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Abstract We generalize the concept of sub-Riemannian geometry to infinite-
dimensional manifolds modeled on convenient vector spaces. On a sub-Riemannian
manifold M , the metric is defined only on a sub-bundle H of the tangent bundle T M ,
called the horizontal distribution. Similarly to the finite-dimensional case, we are
able to split possible candidates for minimizing curves into two categories: semi-rigid
curves that depend only on H, and normal geodesics that depend both on H itself and
on the metric on H. In this sense, semi-rigid curves in the infinite-dimensional case
generalize the notion of singular curves for finite dimensions. In particular, we study
the case of regular Lie groups with invariant sub-Riemannian structure. As examples,
we consider the group of sense-preserving diffeomorphisms Diff S1 of the unit circle
and the Virasoro–Bott group with their respective horizontal distributions chosen to
be the Ehresmann connections with respect to a projection to the space of normalized
univalent functions. In these cases we prove controllability and find formulas for the
normal geodesics with respect to the pullback of the invariant Kählerian metric on the
class of normalized univalent functions. The geodesic equations are analogues to the
Camassa–Holm, Hunter–Saxton, KdV, and other known non-linear PDE.
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1 Introduction

The paper emanates basically from three underlying ingredients. The first one comes
from recent results in vision theory where the space of 2D smooth shapes M is viewed
as an infinite-dimensional Riemannian manifold endowed with certain metrics; see,
e.g., [42–45]. Image recognition requires in a natural way construction of equivalence
classes of shapes modulo simple transformations such as shifts, rotations and scaling,
which in its turn, leads to non-holonomic constraints. This fact brings us to the second
ingredient, sub-Riemannian geometry, where the smoothly varying inner product is
defined only on sub-spaces Hm of Tm M , m ∈ M , and morphing between shapes is
performed along curves γ in M tangent to H. A brief introduction to sub-Riemannian
geometry follows. And finally, the third ingredient is non-linear equations, mostly of
hydrodynamical type, written as geodesic (Euler–Arnold) equations on the group of
diffeomorphisms. This topic has been actively developed, starting from seminal papers
[6,18], and followed up in a number of works; see, e.g., [15,20,29,30,51].

The main goal of the paper is to study the geometry of infinite-dimensional man-
ifolds with non-holonomic constraints, which is a generalization of sub-Riemannian
geometry in the finite-dimensional case. A sub-Riemannian manifold is a triple
(M,H, h), where M is a connected smooth manifold H is a smooth sub-bundle of T M ,
and h is a Riemannian metric on sections of H. The co-dimension of H is assumed to
be positive; otherwise, we consider a standard Riemannian manifold.

Sub-Riemannian geometry on finite-dimensional manifolds is well studied, and
has been proved to have important applications in many areas ranging from optimal
control theory [11] and sub-elliptic operators [4,7] to mathematical physics [22].
Typical general references are [3,49,53,54]. The distance between two fixed points is
measured in terms of the infimum length of the curves connecting them and passing
tangentially to H at any point. Such curves are called horizontal. The distance is finite if
every pair of points can be connected by at least one horizontal curve and is achieved on
the curves of minimal length. The standard way to ensure that any pair of points can be
connected by a horizontal curve, is to require H to be bracket generating. Connectivity
by horizontal curves then follows from the Rashevskiı̆–Chow theorem [14,52]. The
necessary condition for minimizing curves is given, e.g., by the Pontryagin maximum
principle [3]. This condition implies that the optimal curves are of two types: normal
geodesics that behave similarly to the standard Riemannian geodesics, and singular
curves that depend only on the distribution H itself and not on the metric on H.

In the infinite-dimensional setting both the Rashevskiı̆–Chow theorem and the Pon-
tryagin maximum principle are not available any longer; however, we still have some
tools of variational calculus developed for manifolds modeled on convenient vec-
tor spaces at our disposal. Using them, we develop an analogue of sub-Riemannian
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geometry in the infinite-dimensional setting. Let us remark that sub-Riemannian sub-
mersions on groups of diffeomorphism were introduced in [29].

The outline and main results of the paper are as follows. After motivation in Sect. 2,
we give basic definitions of sub-Riemannian geometry on infinite-dimensional man-
ifolds with splitting sub-bundles in Sect. 3. The notion of semi-rigid curves is intro-
duced. These curves play an analogous role to singular curves in finite-dimensional
sub-Riemannian geometry, however, unlike singular curves, semi-rigid ones can be
defined without using the inverse function theorem. Normal geodesics satisfy an ana-
logue to the Euler–Arnold equation. In Sect. 4 we are focused on an important partic-
ular case of infinite-dimensional manifolds, the regular Lie groups. Section 5 contains
applications of the results to the concrete case of the group of orientation-preserving
diffeomorphisms of the unit circle Diff S1 and its central extension known as the
Virasoro–Bott group. There we construct a metric that allows us to apply theorems
about geodesics proved in the previous sections and analyze the geodesic equations.
Applying Sobolev metrics and a metric related to the Kählerian structure on the space
of normalized univalent functions, it turns out that the sub-Riemannian analogues to
the Euler–Arnold equations for the geodesics recover analogues to the Burgers, KdV,
Camassa–Holm, and Hunter–Saxton equations.

2 Motivation

First, let us agree on some basic conventions and definitions. For simplicity, most of
the curves in our paper are parameterized on the unit interval I = [0, 1]. All partial
differential operators are also shortened, writing ∂x := ∂

∂x . Partial derivatives with
respect to t for a curve γ (t), t ∈ I , are usually denoted by a dot, ∂tγ = γ̇ .

For a map between two manifolds f : M → B, the tangent map, or the differential
of this map, is written as d f : T M → T B. If α is a form on M , and v ∈ Tm M , then
we will write α(m)(v) as simply α(v), whenever it is clear from the context which
tangent space the vector v belongs to. Metrics are denoted by boldface letters, e.g.,
g, h.

We will work with manifolds modeled on c∞ -open subsets of convenient vector
spaces following the terminology found in [36]. A convenient vector space is a locally
convex vector space, where the most general notion of smoothness, based on the notion
of smooth curves, is introduced and the vector space satisfies the respective complete-
ness condition. For a short introduction, we refer the reader to [42] or [37]. Observe,
that when we say “tangent bundle”, we always refer to a kinematic tangent bundle,
where the kinematic vector at a point is the velocity vector of smooth curves pass-
ing through this point. A kinematic vector field is a smooth section of the kinematic
tangent bundle. Observe that Fréchet spaces are convenient vector spaces, and smooth-
ness in this case coincides with C∞ smoothness with respect to the Gâteaux derivative.
All smooth functions between manifolds M and B are denoted by C∞(M, B), and
if B = R, we will simply write C∞(M). All finite-dimensional manifolds will be
Hausdorff and 2nd countable and infinite-dimensional manifolds will be smoothly
Hausdorff.
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Now, let us give two examples as a motivation for formulating and studying sub-
Riemannian infinite-dimensional manifolds.

2.1 Riemannian Submersions

Let M and B be possibly infinite-dimensional manifolds modeled on convenient vector
spaces, and let π : M → B be a smooth surjective map, such that the restriction of
dπ to each tangent space is surjective. Such a map is called a submersion. Assume
that the kernel ker dπ is a vector bundle and that there is another vector bundle H on
M , such that T M is the Whitney sum

T M = ker dπ ⊕ H .

The sub-bundle H is called an Ehresmann connection of π . Furnish B and M with
Riemannian metrics b and g respectively, such that ker dπ and H become orthogonal
with respect to g, and moreover,

g(v1, v2) = b(dmπv1, dmπv2), v1, v2 ∈ Hm, m ∈ M. (1)

Then, the map π : (M, g) → (B, b) is called a Riemannian submersion. In this case,
the Riemannian geodesics on B are exactly the projections of the Riemannian geodes-
ics on M , which are horizontal with respect to H at one (and hence any) point [45].
We use the term Riemannian geodesic for a curve γ : I → M , which is a critical value
of the energy functional E(γ ) = 1

2

∫ 1
0 g(γ̇ (t), γ̇ (t)) dt .

Given a metric g on M , we can construct a Riemannian submersion in the following
way. Define H = (ker dπ)⊥ and assume that H ⊕ ker dπ = T M . Then H is an
Ehresmann connection for the submersion π : M → B. For any vector field X on B,
define h X as a unique horizontal lift of X to M , i.e., a unique vector field h X with
values in H satisfying dmπ(h X (m)) = X (π(m)) for any m ∈ M . Then we can define
the metric b on B by

b(X (b), Y (b)) = g(h X (m), hY (m)), m ∈ π−1(b), b ∈ B.

Notice that a submersion π : M → B with a metric g on M can be considered as
a Riemannian submersion if and only if g(h X (m), hY (m)) does not depend on the
choice of the element m ∈ π−1(b).

We can also construct a Riemannian submersion starting with a Riemannian metric
b on B. Choose a sub-bundle H transversal to ker dπ and a metric v on M such that
vm : ker dmπ × ker dmπ → R, m ∈ M . Then the metric g can be defined by the
relation

g(v1, v2) = b(dπv1, dπv2) + v(pr v1, pr v2), (2)

where pr : T M → ker dπ is a projection satisfying ker pr = H.
If B is a complex object and M is a simpler one, then the Riemannian submersion

π : M → B gives us a way to study the Riemannian geometry on a simpler object
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M instead of B. Examples of results obtained using this technique in the study of the
space of shapes can be found in, e.g., [19,43,45].

One can also define a sub-Riemannian metric h on M , and study sub-Riemannian
geometry on M , by pulling-back the metric b on B

h(X (m), Y (m)) = b(dπm(X (m)), dπm(Y (m))), X (m), Y (m) ∈ Hm .

2.2 Space of Shapes and Conformal Welding

Let us consider a family of smooth two-dimensional shapes evolving in time. By
shape we understand a simple closed smooth curve in the complex plane dividing it
into two simply connected domains. The study of two-dimensional shapes is one of
the central problems in the field of applied sciences. A program of such study and
its importance was summarized by Mumford at ICM 2002 in Beijing [50]. Let us
consider a time-dependent family of shapes enclosing bounded domains �(t) in C

representing a shape evolution in the complex plane. Assume that all domains contain
the origin 0 ∈ C. Typically, the study of the geometry of shapes resides in the study
of analytic properties of a family of conformal embeddings f (z, t) of the unit disk
D = D+ into C such that f (z, t) is a unique Riemann map of D onto �(t), which
satisfies f (0, t) = 0, and ∂z f (0, t) > 0 for every t ∈ I . We assume that ∂�(t) is C∞-
smooth so f is smooth in z up to ∂D+, and we assume also that f (z, t) is smooth in
t ∈ [0, 1]. Then for every such f there is a matching function g such that g(z, t) maps
the exterior D− of the unit disk D+ onto the exterior of the domain �(t) and satisfies
g(∞, t) = ∞. The superposition f −1(g(eiθ , t), t) is called a conformal welding for
each fixed t . We relate the motion of f in time to the motion of g by requiring

1

2π

∫ 2π

0

∂t f −1(g(eiθ , t), t)

∂θ f −1(g(eiθ , t), t)
dθ = 0.

See details in [25]. Here f −1(z, t) is the inverse function of f (z, t) in z. We want to
study the motion of f (z, t) and g(z, t) minimizing some energy that depends only on
the shape of the boundary ∂�(t). In Sect. 5 we will formulate this problem as finding
minimal horizontal curves with respect to a given distribution on the Virasoro–Bott
group.

3 Infinite-Dimensional Manifolds with Constraints

3.1 Sub-Riemannian Geometry and Geodesics in Finite Dimensions

We will start by looking at the definition and basic properties of sub-Riemannian
manifolds in finite dimensions. Recall that a sub-Riemannian manifold, is a triple
(M,H, h), such that M is an n-dimensional connected smooth manifold, H is a smooth
sub-bundle of T M , and h is a Riemannian metric on H. Often the smooth sub-bundle
H is considered as a smooth distribution which assigns to each point m a linear
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subspace Hm ⊂ Tm M . We call H a horizontal distribution. The pair (H, h) is called
a sub-Riemannian structure on M .

Definition 1 An absolutely continuous curve γ : I → M is called H-horizontal, or
simply horizontal, if γ̇ (t) ∈ Hγ (t) for almost all t ∈ I .

Let (M,H, h) be a sub-Riemannian manifold. For a pair of points m0, m1 ∈ M ,
let ACH(m0, m1) denote the collection of all horizontal absolutely continuous curves
γ : I → M with square integrable derivatives that satisfy the boundary condition
γ (0) = m0 and γ (1) = m1. Here, square integrability is defined with respect to the
metric h; however, any other choice of a metric on H gives the same set of curves
because of the local equivalence of Riemannian metrics. Hence, the definition of
ACH(m0, m1) depends only on H. The associated distance on M corresponding to
the sub-Riemannian structure (H, h) is given by

dC−C (m0, m1) = inf

{∫ 1

0
{h(γ̇ (t), γ̇ (t))}1/2 dt : γ ∈ ACH(m0, m1)

}

(3)

and is called the Carnot–Carathéodory distance. The pair (M, dC−C ) forms a metric
space if and only if the distance dC−C is finite, or in other words, ACH(m0, m1) is
non-empty for every pair of points m0, m1 ∈ M . Unlike usual Riemannian geometry,
the map m �→ dC−C (m, m1) is not smooth in general (locally about m), and the
Hausdorff dimension of the metric space (M, dC−C ) can be greater than the manifold
topological dimension n.

A typical way to ensure that ACH(m0, m1) is nonempty for any pair m0, m1 ∈ M ,
is to require that H is bracket generating defined as follows. Let us denote by �(H)

sections of H. Take H1 = �(H), and for any positive integer k, define

Hk+1 = Hk +[H1,Hk].

We denote Lie H = ⋃∞
k=1 Hk ⊂ �(T M). Let Liem H be a subspace of Tm M obtained

by evaluating all the elements from Lie H at m. The distribution H is called bracket
generating if Liem H = Tm M for every m ∈ M . If H is bracket generating, then the
Rashevskiı̆–Chow theorem [14,52] guarantees that any two points can be connected by
a horizontal curve. The metric topology induced by the Carnot–Carathéodory distance
coincides with the manifold topology when H is bracket generating [49].

