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Abstract We generalize the concept of sub-Riemannian geometry to infinite-
dimensional manifolds modeled on convenient vector spaces. On a sub-Riemannian
manifold M, the metric is defined only on a sub-bundle 7/ of the tangent bundle T M,
called the horizontal distribution. Similarly to the finite-dimensional case, we are
able to split possible candidates for minimizing curves into two categories: semi-rigid
curves that depend only on H, and normal geodesics that depend both on H itself and
on the metric on . In this sense, semi-rigid curves in the infinite-dimensional case
generalize the notion of singular curves for finite dimensions. In particular, we study
the case of regular Lie groups with invariant sub-Riemannian structure. As examples,
we consider the group of sense-preserving diffeomorphisms Diff S! of the unit circle
and the Virasoro-Bott group with their respective horizontal distributions chosen to
be the Ehresmann connections with respect to a projection to the space of normalized
univalent functions. In these cases we prove controllability and find formulas for the
normal geodesics with respect to the pullback of the invariant Kéhlerian metric on the
class of normalized univalent functions. The geodesic equations are analogues to the
Camassa—Holm, Hunter—Saxton, KdV, and other known non-linear PDE.
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1 Introduction

The paper emanates basically from three underlying ingredients. The first one comes
from recent results in vision theory where the space of 2D smooth shapes M is viewed
as an infinite-dimensional Riemannian manifold endowed with certain metrics; see,
e.g., [42-45]. Image recognition requires in a natural way construction of equivalence
classes of shapes modulo simple transformations such as shifts, rotations and scaling,
which in its turn, leads to non-holonomic constraints. This fact brings us to the second
ingredient, sub-Riemannian geometry, where the smoothly varying inner product is
defined only on sub-spaces H,,, of T, M, m € M, and morphing between shapes is
performed along curves y in M tangent to . A brief introduction to sub-Riemannian
geometry follows. And finally, the third ingredient is non-linear equations, mostly of
hydrodynamical type, written as geodesic (Euler—Arnold) equations on the group of
diffeomorphisms. This topic has been actively developed, starting from seminal papers
[6,18], and followed up in a number of works; see, e.g., [15,20,29,30,51].

The main goal of the paper is to study the geometry of infinite-dimensional man-
ifolds with non-holonomic constraints, which is a generalization of sub-Riemannian
geometry in the finite-dimensional case. A sub-Riemannian manifold is a triple
(M, H, h), where M is a connected smooth manifold  is a smooth sub-bundle of T M,
and h is a Riemannian metric on sections of H. The co-dimension of H is assumed to
be positive; otherwise, we consider a standard Riemannian manifold.

Sub-Riemannian geometry on finite-dimensional manifolds is well studied, and
has been proved to have important applications in many areas ranging from optimal
control theory [11] and sub-elliptic operators [4,7] to mathematical physics [22].
Typical general references are [3,49,53,54]. The distance between two fixed points is
measured in terms of the infimum length of the curves connecting them and passing
tangentially to H at any point. Such curves are called horizontal. The distance is finite if
every pair of points can be connected by at least one horizontal curve and is achieved on
the curves of minimal length. The standard way to ensure that any pair of points can be
connected by a horizontal curve, is to require H to be bracket generating. Connectivity
by horizontal curves then follows from the Rashevskii—-Chow theorem [14,52]. The
necessary condition for minimizing curves is given, e.g., by the Pontryagin maximum
principle [3]. This condition implies that the optimal curves are of two types: normal
geodesics that behave similarly to the standard Riemannian geodesics, and singular
curves that depend only on the distribution H itself and not on the metric on H.

In the infinite-dimensional setting both the Rashevskii—~Chow theorem and the Pon-
tryagin maximum principle are not available any longer; however, we still have some
tools of variational calculus developed for manifolds modeled on convenient vec-
tor spaces at our disposal. Using them, we develop an analogue of sub-Riemannian

@ Springer



Sub-Riemannian Geometry

geometry in the infinite-dimensional setting. Let us remark that sub-Riemannian sub-
mersions on groups of diffeomorphism were introduced in [29].

The outline and main results of the paper are as follows. After motivation in Sect. 2,
we give basic definitions of sub-Riemannian geometry on infinite-dimensional man-
ifolds with splitting sub-bundles in Sect. 3. The notion of semi-rigid curves is intro-
duced. These curves play an analogous role to singular curves in finite-dimensional
sub-Riemannian geometry, however, unlike singular curves, semi-rigid ones can be
defined without using the inverse function theorem. Normal geodesics satisfy an ana-
logue to the Euler—Arnold equation. In Sect. 4 we are focused on an important partic-
ular case of infinite-dimensional manifolds, the regular Lie groups. Section 5 contains
applications of the results to the concrete case of the group of orientation-preserving
diffeomorphisms of the unit circle Diff S and its central extension known as the
Virasoro—Bott group. There we construct a metric that allows us to apply theorems
about geodesics proved in the previous sections and analyze the geodesic equations.
Applying Sobolev metrics and a metric related to the Kéhlerian structure on the space
of normalized univalent functions, it turns out that the sub-Riemannian analogues to
the Euler—Arnold equations for the geodesics recover analogues to the Burgers, KdV,
Camassa—Holm, and Hunter-Saxton equations.

2 Motivation

First, let us agree on some basic conventions and definitions. For simplicity, most of
the curves in our paper are parameterized on the unit interval / = [0, 1]. All partial
differential operators are also shortened, writing 9, = % Partial derivatives with
respect to ¢ for a curve y (¢), t € I, are usually denoted by a dot, 9;y = y.

For a map between two manifolds f : M — B, the tangent map, or the differential
of this map, is written as df : TM — T B.If a is a form on M, and v € T, M, then
we will write a(m)(v) as simply «(v), whenever it is clear from the context which
tangent space the vector v belongs to. Metrics are denoted by boldface letters, e.g.,
g h.

We will work with manifolds modeled on ¢ -open subsets of convenient vector
spaces following the terminology found in [36]. A convenient vector space is a locally
convex vector space, where the most general notion of smoothness, based on the notion
of smooth curves, is introduced and the vector space satisfies the respective complete-
ness condition. For a short introduction, we refer the reader to [42] or [37]. Observe,
that when we say “tangent bundle”, we always refer to a kinematic tangent bundle,
where the kinematic vector at a point is the velocity vector of smooth curves pass-
ing through this point. A kinematic vector field is a smooth section of the kinematic
tangent bundle. Observe that Fréchet spaces are convenient vector spaces, and smooth-
ness in this case coincides with C*° smoothness with respect to the Giteaux derivative.
All smooth functions between manifolds M and B are denoted by C*°(M, B), and
if B = R, we will simply write C*°(M). All finite-dimensional manifolds will be
Hausdorff and 2nd countable and infinite-dimensional manifolds will be smoothly
Hausdorff.
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Now, let us give two examples as a motivation for formulating and studying sub-
Riemannian infinite-dimensional manifolds.

2.1 Riemannian Submersions

Let M and B be possibly infinite-dimensional manifolds modeled on convenient vector
spaces, and let w: M — B be a smooth surjective map, such that the restriction of
dm to each tangent space is surjective. Such a map is called a submersion. Assume
that the kernel ker dr is a vector bundle and that there is another vector bundle 7 on
M, such that T M is the Whitney sum

TM =Kkerdn & H.

