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ABSTRACT. We consider the group of sense-preserving diffeomorphisms
Diff S* of the unit circle and its central extension, the Virasoro-Bott group,
with their respective horizontal distributions chosen to be Ehresmann connec-
tions with respect to a projection to the smooth universal Teichmiiller space
and the universal Teichmiiller curve associated to the space of normalized uni-
valent functions. We find formulas for the normal geodesics with respect to
the pullback of the invariant K#hlerian metrics, namely, the Velling-Kirillov
metric on the class of normalized univalent functions and the Weil-Petersson
metric on the universal Teichmiiller space. The geodesic equations are sub-
Riemannian analogues of the Euler-Arnold equation and lead to the CLM,
KdV, and other known non-linear PDE.

1. INTRODUCTION

Arnold [1] proposed in 1966 a program of the geometric approach to
hydrodynamics, which ultimately led to general geodesic equations on Lie
algebras of infinite-dimensional Lie-Fréchet groups of volumemorphisms of a
compact finite-dimensional Riemannian manifold, arriving at certain known
equations of mathematical physics regarding a chosen Riemannian metric.
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These equations are now often referred to as the Euler-Arnold equations,
see also [15]. The Lie-Fréchet group of sense-preserving diffeomorphisms
Diff S! of the unit circle S* is one of the simplest, and then, important
examples of infinite-dimensional Lie groups modeled on the Fréchet space of
all C*®-smooth functions h: S = R/27Z — R endowed with the countable
family of seminorms |||, = maxycg %h(@)] , n > 0. The interest to
this group comes from Conformal Field Theory, where this group together
with its universal central extension, the Virasoro-Bott group Vir, occurs as
a space of reparametrizations of a closed string. Two non-trivial (of three
possible) coadjoint orbits of the group Vir are the homogeneous spaces B =
Diff S'/ Rot and M = Diff S/ Méb, where B is a holomorphic disk fiber
space over M, Mcb is the group of Mébius automorphisms of the unit disk
restricted to S1, and Rot ~ S' is its subgroup of rotations associated to the
circle St itself, see e.g., [15, 16, 30]. The space M is referred to as a smooth
approximation of the wuniversal Teichmiiller space T, see [33], and B as a
smooth approximation of the universal Teichmiiller curve T (1). Moreover,
the natural inclusion M < 7 (1) is holomorphic [28]. The space B contains
all necessary information on the construction of the unitary representation
of Diff S' due to Kirillov and Yur'ev [19, 20]. The group Diff S* acts on
B and M, and it is natural to consider the manifold B as a base space for
the principal bundle Rot —s Diff S ™% B, and the manifold M as a base
space for the principal bundle Méb —s Diff S "2 M. The Lie algebra of
Diff ST is identified with the space Vect S! of all smooth real vector fields
on S' with the Lie brackets as the negative of the usual commutator. This
identification can be made by associating the equivalence class of curves
[t — ~(t)] € Ty Diff S* with the vector field on S*, Xh(0) = %h(fy(t))’tfo,
7(0) = 6, where h € C*°(S,R) and 0 € S*. We write v € Vect S' instead
of v0y. Let us define a real valued form 7, associating to every v € Vect S*
its mean value

" or

2
no(v) ! /0 v(0)d0,

and the complex valued form 7, associating to every v € Vect S* the number

" or

2T
m(v) ! /0 e~ (6)db.

Let us denote by Vecto S* the kernel ker 7y and let 9 = kerngNkern; denote
the complement to the Lie algebra mob of the group Méb in Vect S?.

Then we are able to define subbundles H and D of T Diff S' by left
translations of VectgS' and 9 by Diff S respectively. Similarly, we define
subbundles £ and C of the central extension Vir of Diff S1 obtained by left
translations of (Vecty S*,0) and (9,0) by Vir.
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Let g be a Riemannian metric on 7' Diff S L and let hy be its restriction to
H and let hp be its restriction to D. Correspondingly, if u is a Riemannian
metric on Vir, then we denote by hg and he its restriction to £ and C.

Denote by tot the subalgebra of Vect S! of constant vector fields corre-
sponding to the subgroup of rotations S 1 Then Vect ST = Vectg S* @ vot =
d@®méb and TDIf S* = HP R = D ® M, where R and M are subbun-
dles obtained by left translations of tot and mob. Notice that R = ker dm
and M = ker dmy. Therefore, the subbundles H and D of T'Dift S 1 are the
Ehresmann connections. Similarly, the subbundles £ and C are the Ehres-
mann connections on Vir.

A smooth curve y: [0,1] — Diff S? is called H- horizontal if & € H.(y) for
every t € [0,1]. Similar definitions are valid for the distributions D, &, and
C.

