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Abstract We consider a homotopic evolution in the space of smooth shapes starting
from the unit circle. Based on the Léwner—Kufarev equation, we give a Hamiltonian
formulation of this evolution and provide conservation laws. The symmetries of the
evolution are given by the Virasoro algebra. The ‘positive’ Virasoro generators span
the holomorphic part of the complexified vector bundle over the space of conformal
embeddings of the unit disk into the complex plane and smooth on the boundary.
In the covariant formulation, they are conserved along the Hamiltonian flow. The
‘negative’ Virasoro generators can be recovered by an iterative method making use
of the canonical Poisson structure. We study an embedding of the Lowner—Kufarev
trajectories into the Segal-Wilson Grassmannian, construct the t-function, and the
Baker—Akhiezer function which are related to a class of solutions to the KP hierarchy.
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1 Introduction

The challenge of structural understanding of non-equilibrium interface dynamics has
become increasingly important in mathematics and physics. The study of 2D shapes
is one of the central problems in the field of applied sciences. A program of such
study and its importance was summarized by Mumford at ICM 2002 in Beijing [39].
By shape, we understand a simple closed curve in the complex plane dividing it into
two simply connected domains. Dynamical interfacial properties, such as fluctuations,
nucleation and aggregation, mass and charge transport, are often very complex. There
exists no single theory or model that can predict all such properties. Many physical
processes, as well as complex dynamical systems, iterations and construction of Lie
semigroups with respect to the composition operation, lead to the study of growing
systems of plane domains. Recently, it has become clear that one-parameter expanding
evolution families of simply connected domains in the complex plane in some special
models has been governed by infinite systems of evolution parameters, conservation
laws. This phenomenon reveals a bridge between a non-linear evolution of complex
shapes emerged in physical problems, dissipative in most of the cases, and exactly
solvable models. One of such processes is the Laplacian growth, in which the harmonic
(Richardson’s) moments are conserved under the evolution, see, e.g., [25,37]. The
infinite number of evolution parameters reflects the infinite number of degrees of
freedom of the system, and clearly suggests applying field theory methods as a natural
tool of study. The Virasoro algebra provides a structural background in most field
theories, and it is not surprising that it appears in soliton-like problems, e.g., KP, KAV
or Toda hierarchies, see [18,22].

Another group of models, in which the evolution is governed by an infinite number
of parameters, can be observed in controllable dynamical systems, where the infinite
number of degrees of freedom follows from the infinite number of driving terms.
Surprisingly, the same algebraic structural background appears again for this group.
We develop the viewpoint in the paper.

One of the general approaches to the homotopic evolution of shapes starting from
a canonical shape, the unit disk in our case, was provided by Léwner and Kufarev [30,
32,42]. A shape evolution is described by a time-dependent conformal map from the
canonical domain onto the domain bounded by the shape at any fixed instant. In fact, the
one-parameter (which can be regarded as time) family of conformal maps satisfies the
Lowner—Kufarev differential equation, or an infinite-dimensional controllable system,
for which the infinite number of conservation laws is given by the Virasoro generators
in their covariant form.

Recently, Friedrich and Werner [20], and independently Bauer and Bernard [6],
found relations between SLE (stochastic or Schramm-Lowner evolution) and the high-
est weight representation of the Virasoro algebra. Moreover, Friedrich developed the
Grassmannian approach to relate SLE with the highest weight representation of the
Virasoro algebra in [19].
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Evolution of Smooth Shapes and Integrable Systems 205

All above results encourage us to conclude that the Virasoro algebra is a common
algebraic structural basis for these and possibly other types of contour dynamics and
we present the development in this direction here. At the same time, the infinite number
of conservation laws suggests a relation with exactly solvable models.

The geometry underlying classical integrable systems is reflected in Sato’s and
Segal-Wilson’s constructions of the infinite-dimensional Grassmannian Gr. Based
on the idea that the evolution of shapes in the plane is related to an evolution in a
general universal space, the Segal-Wilson Grassmannian in our case, we provide an
embedding of the Lowner—Kufarev evolution into a fiber bundle with the cotangent
bundle over Fy as a base space, and with the smooth Grassmannian Gr, as a typical
fiber. Here, F( denotes the space of all conformal embeddings f of the unit disk into
C normalized by f(z) = z (1 + > o2 cxz") smooth on the boundary S', and under
the smooth Grassmannian Gr, we understand the dense subspace Gr, of Gr defined
further in Sect. 4.

We intend to keep the paper self-sufficient, and its structure is as follows. Section 2
provides the reader with necessary definitions of the Virasoro—Bott group, of the group
Diff S! of orientation preserving diffeomorphisms of the unit circle S', and of Kir-
illov’s homogeneous manifold Diff S!/S', as well as of their infinitesimal descriptions.
In Sect. 3, we relate all three manifolds to spaces of analytic functions, and following
Kirillov and Yur’ev [27,28], give a description of the Virasoro generators as vectors
of the tangent space to the space of smooth univalent functions at an arbitrary point. A
brief definition of the Segal-Wilson Grassmannian Gr and of the smooth Grassmannian
Gr is given in Sect. 4. We provide some necessary background of Léwner—Kufarev
smooth evolution in Sect. 5. Then, in Sect. 6, we construct Hamiltonian formalism
for the Lowner—Kufarev evolution and define the Poisson structure. The main result is
contained in Sect. 7 where we construct the embedding of the Lowner—Kufarev evo-
lution into the Segal-Wilson Grassmannian. We prove that the Virasoro generators in
their covariant form are conserved along the Hamiltonian flow. Then, we present the 7-
function in Sect. 8. Section 9 gives the relation of the shape evolution to integrable sys-
tems. We construct the Baker—Akhiezer function, define the KP flows, and finally, we
find explicitly a class of potentials in the Lax operator, which satisfy the KP equation.

2 Definitions and Structures of Vir, Diff S1, and Diff S! /S 1
2.1 Witt and Virasoro Algebras

The complex Witt algebra is the Lie algebra of holomorphic vector fields defined on
C* = C\{0} acting by derivation over the ring of Laurent polynomials C[z, z~']. It
is spanned by the basis L, = z"*! %, n € 7Z. The Lie bracket of two basis vector
fields is given by the commutator [L,, L,,] = (m — n)Ly4,,. The Witt algebra has a
cohomologically unique non-trivial central extension (see [21]), which is the complex
Virasoro algebra vivc with the central element ¢ commuting with all L,,, [L,, c] = 0,

and with the Virasoro commutation relation

C
[Ly, Lyl = (m —n)Lpqpm + En(nz - I)Sn,fm, n,meZ,
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where ¢ € C, ¢ # 0, is a parameter of the theory, which is called the central charge
and which can be identified with the corresponding element ¢ in the center of virc.
These algebras play an important role in conformal field theory. To construct their
representations, one can use an analytic realization.