The sub-bundle H is called an Ehresmann connection of . Furnish B and M with
Riemannian metrics b and g respectively, such that ker d and H become orthogonal
with respect to g, and moreover,

g(vi, v2) =bdymvy, dymva), vi,v2 € Hy, me M. (1

Then, the map 7 : (M, g) — (B, b) is called a Riemannian submersion. In this case,
the Riemannian geodesics on B are exactly the projections of the Riemannian geodes-
ics on M, which are horizontal with respect to H at one (and hence any) point [45].
We use the term Riemannian geodesic for acurve y : I — M, which is a critical value
of the energy functional E(y) = % fol gy @), y())de.

Given a metric g on M, we can construct a Riemannian submersion in the following
way. Define H = (ker dm)* and assume that H @kerdm = TM. Then H is an
Ehresmann connection for the submersion 7 : M — B. For any vector field X on B,
define 2 X as a unique horizontal lift of X to M, i.e., a unique vector field X with
values in H satisfying d,,, m (h X (m)) = X (;r(m)) for any m € M. Then we can define
the metric b on B by

b(X (b), Y (b)) = g(h X (m), hY (m)), m ex"'(b), be B.

Notice that a submersion 7: M — B with a metric g on M can be considered as
a Riemannian submersion if and only if g(hX (m), hY (m)) does not depend on the
choice of the element m € 7~ (b).
We can also construct a Riemannian submersion starting with a Riemannian metric
b on B. Choose a sub-bundle H transversal to ker d7 and a metric v on M such that
Vi kerd,m x kerd,m — R, m € M. Then the metric g can be defined by the
relation
g(v1, v2) = b(dmvy, dmvy) + v(pr vy, pr v2), ()

where pr: TM — kerdm is a projection satisfying ker pr = H.
If B is a complex object and M is a simpler one, then the Riemannian submersion
m: M — B gives us a way to study the Riemannian geometry on a simpler object
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M instead of B. Examples of results obtained using this technique in the study of the
space of shapes can be found in, e.g., [19,43,45].

One can also define a sub-Riemannian metric h on M, and study sub-Riemannian
geometry on M, by pulling-back the metric b on B

h(X (m), Y (m)) = b(dmy (X (m)), drm (Y (m))), X(m),Y(m) € Hpy.

2.2 Space of Shapes and Conformal Welding

Let us consider a family of smooth two-dimensional shapes evolving in time. By
shape we understand a simple closed smooth curve in the complex plane dividing it
into two simply connected domains. The study of two-dimensional shapes is one of
the central problems in the field of applied sciences. A program of such study and
its importance was summarized by Mumford at ICM 2002 in Beijing [50]. Let us
consider a time-dependent family of shapes enclosing bounded domains 2(¢) in C
representing a shape evolution in the complex plane. Assume that all domains contain
the origin 0 € C. Typically, the study of the geometry of shapes resides in the study
of analytic properties of a family of conformal embeddings f(z,t) of the unit disk
D = D4 into C such that f(z, t) is a unique Riemann map of I onto 2(¢), which
satisfies f(0,7) = 0,and 9, f (0, t) > O forevery t € I. We assume that 92 (¢) is C*°-
smooth so f is smooth in z up to 9D, and we assume also that f(z, ¢) is smooth in
t € [0, 1]. Then for every such f there is a matching function g such that g(z, t) maps
the exterior D_ of the unit disk D onto the exterior of the domain 2 (¢) and satisfies
g(00, 1) = 0o. The superposition f~1(g(e!?, 1), 1) is called a conformal welding for
each fixed ¢. We relate the motion of f in time to the motion of g by requiring

LT eE .
2t Jo B f g )

See details in [25]. Here f~'(z, 1) is the inverse function of f(z, r) in z. We want to
study the motion of f(z, ¢) and g(z, t) minimizing some energy that depends only on
the shape of the boundary 9€2 (). In Sect. 5 we will formulate this problem as finding
minimal horizontal curves with respect to a given distribution on the Virasoro—Bott

group.

3 Infinite-Dimensional Manifolds with Constraints
3.1 Sub-Riemannian Geometry and Geodesics in Finite Dimensions

We will start by looking at the definition and basic properties of sub-Riemannian
manifolds in finite dimensions. Recall that a sub-Riemannian manifold, is a triple
(M, H, h), such that M is an n-dimensional connected smooth manifold, H is a smooth
sub-bundle of 7'M, and h is a Riemannian metric on H. Often the smooth sub-bundle
‘H is considered as a smooth distribution which assigns to each point m a linear
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subspace H,,, C T,, M. We call 'H a horizontal distribution. The pair (H, h) is called
a sub-Riemannian structure on M.

Definition 1 An absolutely continuous curve y: I — M is called H-horizontal, or
simply horizontal, if y (t) € H, ;) for almost all # € I.

Let (M, H, h) be a sub-Riemannian manifold. For a pair of points mg, m; € M,
let ACy(mo, m1) denote the collection of all horizontal absolutely continuous curves
y: I — M with square integrable derivatives that satisfy the boundary condition
y(0) = mg and y (1) = m. Here, square integrability is defined with respect to the
metric h; however, any other choice of a metric on H gives the same set of curves
because of the local equivalence of Riemannian metrics. Hence, the definition of
ACy{(mo, m1) depends only on H. The associated distance on M corresponding to
the sub-Riemannian structure (H, h) is given by

1
dc_c<mo,m1)=inf[/0 th(y (o), y(0)))/2de : y eACH<mo,m1)] A3)

and is called the Carnot—Carathéodory distance. The pair (M, dc—_c) forms a metric
space if and only if the distance dc_c is finite, or in other words, ACy (mo, m1) is
non-empty for every pair of points mg, m; € M. Unlike usual Riemannian geometry,
the map m +— dc_c(m,m) is not smooth in general (locally about m), and the
Hausdorff dimension of the metric space (M, dc—c) can be greater than the manifold
topological dimension 7.

A typical way to ensure that ACy(mq, m1) is nonempty for any pair mg, m; € M,
is to require that H is bracket generating defined as follows. Let us denote by I'(H)
sections of . Take H! = I'(H), and for any positive integer k, define

Hk+l — Hk +[Hl, Hk]

We denote Lie 'H = U,fil H¥ c T(TM).LetLie,, Hbea subspace of T, M obtained
by evaluating all the elements from Lie H at m. The distribution H is called bracket
generating if Lie,, H = T,, M for every m € M. If 'H is bracket generating, then the
Rashevskii—~Chow theorem [14,52] guarantees that any two points can be connected by
a horizontal curve. The metric topology induced by the Carnot—Carathéodory distance
coincides with the manifold topology when H is bracket generating [49].

An important tool of defining the curves of minimal length is provided by the
Pontryagin maximum principle [3], which yields the existence of two types of possible
length minimizers, which are not mutually exclusive. The curves from the first type
of minimizers are called normal. They are projections of solutions to a Hamiltonian
system with a sub-Riemannian Hamiltonian function to the manifold. Locally, the
sub-Riemannian Hamiltonian function is given by

k
1
Hyg(m, p) =2 > 15,(p), hx;(p) = p(X;om), peTM, (4
j=1
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where (X1, ..., Xi) is a local orthonormal frame from I" (). The projection to M of
solutions to the Hamiltonian system with the Hamiltonian (4) is always C°°-smooth
and a local minimizer for the Carnot—Carathéodory metric (3).