We look for H-horizontal curves (t) connecting two points ag and aq,
7(0) = ag, (1) = a1 on Diff S, that give the critical values for the energy
functional

1 /1
s / h(4, 4)dt.
0

Analogously, we formulate the problem for the groups Diff S I'and Vir and
the distributions D, &, and C. The objects (Diff S1,H, hy), (Diff ST, D, hp),
(Vir, £, hg) and (Vir,C, he) are infinite-dimensional analogs to the classical
sub-Riemannian manifolds which in finite dimensions have been actively
studied recently, and widely documented, see e.g., [2, 27, 31, 32]. In the
present paper we address two problems. The first one, the problem of con-
trollability, or whether it is possible to join arbitrary points ap and a; on
Diff S or Vir by H- (or £-) horizontal curves, was treated in [11]. The
second one is to find geodesic equations for critical curves with respect to
the metric h with the corresponding index H, D, £, or C. These equations
are sub-Riemannian analogues of the Euler-Arnold equation. The metrics
are chosen to be either Sobolev, or the pullback of the invariant Kahlerian
metric, in particular the Velling-Kirillov metric [18, 19, 34], on the class of
normalized univalent functions related to B ~ T (1) by conformal welding,
or with respect to the pullback of the Weil-Petersson metric on the univer-
sal Teichmiiller space 7. We find that the geodesic equations are analogues
of the Constantin-Lax-Majda (CLM), Camassa-Holm, Huter-Saxton, KdV,
and other known non-linear PDE. Inspired by the above problems we de-
velop an analogue of sub-Riemannian geometry on infinite-dimensional Lie
groups. Equations for the sub-Riemannian geodesics for hy; and hg previ-
ously appeared in [11].

2. INFINITE-DIMENSIONAL LIE GROUPS WITH CONSTRAINTS

In this section we apply variational calculus to determine sub-Riemannian
geodesics for infinite-dimensional Lie groups with invariant subbundles. This
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is a special case of the calculus developed by the authors in [11] for finding
geodesics in general infinite-dimensional manifolds. In particular, we in-
troduce semi-rigid curves that play a similar role to abnormal geodesics in
finite-dimensional sub-Riemannian geometry. We will work with Lie groups
modeled on convenient vector spaces following the terminology found in
[22]. A convenient vector space is a locally convex vector space, where the
most general notion of smoothness, based on the notion of smooth curves,
is introduced and the vector space satisfies a weak completeness condition
which is called c*-completeness. The respective topology is given by ¢*-
open sets of a convenient vector space. For a short introduction, we refer
the reader to [26] or [23]. In particular, Fréchet spaces are convenient.

2.1. Regular Lie groups. Let G be a Lie group modeled on c®-open sets
of a convienient vector space with the Lie algebra g. We use the symbol £,
to denote the left multiplication by an element a € G. Let us define the left
Maurer-Cartan form k' as a g-valued one-form on G , given by the formula

k() = dly-1v, v e TG,

Let us use the notation C*°(R, G) for the space of smooth maps v: R —
G, and the notation C*°(R, g) for the convenient vector space of smooth
maps from R to the Lie algebra g. To any smooth curve v: R = G one
associates a smooth curve u(t) = k‘(¥(t)), t € R in the Lie algebra g which is
called the left logarithmic derivative of v. Throughout the paper we assume
that the Lie groups are regular, which essentially requires that the above
correspondence from v € G to u € g remains true the other way around.
Let us give a precise definition.

Definition 1 ([23, 25]). A Lie group G is called regular if it satisfies the
following two properties.

1. Any smooth curve

u: R — g
t = u(t)

is the left logarithmic derivative of a curve v € C*®(R,G) with
7(0) = 1, where 1 stands for the identity of the group G;
2. The mapping
C®[R,g) — G
[t u)] — (1)

is smooth. Here 7 is a solution to the equation x‘(¥(t)) = u(t),
¢ € R with the initial data y(0) = 1.

Let us make the following remarks on regular Lie groups.
e There are no known examples of non-regular Lie groups. The term
‘regular’ is also used for somewhat stricter conditions, see [21].
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e The second condition of the above definition of regularity is a gen-
eralization of the exponential map produced by the constant map [t —
up] € C*°(R, g). Thus, if a Lie group is regular, then the exponential map
expg : g — G exists and it is smooth. However, many of the properties
that we are used for the group exponential map in finite dimensions do not
necessarily hold in infinite dimensions. For example, it can happen that the
exponential map is not locally surjective and the Baker-Campbell-Hausdorff
formula does not work.

e If there is a curve v, starting from 1 € G with the left logarithmic
derivative u(t), then for any a € G, there is a curve 7 starting from a and
having the same left logarithmic derivative u(t).

e Regularity of a Lie group can be similarly defined in terms of the right
logarithmic derivative. Let r, denote the right translation by a, and let
K"(v) = dre-1v, v € T,G be the right Maurer-Cartan form. Then for a given
7: R = G, the curve u(t) = "(§(t)), t € R, is called the right logarithmic
derivative. In this case regularity of the group implies uniqueness of the
solution to the initial value problem " ((t)) = u(t),v(0) = 1. The property
of a group to be regular does not depend on the choice between left or right
translations in the definition.

2.2. Variational calculus on regular Lie groups. From now on, we
parametrize all curves on the domain I := [0, 1] unless otherwise is stated.