2.2 Group of Diffeomorphisms

Let us denote by Diff S! the group of orientation preserving C* diffeomorphisms
of the unit circle S', where the group operation is given by the superposition
of diffeomorphisms, the identity element of the group is the identity map on the
circle, and the inverse element is the inverse diffeomorphism. Topologically, the
group Diff S! is an open subset of the space of smooth functions on the unit cir-
cle C®(S! — S, endowed with the C*-topology. This allows us to consider the
group Diff S! as a Lie-Frechét group. The corresponding Lie—Frechét algebra iff S!
is identified with the tangent space TigDiff St at the identity id, and it inherits the
Frechét topology from C*®(S! — S§'). In its turn, TgDiff S! can be thought of
as the set of all velocity vectors of smooth curves at time zero passing through id.
Every such velocity vector is just a smooth real vector field on S'. Denote by
Vect S' = {¢p = ¢(9)% | ¢ € C*®(S! — R)} the space of smooth real vector fields
on the circle. This construction allows us to identify the Lie—Frechét algebra iff S!
of Diff S! with the space Vect S ! equipped with the Lie brackets [¢1(0) %, ¢2(0) d%],
see, e.g., [36].

The Virasoro—Bott group Vir is the central extension of the group Diff S! by the
group S'. This central extension is given by the Bott continuous cocycle [10], which
is a map Diff S' x Diff §' — S! defined as

1
(o1, 92) = 5/1 log(p1 0 ¢2)'dlog ¢;.
s

The Lie algebra vit for Vir is called the (real) Virasoro algebra and it is given by the
central extension of the Lie-Frechét algebra Vect S! by the algebra of real numbers.
The central extension is unique non-trivial modulo isomorphisms and is given by the
Gelfand—-Fuchs 2-cocycle [21]

01, d) = /S &/ (0)8% (6)d0.

The algebra virc, considered above, appears to be the complexification of vit. Both
groups Diff S' and Vir are modeled over a real Fréchet space.

Let us denote by [id] the equivalence class in Diff S'/S! of the identity ele-
ment id € Diff S'. Then, Tjiq)Diff S!/S! is associated with the quotient Vect oS! =
Vect S! /const of the algebra Vect S! by the constant vector fields and can be realized
as the space of vector fields ¢ (6) 4 from Vect 5! with vanishing mean value over S'.
All constant vector fields form the equivalence class [0].
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Evolution of Smooth Shapes and Integrable Systems 207

2.3 CR and Complex Structures

In Sect. 3, we shall describe relations between the groups Vir, Diff !, the homoge-
neous manifold Diff §'/S! and different spaces of univalent functions. The algebraic
objects are essentially real, meanwhile the spaces of univalent functions carry natural
complex structures and the algebraic definition of the Witt and Virasoro algebras in
Sect. 2.1 considers vector fields over the field of complex numbers. Therefore, we
need to complexify the real objects to present these relations. Structures and map-
pings on infinite-dimensional manifolds are more general than for finite-dimensional
ones, however, being restricted to the latter they coincide with the standard ones. For
completeness, we give some necessary definitions mostly based on [9,31].

Given a smooth manifold M, we consider the tangent space 7, M at each point
p € M as a real vector space. After tensoring with C and splitting 7, M ®
C= T,Sl’o)./\/l & T,EO’])M, we form the holomorphic 71:® M and antiholomorphic
T©-D M tangent bundles. The pair (M, T>9 M) is an almost complex manifold
which becomes complex in the integrable case meaning that any commutator of vec-
tor fields from 79 M remains in 719 M, and similarly, the commutators of vector
fields from 7D M remain in 7D M.

A Lie group G with a neutral element e and with a Lie algebra g possesses a
left-invariant complex structure (G, g(1?) if one can construct a complexification
gc = (T,G)c of the Lie algebra g, such that the decomposition gc = g1 @ gD
is integrable, that is equivalent to say that g/ is a subalgebra.

Let us recall the definition of the Cauchy—Riemann (CR) structure on a manifold
N Given a smooth manifold A/ and its complexified tangent bundle TN ® C, we find
a complex corank one subbundle H of TN/ ® C. The splitting H = H9 ¢ FO.D
defines an almost CR structure. If it is integrable, then the pair (N, H1-9) is called
a CR manifold. Roughly speaking, the holomorphic part of a CR structure represents
a maximal subbundle of the real tangent bundle that admits a complex structure. The
left-invariant CR structure (G, h19) is defined similarly to the left-invariant complex
structure above.

As an example of a CR manifold, we can consider an embedded real hypersurface
(that is an embedded real corank 1 submanifold) into a complex manifold. Namely,
let A be a real hypersurface of the complex manifold (M, 79 M), Then, the CR
manifold (N, H19) is defined by setting H1-9 = T(l’o)./\/l‘ N(TN ® C).

A CR manifold (N, H1-9) is called pseudo-convex if [X, X] ¢ H1-O @ HO-D
for any non-vanishing vector field X € H1:0,

A smooth mapping F from a complex manifold (M, TO M) to a complex
manifold (M, T9 M,) is called holomorphic if the holomorphic part 3 F of its
differential d F = 9 F +3 F is the mapping d F : THO M — TULO My and 9 F = 0.
The problem of solving the equation 3 F = 0 is quite difficult. Some of results in this
direction are found, e.g., [46].

Analogously, a smooth mapping F from a CR manifold (N, Hl(l’o)) to a CR
manifold (N5, H2(1,0)) is called CR if its holomorphic differential is a map 0F :
H1(1,0) — H2(1,0) and 3 F = 0.
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208 1. Markina, A. Vasil’ev

Given a non-trivial representative ¢ of the equivalence class [¢] of Vect S 1

oo
b 0) = Zan cos nf + by, sin no,

n=1
let us define an almost complex structure J by the operator

o0
J(@)O) = Z —ay, sin n + b, cos nb.

n=1

Then, J> = —id. On Vect oc := VectS! ® C, the operator J diagonalizes and we
have the isomorphism

o0
Vect oS! 5 ¢ < vi=¢—iJ(¢) = D (ap—iby)e™ e HO :=(VectoS' @ C)"?,

n=1

and the latter series extends into the unit disk as a holomorphic function. So
Diff ¢S /8! = (Diff S'/S!, H1-9) becomes acomplex manifold and (Diff S!, H#(1.0))
becomes a CR manifold where H:9 is isomorphic to VectoS!. Thus, the group
Diff S1 possesses the left-invariant CR structure (Diff S 2 (1’0)), and C forms a
Cartan subalgebra of VectS! ® C = (H? @ HOD) @ C. Taking the com-
plex Fourier basis v, = ei”(’%, n € Z,in Vect ! ® C we arrive at the Witt
commutation relations [vy,, v;,] = (m — n)v,4m,, Where the commutators [v,, vy, ]
remain in H9 for n,m > 0 and in HOD for n,m < 0, however the Lie hull
Lie(H10, gO.Dy ¢ gd.0) gy g©O.1)

3 Relations Between Vir, Diff S1, and Diff S1/S! and Spaces
of Univalent Functions

Letus introduce necessary classes of univalent functions to formulate main statements.
Let Ap and A( denote the classes of holomorphic functions in the unit disk D defined
by

Ay=1{f eC®D) | feHD), f(0)=0}, Aj={feA| f(0)=0}

where I is the closure of the unit disk ID. The classes Ap and /To are complex Frechét
vector spaces, where the topology is defined by the seminorms

I fllm = supl{l f™ ()| | z €D},

which is equivalent to the uniform convergence of all derivatives in . Notice that
both A and A can be considered as complex manifolds where the real tangent space
is naturally isomorphic to the holomorphic part of the splitting. Then, we define
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F ={f € Ay | f is univalent in I, injective and smooth at the boundary, f’ #0 on 9D}.