The other type of local minimizers consists of so-called singular curves, which can
intuitively be thought of as “bad points” of AC3(mg, m1). Namely, let ACy (m¢) be the
collection of all horizontal absolutely continuous curves y : I — M, which are square
integrable and satisfy only one-side boundary condition y (0) = my. This is a Hilbert
manifold modeled on L2(I, Rk), where k is the rank of H [48,49]. ACy(mg, m1) can
then be identified with the preimage (end,,,) ~' (m1) of the mapping

endy, : ACy(mg) - M
4 = y (D).

The map end,,, is smooth. Hence, if y is a regular point of end,,,, then the space
ACy(mp, my) = end,, é (m1) has the structure of a Hilbert manifold of codimension
n in ACy(mg) locally about y by the implicit function theorem.

Definition 2 An absolutely continuous horizontal curve y with y(0) = my is called
singular if it is a singular point of the mapping end,,,.

The definition of singular curves depends only on the sub-bundle 7, and not on the
metric h. Singular curves are not always local minimizers. All minimizers that are not
normal are singular curves. The term abnormal is also used for singular curves. Some
results in this direction, and on singular curves in general, can be found, e.g., in [2,9,
12,13,23,48,49].

Remark 1 Some authors prefer to use Lipschitz curves instead of absolutely continu-
ous square integrable curves. The collection of Lipschitz horizontal curves starting at
a fixed point mg is a Banach manifold modeled on L*°(/, R¥).

3.2 Sub-Riemannian Infinite-Dimensional Manifolds

In order to generalize the definition of a finite-dimensional sub-Riemannian manifold
to infinite dimensions, we need an extra requirement.

Definition 3 A sub-Riemannian manifold is a triple (M, H, h), where

e M is a connected manifold modeled on ¢®°-open sets of a convenient vector space;
e H is a splitting sub-bundle of 7'M, i.e., there exists another sub-bundle V), such

that
TM =H®V; (&)

e h is a weak metric on H.

Here “weak” means that the mapping v € H,, > h(v, -) € H}, is injective but not
necessarily surjective. The requirement of the splitting condition is non-trivial if M
is not modeled on a Hilbert space; see [40]. In particular, it implies that there exists a
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smooth projection from 7T M to H. All extra requirements in Definition 3 are always
satisfied in the finite-dimensional case.

Instead of the class ACy; we consider the class of smooth curves tangent to H, which
we denote by C37 (I, M). This will give us an advantage to use the Fréchet topology
of C;‘;’ (I, M). Hence, we will use the term horizontal curve meaning a smooth curve
y:1 — M,suchthaty € H, ) forevery t € I.

Now, let us make use of calculus of variations. We say that a smooth map ®: I x
(—€,€) = M is avariation of acurve y € C®°(I, M) if

O(1,0) =y(@), ®0,5)=y(0), and &(L,s5)=y(). (6)

For a fixed s, let us denote by y* the curve t +— (¢, s). The map s +— y* can be
seen as a curve in C°°(I, M). This fact is obvious in the finite-dimensional case and
non-trivial for infinite dimensions; see [36]. By a slight abuse of notation, we will
denote the variation simply by y*. We say that a variation is H-horizontal if for each
s € (—¢, €), the curve y*(t), t € I, is H-horizontal. Denote by 77/ (y) the collection
of all H-horizontal variations of y .

Observe that the problem of length minimization is equivalent to the problem of
energy minimization, which allows us to formulate the first-order condition for alength
minimizer as follows.

Definition 4 Let us define the sub-Riemannian energy functional on C%O(I , M) by

E(y) = % fol h(y, y) dt. An H-horizontal curve y is called a sub-Riemannian geo-
desic if

8SE()/S)|S:0 =0, forany y*e Tn(y).

It is difficult to compute such curves explicitly in a most general setting without
additional assumptions even in the Riemannian case H = T M. Therefore, we want to
study some particular cases where the solutions exist in the Riemannian case, and see
then whether it helps to find formulas for the sub-Riemannian geodesics. This usually
means that we must choose a way to extend the metric h to the entire tangent bundle.

Definition 5 Let (M, H, h) be a sub-Riemannian manifold. A Riemannian metric g
on M is said to tame h if g|; = h, and the orthogonal complement H" to H with
respect to g is a sub-bundle satisfying H @& H+ = T M.

Let )V be a vector bundle such that H & V = T M. Assume that there exists a metric
von V, and define the metric g = h@v, i.e., H and V become orthogonal with respect
to g and glyy = h, g|ly = v. We conclude that a Riemannian metric g which tames
a sub-Riemannian metric h exists if and only if the horizontal sub-bundle 7 has a
complement sub-bundle that admits a metric.

Remark 2 In contrast to finite-dimensional Riemannian geometry, a distance given
by a (weak) Riemannian metric may vanish between some distinct points. See [45,
Sect. 3.10], [43] for examples. This implies that if we define the Carnot—Carathéodory
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distance by

dc—c(mg, my)

1
=inf}/o th(y, Y 2dt : y € CRU, M), y(0) =mo, y(1) =m1],

it is possible that it may vanish for some points.

Remark 3 Although the variational approach has been used in sub-Riemannian geom-
etry in finite dimensions, see, €.g., [26], usually the Hamiltonian viewpoint is preferred,
as it does not require a choice of the Riemannian metric to tame h. The reason is that
whereas there is no canonical choice of the complement to H in 7 M, the sub-bundle
Am(H) ={p e T;M : p(v) = Oforany v € H, m € M} is canonical. Having
only a weak metric, we try to avoid cotangent bundles because we cannot associate
elements in 7, M with T,, M any longer by using a metric.

We are aimed at computing sub-Riemannian geodesics with respect to a metric h,
provided a sufficiently nice Riemannian metric g that tames h. However, we need a
new definition to describe horizontal curves, which can be geodesics but which do not
depend on the metric h, and depend only on the horizontal sub-bundle itself. They are,
in some sense, counterparts of singular curves in finite dimensions.

3.3 Semi-Rigid Curves for Infinite-Dimensional Sub-Riemannian Manifolds

The definition of singular curves in Sect. 3.1 depends on the inverse function theorem,
which does not hold for general infinite-dimensional manifolds modeled on convenient
vector spaces. Therefore, we propose a different class of curves, whose definition can
be extended to infinite-dimensional manifolds. We will call these curves semi-rigid.
Let Vect(y) := I'(y*(T M)) denote the space of smooth vector fields along y. Put
my = y(0), m; = y(1), and use C;’_[O(I, M mg, my) for the subset of C7°_[°(I, M)
containing curves starting at mq and ending at m1. Then, although there could be no
manifold structure on C %O (I, M; mo, my), heuristically, we may think of the collection
of curves y* € J(y) having the same derivative d;y*(¢)|s=0 = Z(t) € Vect(y) as
an equivalence class of curves in C37 (I, M; mo, m}) representing a tangent vector at
y.

