rational subspace of the Lie algebra £; see Theorem 5.1. This basis leaves the rational span of the standard
Euclidean basis of R?! invariant, and therefore it satisfies condition (8). Here we use the basis related to the
representation of the Clifford algebras and the representation space is considered to be R2.. Since all pseudo
H-type algebras are isomorphic to pseudo H-type algebras n, s arising from the representation of Cl, s, we
only need to prove the following theorem.

Theorem 6.4. Let n, s be a pseudo H-type Lie algebra, and let N, s be the corresponding pseudo H-type Lie
group. Then N, s admits a lattice.

Proof. Letn,s = (R @ R, [.,.1,(.,.0n = (.,.011+ (.,.)rs) be a pseudo H-type Lie algebra, let
Cl,s be a Clifford algebra, and let J: Cl,s — End(R!) be a representation defining the commutators in
st (Z, [v,v' s = Jzv, 0. Then W = J(R™) < so(l,1) c End(RY) is a Lie triple system of so(l, )
with trivial centre. Let now § = (R: @ W, [.,.]*, (.,.)g) be the standard pseudo-metric 2-step nilpotent
Lie algebra with (.,.)g = (., . )1+ (.. )so@.n, and {, [v, V']*)so.y = ({(v),v')1; for any { € W. The
Lie algebra § admits rational structure constants, see Theorem 6.3. We need to show that the Lie algebras
s = R RS, [.,.])and G = (RA @ W, [ ., . ]*) are isomorphic. To achieve the goal we will construct an
auxiliary Lie algebra & that will be isomorphic to both Lie algebras n, s and G.

In order to construct the Lie algebra & we use the injectivity property of the Clifford representations
J: ClLs — End(R%Y). We write R™S if we want to emphasise that we are interested only in the vector space
without specifying any scalar product. Pullback the metric( . , . }s0(1,1) to the space R™* by defining the scalar
product 21{Z, Z’);RHS =z, J7)s00,1)- Let & = R2 @ R™S as a vector space, and let the commutator [ ., . ]’ be
defined by (Z, [v, W]'>1'Rr+s = (Jzv, w)11. Let ¢ : & — G be the map constructed by ¢p(v+Z) =v +Jz forallv €
R?., Z ¢ R™5. The map ¢ is the Lie algebra isomorphism & = (Rb @RS, [.,.]")and § = (R e W, [.,.]*).
Indeed for any ¢ € W and for any v, w € R:! we obtain

(&, [0, W) soa,) = (€), W1 = Jz(), Wi = (Z, [, W] Ygres = Tz, T, Y so,) = (& P[0, W1 so(t,1)-

Now we show that the Lie algebras & and n, s are isomorphic. Observe that since

Uz Jz)so)) = —tt(J3) = =21vi(r, 5),

where {Z1, ..., Z,.s} is an orthonormal basis of R"* with respectto (., . )s, theset{Jz,,...,Jz,  } formsan
orthogonal basis of W with respect to the restriction of the scalar product ( . , . )s0¢,1) 0n W. Thus the indices
of the spaces W and R"* coincide. This also shows that the collection {Z1, ..., Z,.s} is also orthogonal in

RS with respect to the metric (.. , . >;R”5' Therefore the scalar products (. , . >;R”5 and (., . ), differ by the
positive multiple 21. Now the Lie algebra & with the metric (.,. )11+ (.,. );R,H =(.,.)1+2.,.)shas
the same Lie bracket as the Lie algebra & with the scalar product (2)71(.,. )11+ (., . )rs by our observation
at the beginning of Subsection 4.1. The Lie brackets of & and n, s are defined by the scalar product ( ., . );; +
(., drsand 2D ., . )1+( ., . )rsrespectively. Thusn, s = (RM @RS, [.,.])and & = (RMOR™S, [.,.]")
are isomorphic by Lemma 4.1 and the example thereafter.

Finally, we conclude that the Lie algebras n,s = (R\ @ R*,[.,.])and § = (R @ W, [.,.]*) are iso-
morphic, and therefore the Lie algebra n, s has rational structure constants. Applying the Mal’cev criterion
we finish the proof. O

Other proofs of Theorem 6.4 can be found in [22; 23]. Let us make the last observation. Let g be a 2-step
nilpotent Lie algebra such that dim([g, g]) = n, and let the complement V to [g, g] have dimension m. As we
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showed in Theorem 3.1, there exist p, g € N, p + ¢ = m, and an n-dimensional subspace D of so(p, q) such
that g is isomorphic as a Lie algebra to the standard metric 2-step nilpotent Lie algebra g* = RP*? @, D. Now
we state the following theorem.

Theorem 6.5. If g admits a basis with rational structure constants, then we may choose D having a basis whose
matrices only have entries in Z. relative to the standard basis e1, . . . , ey of RP4,

Proof. We assume that there exists a basis B = {v1,... ,vm,21,... ,2n}0f g = Ve, [g, g] withvy,... ,upn
being a basis of Vand z1, . . . , z, being a basis of [g, g] such that the structure constants C f; with respect to B
are in Q. We write Cf.‘}. = af.‘]./ bl’.;. with a{.‘j € Zand bl’.;. € IN\{0}. Define the natural number d as the least common
multiple of the collection {b{.‘j |i,j=1,...,m;k=1,...,n}, and define the basis B4 = {\/Hvl, ..., Vdon,
Z1, ... ,2Zn}. It follows that the structure constants C‘{.‘j with respect to B4 are given by dC 5 as

n n n
Z C{;Zk = [\/Evi, \/Evj] =dlvi,vj] =d Z ngk = z dC{;Zk.
k=1 k=1 k=1

Hence C‘g. € Z. Theorem 3.1 states that for a non-degenerate k-dimensional subspace D = span{C 1np,q, cee,
C*np.q} of so(p, q) the Lie algebra g is isomorphic R4 @ D. As 1, ,C* = dnp,,C* € D, and the entries of
1p,qCK lie obviously in Z, it follows that there exists a basis of D whose matrices only have entries in Z. O
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