An important tool of defining the curves of minimal length is provided by the
Pontryagin maximum principle [3], which yields the existence of two types of possible
length minimizers, which are not mutually exclusive. The curves from the first type
of minimizers are called normal. They are projections of solutions to a Hamiltonian
system with a sub-Riemannian Hamiltonian function to the manifold. Locally, the
sub-Riemannian Hamiltonian function is given by

Hs R(m, p) = 1

2

k∑

j=1

h2
X j

(p), h X j (p) := p(X j (m)), p ∈ T ∗
m M, (4)
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where (X1, . . . , Xk) is a local orthonormal frame from �(H). The projection to M of
solutions to the Hamiltonian system with the Hamiltonian (4) is always C∞-smooth
and a local minimizer for the Carnot–Carathéodory metric (3).

The other type of local minimizers consists of so-called singular curves, which can
intuitively be thought of as “bad points” of ACH(m0, m1). Namely, let ACH(m0)be the
collection of all horizontal absolutely continuous curves γ : I → M , which are square
integrable and satisfy only one-side boundary condition γ (0) = m0. This is a Hilbert
manifold modeled on L2(I, R

k), where k is the rank of H [48,49]. ACH(m0, m1) can
then be identified with the preimage (endm0)

−1(m1) of the mapping

endm0 : ACH(m0) → M
γ �→ γ (1).

The map endm0 is smooth. Hence, if γ is a regular point of endm0 , then the space
ACH(m0, m1) = end−1

m0
(m1) has the structure of a Hilbert manifold of codimension

n in ACH(m0) locally about γ by the implicit function theorem.

Definition 2 An absolutely continuous horizontal curve γ with γ (0) = m0 is called
singular if it is a singular point of the mapping endm0 .

The definition of singular curves depends only on the sub-bundle H, and not on the
metric h. Singular curves are not always local minimizers. All minimizers that are not
normal are singular curves. The term abnormal is also used for singular curves. Some
results in this direction, and on singular curves in general, can be found, e.g., in [2,9,
12,13,23,48,49].

Remark 1 Some authors prefer to use Lipschitz curves instead of absolutely continu-
ous square integrable curves. The collection of Lipschitz horizontal curves starting at
a fixed point m0 is a Banach manifold modeled on L∞(I, R

k).

3.2 Sub-Riemannian Infinite-Dimensional Manifolds

In order to generalize the definition of a finite-dimensional sub-Riemannian manifold
to infinite dimensions, we need an extra requirement.

Definition 3 A sub-Riemannian manifold is a triple (M,H, h), where

• M is a connected manifold modeled on c∞-open sets of a convenient vector space;
• H is a splitting sub-bundle of T M , i.e., there exists another sub-bundle V , such

that
T M = H ⊕ V; (5)

• h is a weak metric on H.

Here “weak” means that the mapping v ∈ Hm �→ h(v, ·) ∈ H∗
m is injective but not

necessarily surjective. The requirement of the splitting condition is non-trivial if M
is not modeled on a Hilbert space; see [40]. In particular, it implies that there exists a
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smooth projection from T M to H. All extra requirements in Definition 3 are always
satisfied in the finite-dimensional case.

Instead of the class ACH we consider the class of smooth curves tangent to H, which
we denote by C∞

H (I, M). This will give us an advantage to use the Fréchet topology
of C∞

H (I, M). Hence, we will use the term horizontal curve meaning a smooth curve
γ : I → M , such that γ̇ ∈ Hγ (t) for every t ∈ I .

Now, let us make use of calculus of variations. We say that a smooth map 	 : I ×
(−ε, ε) → M is a variation of a curve γ ∈ C∞(I, M) if

	(t, 0) = γ (t), 	(0, s) = γ (0), and 	(1, s) = γ (1). (6)

For a fixed s, let us denote by γ s the curve t �→ 	(t, s). The map s �→ γ s can be
seen as a curve in C∞(I, M). This fact is obvious in the finite-dimensional case and
non-trivial for infinite dimensions; see [36]. By a slight abuse of notation, we will
denote the variation simply by γ s . We say that a variation is H-horizontal if for each
s ∈ (−ε, ε), the curve γ s(t), t ∈ I , is H-horizontal. Denote by J H(γ ) the collection
of all H-horizontal variations of γ .

Observe that the problem of length minimization is equivalent to the problem of
energy minimization, which allows us to formulate the first-order condition for a length
minimizer as follows.

Definition 4 Let us define the sub-Riemannian energy functional on C∞
H (I, M) by

E(γ ) = 1
2

∫ 1
0 h(γ̇ , γ̇ ) dt . An H-horizontal curve γ is called a sub-Riemannian geo-

desic if

∂s E(γ s)
∣
∣
s=0 = 0, for any γ s ∈ J H(γ ).

It is difficult to compute such curves explicitly in a most general setting without
additional assumptions even in the Riemannian case H = T M . Therefore, we want to
study some particular cases where the solutions exist in the Riemannian case, and see
then whether it helps to find formulas for the sub-Riemannian geodesics. This usually
means that we must choose a way to extend the metric h to the entire tangent bundle.

Definition 5 Let (M,H, h) be a sub-Riemannian manifold. A Riemannian metric g
on M is said to tame h if g|H = h, and the orthogonal complement H⊥ to H with
respect to g is a sub-bundle satisfying H ⊕ H⊥ = T M .

Let V be a vector bundle such that H ⊕ V = T M . Assume that there exists a metric
v on V , and define the metric g = h⊕v, i.e., H and V become orthogonal with respect
to g and g|H = h, g|V = v. We conclude that a Riemannian metric g which tames
a sub-Riemannian metric h exists if and only if the horizontal sub-bundle H has a
complement sub-bundle that admits a metric.

Remark 2 In contrast to finite-dimensional Riemannian geometry, a distance given
by a (weak) Riemannian metric may vanish between some distinct points. See [45,
Sect. 3.10], [43] for examples. This implies that if we define the Carnot–Carathéodory
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distance by

dC−C (m0, m1)

= inf

{∫ 1

0
{h(γ̇ , γ̇ )}1/2 dt : γ ∈ C∞

H (I, M), γ (0) = m0, γ (1) = m1

}

,

it is possible that it may vanish for some points.

Remark 3 Although the variational approach has been used in sub-Riemannian geom-
etry in finite dimensions, see, e.g., [26], usually the Hamiltonian viewpoint is preferred,
as it does not require a choice of the Riemannian metric to tame h. The reason is that
whereas there is no canonical choice of the complement to H in T M , the sub-bundle
Ann(H) = {p ∈ T ∗

m M : p(v) = 0 for any v ∈ Hm m ∈ M} is canonical. Having
only a weak metric, we try to avoid cotangent bundles because we cannot associate
elements in T ∗

m M with Tm M any longer by using a metric.

We are aimed at computing sub-Riemannian geodesics with respect to a metric h,
provided a sufficiently nice Riemannian metric g that tames h. However, we need a
new definition to describe horizontal curves, which can be geodesics but which do not
depend on the metric h, and depend only on the horizontal sub-bundle itself. They are,
in some sense, counterparts of singular curves in finite dimensions.

3.3 Semi-Rigid Curves for Infinite-Dimensional Sub-Riemannian Manifolds

The definition of singular curves in Sect. 3.1 depends on the inverse function theorem,
which does not hold for general infinite-dimensional manifolds modeled on convenient
vector spaces. Therefore, we propose a different class of curves, whose definition can
be extended to infinite-dimensional manifolds. We will call these curves semi-rigid.
Let Vect(γ ) := �(γ ∗(T M)) denote the space of smooth vector fields along γ . Put
m0 = γ (0), m1 = γ (1), and use C∞

H (I, M; m0, m1) for the subset of C∞
H (I, M)

containing curves starting at m0 and ending at m1. Then, although there could be no
manifold structure on C∞

H (I, M; m0, m1), heuristically, we may think of the collection
of curves γ s ∈ J H(γ ) having the same derivative ∂sγ

s(t)|s=0 = Z(t) ∈ Vect(γ ) as
an equivalence class of curves in C∞

H (I, M; m0, m1) representing a tangent vector at
γ .

If a curve s → γ s is a variation of γ 0 = γ , i.e., it fixes the endpoints of γ , then it
is clear that any vector field along γ obtained by Z(t) := ∂sγ

s |s=0 must vanish at the
endpoints. If in addition, a variation is horizontal, then we want to find an additional
condition for Z related to the curve horizontality property. Recall that the canonical flip
j is the unique vector bundle isomorphism making the following diagram commute:

T (T M)
j

��

prT M
����������� T (T M)

d(prM )
�����������

T M.
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We remark that although T H, considered as a submanifold of T (T M), is not a
sub-bundle of T (T M), its image under the canonical flip will possess this property.
Hence, the concept of j (T H)-horizontality on the manifold T M is well defined.

Now we are ready to formulate the following statement.

Lemma 1 Let s �→ γ s be a smooth curve in C∞(I, M), defined in an interval (−ε, ε)

with γ 0 = γ . Assume that for each fixed s, γ s is H-horizontal, and define

Z(t) := ∂sγ
s(t)|s=0 ∈ Vect(γ ).

Then the curve t �→ Z(t) in T M is j (T H)-horizontal.

Proof Since γ s is horizontal for any s, we know that γ̇ s(t) ∈ Hγ s (t) for any s, t . In
addition, the derivative of the curve Z(t) in T M satisfies

∂t Z(t) = ∂t∂sγ
s(t)|s=0 = j (∂s∂tγ

s(t))|s=0 = j (∂s γ̇
s(t)|s=0).

Clearly, ∂s γ̇
s(t)|s=0 is a tangent vector to H at the point γ̇ (t). Hence, ∂t Z(t) ∈ j (T H)

for any t . 
�

We will denote the space of all vector fields Z along γ that are j (T H)-horizontal
by VectH(γ ). Furthermore, let us write Vectfix

H (γ ) for the subspace of VectH(γ ) con-
sisting of vector fields satisfying

X (0) = �0γ (0), X (1) = �0γ (1).

The expression �0m denotes the zero element in Tm M . Finally, we define

VarH(γ ) = {
Z ∈ Vect(γ ) : Z(t) = ∂sγ

s(t)|s=0 for some γ s ∈ J H(γ )
}
. (7)

The sets Vectfix
H (γ ) and VarH(γ ) are not the same in general, i.e., not all vector

fields X ∈ Vectfix
H (γ ) can be obtained from some horizontal variation. Recall that in the

finite-dimensional Riemannian geometry H = T M we have Vectfix
H (γ ) = VarH(γ ).

If H � T M , then the gap in the inclusion VarH(γ ) ⊆ Vectfix
H (γ ) was observed for

finite dimensions (e.g., [26,47–49]), which essentially led to the study of singular,
abnormal, and especially, rigid curves.

This fact brings us to the following definition.

Definition 6 We say that a curve γ ∈ C∞
H (I, M) is semi-rigid if VarH(γ ) is a proper

subset of Vectfix
H (γ ).

Notice that the definition of semi-rigid curves depends on H only, and does not
invoke the metric on H in any way. The following example in finite dimensions justifies
the term semi-rigid.
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Example 1 Let R
3 be the Euclidean space with coordinates (x, y, z), and let H be a

distribution spanned by the vector fields

X = ∂x − 1
2 y2∂z and Y = ∂y .

The distribution H is called the Martinet distribution. A curve γ (t) = (x(t), y(t), z(t))
is horizontal if

ż = − 1
2 y2 ẋ . (8)

Let Z ∈ Vect(γ ) be written in coordinates as Z(t) = u(t)∂x |γ (t) + v(t)∂y |γ (t) +
w(t)∂z|γ (t). Considering an H-horizontal variation of γ , we deduce that t �→ Z(t) is
in VectH(γ ) if, in addition to (8), we have

ẇ = − 1
2 y2u̇ − yv ẋ . (9)

Take a particular choice of γ̂ (t) = (x(t), y(t), z(t)) = (t, 0, 0), t ∈ I . It is known
that this curve is singular; see, e.g., [49, Sect. 3.3]. Moreover, it is a local length
minimizer with respect to any metric h on H. However, it is not a normal minimizer
for a generic choice of h. Let us show that it is semi-rigid. Pick any vector field
Z ∈ Vectfix

H (γ̂ ). Then, by (9), we obtain that ẇ(t) = 0. The condition Z(0) = �0γ̂0

implies that w(t) = 0 for all t . Thus, the general form of Z(t) is

Z(t) = u(t)∂u |γ̂ (t) + v(t)∂v|γ̂ (t) with u(0) = v(0) = u(1) = v(1) = 0. (10)

Now let us show that there is no variation γ s ∈ J H(γ̂ ) except of a reparameterization
of γ̂ . Choose any γ s = (xs, ys, zs) from J H(γ̂ ). If a vector field Z ∈ Vectfix

H (γ̂ )

were obtained from the variation γ s , then we would have

xs(t) = t + su(t) + o(s), ys(t) = sv(t) + o(s), zs(t) = o(s),

for some functions u, v satisfying u(0) = v(0) = u(1) = v(1) = 0. However,
integrating (8), we obtain the formula

zs(1) = −1

2
s2
∫ 1

0
v(t)2 dt + o(s2).

The value of zs(1) is strictly negative for a sufficiently small s, unless v ≡ 0. So
we conclude that if γ s ∈ J H(γ̂ ), then Z(t) = ∂sγ

s(t)|s=0 can hold only if Z(t) =
u(t)∂x |γ̂ (t).

As additional information, the above example shows that any γ s ∈ J H(γ̂ ) for
γ̂ (t) = (t, 0, 0) is a reparameterization of γ̂ . Such kinds of curves in the literature are
called rigid or C1-rigid. Intuitively this means that a rigid curve cannot be deformed
by any means keeping endpoints fixed without losing H-horizontality. This is our
motivation for the terminology semi-rigid. A semi-rigid curve, in general, can be
deformed but possibly not in all directions. Obviously, rigid curves are semi-rigid
except for the trivial case when the horizontal sub-bundle H is of rank 1.
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The results of [12, p. 439] in finite dimensions show that if the sets VarH(γ ) and
Vectfix

H (γ ) coincide for a curve γ , or in our terminology the curve is not semi-rigid, then
the curve is regular. Reversing this statement we come to the following conclusion.