If a curve s — y* is a variation of y? = y, i.e., it fixes the endpoints of y, then it
is clear that any vector field along y obtained by Z(¢) := d;y*|s—0 must vanish at the
endpoints. If in addition, a variation is horizontal, then we want to find an additional
condition for Z related to the curve horizontality property. Recall that the canonical flip
J is the unique vector bundle isomorphism making the following diagram commute:

J

T(TM) T(TM)
m %4)

TM.
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We remark that although T H, considered as a submanifold of 7 (T M), is not a
sub-bundle of T (T M), its image under the canonical flip will possess this property.
Hence, the concept of j (T H)-horizontality on the manifold 7'M is well defined.

Now we are ready to formulate the following statement.

Lemma 1 Lets — y* be a smooth curve in C*° (I, M), defined in an interval (—¢, €)
with y° = y. Assume that for each fixed s, y* is H-horizontal, and define

Z(t) == 357" (t)|s=0 € Vect(y).

Then the curve t — Z(t) in TM is j(T H)-horizontal.

Proof Since y* is horizontal for any s, we know that y*(t) € H,s( for any s, ¢. In
addition, the derivative of the curve Z(¢) in T M satisfies

W Z(t) = ;957" (Ds=0 = ] @59y 1)]s=0 = J (Bs¥" ()]5=0)-

Clearly, 95 y° () |s=0 is a tangent vector to HH at the point y (¢). Hence, 0, Z(t) € j (T 'H)
for any 7. O

We will denote the space of all vector fields Z along y that are j (T H)-horizontal
by Vecty(y). Furthermore, let us write Vectfﬁ‘(y) for the subspace of Vecty(y) con-
sisting of vector fields satisfying

X(0) = 6y(0), X)) = 6)/(1).
The expression 6,,, denotes the zero element in 73, M. Finally, we define
Vary(y) = {Z € Vect(y) : Z(t) = 05y° (t)|s=0 for some y* € Tn(»)}. (D

The sets Vect%i_’z(y) and Vary/(y) are not the same in general, i.e., not all vector
fields X € Vect?%‘ (y) can be obtained from some horizontal variation. Recall that in the
finite-dimensional Riemannian geometry H = T M we have Vectgl_’l‘(y) = Vary (y).
If H C T M, then the gap in the inclusion Vary/(y) C Vect‘;’{‘(y) was observed for
finite dimensions (e.g., [26,47-49]), which essentially led to the study of singular,
abnormal, and especially, rigid curves.

This fact brings us to the following definition.

Definition 6 We say that a curve y € C37 (I, M) is semi-rigid if Vary(y) is a proper
subset of Vect%i_’z(y).

Notice that the definition of semi-rigid curves depends on H only, and does not

invoke the metric on H in any way. The following example in finite dimensions justifies
the term semi-rigid.
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Example 1 Let RR? be the Euclidean space with coordinates (x, y, z), and let H be a
distribution spanned by the vector fields

X =0 —1y?, and Y =39,

The distribution 7 is called the Martinet distribution. A curve y (t) = (x (), y (), z(1))
is horizontal if

t=-1yi )
Let Z € Vect(y) be written in coordinates as Z(t) = u(t)0x|y ) + v()dyly @) +
w(t)0;]y (). Considering an H-horizontal variation of y, we deduce that r > Z(z) is
in Vecty(y) if, in addition to (8), we have

W= —1yii — yvi. 9)

Take a particular choice of p (¢) = (x(¢), y(t), z(t)) = (¢£,0,0), ¢ € I. It is known
that this curve is singular; see, e.g., [49, Sect. 3.3]. Moreover, it is a local length
minimizer with respect to any metric h on H. However, it is not a normal minimizer
for a generic choice of h. Let us show that it is semi-rigid. Pick any vector field
Z € Vectgé‘()?). Then, by (9), we obtain that w(t) = 0. The condition Z(0) = 6);0
implies that w(¢) = O for all 7. Thus, the general form of Z(¢) is

Z(1) = u®)dulyay + vl 5y with u(0) = v(0) = u(1) = v(l) =0. (10)

Now let us show that there is no variation y* € J () exceptof a reparameterization
of y. Choose any y* = (x*, y%, z*) from J(p). If a vector field Z € Vect%(;?)
were obtained from the variation y*, then we would have

(@) =t +su(t) +ols), y()=sv)+o(s), 2(1)=o(s),

for some functions u, v satisfying u(0) = v(0) = u(l) = v(l) = 0. However,
integrating (8), we obtain the formula

1
2() = —152/ v(H)? dt + o(s?).
2 Jo

The value of z°(1) is strictly negative for a sufficiently small s, unless v = 0. So
we conclude that if y* € Jx(9), then Z(¢) = 95y° (¢)|s=0 can hold only if Z(¢) =
u(t)oxlpay-

As additional information, the above example shows that any y* € Jy(y) for
y(t) = (¢, 0, 0) is a reparameterization of 7. Such kinds of curves in the literature are
called rigid or C'-rigid. Intuitively this means that a rigid curve cannot be deformed
by any means keeping endpoints fixed without losing H-horizontality. This is our
motivation for the terminology semi-rigid. A semi-rigid curve, in general, can be
deformed but possibly not in all directions. Obviously, rigid curves are semi-rigid
except for the trivial case when the horizontal sub-bundle H is of rank 1.
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The results of [12, p. 439] in finite dimensions show that if the sets Vary/(y) and
Vectglé‘(y) coincide for a curve y, or in our terminology the curve is not semi-rigid, then
the curve is regular. Reversing this statement we come to the following conclusion.

Proposition 1 In the finite-dimensional case, singular curves are semi-rigid.

Remark 4 It would be interesting to know if singular and semi-rigid curves in fact
coincide in finite dimensions, or if there are semi-rigid curves which are not singular.
However, as the answer to this question exceeds the scope of this work (see Remark
5), we leave it for later research.

3.4 Local Viewpoint Through Adjoints

Another crucial tool in the finite-dimensional sub-Riemannian geometry based on the
inverse function theorem is the Pontryagin maximum principle. Since this result is not
available any longer for infinite dimensions, we apply an alternative approach in order
to deduce the geodesic equations.

Let M be a manifold, (, h) be a sub-Riemannian structure on M, and let g be
a Riemannian metric taming h. We denote VV = H* and choose a bundle chart in a
neighborhood U C M:

TU — UxV
veT,Uwr— (m06®)),

where V is some convenient vector space, such that

(1) there is a splitting V = Ho @ V) satisfying
0~ (Ho) =HNTU, 67 '(Vo) =VNTU;
(2) there exists an inner product (-, -) on V, satisfying

g(v1, v2) = (0(v1), O(v2)).

By the definition of sub-bundle, we can always assume (1) by possibly shrinking
U. The second assumption, however, is not trivial. Nevertheless, if there is a basis of
orthogonal vector fields in U, then we can use this basis to construct a bundle chart
satisfying. (2) We consider 6 as a V-valued one-form on U, and d6 to be the exterior
differential of 6.

At this stage we need to transmit the information from 7}, U to the convenient vector
space V. We make the following assumptions on 6 and (-, -):

(A) There is abilinearmapa' : V x V — V, satisfying
(d6(v1, v2),u) = (B(v2),a’ B(v1),w), vi,v2€TuM, ueV.