Let G be a regular Lie group modeled on ¢®-open subsets of a convenient
vector space. We say that a smooth map

F:1x(—ee) — G

(1) (t,5) = F(s)
is a variation of a curve v: I — G if
(2) F(tv O) = 7(t)7 F(Oa s) = 7(0)7 F(l"s) = 7(1)'

We will write a variation simply as v° rather than F for the sake of simplicity,
where v*(t) = F(t,s). Observe that [s — v°] can be considered as a smooth
curve from (—¢, €) to the space C°(I,G) with 40 = .

Let G be a regular Lie group whose Lie algebra g is endowed with an
inner product (-,-). Let g be a left-invariant metric on G obtained by left
translation of this inner product, i. e.,

g(v,w) = (k' (v), &' (w)), v,we TG, forVacd.
Define the energy functional as F(y) = % fol g(y, %) dt. We want to describe
the curves which are the critical points of the energy functional and satisfy

7(0) = ag and (1) = a1, for two given points ag,a; € G, i. e., such curves
v that satisfy the equation

O5E(7°)|s=0 = 0, for any variation °.

We call them Riemannian geodesics.
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In order to write down the geodesic equations, we give the following
observations. For a variation v* of v, we define curves v® and z in g by
w(t) = #(7(1)) and

(3) 2(t) = “g(aS’Ys (t))]s=o0-
They are related by the known equality
(4) Osu” () ]s=0 = 2(t) + [u(t), 2(t)].

Indeed, by making use of the Cartan equation dx‘(v,w) = — [kl (v), Kb (w)],
we get

dr’ (07" (£), 06y (1)) |s=0 = —[K*(@s7° (1)), K (0" ()]l s=0 = [u(t), 2(®)]-
On the other hand, if I'* denotes the pullback by F' in (1), then we obtain
di (957" (£), 00y (1))]s—0 = d(F*K) (s, Or)|s=0
= 05 ((F*K)(90))ls=0 — B ((F*)(8s)) ls=0
= 951" (By* (1)) ls=0 — O (8s° (1)) ls=0
= Osu’(t)]s=0 — Or2(1).
Inspired by (4), we introduce the linear map for any fixed u € C*(I, g)

r ru: C(Ig) - C(Lg)
(5) :c = 4 [u,z]

This allows us to rewrite (4) as Osu®|s—o = Tu2z. We remark the following.

Proposition 1 ([11]). For any y and u € C*(I,g), there is a unique
x € C™(1,g), satisfying

(6) =y,  (0)=0.

If z satisfies (6), then we write = = 7, 'y. Explicitly,

t
1)) = Ad gy /0 Ad g (D) di

where Ad is the adjoint action of G on g, and ~ is a curve with the left
logarithmic derivative u.
We define an inner product on the space C*°(I,g) by

<<ac,y>>:/0 @) y@)dt,  zy:l—g.

Then the variation of the energy functional E = 3 f01 g(y(t),4(t)) dt is writ-
ten as

(7) OsE(7")|s=0 = (u, uz),
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for any variation v° of v and z defined by (3). Indeed, the equation (4) and
the definition of the map 7, imply

By E(7*)]s0 = /O (ut), 51 (1) s—o)

:/0 (u(t), 2(t) + [u(t), 2(t)])dt

Let 2 be the collection of curves
(8) A={zeC™,g) : z(0)=z(1) =0},

and let 7,2 be its image under the map 7,. It is obvious that z defined
in (3) belongs to A. In order to study the critical points of the energy
functional E, we first characterize the orthogonal complement (7, 2A)* to
7.2 with respect to the inner product ((-,-)). We assume that the adjoint
map ad, to ad, : y > [z,y] exists for any = € g with respect to the inner
product (-, ).

Proposition 2. Let v be a curve in G with the left logarithmic derivative
w. If w € (1, A)L, then w is a solution to the equation

(9) W = ad, (w).

Proof. If w € (7, 2)*, then for any = € 2, we have

Oz((w,Tua:»:/o <w,¢+[u,x])dt:—/0 b — sl (us), )

by integration by parts. Hence w is a solution to w = ad, (w). O
The equation (9) is the left Euler-Arnold equation on G.

2.3. Horizontal geodesics. In this section we define the left-invariant
sub-Riemannian structure on a Lie group and study the set of critical points
of the energy functional defined by a sub-Riemannian metric.

Let g be a left-invariant metric on G corresponding to an inner product
(-,+) in the Lie algebra g. Choose a ¢*™-closed subspace h of g, such that
hd bt = g, where bt is orthogonal to h with respect to (-,-). Define a
smooth subbundle H of T'G by left translations of f), or equivalently, the
subbundle of all vectors v with x°(v) € h. Denote by h the restriction of
the metric g to the subbundle H. We call the pair (H,h) the left-invariant
sub-Riemannian structure on the Lie group G.

We say that a smooth curve v : I — G is horizontal if §(t) € H. ) for
any t € I. Similarly, a variation ® of a curve ~ defined in (1-2) is called
a horizontal variation if 0yy*(t) € Hs(y for all s € (—¢,¢) and t € I. We
want to describe the horizontal curves connecting two given fixed points
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which are the critical points for the energy functional, defined on the space

of horizontal curves i
1 ..
5 / h(,7)dt
0

Similarly to the Riemannian case, we introduce the following definition.
Definition 2. A horizontal curve «y is called a sub-Riemannian geodesic if
0sE(7*)|s=0 = 0 for any horizontal variation ~°.