Geometrically, class F defines all differentiable embeddings of the closed disk D to
C and analytically it is represented by functions f = cz(1 + X2 ca2"), ¢, cp € C.
As a subspace of Ay, the space of univalent functions F is an open subset inheriting

the Frechét topology of the complex vector space Ag. Next, we consider the class
Fi={feF | IO =1},

whose elements can be written as f = ¢z(1 + X5 c4z"), ¢ € R mod 2. The
set F1 is the pseudo-convex surface of real codimension 1 in the complex open set
F C Ap.

The last class of functions is
Fo={feF | flO)=1}.

The elements of this class have the form f = z(1 + >77 | ¢,2"). It is obvious that
JFo can be considered both as the quotient F;/S' and as the quotient F/C*, C* =
C\{0}. In the latter case, F is the holomorphic trivial C*-principal bundle over the
base space JFo. Since the set Fo can be also considered as an open subset of the
affine space v + Ao, where v(z) = z, the tangent space Ty Fy inherits the natural
complex structure of complex vector space Ap [1]. The tangent space TyFo with
the induced complex structure from .Ag is isomorphic to the complex vector space
T;l’o)]-"o of the complexification TFy ® C = T80 7 @ 7OD Fy. Moreover, the
affine coordinates can be introduced so that to every f € F, written in the form
fx) =z(1+ ZZO: 1 ¢n2") there will correspond the sequence {c,}72 ;.

Theorem 1 [31] The Virasoro—Bott group Vir has a left-invariant complex structure,
and as a complex manifold Virg, it is biholomorphic to F.

Theorem 2 [31] The group Diff S has a left-invariant CR structure and with this CR
structure it is isomorphic to the hypersurface F.

The last theorem concerns with the homogeneous space Diff S'/S!, where S! is
considered as a subgroup of Diff S!. The group S! acts transversally to CR structure
of Diff S!, leaving it invariant.

Theorem 3 [28,31] The homogeneous space Diff S'/S' has a complex structure, and
as a complex manifold Diff ¢S /S, is biholomorphic to F.

It can be shown that Diff S'/S! admits not only complex but also Kihlerian
structure. The necessary background for the construction of the theory of unitary
representations of Diff § !'is found in [1,28].

It was mentioned that F is the holomorphic trivial C*-principal bundle over Fy.
To prove Theorem 1, Lempert [31] showed that the complexification Virc of the
Virasoro-Bott group Vir is also a holomorphic trivial C*-principal bundle over
Diff ¢S'/S!. This implies the existence of a biholomorphic map between F and Virc.
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210 1. Markina, A. Vasil’ev

We will assign the same character F( to both, the class of univalent functions
defined in the closure unit disk Fo (]ﬁ), and the class of functions restricted to the unit
circle Fo(S'). Obviously, the classes are isomorphic.

The left action of the group Diff S! over the manifold Diff S'/S! is well defined
and it gives the left action Diff S I over the class Fo(S 1) due to Theorem 3, which
is technically impossible to write explicitly because the Riemann mapping theorem
gives no explicit formulas.

However, it is possible [28] to write a linear operator making use of the Schaeffer
and Spencer variation [50, p. 32]

2 / 2 d
LIS, $1(2) = fsz) / (wf (w)) AR VN
Sl

fw) ) w(f(w) = f(2)

defined for f € Fo, ¢ € Vect S'. Itextends by linearity toamap L[ f, -] : VectcS' —
i ReC=1""FRer1’ A

Remark 1 Note that the splitting 7 Fo ® C = Tf(l’o)fo @ Tf(o’l)fo we consider here
is made w.r.t. a complex structure that differs from the standard one (multiplication
by i) unless f =

The variation L[ f, -] defines the isomorphism of vector spaces H 1.0) o, T(-l’o)]-'o,
which s given explicitly by (1). Atthe same time, L[ f, -] defines an isomorphism of the
Liealgebras H9 « Tf(1 0 Fo,where H19 is considered as a subalgebra of the Witt
algebra Vect ¢S Land Tf(-l’o) Fo is endowed with the commutator of L[ £, -]. To obtain a
homomorphism of the entire Witt algebra, we extend L[ f, -]to H.O 9 HOD g C —
00 g,

Explicitly, this homomorphism L[ f, -] is given by the residue calculus, see, e.g.,
[1,27]. Taking the holomorphic part of the Fourier basis vy = —izk k=1,2,..., for
Vect S! ® C, we obtain

LIf o) = Ll f1@) = ') Lelf1e 1) F, (1)

and taking the antiholomorphic part of the basis v_; = —iz K k=1,2,..., we
obtain expressions for L_;[f] € T;l’o)}'o, which are rather complicated. The first
two of them are

“1lf1@) = f'(@) =21 f(2) — 1,

1
Loifie =L@ 5+ G e )

and others can be obtained by the commutation relations [1,28]

[Li, Lnl = (n — k) Litn, k,n € Z. @)
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The constant vector vg = —i is mapped to Lo[f1(z) = zf'(z) — f(z). The vector
fields Ly, k € 7Z were obtained in [28] and received the name of Kirillov’s vector
fields, see also [1]. We have

78" 7y = span{Lolid). Llid), Llid). ...} = span{z?. 2*. .. }.

Let us recall that id € Fy is the image of an equivalence class of the identity diffeo-
morphism from Diff §!/S!.
Summarizing, we get an isomorphism

TpFo = T("" Fo = span{Li[f], Lol f1, ...},

atapoint f € Fp. The vector Lg[ f] is the image of the constant unit vector —i under
the Schaeffer—Spencer linear map at an arbitrary point f € F with value 0 atid € Fy.

The vector fields Ly, k € Z, at f(z) =z (1 + >_p2 | cn2") € Fo can be written in
the affine coordinates {c,};° | by making use of the isomorphism 2"t 8, where

oy = %L as the following first- order differential operators

o
Lilf1= 0+ D (n+ Dcndesn. k>0,

n=1

o0

Lolf1 =D neath,  Loalfl= D ((1+Dewss —2e160) 3)
n=I1

n=1

e¢]

Loalf1= Y (004 3)ensa + (e} — 42w — ania ),

n=1

where «;,, can be found from the recurrent relations o, = — 22':] Cklly—_k, 0o = 1.
Here, for example,

ap=—ci, w=cl—cy a3=—c +2c1c—c3,

For other negative values of k, the expressions of L[ f] are more complicated but can
be found by an algebraic procedure, see, e.g., [1,2].

4 Segal-Wilson Grassmannian

Sato’s (universal) Grassmannian appeared first in 1982 in [48] as an infinite-
dimensional generalization of the classical finite-dimensional Grassmannian mani-
folds and they are described as ‘the topological closure of the inductive limit of” a
finite-dimensional Grassmanian as the dimensions of the ambient vector space and its
subspaces tend to infinity. It turned out to be a very important infinite-dimensional man-
ifold being related to the representation theory of loop groups, integrable hierarchies,
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212 1. Markina, A. Vasil’ev

micrological analysis, conformal and quantum field theories, the second quantiza-
tion of fermions, and to many other topics [15,40,49,54]. In the Segal and Wilson
approach [49], the infinite-dimensional Grassmannian Gr(H) is taken over the sep-
arable Hilbert space H. The first systematic description of the infinite-dimensional
Grassmannian can be found in [45].