The notation a ' is introduced by similarity with the adjoint to d6;
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(B) For achosen curve y € C*°(I, M), we define amap Z, : Vect(y) — C®(I, V)
by

B, (X)) =0,0(X) —do(y, X)), tel.
We suppose that for any y € C*°(1, V), the Cauchy problem
Ey(X) =y, X(0)=0,,

has a unique solution X = & ly.

Given these assumptions, we look for sub-Riemannian geodesics among the curves
of two types: semi-rigid curves for which Vary/(y) is a proper subset of Vect%’{‘(y),

and the other ones for which Vary/(y) = Vectg_’l‘ (y). The main result is the following.

Theorem 1 Assume that y is a sub-Riemannian geodesic on (M, H, h). Then either
y is semi-rigid or there is a curve A € C*° (I, Vy) such that A and y satisfy the system
of equations

0G)=u, i=—pryya wu+ir), i=—prya @u+ir. (1)

Conversely, any curve y € C%O(I, M) satisfying system (11) is a sub-Riemannian
geodesic. A semi-rigid curve does not need to be a geodesic.

We emphasize that the “or” in Theorem 1 is not exclusive. A sub-Riemannian
geodesic may be semi-rigid and may satisfy (11) at the same time. This phenomenon
in finite dimensions was observed in [48, Theorem 4] and [41]. Inspired by Theorem 1,
we give the following definition of normal geodesics and show in Sect. 3.5 that for
all finite-dimensional Riemannian manifolds our new definition coincides with the
classical one.

Definition 7 A sub-Riemannian geodesic y that is a solution to (11) for some A €
C°°(1, V) is called normal.

Proof of Theorem 1. We start from two general observations and then apply them to
our particular situation.
OBSERVATION 1. Define an inner product in the space C*°(I, V) by

1
(x.y) =/0 x(0), y(0)) dt.

We extend the definition of energy to all curves by the formula E(y) =

% fol g(y(t),y(t))dt. Let y be an arbitrary, not necessarily horizontal, curve y €
C°°(I, M), and let y* be its variation in the sense of (6). Define u®(t) = 0(y*(t))
and Z(t) = 057°(t)|s=0. If we denote by [y*(r)]* the pullback along the map
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(t,s) = y*(), then

" (Dls=0 = 8,0, 7" ()ls=0 = &ly* OT6@)ls=0 (12)
= (" O1o@) — dly* 016, 0))|
= 00(Z(1) = A6 (1), Z(1) = B, (D)0).

Therefore, writing u = 6(y), we obtain

1 1
I E(y*)ls=0 =/0 (u(t), 05u’(1)]5=0) dt =/0 (u(n), Ey(Z)(0))dt = (u, Ey(Z)))

(13)
for any vector field Z associated with the variation y°.
OBSERVATION II. Define

Vet (y) = {X € Vect(y) : X(0) = 0,0, X(1) = 6y(1)} :

1L
and let X € Vect™(y)andy (Ey Vectﬁ"(y)) , where the orthogonal complement
is taken with respect to the product (( -, - )). Then the following equality

1
0={(y &Ey(X)) =/0 (y(1), 8:0(X (1)) —dO(y (1), X(1)))dt

- 50 +aT @G O, 0. 60000 ar
= {3 +aT@ . 000)

holds. Since X is chosen arbitrarily, the curve y is a solution to y = —a ' (u, y).
Now let y be a sub-Riemannian geodesic and y* € Jx(y). Then Z =
95y°(t)|s=0 € Vary(y) by (7). Moreover, u and dsu’|s—9 € C*°(I, Hp), and rela-
tion (12) implies that 2, (Z) is also from C*°(I, Hop). We conclude by (13) that y is
1
a sub-Riemannian geodesic if and only if u € (EV VarH(y)) in C*°(1, Hp) with
respect to the inner product (-, - )).
1L 1L
The inclusion Vary (y) C Vectgl_’l‘(y) implies (Ey Vary (y)) D) (Ey Vectg‘_’t‘(y)) .
We consider two cases:

() u e (EV Vectgg(y))

(b) ue (sy V.arH(y))l but not in (ay Vect;“;(y))

1
L
Case a. Observe that Vectg%‘(y) = E;l pry, Sy Vectﬁx(y). Hence, we obtain that
= fix L — fix L
u e (ero &y Vect (y)) = pry, (ay Vect (y)) ,
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where the orthogonal complement is taken with respect to {( -, - )), but the first one in
the space C°°(1, Hy) and the second one in C*° (I, V).

L
Let y be an arbitrary element in (Ey Vectﬁx(y)) . Then for any X € Vect™® (),

Observation IT implies that y is a solution to y = —a ' (u, y). Now set u = pryy, y and
A =pry,y in order to obtain (11). We conclude that in this case the sub-Riemannian
geodesic y is normal.

Caseb. Thereis Y € Vectg_’[‘()/) such that (u, 8, (Y))) #0,but {u, E, (X)) =0
for any X € Vary/(y). So the inclusion Vary(y) C Vect?_’l‘(y) is proper, because Y
cannot be in Vary(y). Thus the sub-Riemannian geodesic y is a semi-rigid curve in
this case.

To show the converse statement to Theorem 1, we choose an arbitrary curve y €
C37 (1, M) that satisfies system (11) forsome & € C*(/, Vo). Then y = u+ A satisfies
the equation y = —a ' (u, y) by the linearity of a . Observation II yields that y is a
sub-Riemannian geodesic. O

3.5 Comparison with the Finite-Dimensional Case

Although the assumptions made in Sect. 3.4 might seem very specific, we will show
that all finite-dimensional sub-Riemannian manifolds can locally be described this
way. We also show that Definition 7 of normal geodesics coincides with the one given
in Sect. 3.1, justifying the terminology. Observe, that in finite dimensions, the normal
geodesics are local minimizers, hence we lose nothing by restricting the considerations
to an arbitrarily small neighborhood.

Let (M, H, h) be an arbitrary n-dimensional sub-Riemannian manifold, where H
has rank k, and let g be a metric taming h. Let U be a sufficiently small neighborhood,

such that there exists an orthonormal with respect to g basis X1, . .., X, of vector fields
on U. From this basis choose vector fields X1, ..., Xk, such that they span H |y, and
pick up a corresponding co-frame 61, ..., 6,. Then the form 6 = (6, ..., 6,) is an

R”-valued one-form. We extend the class of smooth curves by including absolutely
continuous curves, and remark that a curve y is horizontal if and only if 6(y (¢)) is
contained in R¥ x {0} for almost all 7.

Let AC(mg) be the collection of all absolutely continuous square integrable curves
in U starting at m¢. Then the map

®: AC(mg) — L%(I,R")
14 = 0(y)

is a diffeomorphism onto a neighborhood of 0 € L2(1 ,R™); see [26, Lemma 2.1]. It
can be easily verified that d, ® = E,, in this case, and the mapping E, is invertible,
since O is a diffeomorphism.