The collection of all horizontal variations of a curve « is denoted by
Jn (7). Let us introduce the notation

(10) Vary(y)={z €A | there is v* € Ty () such that z=r*(9s7°|s=0)}-

By the discussion in Section 2.2, we know that v is a sub-Riemannian ge-
odesic if and only if its left logarithmic derivative u satisfies {(u,7,2)) =0
for any z € Yary ().
Define the subset
Ay =7, 1 pryy 7y, 2

of A, where pry : g — b is the orthogonal projection. Obviously, the in-
clusion Yary(y) C Ay holds. Indeed, let z € Yary(y) and the curve
7% € Jx(v) be such that z = k(9s7°|s=0). The left logarithmic derivative
u® of 4% is in b, and s — w® is a smooth curve from (—e¢,€) to C°(I,h).
Thus, Tyz = 0su®|s=0 € (T, A) N C>°(I,h) = 7,A. However, it is not
necessarily true that Qavy(y) = 2y . This phenomenon appears for both
finite and infinite dimensions, and was observed long time ago, see [7, 14].
We will use the term semi-rigid for curves for which this property fails.

Definition 3. A horizontal curve « is called semi-rigid if Uary is a proper
subspace of 2.

Since geodesics are curves v with left logarithmic derivative u € (r, Bary) L
and (1, Qary)t D (7))’ by the inclusion 7,Vary C 7,2y, we know
that u € (7,2%)" is a sufficient condition for 7 to be a geodesic.

Definition 4. A horizontal curve v whose left logarithmic derivative u

belongs to (7'qufH)L is called a normal sub-Riemannian geodesic.

Notice that if a curve is not semi-rigid, then it is a sub-Riemannian ge-
odesic if and only if it is a normal sub-Riemannian geodesic. Since the
definitions of geodesics and normal geodesics use the orthogonal comple-
ment to 7, Vary(y), they essentially depend on the choice of a metric. The
definition of semi-rigid curves does not depend on the metric but rather on
the properties of the horizontal distribution H itself. We emphasize that,
according to the definitions, a curve v can be both semi-rigid and normal
geodesic at the same time. Semi-rigid curves need not be geodesics, but all
geodesics which are not normal are semi-rigid. We summarize the results of
the section in the following statement.
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Theorem 1. Let G be a regular Lie group with the Lie algebra g. Assume
that g is equipped with an inner product (-,-), the adjoint map amd;cr to ad,
is well-defined, and g = h @b, where hr is the orthogonal complement to
b with respect to (-,-). Let (H,h) be the corresponding left-invariant sub-
Riemannian structure on G. If a horizontal curve v is a geodesic, then it is
either a semi-rigid curve or it is a normal geodesic. In the latter case it is
a solution to the equations

u=£'(%), U = pry ad, (u+\), )'\:prbL ad, (u+\),
for some curve \ in hrt.

We can repeat the above statements for the right-invariant sub-Rieman-
nian structure. The right Maurer-Cartan form satisfies the equation
dr" (v, w) = [k"(v), K" (w)] that implies the new definition 7,: z — & — [u, z].
The map 7, is also invertible and the equations for the normal geodesics
become

u=kK"(Y), a:—prbadz(u—k)\), /'\:—pthadI(u+)\).

2.4. Semi-rigid curves on regular Lie groups. In Section 2.3 we de-
fined semi-rigid curves in terms of horizontal variations of a curve . But
we could have also described them purely in terms of its left logarithmic
derivative wu.

Let g = h @ ¢ be a splitting of g. The subspace ¢ here is the topological
complement to ) in g. We do not need to introduce a metric, since semi-
rigid curves do not depend on it. Define a subbundle H of TG generated
by left translations of . Then a results found in [25, Lemma 8.8] allows us
to describe variations only in terms of the Lie algebra.

Denote by pry: g — € the projection with the kernel b.

Proposition 3 ([11]). Let v: I — G be a horizontal curve with the left
logarithmic derivative w: I — g. A curve vy is semi-rigid, if and only if,
there is a curve z € A with

(11) pre 7wz = 0,
such that the problem
8 u® = T(us)zs

u®(t) € b, for (t,s) € I x (—¢,e),
Z5(t) € g, for (t,s) € I x (—e,e),
w2t = 2(t) = #(t), for tel,
2°(0) = ( ) 0,  for se(—¢pe),

(12)

\

has no solution.
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2.5. Geodesics with respect to invariant metrics. Now we consider
a special situation when a Lie group G carries a metric invariant under
the action of some special subgroup K of G. Namely, let G be a finite-
or infinite-dimensional regular Lie group and K be a connected subgroup.
Denote by g and £ their respective Lie algebras. Let (, ) be an inner product
in g, with respect of which ad;Er exists. Furthermore, we assume that f) = et
and g = h @ ¢ Define the horizontal distribution H by left translations of
h. Let g be a left-invariant Riemannian metric on G obtained from ( , )
and h = g|y. If the metric g is invariant under the action of K, then it
gives us an opportunity to construct normal critical curves from Riemannian
geodesics.