We present here a general definition of the infinite-dimensional smooth Grass-
mannian Gro, (H). As a separable Hilbert space, we take the space L(S!) and consider
its dense subspace H = C ﬁz(S 1) of smooth complex valued functions defined on

the unit circle endowed with L2(S!) inner product ( f, g) = % f51 fg %, f,geH.
The orthonormal basis of H is {zF};cz = {¢/*}1cz, €? € S'. Letus split all integers
Z into two sets ZT = {0,1,2,3,...}and Z~ = {..., =3, =2, —1}, and let us define
a polarization by

Hy =spany{zX, k e ZT), H_ =spany{*, ke Z7}.

Here, and later on, span is taken in the appropriate space specified in the subscript.
The Grassmanian is thought of as the set of closed linear subspaces W of H, which are
commensurable with H in the sense that Hy N W is of finite codimension. This can
be defined by means of the descriptions of the orthogonal projections of the subspace
W C Hto Hy and H_.

Definition 1 The infinite-dimensional smooth Grassmannian Gr, (H) over the space
H is the set of all closed linear subspaces W of H, such that

1. the orthogonal projection pry: W — H, is a Fredholm operator,
2. the orthogonal projection pr_: W — H_ is a compact operator.

The requirement that pr is Fredholm means that the kernel and cokernel of pr are
finite dimensional. More information about Fredholm operators can be found in [17].
It was proved in [45, p. 102] that Gro, (H) is a dense submanifold in a Hilbert manifold
modeled over the space Lo (Hy, H_) of Hilbert-Schmidt operators from Hy to H_,
which itself has the structure of a Hilbert space, see [47, Thm. VI. 22, p. 210]. Any
W e Groo(H) can be thought of as the graph of the identically vanishing operator from
W to Wr, while the set of graphs Wr of all Hilbert—Schmidt operators 7: W — W+
are the points of a neighborhood Uy of W € Gry(H). The points of Uy are in
one-to-one correspondence with operators from Lo (W, W).

Let us denote by & the set of all collections S C Z of integers such that S\Z*
and Z*\S are finite. Thus, any sequence S of integers is bounded from below and
contains all positive integers except a finite number of them. It is clear that the sets
Hs = span H{zk , k € S} are elements of the Grassmanian Greo(H) and they are
usually called special points. The collection of neighborhoods {Us}scs,

Us = {W | there is an orthogonal projection 7 : W — Hyg that is an isomorphism}

forms an open cover of Groo(H). The virtual cardinality of S defines the virtual
dimension (v.d.) of Hg, namely:

virtcard(S) = virtdim(Hs) = card(N\S) — card(S\N) = ind(pr). “4)
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The expression ind(pr4) = dim ker(pry) —dim coker(pr_) is called the index of the
Fredholm operator pr. According to their virtual dimensions, the points of Groo (H)
belong to different connected components. The Grassmannian is the disjoint union of
connected components parametrized by their virtual dimensions.

5 Lowner—Kufarev Evolution

The pioneering idea of Lowner [32] in 1923 contained two main ingredients: subor-
dination chains and semigroups of conformal maps. This far-reaching program was
created with the hope of solving the Bieberbach conjecture [8], and the final proof of
this conjecture by de Branges [12] in 1984 was based on Lowner’s parametric method.
The modern form of this method is due to Kufarev [30] and Pommerenke [41,42].
Omitting review over subordination chains, we concentrate our attention on the other
ingredient, i.e., on evolution families relating them to semigroups as in [11,24,42].
Let us consider a semigroup P of conformal univalent maps from the unit disk D
into itself with superposition as a semigroup operation. This makes P a topological
semigroup with respect of the topology of local uniform convergence on ID. We impose
the natural normalization for such conformal maps ®(z) = b1z + byz% + - - - about
the origin, b1 > 0. The unity of this semigroup is the identity map. A continuous
semigroup homomorphism t — ®% from R™ to P with a parameter T € R™ gives
a semiflow {®7},cr+ C P of conformal maps &7 : D — Q C D, satisfying the
properties
o o' =id;
o TS = P’ o T,
e ®7(z) — zlocally uniformly inID as 7 — 0.
In particular, ®7(z) = bi(t)z + ba(1)z> + ---, and b1 (0) = 1. This semiflow is
generated by a vector field v(z) if for each z € D the function w = ®*(z),t > 0,
is a solution of an autonomous differential equation dw/dt = v(w), with the initial

condition w(z, ‘L')' = z. This vector field, called the infinitesimal generator, is

given by v(z) = —Z}%z), where p(z) is a Carathéodory function in the unit disk, i.e.,
holomorphic function p is normalized by p(z) = 1 4+ pjz + --- in the unit disk D
with Rep(z) > 0 in D. Moreover, any (continuous) one-parameter semigroup has an
infinitesimal generator, see [7].

We call a subset ®"* of P, 0 < s < t an evolution family if
o OV =id,;
o P = o d" forO0<s <r <t
o ®"¥(z) — zlocally uniformly inD as 7 —s — 0.
In particular, if ®7 is a one-parameter semiflow, then @'~ is an evolution family.
Given an evolution family {®"*}, ;, every function ®"* is univalent and there exists
an essentially unique infinitesimal generator H (z, t), called the Herglotz vector field,
such that

4o (2)

_ t,s
I = H(®(2), 1), )
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where the function H is givenby H(z,t) = —zp(z, t) with a Carathéodory function p
for almostall 7 > 0. The converse is also true. Solving Eq. (5) with the initial condition
®°%* = id, we obtain an evolution family. In particular, we can consider situation when
s = 0. A remarkable property of evolution families is that any conformal embedding
f of the unit disk D to C normalized by f(z) = z + c¢1z> + - - - in D can be obtained
as a one-parameter homotopy from the identity map, i.e.,

f(2) = lim f(z,1) = lim dw(z, 1),
—>00 —>00
where the function
o
w(z, 1) = e’z (1 + Z Cn(t)zn) s
n=1
solves the Cauchy problem for the Lowner—Kufarev ODE

dw
— = —wp(w,t), w(z,t)

di - ©

t=0

and with the function p(z,t) = 14 p1(t)z+- - - which is holomorphic in ID for almost
all ¢ € [0, 0co), measurable with respect to ¢ € [0, oo) for any fixed z € D, and such
that Rep > 0 in D, see [42]. The function w(z, t) = ®’ ’0(1) is univalent and maps D
into ID.

The following lemma is a consequence of classical results for ODE, see, e.g.,
[4, p. 97, Cor. 6] or [13, Thm. 2.8.4].

Lemma 1 Let the function w(z,t) be a solution to the Cauchy problem (6). If the
driving function p(z, t) is in the Carathéodory class for all t > 0 and C* smooth in
D x [0, T'], then the boundaries of the domains 2(t) = w(D, t) C D are smooth for
all t and w(-, t) extended to S is injective on S'.