Proposition 1 In the finite-dimensional case, singular curves are semi-rigid.

Remark 4 It would be interesting to know if singular and semi-rigid curves in fact
coincide in finite dimensions, or if there are semi-rigid curves which are not singular.
However, as the answer to this question exceeds the scope of this work (see Remark
5), we leave it for later research.

3.4 Local Viewpoint Through Adjoints

Another crucial tool in the finite-dimensional sub-Riemannian geometry based on the
inverse function theorem is the Pontryagin maximum principle. Since this result is not
available any longer for infinite dimensions, we apply an alternative approach in order
to deduce the geodesic equations.

Let M be a manifold, (H, h) be a sub-Riemannian structure on M , and let g be
a Riemannian metric taming h. We denote V = H⊥ and choose a bundle chart in a
neighborhood U ⊂ M :

T U → U × V
v ∈ TmU �→ (m, θ(v)),

where V is some convenient vector space, such that

(1) there is a splitting V = H0 ⊕ V0 satisfying

θ−1(H0) = H ∩T U, θ−1(V0) = V ∩T U ;

(2) there exists an inner product 〈· , ·〉 on V , satisfying

g(v1, v2) = 〈θ(v1), θ(v2)〉.

By the definition of sub-bundle, we can always assume (1) by possibly shrinking
U . The second assumption, however, is not trivial. Nevertheless, if there is a basis of
orthogonal vector fields in U , then we can use this basis to construct a bundle chart
satisfying. (2) We consider θ as a V -valued one-form on U , and dθ to be the exterior
differential of θ .

At this stage we need to transmit the information from TmU to the convenient vector
space V . We make the following assumptions on θ and 〈· , ·〉:
(A) There is a bilinear map a� : V × V → V , satisfying

〈dθ(v1, v2), u〉 = 〈θ(v2), a�(θ(v1), u)〉, v1, v2 ∈ Tm M, u ∈ V .

The notation a� is introduced by similarity with the adjoint to dθ ;
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(B) For a chosen curve γ ∈ C∞(I, M), we define a map 
γ : Vect(γ ) → C∞(I, V )

by


γ (X)(t) = ∂tθ(X (t)) − dθ(γ̇ , X (t)), t ∈ I.

We suppose that for any y ∈ C∞(I, V ), the Cauchy problem


γ (X) = y, X (0) = �0m,

has a unique solution X = 
−1
γ y.

Given these assumptions, we look for sub-Riemannian geodesics among the curves
of two types: semi-rigid curves for which VarH(γ ) is a proper subset of Vectfix

H (γ ),
and the other ones for which VarH(γ ) = Vectfix

H (γ ). The main result is the following.

Theorem 1 Assume that γ is a sub-Riemannian geodesic on (M,H, h). Then either
γ is semi-rigid or there is a curve λ ∈ C∞(I,V0) such that λ and γ satisfy the system
of equations

θ(γ̇ ) = u, u̇ = − prH0
a�(u, u + λ), λ̇ = − prV0

a�(u, u + λ). (11)

Conversely, any curve γ ∈ C∞
H (I, M) satisfying system (11) is a sub-Riemannian

geodesic. A semi-rigid curve does not need to be a geodesic.

We emphasize that the “or” in Theorem 1 is not exclusive. A sub-Riemannian
geodesic may be semi-rigid and may satisfy (11) at the same time. This phenomenon
in finite dimensions was observed in [48, Theorem 4] and [41]. Inspired by Theorem 1,
we give the following definition of normal geodesics and show in Sect. 3.5 that for
all finite-dimensional Riemannian manifolds our new definition coincides with the
classical one.

Definition 7 A sub-Riemannian geodesic γ that is a solution to (11) for some λ ∈
C∞(I,V0) is called normal.

Proof of Theorem 1. We start from two general observations and then apply them to
our particular situation.

Observation I. Define an inner product in the space C∞(I, V ) by

〈〈 x, y 〉〉 =
∫ 1

0
〈x(t), y(t)〉 dt.

We extend the definition of energy to all curves by the formula E(γ ) =
1
2

∫ 1
0 g(γ̇ (t), γ̇ (t)) dt . Let γ be an arbitrary, not necessarily horizontal, curve γ ∈

C∞(I, M), and let γ s be its variation in the sense of (6). Define us(t) = θ(γ̇ s(t))
and Z(t) = ∂sγ

s(t)|s=0. If we denote by [γ s(t)]∗ the pullback along the map
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(t, s) �→ γ s(t), then

∂sus(t)|s=0 = ∂sθ(∂tγ
s(t))|s=0 = ∂s[γ s(t)]∗θ(∂t )|s=0 (12)

=
(
∂t [γ s(t)]∗θ(∂s) − d[γ s(t)]∗θ(∂t , ∂s)

)∣∣
∣
s=0

= ∂tθ(Z(t)) − dθ(γ̇ (t), Z(t)) = 
γ (Z)(t).

Therefore, writing u = θ(γ̇ ), we obtain

∂s E(γ s)|s=0 =
∫ 1

0
〈u(t), ∂sus(t)|s=0〉 dt =

∫ 1

0
〈u(t),
γ (Z)(t)〉 dt = 〈〈 u, 
γ (Z) 〉〉

(13)
for any vector field Z associated with the variation γ s .

Observation II. Define

Vectfix(γ ) =
{

X ∈ Vect(γ ) : X (0) = �0γ (0), X (1) = �0γ (1)

}
,

and let X ∈ Vectfix(γ ) and y ∈
(

γ Vectfix(γ )

)⊥
, where the orthogonal complement

is taken with respect to the product 〈〈 · , · 〉〉. Then the following equality

0 = 〈〈 y, 
γ (X) 〉〉 =
∫ 1

0
〈y(t), ∂tθ(X (t)) − dθ(γ̇ (t), X (t))〉dt

= −
∫ 1

0

〈
ẏ(t) + a�(θ(γ̇ (t)), y(t)), θ(X (t))

〉
dt

= −
〈〈

ẏ + a�(u, y), θ(X)
〉〉

holds. Since X is chosen arbitrarily, the curve y is a solution to ẏ = −a�(u, y).
Now let γ be a sub-Riemannian geodesic and γ s ∈ J H(γ ). Then Z =

∂sγ
s(t)|s=0 ∈ VarH(γ ) by (7). Moreover, u and ∂sus |s=0 ∈ C∞(I,H0), and rela-

tion (12) implies that 
γ (Z) is also from C∞(I,H0). We conclude by (13) that γ is

a sub-Riemannian geodesic if and only if u ∈
(

γ VarH(γ )

)⊥
in C∞(I,H0) with

respect to the inner product 〈〈 · , · 〉〉.
The inclusion VarH(γ )⊆Vectfix

H (γ ) implies
(

γ VarH(γ )

)⊥⊇
(

γ Vectfix

H (γ )
)⊥

.

We consider two cases:

(a) u ∈
(

γ Vectfix

H (γ )
)⊥

,

(b) u ∈
(

γ VarH(γ )

)⊥
but not in

(

γ Vectfix

H (γ )
)⊥

.

Case a. Observe that Vectfix
H (γ ) = 
−1

γ prH0

γ Vectfix(γ ). Hence, we obtain that

u ∈
(

prH0

γ Vectfix(γ )

)⊥ = prH0

(

γ Vectfix(γ )

)⊥
,
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where the orthogonal complement is taken with respect to 〈〈 · , · 〉〉, but the first one in
the space C∞(I,H0) and the second one in C∞(I, V ).

Let y be an arbitrary element in
(

γ Vectfix(γ )

)⊥
. Then for any X ∈ Vectfix(γ ),

Observation II implies that y is a solution to ẏ = −a�(u, y). Now set u = prH0
y and

λ = prV0
y in order to obtain (11). We conclude that in this case the sub-Riemannian

geodesic γ is normal.
Case b. There is Y ∈ Vectfix

H (γ ) such that 〈〈 u, 
γ (Y ) 〉〉 �= 0, but 〈〈 u, 
γ (X) 〉〉 = 0
for any X ∈ VarH(γ ). So the inclusion VarH(γ ) ⊆ Vectfix

H (γ ) is proper, because Y
cannot be in VarH(γ ). Thus the sub-Riemannian geodesic γ is a semi-rigid curve in
this case.

To show the converse statement to Theorem 1, we choose an arbitrary curve γ ∈
C∞

H (I, M) that satisfies system (11) for some λ ∈ C∞(I,V0). Then y = u+λ satisfies
the equation ẏ = −a�(u, y) by the linearity of a�. Observation II yields that γ is a
sub-Riemannian geodesic. 
�

3.5 Comparison with the Finite-Dimensional Case

Although the assumptions made in Sect. 3.4 might seem very specific, we will show
that all finite-dimensional sub-Riemannian manifolds can locally be described this
way. We also show that Definition 7 of normal geodesics coincides with the one given
in Sect. 3.1, justifying the terminology. Observe, that in finite dimensions, the normal
geodesics are local minimizers, hence we lose nothing by restricting the considerations
to an arbitrarily small neighborhood.

Let (M,H, h) be an arbitrary n-dimensional sub-Riemannian manifold, where H
has rank k, and let g be a metric taming h. Let U be a sufficiently small neighborhood,
such that there exists an orthonormal with respect to g basis X1, . . . , Xn of vector fields
on U . From this basis choose vector fields X1, . . . , Xk , such that they span H |U , and
pick up a corresponding co-frame θ1, . . . , θn . Then the form θ = (θ1, . . . , θn) is an
R

n-valued one-form. We extend the class of smooth curves by including absolutely
continuous curves, and remark that a curve γ is horizontal if and only if θ(γ̇ (t)) is
contained in R

k ×{0} for almost all t .
Let AC(m0) be the collection of all absolutely continuous square integrable curves

in U starting at m0. Then the map

� : AC(m0) → L2(I, R
n)

γ �→ θ(γ̇ )

is a diffeomorphism onto a neighborhood of 0 ∈ L2(I, R
n); see [26, Lemma 2.1]. It

can be easily verified that dγ � = 
γ in this case, and the mapping 
γ is invertible,
since � is a diffeomorphism.

In coordinates, it admits the following form. If x = (x1, . . . , xn) ∈ R
n , then

for any pair of vector fields Y and Z on U with θ(Y ) = y = (y1, . . . , yn) and
θ(Z) = z = (z1, . . . , zn), we have
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〈dθ(Y, Z), x〉 =
n∑

i, j,l=1

xi y j zl(�
i
l j − �i

jl), �i
jl := g(∇X j Xl , Xi ).

Here 〈· , ·〉 is the standard Euclidean inner product. We conclude that the adjoint map
is given by

a�(y)x =
n∑

i, j=1

xi y j

(
�i

1 j − �i
j1, �

i
2 j − �i

j2, . . . , �
i
n j − �i

jn

)
.

The following proposition justifies the use of the term “normal sub-Riemannian
geodesic”. Let a sub-Riemannian Hamiltonian function Hs R(m, p) be given by (4).
As was mentioned before, all such curves are always smooth local minimizers with
respect to the metric dC−C [49]. We reserve the first k coordinates in R

n for the image
of H under θ .

Proposition 2 A horizontal curve γ : I → U is a projection of a solution to the
Hamiltonian system associated with the Hamiltonian function (4) if and only if γ is a
solution to system (11) for some curve λ : I → 0 × R

n−k .

Proof Let us introduce the coordinates on the cotangent bundle T ∗M by writing
p = ∑n

j=1 p jθ j (m) for any p ∈ T ∗
m M . Notice that since p j = h X j (p) = p(X j (m))

by (4), the sub-Riemannian Hamiltonian can be written as Hs R(p) = 1
2

∑n
j=1 p2

j . As
a consequence we arrive at

(
∂ Hs R

∂p1
, . . . ,

∂ Hs R

∂pn

)

= (p1, . . . , pk, 0, . . . , 0),

{h Xi , Hs R}(p) = −
k∑

j=1

h X j (p)h[Xi ,X j ](p) = −
k∑

j,l=1

p j pl(�
l
i j − �l

j i ).

Let t �→ (γ (t), p(t)) be a curve in T ∗U that is projected to γ with pi (t) =
h Xi (p(t)), and let us write u(t) = (p1(t), . . . , pk(t), 0, . . . , 0) and λ(t) =
(0, . . . , 0, uk+1(t), . . . , un(t)). Then t �→ (γ (t), p(t)) is a solution to the Hamil-
tonian system, i.e., it satisfies

θi (γ̇ ) = ∂ Hs R

∂pi
, ṗi = {h Xi , Hs R}(p),

if and only if u = θ(γ̇ ), and

u̇ + λ̇ = −
k∑

j,l=1

p j pl

(
�l

1 j − �l
j1, . . . , �

l
n j − �l

jn

)
= −a�(u, u + λ).


�
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Corollary 1 In the finite-dimensional case, Definition 7 and the definition of normal
geodesics given in Sect. 3.1 coincide.

In Sect. 4.2 we also show that all infinite-dimensional regular Lie groups with an
invariant (either left or right) sub-Riemannian structure also possess conditions (A)
and (B).

Remark 5 Combining Theorem 1 and Corollary 1, we see that if there are singular
geodesic curves which are not semi-rigid, then they are normal.

3.6 Connectivity by Horizontal Curves

Apart from the optimality conditions for horizontal curves, we also need to discuss
a possibility to connect two arbitrary points by a smooth H-horizontal curve. This
problem is often called controllability in the theory of geometric control.