Theorem 2 ([11]). The following statements hold.
(a) If { ,) is ad(€) invariant and if yr: [0,1] — G is a Riemannian
geodesic with respect to g, then

AE) = pre s’ (ir(t), £ €[0,1]
is constant. Herepry: g — € is the orthogonal projection with respect
to ().
(b) If () is Ad(K) invariant, then a horizontal curve ysg: [0,1] — G
is a normal geodesic, if and only if, it is of the form

vsr(t) = Yr(t) - expg(—At), tel,
where yg: I — G is a Riemannian geodesic with respect to g, and
A = pr £ (Yr(0))-
We emphasize the following fact.

Corollary 1. The left logarithmic derivative usg of a curve Ysr satisfies
the equation Usg = ad;lb—sR (usr + A) with a constant \.

Notice that the metric g does not need to be positively definite on both b
and ¢, it can be positive definite on h and a pseudometric on € at the same
time. Only the transversality of h and ¢ has to be preserved. Moreover,
Theorem 2 can be generalized to principal bundles in the case of finite-
dimensional manifolds, see [27, Theorem 11.8].

2.6. Controllability on Lie groups. We defined critical points of energy
functional in the set of horizontal curves connecting two points aj, as. Now
we study the problem of controllability, i. e., we check if the set of such curves
is non-empty. A sub-Riemannian structure (H,h) is called controllable if
any two points can be connected by a horizontal curve. The main tool to
prove this property in finite dimensions is the Rashevskii-Chow theorem
[8, 29]. There are almost no general results on connectivity by horizontal
curves in infinite dimensions.
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We present here a controllability result for a special class of infinite-
dimensional Lie groups. Assume that a horizontal subbundle # is invariant
under the action of a subgroup K of a given group G. Then, if the tangent
bundle TK is transversal to H, the problem of controllability reduces to
the problem whether elements of K can be reached from the unity by a
horizontal curve. One of particularly interesting cases is when the subgroup
K is finite-dimensional.

Proposition 4 ([11]). Let G be a Lie group with the Lie algebra g, and let
a left- (or right-) invariant horizontal subbundle H be obtained by left (or
right) translations of a subspace h C g. Assume that there is a sub-group
K of G with the Lie algebra €, and such that g = p®¥€ for some p C b.
Suppose also that b is Ad(K)-invariant. Then any pair of elements in G
can be connected by a smooth horizontal curve, if and only if, for every
a € K there is a horizontal smooth curve connecting 1 € K and a.

3. THE GROUP OF DIFFEOMORPHISMS OF St

Let Diff ST denote the group of orientation preserving diffeomorphisms of
the unit circle S, which is the component of the identity of the group of all
diffeomorphisms of S'. See [25] for a description of the manifold structure
on the diffeomorphism groups.

We denote by id the identity in Diff S*. Let us identify 7" Diff S and
Diff ST x Vect S' by associating the element ((0),%(0)9p) to the equivalence
class of curves [t — y(t)] € T, Diff S* passing through (0). The left and
right actions are described by

(13) d&p(qﬁ, ma@) = ( o ¢, ((10/"1:)69)7 d’r(p(¢7 3389) = ((ZS ° ¥, (iE Q 90)89)7
where ¢, € Diff S',z € C*(S'). Notice that (13) implies Ad,z0p =
¥'z(p™")0%.
3.1. Relationship to univalent functions. Consider the space Ag of all
holomorphic functions

F:D—C, F)=0, with D={z: |2 <1},
such that the extension of F' to the boundary S! is C°°(D,C). Here, D

denotes the closure of . The class Ag is a complex Fréchet vector space
where the topology is defined by the seminorms

IFlm = sup{| F™(2)] | = € D},

which is equivalent to the uniform convergence of all derivatives F™) in D.
The local coordinates can be defined by the embedding of Ag to CN given
by

)
FZZanz"v—)(al,ag,...).

n=1
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Let Fo be a subclass of Ag consisting of all univalent functions f € Ay,
normalized by f/(0) = 1. The de Branges theorem [6] yields that Fy is
contained in the bounded subset

(0.9}
1 x H nDcCN.
n=2
Let D_ be the exterior of the unit disk D = Dy. For any f € Fy,
we define a matching function g : D — C, such that the image of D_
under g is exactly the exterior of f(IDy), and let g satisfy the normalization
g(00) = oo. Note that such g exists by the Riemann mapping theorem.
Since both functions f and g have a common boundary, g also has a smooth
extension to the closure D_ of D_. Therefore, the images g(S!) and f(S%)
are defined uniquely and represent the same smooth contour in C. If g and
g are two matching functions to f, then they are related by a rotation

9(¢Q) =9(Cw), (€D, |w[=1
For an arbitrarily matching function g to f € Fy the diffeomorphism ¢ €
Diff S1, given by
(14) ¢ = (£~ 0 g)(e"),
is uniquely defined by f up to the right superposition with a rotation. Let
Rot denote the sub-group of Diff S consisting of rotations. As a Lie group,

it is isomorphic to U(1). Its Lie algebra vot can be identified with the
constant vector fields on S'. The relation (14) gives a holomorphic bijection

(15) Diff S'/ Rot = Fo,
after complexification of Diff 51/ Rot, see [3, 17, 18]. The induced transitive
left action of Diff S' on Fy is holomorphic.