Proof As aresult of smoothness of p, we have that the solution w(z, 7) is analytic in D
and smooth in D with respect to z and also smooth with respectto 7. Since w'(z, 0) = 1,
there exists 7' such that w’(z, 0) # 0 in [0, T']. Thus, the boundary €2 (¢) is a smooth
curve. O

Let us denote by f(z, 00) the final point of the trajectory f(z,t) = e'w(z, 1),
t € [0, 00), where w(z, t) is a solution to the Cauchy problem (6) with the driving
function p(z, t) satisfying the conditions of Lemma 1. Then, f(z,t) € JFq for all
t € [0, T']. One can formulate a stronger reciprocal statement.

Lemma 2 With the above notations, let f(z) € Fo. Then, there exists a function
p(-, t) from the Carathéodory class for all t > 0, and C* smooth in ]f)), such that
f(z) = limy— f(z,1) is the final point of the Lowner—Kufarev trajectory with the
driving term p(z,t).

Proof Indeed, the complement Q™ of @t = f(ID) is a simply connected domain, co
being its internal point and with 9Q~ = dQ™. Let us construct a subordination chain
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Q71 (¢) such that Q7 (¢) is a level line of the Green function of the domain Q™ with a
singularity at 0o, and such that the conformal radius of Q% (¢) with respect to the origin
is equal to ¢’. This can be always achieved, see [42]. Then, we can construct a one-
parameter subordination chain of univalent maps F(z, 1) = ' (z+...), F(-, 1) : D —
Q* (1) that exists for the time interval [0, 00), f(z) = Fo(z) = F(z,0) and f(D) =
Qt = Q7(0), and such that Q1 (co) = C. Set up the function p(z,t) = F/zF/,
where F and F’ are the real 7-derivative and the complex z-derivative, respectively.
It is obviously smooth on the boundary and belongs to the Carathéodory class. The
function w(z, 1) = F~1(F(z,0), t) is defined in the whole unit disk (as an analytic
continuation from F~!1(Fy(z), 1) C D), satisfies the Léwner—Kufarev equation (6),
and f(z,t) = e’w(z, t) has the limit f(z) = f(z, 00). The latter statement can be
found in [42, Ch. 6], [44]. O

6 Hamiltonian Formalism

The Lowner—Kufarev evolution admits a Hamiltonian formulation, which we are going
to present in this section. The idea goes back to the use of the Pontryagin Maximum
Principle for extremal problems for univalent functions, see, e.g., [3,23,43,44]. How-
ever, recently, it became clear [33,34] that geometric control without optimization can
be successfully applied for conformal maps.

Let the driving term p(z,t) in the Lowner—Kufarev ODE (6) be from the
Carathéodory class for all + > 0, satisfying the conditions of Lemma 1, ¢ € [0, T'].
Then, the domains Q(¢) = f(D, t) = ¢’ w(D, t) have smooth boundaries 92 (¢) and
the function f is injective on S lje., f € Fo. So the Lowner—Kufarev equation can
be extended to the closed unit disk D = DU S'.

Let us consider functions v € H = C \T-(i\z from T]’f]-'o ®C, f € Fo,

Y@ =D wmd lzl=1,

keZ

and the space of observables on 7*Fy ® C, given by integral functionals

_ 1 - dz
R T 1) = E/ L@ @05

where the function r (&, 1, t) is smooth in variables &, n and measurable in .
We define a special observable, the time-dependent pseudo-Hamiltonian H, by

- 1 - d
H(f ¥ p.1) = E/ o 2[00 = ple™ f(z,0, 0¥, t)é, (N

with the driving function (control) p(z, t) satisfying the above properties. We choose
a Poisson structure on the space of observables given by the canonical brackets

(R Rz}_zn/ 72 (&&_&&)%
’ et \Of 8y 8% of )iz
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where 2 57 and = are the variational derivatives, 2 57 =R = EWr g R = %r.

Representmg the coefficients ¢, and ¥,, of f and ¥ as integral functlonals

_ dz 1 - dz
=0 @O Y=o [ TG DT
T Jzes! iz 21 /et iz

n e N, m e Z, we obtain {c,, ¥iu} = 8u.m» {cn, ek} = 0, and {1, ¥,n} = 0, where
nkeN,I,melZ.
The infinite-dimensional Hamiltonian system is written as

dc,

k
— = {cx, H}, 8
m {cx, H} ®)
i -
., = {wkv H}s (9)
where k € Z and cp = c—1 = c—p = --- = 0, or equivalently, multiplying by

corresponding powers of z and summing up,

df(Z t) —t _ & 2 _
G =Sy =2 S = (), (10)
d 57‘(
d‘f = (= pe £ =7 € )T = 2w = 1. (D

where z € S'. So the phase coordinates (f, ) play the role of the canonical Hamil-
tonian pair. Observe that the Eq. (10) is the Lowner—Kufarev equation (6) for the
function f = e'w.

Let us set up the generating function G(z) = D 1oz Giz*~1, such that

G(2) = f'(z, DY (z, 1).

Consider the ‘non-positive’ (g_(z)) <0 and ‘positive’ (g_(z))>0 parts of the Laurent
series for G(z):

_ - - - - - 0 _
(G()<0 = F+2c19+3c2v3+- - )+ W21 ¥+ )z 4= D Gz

k=0

o0
(G(@)0 = (o+2c1 Y1321+ - 2+ P +2e1Po+3e2v - )2+ = D Ggpi.

~
I
<

Proposition 1 Let the driving term p(z,t) in the Lowner—Kufarev ODE satisfy the
conditions of Lemma 1. The functions G(z), (G(2)) <o, (G(2))>0, and all coefficients
G, are time-independent for all z € S'.

Proof 1t is sufficient to check the equality Q_ = {G, H} = 0 for the function G, and
then, the same holds for the coefficients of the Laurent series for G. O
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Proposition 2 The conjugates Gy, k = 1,2, .., to the coefficients of the generating
function satisfy the Witt commutation relation {G,, G,} = (n —m)Gyp forn,m > 1,
with respect to our Poisson structure. O

The proof is straightforward.

The isomorphism ¢ : ¥ — O = 3Ck k > 0, is a Lie algebra isomorphism
()

(T Fo. L) — (T(1 0)]_-0 [, 1. It makes a correspondence between the conjugates
G, of the coefficients G, of (G(2))>0 at the point (f, V) and the Kirillov vectors
L,[f] = 0, + Zk:l(k + Dckdn+k, n € N. Both satisfy the Witt commutation

relations (2).