As we mentioned before, the Rashevskiı̆–Chow theorem [14,52] in finite dimen-
sions states that if H is bracket generating and a manifold M is connected, then any
pair of points can be connected by an absolutely continuous horizontal curve. The
statement remains true if we additionally require horizontal curves to be smooth. It
is still an open question whether the bracket generating condition implies the exis-
tence of a smoothly immersed curve connecting two points. A generalization of the
Rashevskiı̆–Chow theorem to infinite-dimensional manifolds is a challenging prob-
lem. The only result in this direction we are aware of [38] asserts that if a horizontal
distribution is bracket generating on a Hilbert manifold M , then the set reachable by
horizontal curves with a fixed starting point is dense in M . See also [17,28] for some
progress in Hilbert and Banach manifolds.

There is also a statement where bracket generating plays a role in the problem
of controllability for certain choices of horizontal distributions on diffeomorphism
groups. Let M be an n-dimensional compact manifold. Then the group G = Diff M
of diffeomorphisms of M is a Lie–Fréchet group under the group operation of super-
position. The Lie algebra of G can be identified with Vect M , which is the space
of all smooth vector fields on M . The identification can be made by associating an
equivalence class of curves [t �→ γ (t)] ∈ T1G with the vector field

X f (m) = d

dt
f (γ (t))

∣
∣
∣
∣
t=0

, γ (0) = m, f ∈ C∞(M).

The Lie brackets are the negative to the usual commutator brackets of vector fields on
M ; see also [46]. Let Diff0 M denote the identity component of Diff M . Then, it is
possible to prove controllability on Diff0 M with respect to an invariant horizontal sub-
bundle by showing that the Lie sub-algebra is bracket generating on M . The following
statement is a reformulation of the main result in [1].

Theorem 2 ([1]) Let M be a compact manifold and let h be a subspace of Vect M,
which is also a C∞(M)-sub-module. Let H be the horizontal distribution on Diff M
obtained by left (or right) translation of h. If h is bracket generating on M, i.e., if
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Liem h = Tm M for any m ∈ M, then any two diffeomorphisms φ1, φ2 ∈ Diff M can
be connected by an H-horizontal curve.

In particular, if h consists of all sections in a bracket-generating sub-bundle E of T M ,
then we have complete controllability with respect to H.

4 Infinite-Dimensional Lie Groups with Constraints

4.1 Regular Lie Groups

Let G be a Lie group modeled on a convenient vector space with the Lie algebra g.
We use the symbol �a to denote the left multiplication by an element a ∈ G. Let us
define the left Maurer–Cartan form κ� by the formula

κ�(v) = d�a−1v, v ∈ TaG.

The Maurer–Cartan form is a g-valued one-form on G. For any smooth curve γ : R →
G we associate a smooth curve u(t) = κ�(γ̇ (t)), t ∈ R, in the Lie algebra g which is
called the left logarithmic derivative of γ . All groups possessing the converse property,
i.e., any curve u ∈ C∞(R, g) can be integrated to a smooth curve in G, have gained a
special interest. More precisely, we have the following definition.

Definition 8 [37,46] A Lie group G is called regular if

(a) any smooth curve u ∈ C∞(R, g), is the left logarithmic derivative of some curve
γ : R → G, starting at the identity 1 ∈ G;

(b) the mapping

C∞(R, g) → G
[t �→ u(t)] �→ γ (1)

is smooth. Here γ is the solution to the equation κ�(γ̇ (t)) = u(t), t ∈ R with the
initial condition γ (0) = 1.

Throughout the paper, all mentioned Lie groups are assumed to be regular. So far,
there have been no known examples of non-regular Lie groups. The term “regular”
has also been used for somewhat stricter conditions; see [35].

Let us notice the following properties of regular Lie groups.

• For any Lie group, not necessarily regular, a solution to the initial value problem

κ�(γ̇ (t)) = u(t), γ (0) = a, (14)

is unique. Hence the mapping in Definition 8 (b) is well defined. Clearly, (a) holds
if and only if (14) always has a solution, because we can use left multiplication
by a in order to let the solution start from the identity.
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• Identifying elements g with the constant curves in C∞(R, g), the smooth expo-
nential map expG : g → G in regular Lie groups is given by (b). However, the
exponential map is not necessarily locally surjective, and it does not need to satisfy
the Baker–Campbell–Hausdorff formula.

• Regularity of a Lie group can be similarly defined in terms of the right logarithmic
derivative. Let ra denote the right multiplication by a, and let κr (v) = dra−1v,
v ∈ TaG be the right Maurer–Cartan form. Then for a given γ : R → G, the
curve u(t) = κr (γ̇ (t)), t ∈ R, is called the right logarithmic derivative. In this
case regularity of the group implies uniqueness of the solution to the initial value
problem κr (γ̇ (t)) = u(t), γ (0) = 1. The property of a group to be regular does not
depend on the choice between left or right logarithmic derivatives in the definition.

4.2 Sub-Riemannian Geodesics on Regular Lie Groups

In this section we define the left-invariant sub-Riemannian structure on a regular Lie
group and study the set of critical points of the energy functional defined by a sub-
Riemannian metric.

Let G be a regular Lie group with the Lie algebra g on which an inner product 〈· , ·〉
is defined. Let g be a left-invariant metric on G corresponding to the inner product:

g(v1, v2) = 〈κ�(v1), κ
�(v2)〉, v1, v2 ∈ T G.

Choose a c∞-closed subspace h of g, such that there exists another c∞-closed subspace
k satisfying g = h⊕ k. See, e.g., [36] for the definition of a c∞-topology. Then we
define the splitting sub-bundle H of T G by the left translations of h. Notice that v ∈ H
if and only if κ�(v) ∈ h. Denote by h the restriction of the metric g to the sub-bundle
H. The pair (H, h) will be a left-invariant sub-Riemannian structure on the Lie group
G.

This structure fits well to the formalism of Sect. 3.4 with V = g and θ = κ�.
Indeed, since

dκ�(v1, v2) = −
[
κ�(v1), κ

�(v2)
]
, (15)

the corresponding map a� exists if and only if the map adx : y �→ [x, y] has an adjoint
for each x ∈ g. The existence of the adjoint map is non-trivial in infinite dimensions,
and we have to assume it in order to let the condition (A) hold.

The assumption (B) holds for any regular Lie group. To show this we define a
mapping

τu : C∞ (I, g) → C∞ (I, g) , τu(x) = ẋ + [u, x], (16)

for any u ∈ C∞(I, g). Then we have the identity 
γ (Z) = τκ�(γ̇ )

(
κ�(Z)

)
by (15).

The assumption (B) follows from the following lemma.

Lemma 2 For any y ∈ C∞(I, g), there exists a unique solution to

τu x = y, x(0) = 0. (17)
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Proof Let us construct the inverse map in order to prove this statement. Let γ be a
curve in G with the left logarithmic derivative u. Let Ad be the adjoint action of G on g.
Changing variables x = Adγ −1 w, and using the formula ∂t

(
Adγ −1 w

) = Adγ −1 ẇ −
[u, Adγ −1 w], we rewrite Eq. (17) in the form ẇ = Adγ y. Solving the latter equation

with the initial data w(0) = 0, we obtain w(t) = Adγ (t) x(t) = ∫ t
0 Adγ (t̃) y(t̃) dt̃ .

The integral always exists in the convenient vector space C∞(I, g). Thus, the inverse
to the map (16) with the domain restricted to the subspace of functions with x(0) = 0,
is given by

x(t) = Adγ (t)−1

∫ t

0
Adγ (t̃) y(t̃) dt̃ .


�
Write ad�

x for the adjoint of adx , that is, the map satisfying 〈[x, y1], y2〉 =
〈y1, ad�

x y2〉. Then the results of Sect. 3.4 can be reformulated for regular Lie groups.

Theorem 3 Let G be a regular Lie group with the Lie algebra g. Assume that there
is an inner product 〈· , ·〉 on g, such that the adjoint ad�

x is well defined for any x ∈ g.
Let g = h ⊕ k define a splitting of g into two c∞-closed subspaces.

Define a sub-bundle H by left translations of h, and a metric on H by

h(v1, v2) = 〈κ�(v1), κ
�(v2)〉 v1, v2 ∈ Hm .

Then a sub-Riemannian geodesic γ is either semi-rigid or normal. In the latter case
the curve γ is a solution to

u = κ(γ̇ ), u̇ = prh ad�
u (u + λ), λ̇ = prk ad�

u (u + λ). (18)

All solutions to (18) are sub-Riemannian geodesics.

Proof Conditions (A) and (B) are satisfied by the hypothesis of the theorem. The rest
is the consequence of Theorem 1 and the fact that a�(x, y) = − ad�

x y. 
�
Remark 6 For the special case h = g, Eq. (18) becomes the left Euler–Arnold–
Poincaré–Arnold equation on G; see [6].

The same arguments can be used for a right-invariant sub-Riemannian structure.
The relations dκr (v1, v2) = [κr (v1), κ

r (v2)] lead to a�(x, y) = ad�
x (y) in this case.

4.3 Semi-Rigid Curves and Regular Lie Groups

As was mentioned before, a disadvantage of the definition of a semi-rigid curve is that
it is hard to prove the existence of such curves and to find explicit formulas for them.
However, for a regular Lie group with a left- (or right-) invariant distribution, one can
restrict the search to curves in the Lie algebra. We consider only the left-invariant case,
because the right-invariant case is analogous.

Let G be a Lie group with the Lie algebra g, and let g = h⊕ k be a splitting into
closed subspaces. Define H as a left-invariant distribution corresponding to h. Let γ
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be a curve with the left logarithmic derivative u. Then any vector field Z along γ is in
VectH(γ ) if and only if z = κ�(Z) satisfies the equation prk τuz = 0, where τu is as
in (16). Hence, a curve γ is semi-rigid if there is some curve z ∈ C∞(I, g) satisfying
z(0) = 0, z(1) = 0 and prk τuz = 0, and which does not come from any variation.
The following lemma, which is a slight reformulation of a result in [46], permits us to
describe the above property in terms of curves in the Lie algebra only.

Lemma 3 ([46, Lemma 8.8]) Let G be a regular Lie group with the Lie algebra g.
Let us consider two elements in C∞(I × (−ε, ε), g) given by

(t, s) �→ us(t) and (t, s) �→ zs(t).

Then a solution γ s(t) : I × (−ε, ε) → G to the system of differential equations

us(t) = κ�(γ̇ s(t)), zs(t) = κ�(∂sγ
s(t)),

exists if and only if the functions u and z satisfy the condition

∂sus(t) = τ(us (t))z
s(t) = żs(t) + [us(t), zs(t)], t ∈ I, s ∈ (−ε, ε). (19)

Proposition 3 Let us consider an H-horizontal curve γ : I → G with a left loga-
rithmic derivative u : I → g. The curve γ is semi-rigid if and only if there is a curve
z ∈ C∞(I, g) with

z(0) = 0, z(1) = 0, prk τuz = 0, (20)

such that the problem

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂sus = τ(us )zs,

us(t) ∈ h, for (t, s) ∈ I × (−ε, ε)

zs(t) ∈ g, for (t, s) ∈ I × (−ε, ε)

u0(t) = u(t), z0(t) = z(t), for t ∈ I
zs(0) = zs(1) = 0, for s ∈ (−ε, ε)

(21)

has no solution.

Proof In order to prove the necessary and sufficient parts, we actually show that the
curve γ is not semi-rigid if and only if there always exists a solution to (21).

Observe that if z satisfies (20) and γ is not semi-rigid, then there is an element
γ s(t) ∈ JH(γ ), satisfying κ�(∂sγ

s(t))
∣
∣
s=0 = z(t). If we define the functions us(t) =

κ�(γ̇ s(t)) and zs(t) = κ�(∂sγ
s(t)), then it is easy to see from Lemma 3 that the pair

(us(t), zs(t)) satisfies all conditions of (21).
Conversely, assume that for an arbitrary z satisfying (20), there is a solution (t, s) �→

(us(t), zs(t)) to (21). Let γ s(t) be a solution to

us(t) = κ�(γ̇ s(t)), zs(t) = κ�(∂sγ
s(t)),

which exists by Lemma 3. We choose the solution satisfying γ 0(0) = γ (0), which is
unique. Then,
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• the condition u0(t) = u(t) implies γ 0(t) = γ (t);
• us(t) ∈ h yields that γ s(t) is H-horizontal;
• zs(0) = zs(1) = 0 ensures that γ s(0) = γ (0) and γ s(1) = γ (1).

We conclude that γ s(t) ∈ JH(γ ). Since z was arbitrary, we conclude that γ is not
semi-rigid. 
�

Now we formulate the following statement about a possible existence of variations.

Proposition 4 Let γ : I → G be an H-horizontal curve with a left logarithmic deriv-
ative u. For any (u, z) satisfying (20), there exists a pair (us(t), zs(t)) satisfying all
requirements of (21) except for the equality zs(1) = 0 for all values of s.

Proof In order to construct a pair (us, zs) we let τuz = v ∈ C∞(I, h). Define us(t) =
u(t) + sv(t) and find a curve γ s(t) that solves the initial value problem

κ�(γ̇ s) = us, γ s(0) = γ (0).

The solution exists because the Lie group is regular. Then we define zs(t) =
κ�(∂sγ

s(t)) which satisfies zs(0) = 0, and find the curve v(t) = τ(us )zs(t) which
belongs to h. 
�
In the case h = g, it is known that any z ∈ C∞(I, g) with z(0) = z(1) = 0 comes
from a variation given by γ s(t) = γ (t) · expG(sz(t)).

4.4 Geodesics for a Metric Invariant under a Lie Subgroup

Up to now, the unique requirement for the subspace k is to form a complement to the
subspace h. In this section, we assume that h admits a complement k, which is the Lie
algebra of a connected regular subgroup K of G. The fact that a subgroup of a regular
Lie group is also regular is not trivial, see [36, p. 414], so we have to assume that the
subgroup K is regular. If k is finite-dimensional, then this holds if and only if k is a
sub-algebra, but if k is infinite-dimensional, this is only a necessary condition.