3.2. Sub-Riemannian structures corresponing to invariant Kahler
metrics on the univalent functions. All pseudo-Hermitian metrics on
Fo which are invariant under the action of Diff S belong to a two-parameter
family of metrics byg, see [18, 19, 20]. Let us first describe these metrics at
1dp € Fo. Any smooth curve f; in Fy with fy = idp is written as

fi(z) = z+tzF(2) + o(t), FeA.

Hence, we can identify T;4, Fo with Ag by relating [t — f;] to F'. With this
identification, b, is given by

boslsy (P F2) = = [[ (aF{F+ G GRY o),

(16) =2 Z(an + Bn3)anby,

n=1
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where do(z) is the area element and Fy (2) =) 77 | an2™, Fa(z) = Y o2 | bp2™.
This description determines b,g uniquely, since the metric at any other
point f of Fy can be obtained by using the left action of Diff S1, because
the metric is invariant. However, given a univalent function f, there is no
general method to obtain a matching function g, so it is difficult realize the
left action of Diff ST explicitly (see [13] for some concrete examples where
matching functions are found).

If @ # —n?B, and n € Z, then the metric b.s is non-degenerate pseudo-
Hermitian. Otherwise, b,g is degenerate along a distribution of complex
dimension 1. Moreover, we require 8 > 0 and —a < f in order to obtain a
positively definite Hermitian metric. If @ = 1 and 8 = 0, then the metric is
called Velling-Kirillov [18, 19, 34].

Since the left action of Diff S* on Fy is complicated, these metrics can be
difficult to study. We lift them to sub-Riemannian metric on Diff S, where
we have a formula for the left action given by (13). Consider the splitting
of Vect St into subspaces

Vect St = Vectg S* & vot,

where Vecto S! is the space of all vector fields with vanishing mean value
on S! or in other words Vecty St is the kernel of the functional

27
(17) ) = = /O (6)do.

T om
Define H as the subbundle of 7 Diff S! obtained by left translations of
Vecty S'. Horizontal curves with respect to A are then curves satisfying

1 2w 2
70 </£€(f'y(t))> = /0 7(¢,9) df =0 for any ¢ € I.

T om v (t,0)
The subbundle H is an Ehresmann connection relative to the submersion
7 : Diff S' — Fo, since H @ ker dr = T Diff S1. The bijective map
digm: Vectg ST — TiggFo 2= Ag
:L'a@ —> F -
is given by forumla (see [18]),
) = 2 (a(6) ~iJ2(0)),  Ja(6) = s-pw. / 20 g
2 2m o tan (%)

The operator J is the Hilbert transform.
Let us define skew-symmetric bilinear operators on Vect S! by the formula

osl@) = 5= [ (ca®) )+ 800/ 0)) b

Then we have the relation

baﬂ'idm (didwx7 didﬂ—y) = iwa,@ (Z‘, y) + wag(Jx, y)7 x,y € Vectg Sl,
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see [11] for details. The real part of byg gives an inner product on Vecto S L
We can extend it to an inner product (, )og on Vect S L by

(Z,Y)ap = Wap (J(w —no()),y — no(y)) +no(z)mo(y),  x,y € Vect S

The inner product on VectgS* corresponding to the form w,gp is obtained
by

(377 y)aﬁ = waﬁ(Jma y)'

This inner product makes Vecty S! and vot orthogonal.

Define a Riemannian metric g, on Diff S by left translations and use
h, s for its restriction to 7. We want to study the geometry on Diff St with
respect to the sub-Riemannian structure (#,hyg).

Remark 1. If we extend the definition of J to an almost complex structure
on H by left translation, then (Diff S, H, J) becomes an infinite dimensional
CR-manifold [24].

3.3. Normal sub-Riemannian geodesics. By a result in [11], we know
that any two points on Diff S' can be connected by a curve that is hor-
izontal to . The sub-Riemannian structure (#,h,pg) is invariant under
the action of Rot. Indeed, since Rot is finite dimensional, we restrict our
procedure to Lie algebras. Recall that tot consists of constant vector fields
and [rot, Vecto S!] C Vecty S?, because the derivative 2’ has vanishing mean
value for any = € Vect S*. Since for any z,y € Vect S I we have

(.77,, y)aﬁ = —(SL‘, y,)aﬁa

the inner product is invariant under the action of ad(tot). Hence, the condi-
tions of Theorem 2 are satisfied with K = Rot. In order to give a geodesic
equation for the normal sub-Riemannian geodesics, we show that the ad-
joint to ad, is well defined with respect to (-,-)ag. We consider the inner
product

1 2
(18) {Z,) = —/ zydf, =,y e VectS?,
2 0

and notice the relation (z,y)ag = (LagJ2' +n0(x), y) on Vect S*, where Lqg
is the second-order differential operator Log = 683 —a-. The adjoint to ad,
with respect to (-,-) is given by the expression

ad) (y) = zy’ + 22'y.