7 Curves in Grassmannian

Letusrecall that the underlying space for the universal smooth Grassmannian Gr, (H)
isH=C ﬁ)o” (S1) with the canonical L? inner product of functions defined on the unit
circle. Its natural polarization

Hy =spang{l, z, Zz, z3, o0 H_ = spanH{Z_l, 2_2, o0

was introduced before. The pseudo-Hamiltonian H( f, v/, t) is defined for an arbitrary
Y o€ L2(S 1), but we consider only smooth solutions of the Hamiltonian system,
therefore, ¥ € H. We identify this space with the dense subspace of T}‘]—'o ® C,

f € Fo. The generating function G defines a linear map G from the dense subspace
of TJf]-'o ® C to H, which being written in a matrix form becomes

g_—z -+ 0 1 2cq 3cpl4c3 S5¢4 6¢5 Teg - - 1/_f—2

g-1 0 0 1 2¢1|3¢2 4¢3 5¢4 6¢5 - - Vi

& _ -0 0 0 1 |2¢c;3¢cr4c35¢y--- ﬂ (12)
G | 0 0 0 0|1 2c13cr4c3--- V1

G 0 0 0 0|0 1 2¢13¢--- v

Gs -0 0 0 0|0 O 1 2¢--- 3

or in the matrix block form as

G-o _(Ciq1 Ci2 1/:f>o
(g_so)_( 0 C1,1)(1//50)’ (13

The proof of the following proposition is obvious.

Proposition 3 The operator C1,1: Hy — Hy is invertible.
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The generating function also defines amap G: T*Fy ® C — H by

T*Fo®C> (f(2),¥(@) = G = f @y e H.

Observe that any solution ( fz, 0, ¥ (z, t)) of the Hamiltonian system is mapped into
asingle point of the space H, since all G, k € Z are time-independent by Proposition 1.

Consider abundle 7 : B — T*Fy ® C with a typical fiber isomorphic to Gro, (H).
Our aim is to construct a curve I': [0, T] — B that is traced by the solutions to the
Hamiltonian system, or in other words, by the Lowner—Kufarev evolution. The curve
I" will have the form

L@ = (fG0. v wr,0)

in the local trivialization. Here, W7, is the graph of a finite rank operator 7,,: Hy —
H_, such that Wr, belongs to the connected component of Uy, of virtual dimension
0. In other words, we build an hierarchy of finite rank operators 7,,: Hy — H_,
n € Z*, whose graphs in the neighborhood Up, of the point H; € Groo(H) are

Go(G1,G2, ..., Gk, .. .)
G_1G1.Gor . G ...
To(©@@)=0) = Ta (@1, Gos o Ga oy = | O E1 G2 G
G_nt1G1,G2, .., Gky ..,

with Goz '+ G_1z72+ -+ G_p+127" € H_.Letus denot_e by Gy = Gy, k € N.
The elements Gy, G_1, G_3, ... are constructed so that all {G}P2_, 4 satisfy the
truncated Witt commutation relations

(I —=k)Gryy, fork+1>—n+1,
0, otherwise,

{Gk, Gi}y = i

and are related to the Kirilov’s vector fields under the isomorphism ¢. The projective
limit as n <— oo recovers the whole Witt algebra and the Witt commutation relations.

We present an explicit algorithm consisting of two steps to define the coefficients
G_,k=0,1,2,...,n—1.

Step 1. In the first step, we remove the dependence of G-o = {g—k}ltio on V.o =
{1},1(};:0:0 defining

G-0=G-0—Cr1¥-0, (14)

where C| ; is the upper triangular block in the matrix (13). Thus, g>0 = g>o(w<o)
Since the matrix Cj ; is invertible, we can write 1//<0 =C; 1. 1g<0, that implies

G0 = G-0(Cy |G<0) = G-0(G=0)-
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Let us denote by T, the operator _that maps a vector > ;2 Grs12* from Hy to a
finite- dimensional vector >} _, G k+]z € H_. These operators can be written as
the superpositions T, =C (nz) oCy 1 : Hy — H_, where C (% is equal to the n-th
cut of the block Cy21n (13) of the first lower n-rows and with vanishing others. The
operators T,: H, — H_ are of finite rank, and are therefore, compact. Their graphs
Wz = (id —i—Tn)(HJr) € Groo(H) belong to the connected component of virtual
dimension 0.

Step 2. Observe that up to now there is no clear relation of operators T,,, or their graphs
with the Kirillov vector fields Ly and L_j. However, it is not hard to see, that the quan-
tities G, considered as functions of w are Inapped to L[ f] under the isomorphism ¢
for k > 0. In Step 2, we are aimed to modifying G defined in (14) to G_ in such a
way that the isomorphism ¢ maps G _y to the ‘non-positive’ Kirillov vector fields L_y.
We will construct only Go, G_1, G_,, and then, we extend the 1s0m0rphlsm t to the
Lie algebra isomorphism by defining G,(,Hm)(m —n)={G_,,G_pm},n,m > 0.
Note that the first three Virasoro generators written in affine coordinates are

o Lo[f1(z) = D02 ncudy;
o L 1[flz) = ZZil ((n +2)cpy1 — 2c1cp) On;
lf1@) = 200 ((n+ 3)enta + (3 — 4ea)en — a2)) n, where the coef-
ficient a, can be found from the recurrent relations

n
dn == k. ap = 1. (15)

To construct _(_;k =" N(Lyp), _k =0, -1, We_consider the coefficients & from (14)
as functions of -, and write ¥/j = Z,fil cx Vi We deduce that

Go=Go— Vi, G_1 =G| -2V

Since G_p = > ek 4 3)Cri2¥k, we have

G 2+ z ((E% —4c2)cp — a(k+2)) Y.

k=1

Let us write this in terms of operators. Let

0 0 0 0

O _
B = 0 0 0 (U
—C4 —C3 —C2 —C]
F0 _ 0 0 0 0
B —2C1C4 —2C1£‘3 —2C1C2 —2C1C1 ’
—C4 —C3 —C2 —C1
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0 0 0 0

B® = (c% —4cy)es — e (c% —4cy)ez —as (c% —4co)cr —ag 2c1 —6¢1c2 + ¢3
—2cic4 —2cic3 —2cicp —2cicq
—C4 —C3 ) —Cl1
cO _ 0 0 0 0 ch _ 0 0 0 0
L2 0 0 0 0o |° 721 6cs S5c4 4cz 3e |
S5c¢q4 4c3 3¢y 2cy -+ 5S¢4 4dc3 3¢ 2

0 0 0 0
Cé’zi = s 7C6 6C5 56‘4 4C3 s

6¢cs Scq4 4c3 3¢

S5c4 4c3 3¢ 2c

where a, are given by (15). Then, the operators 7, such that their conjugates are
T, = (B™ + Cgf]) ) o Cf} are operators from H, to H_ of finite rank and their
graphs Wr, = (id +T},) (H4) are elements of the component of virtual dimension 0 in
Groo (H). We can choose a basis {eg, e1, e2, ...} in W7, as a set of Laurent polynomials

constructed by means of operators 7, and Cy | as

Cl,] id+T7,
{wlv WZ, . } — {G19 G27 . } — {G—n+1» G—n+2’ ey G()a le G27 .. '}7

projecting the canonical basis {1, 0,0, ...}, {0,1,0,...},{0,0,1,...},...:

1 1 1
eo 1+512+(352—25f)z—2+(553+25§—65152)Z—3+~--
_ 1
+G_n+1(C1,1(1,0,0,.-.))Z—n,
1 1
el = z+2¢ +2522+(453—26162)Z—2+(6E4—SE§—25153

| - 1
+4cier — )5 4+ Gp1(C11(0,1,0,..))—,
Z Z

_ _ _1 _ __ 1
e 22+ 2612+ 36 + 36‘32 + (5¢4 — 26‘16‘3)Z—2
- _ -0 5 - oy 3 5, 1
+(7¢s — 6¢2c3 + 3105 — 2¢1¢4 + 4cc3 — 4cjcr + Cl)z_3 + .-

- 1
+ G—}’Z"rl(Cl,l(Os 07 15 . '))Z_ns

We formulate this result as the main statement of this section.
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Proposition 4 The operator (id +T),) defines a graph Wr, = span{ep, ey, €2, ...}
in the Grassmannian Gr of virtual dimension 0. Given any ¥ = > p Vrr12k €
Hy C H, the function

o0 o0
G@) = D Gind = e,
k=0

k=—n

is an element of Wr,.