In coordinates, it admits the following form. If x = (x,...,x,) € R”", then
for any pair of vector fields ¥ and Z on U with (Y) = y = (y1,...,yn) and
0(Z)=z=(z1,...,2n), we have
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n
(oY, 2).x) = D xiyjaT); —T%), Ti:=g(Vx, X, X)).
i,j,l=1

Here (-, ) is the standard Euclidean inner product. We conclude that the adjoint map
is given by

n
aT(y)x = Z x,yJ(F’lj — F;l’ Flzj - F}z, ceey F:l] - F;n)
ij=1

The following proposition justifies the use of the term “normal sub-Riemannian
geodesic”. Let a sub-Riemannian Hamiltonian function Hsg(m, p) be given by (4).
As was mentioned before, all such curves are always smooth local minimizers with
respect to the metric dc—c [49]. We reserve the first k coordinates in R” for the image
of H under 6.

Proposition 2 A horizontal curve y: 1 — U is a projection of a solution to the
Hamiltonian system associated with the Hamiltonian function (4) if and only if y is a
solution to system (11) for some curve .: I — 0 x R,

Proof Let us introduce the coordinates on the cotangent bundle 7*M by writing
p= Z?:] p;0;(m) for any p € T," M. Notice that since p; = hx;(p) = p(X;(m))
by (4), the sub-Riemannian Hamiltonian can be written as Hsg(p) = % Z?:] p%. As
a consequence we arrive at '

(aI—ISR 8I'IsR

=1, Pk, 0,...,0),
api 8pn)

k k
{hx,, Hg}(p) = = D hx;(phix, x;1(p) = — D pipiTh; = T).
j=1 j.=1

Let t — (y(t), p(t)) be a curve in T*U that is projected to y with p;(t) =
hx,(p(t)), and let us write u(t) = (p1(®),...,pc(®),0,...,0) and A(t) =
©,...,0, ug41(t), ..., un(?)). Then t — (y(¢), p(t)) is a solution to the Hamil-
tonian system, i.e., it satisfies

J0H;
api

0i(y) = pi = {hx;, Hsr}(p),

if and only if u = 6(y), and

k
U+i=— Z pjpl(Fij —Fsl,...,Fij —Fﬁn) =—aT(u,u+A).
ji=1
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Corollary 1 In the finite-dimensional case, Definition 7 and the definition of normal
geodesics given in Sect. 3.1 coincide.

In Sect. 4.2 we also show that all infinite-dimensional regular Lie groups with an
invariant (either left or right) sub-Riemannian structure also possess conditions (A)
and (B).

Remark 5 Combining Theorem 1 and Corollary 1, we see that if there are singular
geodesic curves which are not semi-rigid, then they are normal.

3.6 Connectivity by Horizontal Curves

Apart from the optimality conditions for horizontal curves, we also need to discuss
a possibility to connect two arbitrary points by a smooth H-horizontal curve. This
problem is often called controllability in the theory of geometric control.

As we mentioned before, the Rashevskii—Chow theorem [14,52] in finite dimen-
sions states that if 7 is bracket generating and a manifold M is connected, then any
pair of points can be connected by an absolutely continuous horizontal curve. The
statement remains true if we additionally require horizontal curves to be smooth. It
is still an open question whether the bracket generating condition implies the exis-
tence of a smoothly immersed curve connecting two points. A generalization of the
Rashevskii—~Chow theorem to infinite-dimensional manifolds is a challenging prob-
lem. The only result in this direction we are aware of [38] asserts that if a horizontal
distribution is bracket generating on a Hilbert manifold M, then the set reachable by
horizontal curves with a fixed starting point is dense in M. See also [17,28] for some
progress in Hilbert and Banach manifolds.

There is also a statement where bracket generating plays a role in the problem
of controllability for certain choices of horizontal distributions on diffeomorphism
groups. Let M be an n-dimensional compact manifold. Then the group G = Diff M
of diffeomorphisms of M is a Lie—Fréchet group under the group operation of super-
position. The Lie algebra of G can be identified with Vect M, which is the space
of all smooth vector fields on M. The identification can be made by associating an
equivalence class of curves [ +— y(¢)] € T1G with the vector field

d
Xf(m) = d—tf()/(l‘)) . v =m, feC?M).
t=0

The Lie brackets are the negative to the usual commutator brackets of vector fields on
M see also [46]. Let Diffg M denote the identity component of Diff M. Then, it is
possible to prove controllability on Diff(y M with respect to an invariant horizontal sub-
bundle by showing that the Lie sub-algebra is bracket generating on M. The following
statement is a reformulation of the main result in [1].

Theorem 2 ([1]) Let M be a compact manifold and let Y be a subspace of Vect M,
which is also a C*°(M)-sub-module. Let H be the horizontal distribution on Diff M
obtained by left (or right) translation of §. If b is bracket generating on M, i.e., if
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Lie,, h = T,, M for any m € M, then any two diffeomorphisms ¢1, ¢po € Diff M can
be connected by an 'H-horizontal curve.

In particular, if h consists of all sections in a bracket-generating sub-bundle £ of T M,
then we have complete controllability with respect to H.

4 Infinite-Dimensional Lie Groups with Constraints
4.1 Regular Lie Groups

Let G be a Lie group modeled on a convenient vector space with the Lie algebra g.
We use the symbol £, to denote the left multiplication by an element a € G. Let us
define the left Maurer—Cartan form k* by the formula

kt) = dt,~v, veT,G.

The Maurer—Cartan form is a g-valued one-form on G. For any smooth curve y : R —
G we associate a smooth curve u(t) = K‘Z()}(t)), t € R, in the Lie algebra g which is
called the left logarithmic derivative of y . All groups possessing the converse property,
i.e., any curve u € C*(R, g) can be integrated to a smooth curve in G, have gained a
special interest. More precisely, we have the following definition.

Definition 8 [37,46] A Lie group G is called regular if

(a) any smooth curve u € C®°(R, g), is the left logarithmic derivative of some curve
y: R — G, starting at the identity 1 € G;
(b) the mapping

C*R,g) — G
[t = u@)] = y)

is smooth. Here y is the solution to the equation Kf(y(r)) = u(t),t € R with the
initial condition y (0) = 1.

Throughout the paper, all mentioned Lie groups are assumed to be regular. So far,
there have been no known examples of non-regular Lie groups. The term “regular”
has also been used for somewhat stricter conditions; see [35].

Let us notice the following properties of regular Lie groups.

e For any Lie group, not necessarily regular, a solution to the initial value problem

G =u®), y0) =a, (14)
is unique. Hence the mapping in Definition 8 (b) is well defined. Clearly, (a) holds

if and only if (14) always has a solution, because we can use left multiplication
by a in order to let the solution start from the identity.
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e Identifying elements g with the constant curves in C*°(R, g), the smooth expo-
nential map expg: g — G in regular Lie groups is given by (b). However, the
exponential map is not necessarily locally surjective, and it does not need to satisfy
the Baker—Campbell-Hausdorff formula.

e Regularity of a Lie group can be similarly defined in terms of the right logarithmic
derivative. Let r, denote the right multiplication by a, and let " (v) = dr,-1v,
v € T,G be the right Maurer—Cartan form. Then for a given y: R — G, the
curve u(t) = «"(y(t)), t € R, is called the right logarithmic derivative. In this
case regularity of the group implies uniqueness of the solution to the initial value
problem«” (y(¢)) = u(t), y (0) = 1. The property of a group to be regular does not
depend on the choice between left or right logarithmic derivatives in the definition.