If 7 is a normal sub-Riemannian geodesic with the left logarithmic derivative
u, then u is a solution to the equation Lg% Ju/(t) = ad, (LapJu’ + \) for
some \ € vot =2 R, where the adjoint map ad;r is taken with respect to the
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inner product (-,-) in (18). Indeed, we have

(ua y)cxﬁ :<Laﬁ‘]ula y>
([t 3]s = {Lap 0+, [, 91) = (0] (Lag + X),9)

for any y € Vect S'. Explicitly, v is a normal geodesic if and only if it is a
solution to

(19) &%) = u, LopJi' = uLagJu” + 2u'LagJu' +2Xu/, A €R.

For (o, ) = (1,0), this is a special case of the modified Constantin-
Lax-Majda (CLM) equation. For more information, see [4, 9], where the
Riemannian geometry with respect to the metric g1 is considered. It can
be seen as the Sobolev H/2 metric on Diff S1.

If we solve equation (19) in the special case A = 0, and project the
solutions to Fo, we obtain the Riemannian geodesics for bag.

Remark 2. There are other choices of metrics on Diff S that are inter-
esting from the point of view of PDEs. For example, the geodesic equa-
tions with respect the left-invariant metric Riemannian metric induced by
(,-) defined as in (18) is the Burgers’ equation @ = 3uu’. Similarly, Rie-
mannian geodesics with respect to the metric (z,y)'"' = —(L1,12,y) is the
non-extended Camassa-Holm equation. The equations for sub-Riemannian
geodesics with respect to Sobolev metrics (z,y)*P = —(Lagz,y), ¢,y €
Vecto S1, were obtained in [11].

3.4. A sub-Riemannian structure induced by the Weil-Petersson
metric. Let us now consider the group Mob of Mobius transforms of the
unit disk restricted to the circle S'. We use the natural embedding of the
space Diff 1/ Mé&b to the universal Teichmiiller space 7 and restrict the
Weil-Petersson metric from 7 to Diff S'/Mob. The Lie algebra mob of
Mbb can be considered as a Lie algebra of elements A € Vect S* of the form

(20) A= +we? +we @ NeR, weC.
Let 79 be as in (17) and define 7; as the C-valued functional
1

2m
miE) = —/ z(0)e~?dh, x € Vect S

21 Jo
We denote the complement to mob in Vect S I'by 0 = kerng Nkerny.

Let D be the subbundle of 7' Diff S induced by left translations of 9. It
is an Ehresmann connection with respect to the submersion 7: Diff § L.
Diff S'/Mob. Let us equip Diff S1/Méb with the Hermitian metric by
restricting the Weil-Petersson metric from the universal Teuchmiiller space.
We lift it to a sub-Riemannian metric on D by the same method described

in Section 3.2. This metric will be left-invariant and its restriction to 0 is
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given by the inner product
1 2

% (Jz'y" — Jzy')d0 = (L_11J2,y) for any z,y €0,

($ y) 1,1 =

see [33] for details. We extend the inner product (-,-)_;; to the whole
Vect St by (+,-)—1,1 + (-,+), where the metric (-,-) is defined on mob, and d
and mob become orthogonal with respect to the extended metric.

By similar arguments as in Section 3.3, a curve 7 is a normal sub-
Riemannian geodesic, if and only if, u = &’ (%) is a solution to the equation

L_1,1J7:LI -+ )\ = adI(L_l,lu' + /\)

for some curve t — A(t) in mob. However, the sub-Riemannian structutre,
both the distribution and the metric, is not invariant under Mob, so we
cannot assume A to be constant. Solution to the above equation is more
complicated because we can not apply Theorem 2. Write A as in (20), and
define Fourier coefficients ¢,, of u by

oo

44 = Z(cnemo + e ™9),

n=2

Observe that

[ee)
E g1 = zZ(n3 —n)(cne™ — e ™).

Computing
o0
ad;l,r (L—l,lju/ + )\) :2’],)\0 Z n(cne”’tg . Ene—ine)
=2

i0

+ 3’&(@626Z 0 _ — —i29)

— wege™ ) + bi(wese™ —wege
o0
+1 Z <<(2n - 1)’LUC71_1 S (2’12 -+ 1)7—U_Cn+1)€in0
n=3
—((2n — Dwe,—1 + (2n + 1)wEn+1)e—in0>

co n—2

+y D i2n— — k) (ckCn—r€™ — Chn_re™™)

n=4 k=2

+sz n?—1)(2k+n) (CkChrne™ — chryne” ™),
n=2 k=2

we arrive at equations

This means that u must solve the equation

10

" 4 = " +uvn + 20u/v™ + 2’y —I—2)\ul —|~u)\/ _ 3'i(ﬁczel 0

—weg)e ",

where v = Ju.
If we solve it for A = 0 and w = 0, and project the solutions to
Diff S/ Mob, then we get geodesics of the Weil-Petersson metric.