We study sub-Riemannian structures, which are invariant under the action of a
subgroup K . Let us start with the left-invariant distribution H. Assume that this dis-
tribution is also right-invariant with respect to elements from K . This may hold if and
only if h is invariant under the adjoint action by K . We remark that if K is finite-
dimensional, then this holds if and only if h is invariant under the adjoint action of k,
i.e., if [k, h] ⊆ h. However, ad(k)-invariance of h does not imply Ad(K )-invariance of
h in the case of an infinite-dimensional subgroup K . Under the assumption of Ad(K )-
invariance of h, the question of controllability in G reduces to proving that one can
reach any element in K by an H-horizontal curve. This becomes a particular advantage
when K is a much smaller group than G.

Proposition 5 Let G be a Lie group with the Lie algebra g, and let a left- (or right-)
invariant horizontal sub-bundle H be obtained by left (or right) translations of a
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subspace h ⊆ g. Assume that there is a sub-group K of G with the Lie algebra k, such
that g = p ⊕ k for some closed p ⊆ h. Suppose also that h is Ad(K )-invariant.

Then any pair of elements in G can be connected by a smooth H-horizontal curve
if and only if for every a ∈ K there is an H-horizontal smooth curve connecting 1 and
a.

Proof We present the proof only for the case of a left-invariant sub-bundle H. Let
c : I → G be any curve (not necessarily horizontal) connecting points a0 and a1 and
having left logarithmic derivative u. Using the left translation of c by a−1

0 , we can
assume that a0 = 1.

Let prk : g → k be a projection with the kernel p ⊆ h. Define k(t) = prk u(t), and
let ϑ be a curve in K with a left logarithmic derivative k, starting at 1. Then the left
logarithmic derivative of the curve ϑ(t)−1 is − Adϑ k.

Let us show that the curve γ1(t) = c(t) · ϑ(t)−1 is H-horizontal. We calculate the
left logarithmic derivative by

κ�(∂t (c(t) · ϑ(t)−1)) = Adϑ(t)(u(t) − k(t)) ∈ h .

Hence, we have constructed a horizontal curve γ1, from 1 to a1 ·ϑ(1)−1. Applying the
right translation by ϑ(1), we get a curve from ϑ(1) to a1. It keeps the curve horizontal
because of the Ad(K )-invariance of h. Moreover, by the hypothesis of the theorem,
we can connect 1 with ϑ(1) by a smooth horizontal curve γ2. Finally, we glue the
curves γ1 and γ2 into one smooth curve by slowing down the speed at the connecting
point to zero. 
�

We continue considering the properties of the sub-Riemannian metrics coming
from an invariant inner product. Let 〈· , ·〉 be an inner product on g, such that ad�

x
is well defined, and such that h is orthogonal to k. As we have done before, let g be
a Riemannian metric obtained by a left translation of 〈· , ·〉, and let us use h for its
restriction to H. Then we have the following result regarding the invariance of the
inner product under either k or K .

Theorem 4 The following statements hold.

(a) If 〈· , ·〉 is ad(k)-invariant and if γR : I → G is a Riemannian geodesic with
respect to g, then λ = prk κ�(γ̇R) is constant. Here prk : g → k is the orthogonal
projection with respect to 〈· , ·〉.
(b) If 〈· , ·〉 is Ad(K )-invariant, then a horizontal curve γs R : I → G is a normal
sub-Riemannian geodesic with respect to h if and only if it is of the form

γs R(t) = γR(t) · expG(−λt), λ(t) = prk κ�(γ̇R(t)), t ∈ I, (22)

where γR : I → G is a Riemannian geodesic with respect to g.

Proof (a) Let us recall that the ad(k)-invariance of the inner product 〈· , ·〉 means
that 〈adx y1, y2〉 = −〈y1, adx y2〉. Let u R be the left logarithmic derivative of γR .
Then u R is a solution to u̇ R = ad�

u R
u R by Theorem 3. This implies that 〈u̇ R, k〉 =
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〈u R, [u R, k]〉 = 0 for an arbitrary k ∈ k by the ad(k)-invariance. Since λ̇ = prk u̇ R ,
we conclude that λ is constant.

(b) Let us remark first that since the metric is Ad(K )-invariant, the orthogonality of
k and h along with the obvious invariance of k under the adjoint action of K imply that
h is invariant under the adjoint action of K as well. In its turn, this implies [k, h] ⊆ h.

Let γs R be a sub-Riemannian geodesic with the left logarithmic derivative us R .
Then it is a solution to the equations

u̇s R = prh ad�
us R

(us R + λ), λ̇ = prk ad�
us R

(us R + λ). (23)

Since for any k ∈ k, we have

〈λ̇, k〉 = 〈us R, [us R, k]〉 + 〈λ, [us R, k]〉 = 0,

we conclude that λ̇ = 0. The last product is equal to 0 by the identity [k, h] ⊆ h. It
follows that ad�

us R
(us R + λ) is a curve in h and the Eq. (23) reduce to

u̇s R = ad�
us R

(us R + λ). (24)

We need to show that Eq. (24) holds if and only if γs R is of the form (22).
Let us assume that (22) holds, where γR is a Riemannian geodesic with the left

logarithmic derivative u R satisfying the geodesic equation u̇ R = ad�
u R

(u R), and such
that λ = prk κ�(γ̇R(t)). Notice that the left logarithmic derivative of the right-hand
side of (22) is

us R(t) = AdexpG (λt)(u R(t) − λ).

Then we have the following chain of equalities for any x ∈ g:

〈u̇s R, x〉 = 〈
AdexpG (λt)

([λ, u R − λ] + u̇ R
)
, x
〉

= 〈[λ, u R] + u̇ R, AdexpG (−λt)(x)
〉

(by Ad(K )-invariant metric)

=
〈
[λ, u R] + ad�

u R
(u R), AdexpG (−λt)(x)

〉
(by geodesic equation)

= 〈[λ, u R], AdexpG (−λt)(x)
〉+ 〈u R,

[
u R, AdexpG (−λt)(x)

]〉

= 〈
u R,

[
u R − λ, AdexpG (−λt)(x)

]〉
(by ad(k)-invariant metric)

= 〈
AdexpG (λt) u R,

[
AdexpG (λt)(u R − λ), x

]〉
(by Ad(K )-invariant metric)

= 〈us R, [us R, x]〉 + 〈λ, [us R, x]〉 =
〈
ad�

us R
(us R + λ), x

〉
.

We conclude that us R satisfies Eq. (24).
Conversely, suppose that us R is a solution to the Eq. (24). Similarly, we show that

u R(t) = AdexpG (−λt)(us R + λ) with constant λ is a solution to the equation u̇ R =
ad�

u R
(u R). Thus, the equations u R(t) = AdexpG (−λt)(us R + λ) and u̇ R = ad�

u R
(u R)

define uniquely the Riemannian geodesic γR of the form γR(t) = γs R(t) expG(λt),
t ∈ [0, 1]. It implies (22). 
�
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We emphasize the following fact.

Corollary 2 The left logarithmic derivative us R of a normal geodesic γs R satisfies
the equation u̇s R = ad�

us R
(us R + λ) with a constant λ ∈ k.

Remark 7 Theorem 4(b) is still valid when g is a pseudo-metric (not necessarily pos-
itive definite) that restricts to a positively definite metric along H. Important informa-
tion is that h and k remain orthogonal, satisfy g = h⊕ k, and the map ad�

x exists with
respect to 〈· , ·〉. The geodesic γR is no longer Riemannian but still is a critical curve
of E(γ ) = ∫ 1

0 g(γ̇ , γ̇ ) dt .
Theorem 4(b) can be generalized to principal bundles in the case of finite-

dimensional manifolds; see [49, Theorem 11.8].

5 Group of Diffeomorphisms on the Unit Circle and the Virasoro–Bott Group

In this section we apply previous results to two concrete examples of infinite-
dimensional geometry with constraints. They are two infinite-dimensional Lie–Fréchet
groups: the group of orientation-preserving diffeomorphisms of the unit circle and its
central extension known as the Virasoro–Bott group. We first define them, give reasons
for the chosen constraints, and write down equations for the normal geodesics with
respect to certain metrics. We show that the sub-Riemannian analogues to the Euler–
Arnold equations for geodesics turn out to be some known non-linear PDE, namely,
analogues of the KdV, Burgers, Camassa–Holm and Hunter–Saxton equations. Finally,
we prove the controllability on these groups directly.

Let θ either be an element of R, or an element in the Lie group S1 which we
identify with R /(2π Z). The derivatives with respect to θ will be denoted by a prime,
i.e., x ′ = ∂θ x .

5.1 The Group Diff S1 and its Lie Algebra

Let Diff S1 denote the group of orientation-preserving diffeomorphisms of the unit
circle S1, which is the component of the identity of the group of all diffeomorphisms
of S1. Slightly abusing notation, we shall use the symbol Diff S1 instead of Diff0 S1 as
in Sect. 3.6, dropping the sub-index for the sake of simplicity. As a manifold, Diff S1

is modeled on the Fréchet space Vect S1 of smooth real vector fields on S1. Vect S1

is the Lie algebra of the group Diff S1 consisting of vector fields x ∂θ , x ∈ C∞(S1),
with the Lie brackets [x ∂θ , y ∂θ ] = (x ′y − y′x)∂θ . Using the identification between
Vect S1 and C∞(S1) we denote a vector field x ∂θ simply as x . We cannot use the
exponential map to construct charts, because it is not locally surjective; see [27,30,46].
See also [46] for a description of the manifold structure on the diffeomorphism groups.
In particular, the group Diff S1 is simple and is modeled on Fréchet space.

We denote by id the identity in Diff S1. Let us identify T Diff S1 and Diff S1 ×
Vect S1 by associating the element (γ (0), γ̇ (0)∂θ ) with the equivalence class of curves
[t �→ γ (t)] ∈ Tγ (0) Diff S1 passing through γ (0). The left and right actions can then
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be described as

d�ϕ(φ, x∂θ ) = (
ϕ ◦ φ, (ϕ′x)∂θ

)
, drϕ(φ, x∂θ ) = (

φ ◦ ϕ, (x ◦ ϕ)∂θ

)
, (25)

where φ, ϕ ∈ Diff S1, x ∈ C∞(S1). Notice that (25) implies Adϕ x∂θ = ϕ′x(ϕ−1)∂θ .

It is often convenient to work with the universal covering group D̃iff S1 of Diff S1

that consists of all orientation-preserving diffeomorphisms of R satisfying φ(θ +
2π) = φ(θ) + 2π .

5.2 The Virasoro–Bott Group

The group D̃iff S1 has a unique non-trivial central extension by R called the Virasoro–
Bott group. It can be described as follows. Define a Lie algebra gμν as the vector space
Vect S1 ⊕ R with the commutator

[
(x, a1), (y, a2)

] =
(
[x, y], ωμν(x, y)

)
,

ωμν(x, y) = 1

2π

∫ 2π

0

(
μx(θ)y′(θ) + νx ′(θ)y′′(θ)

)
dθ.

The extension is trivial if and only if ν = 0 since the term ω10(x, y) =
1

2π

∫ 2π

0 x(θ)y′(θ) dθ represents the algebra 2-coboundary. Indeed, let us introduce
a linear map η : Vect S1 → R by

η(x∂θ ) = 1

2π

∫ 2π

0
x(θ) dθ, (26)

and let us observe that ω10(x, y) = − 1
2η([x, y]). All non-trivial extensions coinciding

modulo an algebra 2-coboundary are isomorphic Lie algebras [21]. Hence, the Lie
algebras gμν with ν �= 0 are all isomorphic, because they differ only by a 2-coboundary
up to a scaling factor. The extended Lie–Fréchet algebra gμν for ν �= 0 is called the
Virasoro algebra (the attribution motivated by physics insight [55]). The algebra 2-
cocycle ωμν is called the Gelfand–Fuchs cocycle. There is a simply connected Lie
group Gμν corresponding to each Lie algebra gμν . It can be considered as the set

D̃iff S1 × R with the group operation

(φ1, b1)(φ2, b2) =
(
φ1 ◦ φ2, b1 + b2 + μA(φ1, φ2) + νB(φ1, φ2)

)
, (27)

where

A(φ1, φ2) = 1

4π

∫ 2π

0
(−φ1 ◦ φ2 + φ1 + φ2 − id)dθ, id ∈ D̃iff S1,

B(φ1, φ2) = 1

4π

∫ 2π

0
log(φ1 ◦ φ2)

′d log φ′
2.
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The group Gμ0 is isomorphic to the product group D̃iff S1 × R, where the sign (×)

means the direct product of groups, while for ν �= 0, the extension Gμν is non-
trivial. The term B in the multiplication law (27) represents a Bott 2-cocycle obtained
in [10] and the part A is the group 2-coboundary. All the groups Gμν with ν �= 0 are
isomorphic and called the Virasoro–Bott group because of the Bott cocycle B(φ1, φ2).
The construction of the Bott cocycle is widely presented in the literature; see [10,30].
To find the coboundary A, we observe that a 2-coboundary is defined by a smooth
function F : D̃iff S1 → R such that

A(φ1, φ2) = F(φ1) + F(φ2) − F(φ1 ◦ φ2), φ1, φ2 ∈ D̃iff S1.

The existence of the identity and inverse element in Gμν implies the conditions

F(id) = 0, F(φ) + F(φ−1) = 0, id, φ ∈ D̃iff S1.

At the last step, one has to check that the function F(φ) = 1
4π

∫ 2π

0

(
φ(θ) − θ

)
dθ

satisfies these conditions and the infinitesimal version of the group coboundary A
coincides with the algebra coboundary ω10.

Remark that if (γ (t), b(t)) is a curve in Gμν , then

κ�(γ̇ (t), ḃ(t)) = (u(t), C(t)) ,

where

u(t) = γ̇ (t)

γ ′(t)
and C(t) = ḃ(t) − μ

4π

∫ 2π

0
u(t)dθ + μ

4π

∫ 2π

0
u(t)dγ (t)

+ ν

4π

∫ 2π

0
u′(t)d log γ ′(t).

Here we used the formula κ�(γ̇ (t), ḃ(t)) = d
ds

∣
∣
∣
s=0

(γ −1
t ,−b(t)) · (γt+s, b(t + s)).