4.2 Sub-Riemannian Geodesics on Regular Lie Groups

In this section we define the left-invariant sub-Riemannian structure on a regular Lie
group and study the set of critical points of the energy functional defined by a sub-
Riemannian metric.

Let G be aregular Lie group with the Lie algebra g on which an inner product (-, -)
is defined. Let g be a left-invariant metric on G corresponding to the inner product:

g(vy, v2) = (kKb (v1), k¥ (12)), 1, v € TG.

Choose a ¢®-closed subspace h) of g, such that there exists another c*°-closed subspace
¢ satisfying g = h @ L. See, e.g., [36] for the definition of a ¢*>°-topology. Then we
define the splitting sub-bundle H of 7'G by the left translations of h. Notice that v € 'H
if and only if k*(v) € h. Denote by h the restriction of the metric g to the sub-bundle
‘H. The pair (H, h) will be a left-invariant sub-Riemannian structure on the Lie group
G.

This structure fits well to the formalism of Sect. 3.4 with V = g and 6 = «*.
Indeed, since

dict 1, v) = = [k 1),k )] (15)

the corresponding map a | exists if and only if the map ad, : y > [x, y] has an adjoint
for each x € g. The existence of the adjoint map is non-trivial in infinite dimensions,
and we have to assume it in order to let the condition (A) hold.
The assumption (B) holds for any regular Lie group. To show this we define a
mapping
7,:C®,g) - C®U, g, 1,0x)=x+[u,xl], (16)

for any u € C*°(I, g). Then we have the identity B, (Z) = ‘L'Ke();)(Ke(Z)) by (195).
The assumption (B) follows from the following lemma.

Lemma 2 Forany y € C*®°(l, g), there exists a unique solution to

wx =y, x(0)=0. a7
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Proof Let us construct the inverse map in order to prove this statement. Let y be a
curve in G with the left logarithmic derivative u. Let Ad be the adjoint action of G on g.
Changing variables x = Ad, -1 w, and using the formula 8,(Ady_1 w) =Ad,-1w—
[u, Ad,,-1 w], we rewrite Eq. (17) in the form w = Ad,, y. Solving the latter equation
with the initial data w(0) = 0, we obtain w(r) = Ad, ) x(1) = f(; Ad,, ¢ y(7)di.
The integral always exists in the convenient vector space C°°(1, g). Thus, the inverse
to the map (16) with the domain restricted to the subspace of functions with x(0) = 0,
is given by

t
0

(]
Write ad;'c— for the adjoint of ad,, that is, the map satisfying ([x, yi], y2) =
(v1, ad;'(— v2). Then the results of Sect. 3.4 can be reformulated for regular Lie groups.

Theorem 3 Let G be a regular Lie group with the Lie algebra g. Assume that there
is an inner product (-, -) on g, such that the adjoint ad;'c— is well defined for any x € g.
Let g = b @ t define a splitting of g into two ¢*°-closed subspaces.

Define a sub-bundle 'H by left translations of b, and a metric on 'H by

h(vi, v2) = (“ (1), € (2)) 1, v2 € Hyp .

Then a sub-Riemannian geodesic y is either semi-rigid or normal. In the latter case
the curve y is a solution to

u=rk(y), i=pryad, (u+2), i=pread, u+2). (18)

All solutions to (18) are sub-Riemannian geodesics.

Proof Conditions (A) and (B) are satisfied by the hypothesis of the theorem. The rest
is the consequence of Theorem 1 and the fact thata ' (x, y) = — ade y. O

Remark 6 For the special case h = g, Eq. (18) becomes the left Euler—Arnold—
Poincaré—Arnold equation on G; see [6].

The same arguments can be used for a right-invariant sub-Riemannian structure.
The relations dk” (vy, v2) = [k" (v1), k" (v2)] lead to a ' (x, y) = ad;—(y) in this case.

4.3 Semi-Rigid Curves and Regular Lie Groups

As was mentioned before, a disadvantage of the definition of a semi-rigid curve is that
it is hard to prove the existence of such curves and to find explicit formulas for them.
However, for a regular Lie group with a left- (or right-) invariant distribution, one can
restrict the search to curves in the Lie algebra. We consider only the left-invariant case,
because the right-invariant case is analogous.

Let G be a Lie group with the Lie algebra g, and let g = b @ € be a splitting into
closed subspaces. Define H as a left-invariant distribution corresponding to h. Let y
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be a curve with the left logarithmic derivative u. Then any vector field Z along y is in
Vecty(y) if and only if z = «t(Z) satisfies the equation pry 7,2 = 0, where 7, is as
in (16). Hence, a curve y is semi-rigid if there is some curve z € C*°(/, g) satisfying
z(0) = 0,2z(1) = 0 and prg 7,z = 0, and which does not come from any variation.
The following lemma, which is a slight reformulation of a result in [46], permits us to
describe the above property in terms of curves in the Lie algebra only.

Lemma 3 ([46, Lemma 8.8]) Let G be a regular Lie group with the Lie algebra g.
Let us consider two elements in C*°(I x (—e¢, €), g) given by

t,s) = u’@) and (t,s)— z°(1).
Then a solution y*(t): I x (—e, €) — G to the system of differential equations
W (1) = GP0), 20 =k @y’ 1),
exists if and only if the functions u and z satisfy the condition
u’ (1) = tusenz’ () =25 (@) + [’ (@), 2°(@)], t€l, se(—¢,¢). (19)
Proposition 3 Let us consider an H-horizontal curve y: I — G with a left loga-
rithmic derivative u: I — g. The curve y is semi-rigid if and only if there is a curve

z € C*®(1, g) with
z(0)=0, z(1)=0, pre7z=0, (20)

such that the problem

Bsus = ‘L’(Mx)zs,

u®(t) €, for (t,5) €I x (—¢,¢€)

() € g, for (t,s) € I X (—¢,¢€) 21
ul(t) = ut), 2°0t)=z(t), for tel

20)=2z"(1) =0, for s € (—¢€,€)

has no solution.

Proof In order to prove the necessary and sufficient parts, we actually show that the
curve y is not semi-rigid if and only if there always exists a solution to (21).

Observe that if z satisfies (20) and y is not semi-rigid, then there is an element
v (1) € Tn(y), satisfying k¢ (35y% (1)) |s=0 = z(t). If we define the functions u* (¢) =
kb (5 (1)) and z* (1) = k' (35y* (1)), then it is easy to see from Lemma 3 that the pair
(u® (1), 2% (1)) satisfies all conditions of (21).

Conversely, assume that for an arbitrary z satisfying (20), there is a solution (¢, s) +—
u’(t), Z°(r)) to (21). Let v’ (¢) be a solution to

u (1) = k“(P(0), ) =k @y (1)),

which exists by Lemma 3. We choose the solution satisfying y°(0) = y(0), which is
unique. Then,
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e the condition u%(r) = u(r) implies y°(r) = y (1);
e u’(t) € b yields that y*(¢) is H-horizontal;
e 7°(0) = z°(1) = 0 ensures that y*(0) = y(0) and y*(1) = y(1).