Proposition 5 In the autonomous case of the Cauchy problem (6), when the function
p(z, t) does not depend on t, the pseudo-Hamiltonian admits the form H(t) = Go(t)+
const, where G0|t=0 = 0. The constant is defined as Zflozl Pk (0).

Proof In the autonomous case, we have (?TH = %H. By straightforward calculation,

we verify that %C_}o = %H, which leads to the conclusion of the proposition. The
constant is calculated by substituting # = 0 in H. O

Remark 2 The Virasoro generator Lo plays the role of the energy functional in CFT.
In the view of the isomorphism ¢, the observable Go = t~!(L) plays an analogous
role.

As a conclusion, we construct a countable family of curves I';,: [0, T] — B in
the trivial bundle B = T*Fy ® C x Gro(H), such that the curve I',, admits the
form 'y (1) = (f(z, 1), ¥(z, 1), W, (2)), for t € [0, T] in the local trivialization.
Here, ( fz, ), ¥(z, t)) is the solution of the Hamiltonian system (8-9). Each oper-
ator T,(1): Hy — H_ that maps G-q to (Go(1), G_1(1), ..., G_p41(1)) defined
forany r € [0,T],n = 1,2, ..., is of finite rank and its graph W7, (¢) is a point
in Groo(H) for any t. The graphs W7, belong to the connected component of the
virtual dimension O for every time ¢ € [0, 7] and for fixed n. Each coordinate
(G-n+1,...,G-2,G_1, Gy, G1, G2, ...) of a point in the graph W7, considered as
a function of v is isomorphic to the Kirilov vector fields

(L—pt1s.... Lo, L_y,Lo, L1, Ly, Lo, ...)

under the isomorphism ¢.

Remark 3 Although we performed all constructions for the operators 7, of finite
rank, the limiting operator T, is Hilbert—Schmidt because of the embedding of the
conformal welding into the Grassmannian, see, e.g., [28,51].

8 7-Function
Remember that any function g holomorphic in the closed unit disk, non-vanishing

on the boundary and normalized by g(0) = 1 defines the multiplication operator gg,
(@) =D 1ez @rzk, that can be written in the matrix form

a b $>0
(9
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All these upper triangular matrices form a subgroup G Lt of the group of auto-
morphisms G Lyes of the Grassmannian Greo (H).

With any function g and any graph W7, constructed in the previous section (which
is transverse to H_), we can relate the T-function Ty, (g) by the following formula

Twy, () = det(l +a™'bTy),

where a, b are the blocks in the multiplication operator generated by g~!. If we write
the function g in the form g(z) = exp(Z‘Zi1 t,7") =1+ Z,fil Sk (t)z¥, where
the coefficients Sy (¢) are the homogeneous elementary Schur polynomials, then the
coefficients #, are called generalized times. For any fixed Wr,, we get an orbit in
Groo(H) of curves I' constructed in the previous section under the action of the
elements of the subgroup GL;",  defined by the function g. On the other hand, the
t-function defines a section in the determinant bundle over Gro(H) for any fixed

f € Fo at each point of the curve I.

9 Baker—-Akhiezer Function, KP Flows, and KP Equation

Let us consider the component Gr¥ of the Grassmannian Gr of virtual dimension 0,
and let g be aholomorphic function in D considered as an element of G L, analogously
to the previous section. Then, g is an upper triangular matrix with 1s on the principal
diagonal. Observe that g(0) = 1 and g does not vanish on S'. Given a point W e Gr?,
letus define asubset 't € GLE asT+ = {g € GLL, : g~ ! W is transverse to H_}.
Then, there exists [49] a unique function Wy [g](z) defined on S ! such that for each

g € I'", there exists a unique function Wy [g] in W of the form

i 1
Wwlgl(z) = g(z)(l + D g, W)z_k)'

k=1

The coefficients w; = wi (g, W) depend bothon g € ' and on W € Gr¥, besides
they are holomorphic on I'" and extend to meromorphic functions on GL}, . The
function Wy [g](z) is called the Baker—Akhiezer function of W or the wave function.
It plays a crucial role in the definition of the KP (Kadomtsev—Petviashvili) hierarchy
which we will present now. We are going to construct the Baker—Akhiezer function
explicitly in our case.

Let W = W, be a point of Gr¥ defined in Proposition 4. This point corresponds to
the adelic Grassmannian introduced by Wilson [52,53] in the study of the bispectral
problem and the rational solutions of the KP equation. We remark that the rational
solutions to KP were studied earlier by Matveev [35] and Krichever [29]. It is possible
to consider Wr, as well because of Remark 3. Take a function g(z) = 1+a;z +art+
... € I'", and let us write the corresponding bi-infinite series for the Baker—Akhiezer
function Wy [g](z) explicitly as
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Wlglz) = D Wizt = (1 +a1z+a2z2+~--)(1+ﬂ+w—22+~-~)
keZ < <
=+ (a2 + a301 + as0) +aswz + - -)z°
+ (a1 + ;w1 + azwr + agw3z + - -+ )z
+ (A +ajw1 +arwr +azwz + -+ +)

1
+ (w1 +a1wy + a3 + -+ )=
z
1
+ (0 t+aws +aws+-- )5+
z

1
-+ (wr +a1wk+1+a2wk+2+~--)z—k+-~-

The Baker—Akhiezer function for g and W7, must be of the form

Wiy, [g1(2) = g(z)(l +Zwk<g) ) Z Wiz*,

k=1 k=—n

and for Wr__,

wWTw[g](z)—g@(HZwk(g) ) Z Wiz*.

k=1

In the first case, for a fixed n € N, we truncate the bi-infinite series by putting wy = 0
for all £ > n. The Baker—Akhiezer function must belong to Wy, . To satisfy the defini-
tion of Wr,, and determine the coefficients w = (w1, w2, . .., @,), we must check that
there exists a vector {1, ¥2, ...}, such that Wy, [g](z) = Zk oekVi+1 € Wr,. We
define 1/ by means of the coefficients W at the positive powers of z in the expansion of
Yy, 181(2), and then, recover wy by means of the coefficients WV, at the negative pow-
ers of z. First, we express ¥ as linear functions v = Yy (w1, w2, ..., 0,) = Y (w)
by

W2, 93, = CrH (Mo@). W), ... ). (17)
Using the Wronski formula, we can write

U1 = Wy —26W) — (36 — 46, — (483 — 126281 +8G)Ws + -+,
Y2 = Wi =26 Ws — (382 — 4E)W5 — (4¢3 — 126281 + 8E) Wi + - -+,
Y3 = Wh — 260 W3 — (36 — 46)Wy — (483 — 126981 + 8G)Ws + -+,
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Next, we define wy, w2, ..., w, as functions of g and Wr,, or in other words, as
functions of ay, ¢k by solving linear equations

W] = El'(,[/l(a,(,())+2521ﬁ2(a,w)+"'k5k'lpk(a,a))+"' 5

wr = 3 ((k+2)81 — 2818 ) (a0,

where V. are taken from (17). Above procedure is valid for Wr, as well. The solution
exists and is unique because of the general fact of the existence of the Baker—Akhiezer
function. It is quite a difficult task in general; however, in the case n = 1, it is possible
to write the solution explicitly in matrix form.