5.3 Horizontal Sub-Bundles, CR-Structure and Complex Structure

Notice that the linear map η from (26) associates with each vector field from Vect S1

its mean value on the circle. Let Vect0 S1 denote the kernel of η consisting of all vector
fields with zero mean value. We use k to denote the subalgebra of Vect S1 of constant
vector fields. Clearly Vect S1 = Vect0 S1 ⊕ k. The subgroup corresponding to k in
Diff S1 is the abelian group of rotations K = Rot S1 � S1. It corresponds to the
group of translations on the universal cover, which we denote by K̃ .

Define a horizontal sub-bundle H of T Diff S1 or T D̃iff S1 by left translations of
Vect0 S1. There exists a left-invariant almost-complex structure J on H, given at the
identity by the Hilbert transform as
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J x(θ) = 1

2π
p.v.

∫ 2π

0

x(t)

tan
( t−θ

2

)dt, x ∈ h . (28)

The triple (Diff S1,H, J ) (and hence, also (̃Diff S1,H, J )) is an infinite-dimensional
CR-manifold [39]. A curve γ : I → T Diff S1 (T D̃iff S1) is H-horizontal if

η
(
κ�(γ̇ (t))

) = η
(

γ̇ (t)
γ ′(t)

)
= 0 for every t ∈ I.

Similarly, we define a horizontal sub-bundleE of T Gμν by identifying Vect0 S1 with
a subset (Vect0 S1, 0) of the extended algebra gμν and defining E by left translations
of Vect0 S1 on Gμν . There is a complex structure on Gμν , such that E becomes a
holomorphic vector bundle [39]. The complex structure on Gμν restricted to E is also
obtained by left translation of the Hilbert transform (28), and we denote it by the same
symbol J . A choice of complement of Vect0 S1 in gμν is given by

k̂ = {(a0∂θ , a) ∈ gμν : a0, a ∈ R}.

This is an abelian sub-algebra corresponding to the abelian sub-group

K̂ = {(θ �→ θ + b0, b) ∈ Gμν : b0, b ∈ R}.

Proposition 6 The sub-bundle H of T Diff S1 (or T D̃iff S1) is invariant under the
action of rotations K (or translations K̃ ), and the sub-bundle E of T Gμν is invariant
under the action of K̂ .

Proof If ρ : θ → θ + b0 is a rotation/translation, then Adρ(x)(θ) = x(θ − b0).
Therefore, if η is defined by (26), then η(Adρ(x)) = η(x), which means that H is
invariant under the action of K (or K̃ ). By similar arguments E is invariant under K̂ .
�

As a corollary of the proof of Proposition 6 and (28), we obtain

J Adρ(x) = Adρ(J x) (29)

for ρ ∈ K , K̃ or K̂ and x ∈ H or x ∈ E respectively.

5.4 Normal Geodesics with Respect to the Sub-Riemannian Metrics

Let us describe the normal sub-Riemannian geodesics with respect to a two-parameter
family of left-invariant metrics on H and E , which includes the Sobolev H0, H1, and
H1,1 metrics.

Let 〈 , 〉1,0 denote the standard L2 or H0 inner product on Vect S1

〈x, y〉1,0 = 1

2π

∫ 2π

0
x(θ)y(θ)dθ.
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Observe that ad�
x exists with respect to this inner product, and it is given by the formula

ad�
x y = xy′ + 2x ′y. (30)

Let g1,0 be the Riemannian metric obtained by the left translation of 〈· , ·〉1,0, and let
h1,0 be its restriction to H. If we denote by p0 = ∂θ the basis vector for k, then

〈adp0 x, y〉1,0 = 〈[p0, x], y〉1,0 = −〈x ′, y〉1,0 = 〈x, y′〉1,0 = −〈x, [p0, y]〉1,0

= −〈x, ad p0 y〉1,0.

This implies that the inner product 〈 , 〉1,0 is invariant under the adjoint action of the
group K (or K̃ if we are working on the universal cover). Moreover, the subspaces
Vect0 S1 and k are orthogonal with respect to the inner product 〈 , 〉1,0, converting
the linear map η in (26) to an orthogonal projection to k. Then, we can obtain the
normal sub-Riemannian geodesics for h1,0 from the Riemannian geodesics for g1,0

by Theorem 4. The Riemannian geodesics are obtained as solutions to the Burgers (or
Riemann) equation u̇ = ad�

u u = 3uu′, and the corresponding normal sub-Riemannian
geodesics are solutions to the equations

κ�(γ̇ ) = u ∈ Vect0 S1, u̇ = ad�
u (u + λ) = 3uu′ + 2λu′, u ∈ Vect0 S1, λ ∈ R

by Corollary 2. If we denote by b1,0 the Riemannian metric on the symmetric space
B = Diff S1/K induced by g1,0, as we described in Sect. 2.1, then the geodesics in B
with respect to b1,0 are given as projections of the normal sub-Riemannian geodesics
γ with λ = 0, or equivalently, by projections of Riemannian geodesics, which are
horizontal to H.

More generally, we can define a two-parameter family 〈 , 〉αβ
0 of inner products on

Vect0 S1 by the formula

〈x, y〉αβ
0 = 1

2π

∫ 2π

0
(αx(θ)y(θ) + βx ′(θ)y′(θ))dθ

= − 1

2π

∫ 2π

0
x(θ)Lαβ y(θ)dθ = −〈x, Lαβ y〉1,0, x, y ∈ Vect0 S1.

Here we use the operator Lαβ : Vect S1 → Vect S1 defined by Lαβ x = β∂2
θ x − αx .

In order to make the bilinear map 〈· , ·〉αβ
0 be a non-degenerate product, we have to

require α �= −n2β, n ∈ N for non-degeneracy, and β ≥ 0 and α > −β for positive
definiteness. Let us extend the inner product 〈· , ·〉αβ

0 to the entire Lie algebra Vect S1

by the formula

〈x, y〉αβ = 〈
x − ηx , y − ηy

〉αβ

0 + ηxηy x, y ∈ Vect S1, ηx = η(x), ηy = η(y).

(31)
Notice that

〈x, y〉αβ = − 〈Lαβ(x − ηx ), y − ηy
〉1,0 + ηxηy = 〈−Lαβ(x − ηx ) + ηx , y

〉1,0
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since
〈
Lαβ(x − ηx ), ηy

〉1,0 = 0. Let us define a Riemannian metric gαβ by the left
translation of 〈· , · 〉αβ , and let hαβ be its restriction to H. It is easy to check that all
conditions of Theorem 4 are satisfied.

Rather than finding an explicit formula for the adjoint of adx with respect to the
inner product 〈· , ·〉αβ , which does exist but is complicated for β �= 0, we use a simpler
formula of the adjoint of the L2 metric given in (30). Together with Corollary 2, this
implies that any left logarithmic derivative u of a normal sub-Riemannian geodesic
for the metric hαβ must satisfy

〈Lαβ u̇, x〉1,0 = −〈u̇, x〉αβ = −〈u + λ, [u, x]〉αβ = 〈Lαβ(u) − λ, x〉1,0

= 〈ad�
u (Lαβu − λ), x〉1,0,

for any x ∈ Vect S1. Hence we have the geodesic equation Lαβ u̇ = ad�
u (Lαβu − λ)

or

βu̇′′ − αu̇ = β(uu′′′ + 2u′u′′) − 3αuu′ − 2λu′.

If bαβ is the Riemannian metric on B induced by hαβ , then the Riemannian geodesics
on B are given as projections of the solutions with λ = 0.

We can also extend this inner product 〈· , ·〉αβ to the Virasoro algebra gμν . The
extension is given by the formula

〈
(x∂θ , a1), (y∂θ , a2)

〉αβ

μν
= 〈x, y〉αβ + a1a2.

Let us calculate the adjoint ad�
(x,a) of ad(x,a) with respect to the metric 〈· , ·〉1,0

μν . Notice
that

ωμν(x, y) = 1

2π

∫ 2π

0

(
μx(θ)y′(θ) + νx ′(θ)y′′(θ)

)
dθ = −〈x, Lμν y′〉1,0.

Then we calculate

〈
ad�

(x,a1)
(y, a2), (z, a3)

〉1,0

μν
= 〈y, [x, z]〉1,0 − a2ωμν(z, x)

= 〈ad�
x y, z〉1,0 + 〈z, a2 Lμνx ′〉1,0 (32)

=
〈
(xy′ + 2x ′y + a2 Lμνx ′, 0), (z, c)

〉1,0

μν

by formula (30).
Let gαβ

μν be the Riemannian metric on Gμν obtained by left translations of 〈· , ·〉αβ
μν ,

and let hαβ
μν be its restriction to the sub-bundle E . Then it is easy to verify that the con-

ditions of Theorem 4 are satisfied. We start writing the geodesic equations for a par-
ticular case, namely for the metric 〈· , ·〉1,0

μν . The left logarithmic derivative (u(t), 0) ∈
(Vect0 S1, 0) ⊂ gμν of a normal sub-Riemannian geodesic (γ, b) : I → Gμν is a
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solution to the equation (u̇, 0) = ad�
(u,0)(u + λ1, λ2), λ1, λ2 ∈ R. This means that u

is a solution to

u̇ = 3uu′ + (2λ1 − λ2μ)u′ + λ2νu′′′, u ∈ Vect0 S1. (33)

The corresponding Riemannian geodesics with respect to g1,0
0,1 satisfy the KdV equa-

tion.
In order to generalize Eq. (33) to an arbitrary metric 〈· , ·〉αβ

μν , we use the same
arguments as above and conclude that the normal critical curves (γ (t), b(t)), t ∈ I ,
in Gμν with respect to hαβ

μν have the left logarithmic derivative (u, 0) and they are
solutions to the equation (Lαβ u̇, 0) = ad�

(u,0)(Lαβu − λ1,−λ2), where the operator

ad�
(u,0) is expressed as in (32). This leads to the equation

Lαβ u̇ = uLαβu′ + 2u′Lαβu − 2λ1u′ − λ2Lμνu′,

with u ∈ Vect0 S1 and λ1, λ2 ∈ R.

Remark 8 There are many results related to Riemannian geodesics for the invariant
metrics on the Virasoro–Bott group. A good overview of these results can be found
in [30]. Here the right-invariant approach is chosen, but results differ only by a sign
from the left-invariant point of view. We only mention here that the geodesic equations
with respect to right-invariant metrics corresponding to 〈· , ·〉1,0, 〈· , ·〉0,1 and 〈· , ·〉1,1

respectively, are given by the KdV equation, the Hunter–Saxton equation, and the
Camassa–Holm equation. Similarly, the geodesic equations with respect to the right-
invariant metric on D̃iff S1 produced by 〈· , ·〉1,0 and 〈· , ·〉1,1 are given by the Burgers
equation and the non-extended Camassa–Holm equation.

5.5 Relationship to Univalent Functions

Let us denote by B the homogeneous space

B = Diff S1/K ∼= D̃iff S1/K̃ ∼= Gμν /K̂ . (34)

The bundles H and E are the Ehresmann connections for the respective submersions
Diff S1 → B and Gμν → B. We know that J from (29) induces a well-defined
almost-complex structure on B, which is in fact a complex structure. A common
way to visualize this is by identifying B with the space of normalized conformal
embeddings of the unit disk into C; see [5,31,33].

Let us consider the space A0 of all holomorphic functions

F : D → C, F(0) = 0, with D = {z : |z| < 1},

such that the extension of F to the boundary S1 is C∞(D̂, C). Here, D̂ denotes the
closure of D. The class A0 is a complex Fréchet vector space where the topology is
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defined by the seminorms

‖F‖m = sup{|F (m)(z)| | z ∈ D̂},

which is equivalent to the uniform convergence of all derivatives in D̂. The local
coordinates can be defined by the embedding of A0 to C

N given by

F =
∞∑

n=1

anzn �→ (a1, a2, . . .).

Let F0 be a subclass of A0 consisting of all univalent functions f ∈ A0, normalized
by f ′(0) = 1. The de Branges theorem [16] yields that F0 is contained in the bounded
subset

1 ×
∞∏

n=2

n D ⊆ C
N .

Let D− be the exterior of the unit disk D = D+. For any f ∈ F0, we define a
matching function g : D− → C, such that the image of D− under g is exactly the
exterior of f (D+), and let g satisfy the normalization g(∞) = ∞. Note that such g
exists by the Riemann mapping theorem. Since both functions f and g have a common
boundary, g also has a smooth extension to the closure D̂− of D−. Therefore, the images
g(S1) and f (S1) are defined uniquely and represent the same smooth contour in C. If
g and g̃ are two matching functions to f , then they are related by a rotation

g̃(ζ ) = g(ζw), ζ ∈ D−, |w| = 1.

For an arbitrarily matching function g to f ∈ F0 the diffeomorphism φ ∈ Diff S1,
given by

φ(eiθ ) = ( f −1 ◦ g)(eiθ ), (35)

is uniquely defined by f up to the right superposition with a rotation. The relation
(35) gives a holomorphic bijection

B = Diff S1/K ∼= F0; (36)

see [5,31,33]. The complex structure on B induced by F0 is the same as the one given
by J .

5.6 Metrics on H Corresponding to Invariant Kählerian Metrics

The left action of Diff S1 is well defined on B. Let us choose a Hermitian metric on the
base space B assuming that this metric is Kählerian and invariant under the action of
Diff S1. All pseudo-Hermitian metrics on B are included in the two-parameter family
bαβ ; see [31,32,34]. We will describe these metrics identifying B and F0 as in the
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previous section. It is sufficient to describe this metric only at idD ∈ F0 because at
other points of F0 the metric bαβ is defined by the left action of Diff S1. Any smooth
curve ft in F0 with f0 = idD can be written as

ft (z) = z + t zF(z) + o(t), F ∈ A0 .

Hence, we can identify TidD
F0 with A0 by relating [t �→ ft ] to F . With this identifi-

cation, bαβ can be written as

bαβ

∣
∣
idD

(F1, F2) = 2

π

∫∫

D

(
αF ′

1 F
′
2 + β(zF ′

1)
′(zF ′

2)
′
)

dσ(z),

= 2
∞∑

n=1

(αn + βn3)anbn, (37)

where dσ(z) is the area element and F1(z) = ∑∞
n=1 anzn , F2(z) = ∑∞

n=1 bnzn .
If α �= −n2β, n ∈ Z, then the metric bαβ is non-degenerating pseudo-Hermitian.
Otherwise, bαβ is degenerating along a distribution of complex dimension 1. Moreover,
we require β ≥ 0 and −α < β in order to obtain a positively definite Hermitian metric.