4. THE VIRASORO-BOTT GROUP
Consider the universal cover group Diff S! of Diff S1. of orientation pre-

serving diffeomorphisms ¢ : R — R such that ¢(6 + 27) = ¢(0) + 27. The

group Diff S! has a unique non-trivial central extension by R called the
Virasoro-Bott group. It can be described as follows. Define a Lie algebra
as the vector space Vect S* @ R, with the commutator

[(,01), (v,02)] = ([o ) w0 (,9) ).
@) = o [ (w0 @)+ v O/ 0))a

The extension is trivial if and only if v = 0. All nontrivial extensions with
v # 0 are isomorphic. The algebra 2-cocycle wy,, is called the Gelfand-Fuchs
cocycle. There is a unique simply connected Lie group G,,, corresponding to

Y

each Lie algebra g,,,,, Go1 = Vir. It can be considered as the set Diff S x R
with the group operation

(21)  (¢f1,b1)(¢2,b2) = (¢1 o 2, b1 + by + pA(¢1, ¢2) + vB(d1, ¢2)>,

where

27 o
A(¢1, ¢2) = ﬁ/o (=1 0 ¢pg + ¢1 + ¢ — id)df, id € Diff S*,

1 2T
B(ond2) = 3 | loa(ro do)dlogds,

The group G, is isomorphic to the product group Diff S* x R, where the
sign (x) means the direct product of groups, while for v # 0, the extension
G 1s non-trivial. All the groups G,,, with v # 0 are isomorphic and called
the Virasoro-Bott group because of the Bott cocycle B(¢1, ¢2).

We define a sub-Riemannian structure on G, in the following way. Define
an inner product (-,-) on g,,,, by formula

<(x,a1), (y,a2)> = %/0 W:C(Q)y(@) df + aias.

Notice that with respect to this inner product, the adjoint of ad(; ) is given
by

ad(Tilf,a) (y,a0) = (zy + 22"y + ao L', 0).
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Consider a splitting g, = ¢ @  given by
¢ = (Vectp,0), and €= {(aodp,a) € g, : G0, € R}.
Notice that ¢ is the Lie algebra of the subgroup
K ={(0+0+bo,b) € Gy : bo,b € R},
which is an abelian subgroup, isomorphic to R2. Define a horizontal sub-
liundle & of T' G by left translation of e. Similarly, we can define a metric
h by left translation of the inner product (-, ), 1‘est/1:icted to e.

We claim that the sub-Riemannian structure (£, h) is invariant under the
action of K. In order to see this, observe that [¢,¢] C ¢, and

0= <[(0’ 1)7 ($7 al)]) (y7 a2)> = _<($’ a1)7 [(0’ 1)a (y7 CL2)]>,

<[(11 O)a (32, al)]? (yv a’2)> = —<(£E/, 0)7 (yv a2)>
:<(Ia al)a (yla 0)> = —<(I, al)a [(17 0)7 (ya CL?)])'
In the above equalities the first coordinate in (0,1) and (1,0) mean the
constant 0- or 1-function respectively, and the second means just a number.
Hence, we can apply Corollary 1, and we know that any left logarithmic
derivative u of a normal sub-Riemannian geodesic is a solution to (u,0) =
adao) (u + A1, A2),u(t) € Vectg Sl that is,

)\1,)\2€R.

For the special case (i, v) = (0,1) and with normalization g = 1, we obtain
that u + ) is a solution to the KdV-equation.

1y = 3uu’ + 220 + )\gLyuu',

Remark 3. Tt is also possible to obtain the Hunter-Saxton and the Camassa-
Holm equations as Riemannian geodesic equations on the Virasoro-Bott
group. A good overview of these results can be found in [15].

Remark 4. We do not derive geodesic equations on the sub-Riemannian
manifold (Vir,C, h¢) defined in Section 1 in this paper, because the proce-
dure is the same as described in Section 3.4 with a extra KdV-type term.
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60 YEARS OF ANALYTIC FUNCTIONS IN LUBLIN
IN MEMORY OF OUR PROFESSORS AND FRIENDS

JAN G. KRZYZ, ZDZISELAW LEWANDOWSKI AND WOJCIECH SZAPIEL

Planar a-angularly starlike domains,
a-angularly starlike functions and their
generalizations to multi-dimensional case

PIOTR LICZBERSKI and VICTOR V. STARKOV

ABSTRACT. In the paper we discuss a long history of linear accessibility (Bier-

-nacki [3], Kaplan [10], Lewandowski [17], [18]) and a—angularly accessibility of
planar domains (Brannan - Kirwan [5], Stankiewicz [26]) and a generalization
of a—angularly accessibility to multi-dimensional case (the paper [20] of the
authors). We present some characterization and properties of domains in R™
with conical externally accessible boundary, for instance a conical accessibility
from the interior of such domains. In multi-dimensional case we present also
an exact relationship between some biholomorphic mappings f : BY — ¢V
and a—accessibility of domains f(B"), [20].

An analytic condition for starlikenees with, respect to the inner point zero
[1] for planar domains has been known for almost 100 years. Within the con-
text the Riemann theorem about conformal isomorphism, it is formulated
in terms of functions f : A — C, £(0) = 0 mapping biholomorphically the
unit disc A = {z € C: |z| < 1} onto that domains. Such functions that are
called starlike and we denote the set of all starlike functions by &*. It is
known [1] that the function f(z) = Y°°°  a,2", ay # 0, belongs to &* iff

2f'(2)
(1) Re )

>0,z € A.
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