In what follows, the procedure is rather standard but we would like to present it to
have some solution in a closed form. If

T T
_ |3 c-1| B— 3c3 A1 | @
2¢) Lt a | 2¢o LIt oy
c1 al c1 1

then w] = %

To apply further theory of integrable systems, we need to change variables a,, —
ap(t),n > 0,t = {11, 1p, ...} in the following way

ap = ap(ty, ..., ty) = Sp(t1, ..., ),

where S, is the n-th elementary homogeneous Schur polynomial
0 o0

1+ > Set)zh = exp (Z tkzk) _ D)
k=1 k=1

In particular,

2 3

t t
Si=t, S=—4+n Si=-Lt4+nn+n,
2 6
4 2 2
t t 2ty
Si=L+ 241 +un.
4 A 2+2+13+4

Then, the Baker—Akhiezer function corresponding to the graph W7, is written as

- Kk Et2) — wx(t, Wr,)
Yy, [81(z) = ZWkZ =t 1+Z—k ,

k=—n k=1 <
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and t = {1, 12, ...} is called the vector of generalized times. It is easy to see that
opam =0, forallm=1,2...,k—1,
dpam = 1 and
Oy am = am—y, forall m > k.
In particular, B = 9, A. Let us denote 0 := 9;,. Then, in the case n = 1, we have

A 18

1= (18)

Now, we consider the associative algebra of pseudo-differential operators A =

Si__ axd® over the space of smooth functions, where the derivation symbol 3

satisfies the Leibniz rule and the integration symbol and its powers satisfy the algebraic

rules 9719 = 9971 = 1 and 9~ 'a is the operator 9 lg = z,‘jio(—1)’<(a’<a)3—’<—1

(see, e.g., [16]). The action of the operator 0™, m € Z, is well defined over the function

5t where £(t, z) = > g0 tz*, so that the function 5% is the eigenfunction of
the operator 0" for any integer m, i.e., it satisfies the equation

gt — Zmes(t’z), meZ, (19)

see, e.g., [5,16]. As usual, we identify 0 = 9y, and 99 =1.

Let us introduce the dressing operator A = ¢3¢~ = 9+ Z,fil Aed~k, where ¢ is
a pseudo-differential operator ¢ = 1+ > o | wi (t)d~X. The operator A is defined up
to the multiplication on the right by a series 1+ > oo | bk 8~ with constant coefficients
by. The m-th KP flow is defined by making use of the vector field

d
am¢ = _Ar:0¢, Oy = E,

and the flows commute. In the Lax form, the KP flows are written as
oA = [A", Al (20)

If m = 1, then dA = [3, A] = D22, (@r)d %, which justifies the identification
8 = 8;1 .

Thus, the Baker—Akhiezer function Wy, [g](z) admits the form Wy, [g](z) =
¢ exp(&(t, z)) where ¢ is a pseudo-differential operator ¢ = 1+ ) _ | wi(t, WTn)B_k .
The function Wy, [g](z) becomes the eigenfunction of the operator A™, namely
A"w = z"w, form € Z. Besides, 9,,w = A w. In the view of (19), we can write
this function as previously,

Ywr, [81() = (1 + Zwk(t, WT,,)Zk)eE(t’Z).

k=1
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Proposition 6 Let n = 1, and let the Baker—Akhiezer function be of the form
1)
W%ﬂﬂ@)=gwo(l+2)’

where w = wy is given by the formula (18). Then,

by DA (04 g
CT12A7T\0Ca

is a solution to the KP equation with the Lax operator L = 3 — 2(dw).

Proof First of all, we observe that
AZo=09"+2x1, Aly=09+3110 +3(0A1) + 32

Given ¢ = 1 4+ wd~!, we are looking for the coefficient A; checking the equality
0, Wwr, [g] = L Wwy, [g], for the Lax operator L = A2>0 =924 2;.
First of all, we need some auxiliary calculations

A=A, k=1,2,...; dho=0w— 20w

1N
8,2‘11:12\11—{—57 2 ;

%W = 22W + £ 2200 + 2030 + d,0).
Z

Then, comparing the latter two equalities, we conclude that 9, ¥ = 3’V — 20w) W,
and A = —dw. Now, we use the formula for the KP hierarchy (20) and write the time
evolutions

dph1 = 0°h1 + 207,
dpha = 0%k + 2043 4+ 211971,
Iy = 9321 430722 4 3043 + 611941

Finally, eliminating X, and A3, we arrive at the first equation (KP equation) in the KP
hierarchy for dw

39501 = 0(4dh1 — 1241041 — 9°41).

The latter is a standard procedure, see, e.g., [5]. O

Of course, one can express the Baker—Akhiezer function directly from the t-
function by the Sato formula

1 1 1
rWTn(tl - Z,IZ_ 2Z27t3_ 3z37'~')

Twy, (11, 12,13 ...)

Wy, [81(2) = 549

)
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or applying the vertex operator V acting on the Fock space C[t] of homogeneous
polynomials

1
WTn[ ](Z) = T VTWTn,

Tn

where

00 ) 00 19 »
V =exp Ztkz exp ZEB_
k=1 k=

In the latter expression, exp denotes the formal exponential series and z is another
formal variable that commutes with all Heisenberg operators #; and % Observe that
the exponents in V do not commute and the product of exponentials is calculated by
the Baker—Campbell-Hausdorff formula. The operator V is a vertex operator in which
the coefficient Vj in the expansion of V is a well-defined linear operator on the space
C[t]. The Lie algebra of operators spanned by 1, #, aitk’ and Vj is isomorphic to the
affine Lie algebra 5| [(2). The vertex operator V plays a central role in the highest weight
representation of affine Kac—Moody algebras [26,38], and can be interpreted as the
infinitesimal Bicklund transformation for the Korteweg—de Vries equation [14].

The vertex operator V recovers the Virasoro algebra in the following sense. Using
two close points z + 1 /2 and z — 1 /2, the operator product can be expanded in to the
following formal Laurent—Fourier series

: V(z+%)V(z——) ZWk(Z))»k

keZ

where : ab : stands for the bosonic normal ordering. Then, W)(z) = T (z) is the
stress—energy tensor which we expand again as

T(z) =Y Ly(t)z" 2,

nez

where the operators L, are the Virasoro generators in the highest weight representation
over C[t]. Observe that the generators L, span the full Virasoro algebra with central
extension and with the central charge 1.
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