It is impossible to write the left action of Diff S1 on F0 explicitly; therefore, it
is not easy to describe bαβ globally on F0. However, these metrics can be lifted to
the metrics on H which are easier to study. Let π : Diff S1 → F0 be the canonical
projection, and let us consider the injective map

didπ : Vect0 S1 → TidD
F0 ∼= A0

x∂θ �→ F.

Then the elements F and x are related by the formula, see [31],

F(eiθ ) = − i

2

(
x(θ) − i J x(θ)

)
,

where J is defined in (28). Observe that

bαβ |idD
(F1, F2) = 2

π

∫∫

D

(
αF ′

1 F
′
2 + β(zF ′

1)
′(zF ′

2)
′
)

dσ(z)

= −i

π

∫∫

D

(
αd F1 ∧ d F2 + βd(zF ′

1) ∧ d(zF ′
2)
)

= −i

π

∫

S1

(
αF1d F2 + β(zF ′

1)d(zF ′
2)
)

.

So, if F1 and F2 on the boundary coincide with respectively − i
2

(
x − i J x

)
and − i

2

(
y−

i J y
)

for any x, y ∈ Vect0 S1, we conclude that
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bαβ |idD

(
didπx, didπy

)

= i

4π

∫

S1

(
α(x − i J x) d(y + i J y) + β(x ′ − i J x ′) d(y′ + i J y′)

)

= i

4π

∫

S1

(
α(x dy − i J x dy + i x d J y + J x d J y)

+ β(x ′ dy′ − i J x ′ dy′ + i x ′ d J y′ + J x ′ d J y′)
)

= i

4π

∫

S1

(
α(x dy + J x d J y) + β(x ′ dy′ + J x ′ d J y′)

)

+ 1

4π

∫

S1

(
α(J x dy − x d J y) + β(J x ′ dy′ − x ′ d J y′)

)

= iωαβ(x, y) + ωαβ(J x, y),

where ωαβ is defined as in Sect. 5.2 and in the last equation we used
∫

S1 xdy =∫
S1 J x d J y which can be shown by Fourier expansions. The inner product on Vect0 S1

corresponding to the form ωαβ is obtained by

(x, y)αβ = ωαβ(J x, y).

Observe that
(x, y)αβ = −〈J x ′, y〉αβ, x, y ∈ Vect0 S1. (38)

Extend (· , ·)αβ to an inner product on the whole algebra Vect S1 as in (31). Let gαβ

be a Riemannian metric obtained by the left translation of (· , ·)αβ , and let hαβ be the
metric restricted to H. We apply Theorem 4 and deduce that a normal critical curve
γ : I → Diff S1 is the solution to the equation

κ�(γ̇ ) = u, Lαβ J u̇′ = uLαβ Ju′′ + 2u′Lαβ Ju′ + 2λu′, λ ∈ R.

Here we used the property (38) and the equation Lαβ
d
dt Ju′(t) = ad�

u (Lαβ Ju′ + λ).
We conclude that the geodesics for bαβ can be found by solving the above equation
for λ = 0, and then projecting it to F0.

For (α, β) = (1, 0), this is a special case of the modified Constantin–Lax–Majda
(CLM) equation. For more information, see [8,20], where the Riemannian geometry
for the metric g1,0 is considered. It can be considered as the Sobolev H1/2 metric on
Diff+ S1.

Remark 9 Let g̃1,0 be the right-invariant metric on Diff S1 corresponding to (· , ·)1,0.
Let dg1,0 and d̃g1,0 be the Riemannian distance functions related to these metrics. In
[8], it was shown that the geodesic distance related to g̃1,0 vanishes by showing that

d̃g1,0(id, ρ) = 0, for any ρ ∈ K = Rot(S1).

Because of the isomorphism φ �→ φ−1 between the right- and left-invariant structures,
this means that dg1,0(id, ρ) = 0 also for any ρ ∈ K . However, this is different when
working with the induced metrics on the quotient spaces.
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Consider the projection

π : Diff S1 → B = Diff S1/K ,

which we can identify with F0. Let b1,0 be as before and let b̃1,0 be the metric induced
by g̃1,0. It is well defined because g̃1,0 is also left-invariant with respect to K . Denote by
db1,0 and db̃1,0

the corresponding distance functions. Then db̃1,0
also vanishes. Indeed,

for an element φ ∈ Diff S1, which is not a rotation, write π(φ) = f �= idD. Then, if
ρ(θ) = θ + s, it follows that

π(ρ ◦ φ) = f̃ , f̃ (z) = eis f (ze−is),

which is different from f by our previous assumptions, but db̃1,0
( f, f̃ ) = 0 since

d̃g1,0(φ, ρ ◦φ) = 0. However, this argument cannot be used to show that db1,0 vanishes
because π(φ ◦ ρ) = π(φ) always, and so this remains an open question.

We remark that if db1,0 does not vanish, then neither will the Carnot–Carathéodory
distance dC−C with respect to h1,0 by the obvious inequality dC−C (φ1, φ2) ≥
db1,0(π(φ1), π(φ2)).

5.7 Subgroups of D̃iff S1

We describe some special subgroups of D̃iff S1 that will be used to prove the sub-
Riemannian controllability for the groups Diff S1 and Gμν in the classes of H- and
E-horizontal curves respectively.

We start from describing subalgebras of Vect S1. For each n ∈ Z, let us define

pn = cos nθ ∂θ , kn = sin nθ ∂θ .

The Lie brackets are given by

[km, kn] = m+n
2 km−n + m−n

2 km+n, (39)

[pm, pn] = −m+n
2 km−n − m−n

2 km+n, (40)

[pm, kn] = −m+n
2 pm−n + m−n

2 pn+m . (41)

It is easy to see from (39)–(41) that hn = span{p0, pn, kn} are subalgebras of
Vect S1, and that hn is isomorphic to su(1, 1) for each n. We need to construct an
explicit exponentiation from hn to the subgroup Hn of Diff S1. We start from describ-
ing the simply connected group and its universal cover, corresponding to su(1, 1).

5.7.1 The Universal Cover of SU(1, 1)

The Lie group SU(1, 1) consists of 2 × 2 complex matrices

(
z1 z2
z̄2 z̄1

)

, |z1|2 − |z2|2 = 1.
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Its linear Lie algebra su(1, 1) has the basis given by

X = 1

2

(
0 i
−i 0

)

, Y = 1

2

(
0 −1

−1 0

)

, Z = 1

2

(−i 0
0 i

)

.

Denote by S̃U(1, 1) the universal covering group of SU(1, 1). The universal cover
S̃U(1, 1) can be represented as R × C endowed with the group operation

(s1, w1) · (s2, w2) = (s3, w3), (s j , w j ) ∈ R × C, j = 1, 2, 3,

where

s3 = s1 + s2 + Arg
(√

(|w1|2 + 1)(|w2|2 + 1) + w̄1w2e−i(s1+s2)
)

,

w3 = w2e−is1
√

|w1|2 + 1 + w1eis2
√

|w2|2 + 1.

In these coordinates, the covering homomorphism from S̃U(1, 1) to SU(1, 1) is given
by

(s, w) �→
(

e−is
√|w|2 + 1 w

w̄ eis
√|w|2 + 1

)

.

Let us introduce necessary notation in order to describe the exponential map from
su(1, 1) to SU(1, 1) and S̃U(1, 1). For a vector a = (a1, a2, a3) ∈ R

3, we define its
Lorentzian norm as ǎ = a2

1 + a2
2 − a2

3 . We define the following functions from R to
R:

C a(t) =
⎧
⎨

⎩

cosh
(√

ǎt
)

if ǎ ≥ 0,

cos
(√−ǎt

)
if ǎ < 0,

S a(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

sinh
(√

ǎt
)

√
ǎ

if ǎ > 0,

t if ǎ = 0,

sin
(√−ǎt

)

√−ǎ
if ǎ < 0.

Continue and define T a(t) for ǎ ≥ 0,

T a(t) =
{

tan−1
(

a3√
ǎ

tanh
(√

ǎt
))

if ǎ > 0,

tan−1 a3t if ǎ = 0,

while the formula for ǎ < 0 is given by

T a(t) =
{

tan−1
(

a3√−ǎ
tan
(√

−ǎt
))

+ πna(t) if t
√−ǎ �= π

2 mod π,

sgn(a3)t
√−ǎ if t

√−ǎ = π
2 mod π,
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where

na(t) = sgn(a3)
⌈

t
√−ǎ
π

− 1
2

⌉
,

sgn(t) =
⎧
⎨

⎩

1 if t > 0
0 if t = 0,

−1 if t < 0.

"t# = min{ j ∈ Z : t ≤ j}

Then the exponential map to S̃U(1, 1) is given as

expS̃U(1,1)

(
t (a1 X + a2Y + a3 Z)

)
=
(

T a( t
2 ), i(a1 + ia2)S a( t

2 )
)
, (42)

and the exponential map to SU(1, 1) is written as

expSU (1,1)

(
t (a1 X +a2Y +a3 Z)

)
=
(

C a( t
2 ) − ia3 S a( t

2 ) i(a1 + ia2)S a( t
2 )

−i(a1 − ia2)S a( t
2 ) C a( t

2 ) + ia3 S a( t
2 )

)

.

(43)
See details in [24].

5.7.2 Embedding of S̃U(1, 1) into D̃iff S1

We want to find an explicit expression for the subgroups corresponding to the sub-
algebras hn .

Proposition 7 The subgroup H̃n of D̃iff S1 is the group of diffeomorphisms of the
form

φ(θ) = θ + 2
n s + 2

n Arg
(√

|w|2 + 1 − iw̄e−i(nθ+s)
)

, s ∈ R, w ∈ C .

Proof For any positive integer n, define the mapping

fn : S̃U(1, 1) → D̃iff S1

by

fn(s, w)(θ) = θ + 2
n s + 2

n Arg
(√

|w|2 + 1 − iw̄e−i(nθ+s)
)

.

We want to show that fn is an injective group homomorphism.
The homomorphism property follows from computation of fn(s1, w1)◦ fn(s2, w2).

Let (s1, w1) · (s2, w2) = (s3, w3). For a fixed value θ , define

ϑ := fn(s2, w2)(θ).
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Then

fn(s1, w1) ◦ fn(s2, w2)(θ)

= ϑ + 2
n s1 + 2

n Arg
(√

|w1|2 + 1 − iw̄1e−i(nϑ+s1)
)

= θ + 2
n (s1 + s2) + 2

n Arg
(√

|w2|2 + 1 − iw2e−i(nθ+s2)
)

+ 2
n Arg

(
√

|w1|2 + 1 − iw̄1e−i(s1+nθ+2s2)

√|w2|2 + 1 + iw2ei(nθ+s2)

√|w2|2 + 1 − iw̄2e−i(nθ+s2)

)

= θ + 2
n (s1 + s2) + 2

n Arg
(√

(|w1|2 + 1)(|w2|2 + 1)

− iw̄2e−i(nθ+s2)
√

|w1|2 + 1 − iw̄1e−i(nθ−2s2−s1)
√

|w2|2 + 1 + w̄1w2e−i(s1+s2)
)

= θ + 2
n (s1 + s2) + 2

n Arg
(

ei(s3−s1−s2)
√

|w3|2 + 1 − iw̄3e−i(nθ+s1+s2)
)

= θ + 2
n (s1 + s2) + 2

n Arg(ei(s3−s1−s2)) + 2
n Arg

(√
|w3|2 + 1 − iw̄3e−i(nθ+s3)

)

= θ + 2
n s3 + 2

n Arg
(√

|w3|2 + 1 − iw̄3e−i(nθ+s3)
)

= fn(s3, w3).

To show injectivity of fn , assume that f (s, w) = id. This implies that for any θ ,

Arg
(√

|w|2 + 1 − iw̄e−i(nθ+s)
)

= −s. (44)

However, the left side of (44) is constant only if w = 0, which in turn implies s = 0.
Hence, the kernel of fn is trivial.

To complete the proof, we need to show that hn is indeed the image of did fn . But
this follows from the computations

∂t |t=0 f (t, 0)(θ) = 2
n , ∂t |t=0 f (0, t)(θ) = 2

n cos nθ,

∂t |t=0 f (0, i t)(θ) = − 2
n sin nθ.

(45)

Remark 10 Let us give a couple of observations. Since the derivative of the curves
t �→ (t, 0), t �→ (0, t) and t �→ (0, i t) at the identity in S̃U(1, 1) can be identified
with 2Z ,−2Y and 2X , respectively, relations (45) yield that

exp̃
Diff S1

(
t (a1kn + a2 pn + a3 p0)

)
= fn

(
expS̃U(1,1)

(
nt (−a1 X − a2Y + a3 Z)

))
.

To obtain the corresponding subgroups in Diff S1 one needs to add a (mod 2π ) at the
end.
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5.8 Controllability

We will finish this section by addressing the question of controllability. Notice first
that although the brackets of Vect0 S1 generate the whole algebra Vect S1, it is not a
C∞(S1)-sub-module so we cannot apply Theorem 2. Instead we must use the invari-
ance under the group action of the horizontal sub-bundles to show that we indeed can
connect every pair of points.

Theorem 5 Let H be a choice of horizontal sub-bundle on Diff S1 or D̃iff S1 defined
as in Sect. 5.3. Then any pair of points can be connected by an H-horizontal curve.
Let E be a choice of horizontal sub-bundle on Gμν defined as in Sect. 5.3. Then any
two points on Gμν can be connected by an E-horizontal curve.

Proof To prove (a), it is sufficient to show that any two points in D̃iff S1 can be
connected by an H-horizontal curve. Applying Proposition 5, we only need to verify
that the unit id of the group D̃iff S1 can be connected with any element in K̃ by an
H-horizontal curve. The subgroup K̃ is contained in H̃n for any n, where H̃n are
as described in Sect. 5.7. In particular, K̃ can be considered as a subgroup of H1.
Any H-horizontal curve in H1, has the left logarithmic derivative in h1 ∩ Vect0 S1 =
span{k1, p1}. Since [p1, k1] = p0, the horizontal distribution H restricted to H1 is
bracket generating. The group H1 is finite-dimensional, therefore, we can apply the
Rashevskiı̆–Chow theorem to conclude that every point in H1, including points in K̃ ,
can be reached by an H-horizontal curve.

To prove (b), we need to show that any point in K̂ = {θ �→ (θ + b0, b) ∈ Gμν} can
be connected to (id, 0) by an E-horizontal curve. A bit more care needs to be taken in
this case. Consider subgroups

Ĥn =
{
(φ, a) ∈ Gμν : φ ∈ Hn, a ∈ R

}

which have the Lie algebras

ĥn = span
{
(p0, 0), (pn, 0), (kn, 0), (0, 1)

}
.

The Lie algebras ĥn have special sub-algebras

t̂n = span
{
(p0, n2ν − μ), (pn, 0), (kn, 0)

}
.

Denote the corresponding subgroups by T̂n . In contrast to Ĥn , the distribution E
restricted to any subgroup T̂n is bracket generating, and so all elements in such a
subgroup T̂n can be reached by an E-horizontal curve. It is clear that

T̂n ∩ K̂ =
{(

θ �→ θ + r, r(n2ν − μ)
) : r ∈ R

}
.

Since K̂ is isomorphic to R
2 as a group and ν �= 0, we know that for any g ∈ K̂ , there

are unique elements g j ∈ T̂ j ∩ K̂ , j = 1, 2 so that g = g1 · g2 = g2 · g1. Denote by
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c1 and c2 curves that connect id with g1 and g2 respectively. We can reach g first by
following the curve c2 and then continuing by �g2 c1. This finishes the proof. 
�
Acknowledgments The authors have been supported by the Grants of the Norwegian Research Council
#204726/V30, #213440/BG; and EU FP7 IRSES program STREVCOMS, Grant No. PIRSES-GA-2013-
612669. This work was completed while the authors were visiting the Mittag-Leffler Institute, Sweden.

References

1. Agrachev, A., Caponigro, M.: Controllability on the group of diffeomorphisms. Annales de l’Institut
Henri Poincaré 26, 2503–2509 (2009)

2. Agrachev, A., Sarychev, A.V.: Abnormal sub-Riemannian geodesics: Morse index and rigidity. Annales
de l’Institut Henri Poincaré 13(6), 635–690 (1996)

3. Agrachev, A., Sachkov, Y.: Control Theory from the Geometric Viewpoint. Encyclopaedia of Mathe-
matical Sciences. Control Theory and Optimization II, vol. 87. Springer-Verlag, Berlin (2004).

4. Agrachev, A., Boscain, U., Gauthier, J.P., Rossi, F.: The intrinsic hypoelliptic Laplacian and its heat
kernel on unimodular Lie groups. J. Funct. Anal. 256(8), 2621–2655 (2009)

5. Airault, H., Malliavin, P.: Unitarizing probability measures for representations of Virasoro algebra. J.
Math. Pures Appl. 80(6), 627–667 (2001)

6. Arnold, V.I.: Sur la géometrie différentielle des groupes de Lie de dimension infinie et ses applications
à l’hydrodynamique des fluides parfaits. Ann. Inst. Fourier 16, 319–361 (1966)

7. Baudoin, F., Bonnefont, M.: The subelliptic heat kernel on SU(2): representations, asymptotics and
gradient bounds. Math. Z. 263(3), 647–672 (2009)

8. Bauer, M., Bruveris, M., Harms, P., Michor, P.W.: Geodesic distance for right invariant Sobolev metrics
of fractional order on the diffeomorphism group. Ann. Glob. Anal. Geom. 44(1), 5–21 (2013)

9. Bonnard, B., Trélat, E.: On the role of abnormal minimizers in sub-Riemannian geometry. Ann. Fac.
Sci. Toulouse Math. 10(3), 405–491 (2001)

10. Bott, R.: On the characteristics classes of groups of diffeomorphisms. Enseign. Math. 23(2), 209–220
(1977)

11. Brockett, R.W.: Nonlinear control and differential geometry. In: Proceedings of the International
Congress of Mathematicians (Warsaw 1983), vol. 1–2, pp. 1357–1368. PWN, Warsaw (1984).

12. Bryant, R., Hsu, L.: Rigidity of integral curves of rank 2 distributions. Invent. Math. 114(2), 435–461
(1993)

13. Chitour, Y., Jean, F., Trélat, E.: Genericity results for singular curves. J. Differ. Geom. 73(1), 45–73
(2006)

14. Chow, W.L.: Über Systeme von linearen partiellen Differentialgleichungen erster Ordnung. Math. Ann.
117, 98–105 (1939)

15. Constantin, A., Kolev, B.: Geodesic flow on the diffeomorphism group of the circle. Comment. Math.
Helv. 78(8), 787–804 (2003)

16. de Branges, L.: A proof of the Bieberbach conjecture. Acta Math. 154(1–2), 137–152 (1985)
17. Dubnikov, P.I., Samborskii, S.N.: Controllability criterion for systems in a Banach space (Generaliza-

tion of Chow’s theorem). Ukraine Math. J. 32(5), 649–653 (1979)
18. Ebin, D., Marsden, J.: Groups of diffeomorphisms and the motion of an incompressible fluid. Ann.

Math. 92(2), 102–163 (1970)
19. Ellis, D.C.P., Gay-Balmaz, F., Holm, D.D., Ratiu, T.S.: Lagrange-Poincaré field equations. J. Geom.

Phys. 61(11), 2120–2146 (2011)
20. Escher, J., Kolev, B., Wunch, M.: The geometry of a vorticity model equation. Comm. Pure Appl.

Anal. 11(4), 1407–1419 (2012)
21. Gelfand, I.M., Fuks, D.B.: Cohomology of the Lie algebra of vector fields on the circle. Funct. Anal.

Appl. 4(2), 342–343 (1968)
22. Giannoni, F., Piccione, P., Verderesi, J.: An approach to the relativistic brachistochrone problem by

sub-Riemannian geometry. J. Math. Phys. 38(12), 6367–6381 (1997)
23. Golé, C., Karidi, R.: A note on Carnot geodesics in nilpotent Lie groups. J. Dyn. Control Syst. 1(4),

535–549 (1995)

123

Author's personal copy



Sub-Riemannian Geometry

24. Grong, E., Vasil’ev, A.: Sub-Riemannian and sub-Lorentzian geometry on SU(1, 1) and on its universal
cover. J. Geom. Mech. 3(2), 225–260 (2011)

25. Grong, E., Gumenyuk, P., Vasil’ev, A.: Matching univalent functions and conformal welding. Ann.
Acad. Sci. Fenn. Math. 34, 303–314 (2009)

26. Hamenstädt, U.: Some regularity theorems for Carnot-Carathéodory metrics. J. Differ. Geom. 32(3),
819–850 (1990)

27. Hamilton, R.: The inverse function theorem of Nash and Moser. Bull. Am. Math. Soc. 7(1), 65–222
(1982)

28. Heintze, E., Liu, X.: Homogeneity of infinite-dimensional isoparametric sub-manifolds. Ann. Math.
149, 149–181 (1999)

29. Khesin, B., Lee, P.: A nonholonomic Moser theorem and optimal transport. J. Symplectic Geom. 7(4),
381–414 (2009)

30. Khesin, B., Wendt, R.: The Geometry of Infinite-Dimensional Groups. Modern Surveys in Mathemat-
ics, vol. 51. Springer-Verlag, Berlin (2009).

31. Kirillov, A.A.: Kähler structures on K -orbits of the group of diffeomorphisms of a circle. Funct. Anal.
Appl. 21(2), 42–45 (1987)

32. Kirillov, A.A.: Geometric approach to discrete series of unirreps for Vir. J. Math. Pures Appl. 77,
735–746 (1998)

33. Kirillov, A.A., Golenishcheva-Kutuzova, M.I.: Geometry of moments for the group of diffeomor-
phisms. Preprint, Inst. Prikl. Mat. Im. M. V. Keldysha Akad. Nauk SSSR, vol. 101 (1986).

34. Kirillov, A.A., Yur’ev, D.V.: Kähler geometry and the infinite-dimensional homogenous space M =
Diff+(S1)/Rot(S1). Funct. Anal. Appl. 21(4), 284–294 (1987)

35. Kobayashi, O., Akira, Y., Maeda, Y., Omori, H.: The theory of infinite-dimensional Lie groups and its
applications. Acta Appl. Math. 3(1), 71–106 (1985)

36. Kriegl, A., Michor, P.W.: The Convenient Setting of Global Analysis. Mathematical Surveys and
Monographs, vol. 53. American Mathematical Society, Providence, RI (1997).

37. Kriegl, A., Michor, P.W.: Regular infinite-dimensional Lie groups. J. Lie Theory 7(1), 61–99 (1997)
38. Ledyaev, Y.S.: On an infinite-dimensional variant of the Rashevski-Chow theorem. Dokl. Akad. Nauk

Rus. 398(6), 735–737 (2004)
39. Lempert, L.: The Virasoro group as a complex manifold. Math. Res. Lett. 2, 479–495 (1995)
40. Lindenstrauss, J., Tzafriri, L.: On the complemented subspaces problem. Israel J. Math. 9, 263–269

(1971)
41. Liu, W., Sussman, H.: Shortest paths for sub-Riemannian metrics on rank-two distributions. Mem.

Am. Math. Soc. 118(564), 104 (1995)
42. Michor, P.W.: Some geometric evolution equations arising as geodesic equations on groups of dif-

feomorphisms including the Hamiltonian approach. In: Bove, A., Colombini, F., Del Santo, D. (eds.)
Phase Space Analysis of Partial Differential Equations. Progress in Nonlinear Differential Equations
and Their Applications, vol. 69, pp. 133–215. Birkhäuser, Boston (2006)

43. Michor, P.W., Mumford, D.: Vanishing geodesic distance on spaces of sub-manifolds and diffeomor-
phisms. Doc. Math. 10, 217–245 (2005)

44. Michor, P.W., Mumford, D.: Riemannian geometries on spaces of plane curves. J. Eur. Math. Soc. 8(1),
1–48 (2006)

45. Michor, P.W., Mumford, D.: An overview of the Riemannian metrics on the spaces of curves using the
Hamiltonian approach. Appl. Comput. Harmon. Anal. 23, 74–113 (2007)

46. Milnor, J.: Remarks on infinite-dimensional Lie groups. In: DeWitt, B., Stora, R. (eds.) Relativité,
Groupes et Topologie II, pp. 1007–1057. North-Holland, Amsterdam (1984)

47. Montgomery, R.: Abnormal minimizers. SIAM J. Control Optim. 32(6), 1605–1620 (1994)
48. Montgomery, R.: A survey of singular curves in sub-Riemannian geometry. J. Dyn. Control Syst. 1,

49–90 (1995)
49. Montgomery, R.: A Tour of Sub-Riemannian Geometries, Their Geodesics and Applications. Mathe-

matical Surveys and Monographs, vol. 91. American Mathematical Society, Providence (2002).
50. Mumford, D.: Pattern theory: the mathematics of perception. Proc. ICM 1, 401–422 (2002)
51. Ovsienko, V.Y., Khesin, B.A.: The super Korteweg-de Vries equation as an Euler-Arnold equation.

Funct. Anal. Appl. 24(1), 33–40 (1990)
52. Rashevskiı̆, P.K.: About connecting two points of complete nonholonomic space by admissible curve.

Uch. Zapiski Ped. Inst. K. Liebknecht 2, 83–94 (1938)

123

Author's personal copy



E. Grong et al.

53. Strichartz, R.S.: Corrections to: “Sub-Riemannian geometry”. J. Differ. Geom. 24(2), 221–263 (1986).
J. Differ. Geom. 30(2), 595–596 (1989)

54. Strichartz, R.S.: Sub-Riemannian geometry. J. Differ. Geom. 24(2), 221–263 (1986)
55. Virasoro, M.A.: Subsidiary conditions and ghosts in dual-resonance models. Phys. Rev. D1, 2933–2936

(1970)

123

Author's personal copy


	Sub-Riemannian Geometry on Infinite-Dimensional Manifolds
	Abstract
	1 Introduction
	2 Motivation
	2.1 Riemannian Submersions
	2.2 Space of Shapes and Conformal Welding

	3 Infinite-Dimensional Manifolds with Constraints
	3.1 Sub-Riemannian Geometry and Geodesics in Finite Dimensions
	3.2 Sub-Riemannian Infinite-Dimensional Manifolds
	3.3 Semi-Rigid Curves for Infinite-Dimensional Sub-Riemannian Manifolds
	3.4 Local Viewpoint Through Adjoints
	3.5 Comparison with the Finite-Dimensional Case
	3.6 Connectivity by Horizontal Curves

	4 Infinite-Dimensional Lie Groups with Constraints
	4.1 Regular Lie Groups
	4.2 Sub-Riemannian Geodesics on Regular Lie Groups
	4.3 Semi-Rigid Curves and Regular Lie Groups
	4.4 Geodesics for a Metric Invariant under a Lie Subgroup

	5 Group of Diffeomorphisms on the Unit Circle and the Virasoro--Bott Group
	5.1 The Group Diff S1 and its Lie Algebra
	5.2 The Virasoro--Bott Group
	5.3 Horizontal Sub-Bundles, CR-Structure and Complex Structure
	5.4 Normal Geodesics with Respect to the Sub-Riemannian Metrics
	5.5 Relationship to Univalent Functions
	5.6 Metrics on mathcalH Corresponding to Invariant Kählerian Metrics
	5.7 Subgroups of widetildeDiff S1
	5.7.1 The Universal Cover of SU(1,1)
	5.7.2 Embedding of widetildeSU(1,1) into widetildeDiff S1

	5.8 Controllability

	Acknowledgments
	References