We conclude that y¥(t) € Jx(y). Since z was arbitrary, we conclude that y is not
semi-rigid. O

Now we formulate the following statement about a possible existence of variations.

Proposition 4 Lety: I — G be an H-horizontal curve with a left logarithmic deriv-
ative u. For any (u, z) satisfying (20), there exists a pair (u®(t), z°(t)) satisfying all
requirements of (21) except for the equality z° (1) = 0 for all values of s.

Proof In order to construct a pair (u*, z%) we let 7,z = v € C*(1, ). Define u*(¢) =
u(t) + sv(t) and find a curve y*(¢) that solves the initial value problem

K =ut, y*0) = y(0).

The solution exists because the Lie group is regular. Then we define z°(r) =
kt(35y% (1)) which satisfies z5(0) = 0, and find the curve v(r) = T()2’ (1) which
belongs to . O

In the case h = g, it is known that any z € C*°(I, g) with z(0) = z(1) = 0 comes
from a variation given by y*(t) = y () - expg (sz(1)).

4.4 Geodesics for a Metric Invariant under a Lie Subgroup

Up to now, the unique requirement for the subspace € is to form a complement to the
subspace fj. In this section, we assume that ) admits a complement £, which is the Lie
algebra of a connected regular subgroup K of G. The fact that a subgroup of a regular
Lie group is also regular is not trivial, see [36, p. 414], so we have to assume that the
subgroup K is regular. If ¢ is finite-dimensional, then this holds if and only if € is a
sub-algebra, but if £ is infinite-dimensional, this is only a necessary condition.

We study sub-Riemannian structures, which are invariant under the action of a
subgroup K. Let us start with the left-invariant distribution H. Assume that this dis-
tribution is also right-invariant with respect to elements from K. This may hold if and
only if § is invariant under the adjoint action by K. We remark that if K is finite-
dimensional, then this holds if and only if h is invariant under the adjoint action of €,
i.e., if [€, h] C h. However, ad(€)-invariance of  does not imply Ad(K)-invariance of
b in the case of an infinite-dimensional subgroup K. Under the assumption of Ad(K)-
invariance of b, the question of controllability in G reduces to proving that one can
reach any element in K by an H-horizontal curve. This becomes a particular advantage
when K is a much smaller group than G.

Proposition 5 Let G be a Lie group with the Lie algebra g, and let a left- (or right-)
invariant horizontal sub-bundle H be obtained by left (or right) translations of a
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subspace by C g. Assume that there is a sub-group K of G with the Lie algebra ¥, such
that g = p @ € for some closed p C h. Suppose also that b is Ad(K)-invariant.

Then any pair of elements in G can be connected by a smooth H-horizontal curve
if and only if for every a € K there is an H-horizontal smooth curve connecting 1 and
a.

Proof We present the proof only for the case of a left-invariant sub-bundle H. Let
c: I — G be any curve (not necessarily horizontal) connecting points @y and a; and
having left logarithmic derivative u. Using the left translation of ¢ by a; ! we can
assume that ag = 1.

Let pry: g — €be a projection with the kernel p C §. Define k(¢) = prpu(?), and
let ¥ be a curve in K with a left logarithmic derivative k, starting at 1. Then the left
logarithmic derivative of the curve 9 (r)~! is — Ady k.

Let us show that the curve y;(¢) = c(¢) - 9 ()~ is H-horizontal. We calculate the
left logarithmic derivative by

K @ (c(r) - (™) = Ady () — k(@) €.

Hence, we have constructed a horizontal curve i, from 1to ay - 9 (1)~!. Applying the
right translation by 9 (1), we get a curve from 9 (1) to a;. It keeps the curve horizontal
because of the Ad(K)-invariance of f). Moreover, by the hypothesis of the theorem,
we can connect 1 with ¥ (1) by a smooth horizontal curve y,. Finally, we glue the
curves y1 and y» into one smooth curve by slowing down the speed at the connecting
point to zero. O

We continue considering the properties of the sub-Riemannian metrics coming
from an invariant inner product. Let (-, -) be an inner product on g, such that adj
is well defined, and such that § is orthogonal to £. As we have done before, let g be
a Riemannian metric obtained by a left translation of (-, -), and let us use h for its
restriction to . Then we have the following result regarding the invariance of the
inner product under either € or K.

Theorem 4 The following statements hold.

@) If (-, -) is ad(®)-invariant and if yr: I — G is a Riemannian geodesic with
respect to g, then . = pry kt(yR) is constant. Here pre: g — Eis the orthogonal
projection with respect to (-, -).

(b) If (-, -) is Ad(K)-invariant, then a horizontal curve ysg: I — G is a normal
sub-Riemannian geodesic with respect to h if and only if it is of the form

Ysr(1) = YR(1) - expg (=At), A(t) = prox‘ (7r(1), 1€, (22)

where yg: I — G is a Riemannian geodesic with respect to g.

Proof (a) Let us recall that the ad(€)-invariance of the inner product (-, -) means
that (ady y1, y2) = —(y1,ady y2). Let ug be the left logarithmic derivative of yg.
Then up is a solution to tigp = ad;rR ug by Theorem 3. This implies that (ig, k) =
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(ur, [ugr, k]) = 0 for an arbitrary k € € by the ad()-invariance. Since A= pre iR,
we conclude that A is constant.

(b) Let us remark first that since the metric is Ad(K)-invariant, the orthogonality of
€ and h along with the obvious invariance of £ under the adjoint action of K imply that
b is invariant under the adjoint action of K as well. In its turn, this implies [, h] C bh.

Let ysg be a sub-Riemannian geodesic with the left logarithmic derivative ugg.
Then it is a solution to the equations

ligr = pryad,  (ug + 1), A=pread, (g +1). (23)
Since for any k € ¢, we have
(A, k) = (usg, [Usr, k1) + (A, [ugr, k1) = 0

we conclude that 4 = 0. The last product is equal to 0 by the identity [¢, h] C b. It

follows that adu (Usr +2) is acurve in h and the Eq. (23) reduce to

UgR = ad, (usr +2). (24)

Usr

We need to show that Eq. (24) holds if and only if y, is of the form (22).

Let us assume that (22) holds, where yg is a Riemannian geodesic with the left
logarithmic derivative u g satisfying the geodesic equation it g = ad;rR (uR), and such
that A = prg Kt (yr(t)). Notice that the left logarithmic derivative of the right-hand

side of (22) is
usp(t) = AdexpG(At)(uR(t) —A).

Then we have the following chain of equalities for any x € g:

g, X) = (Adexpg ) (A, ur — Al + i), x)

= ([A url+ ug, AdexpG( ,\,)(x)) (by Ad(K)-invariant metric)
< [A, ur] + adu R(u R), AdexpG( ) (x)> (by geodesic equation)
= ([A. ur], Adexpg (—1) (X)) + (g, [uR. Adexpy (-1 (1)])
(u [ — A, Adexpg(— M)(x)]) (by ad(#)-invariant metric)

= (Adexpy ) URs [ Adexp, (g — 1), x])  (by Ad(K)-invariant metric)

= (s, lsr X1 + (b, Ly, x1) = (ad ] Gug + ), %)

We conclude that up satisfies Eq. (24).
Conversely, suppose that g is a solution to the Eq. (24). Similarly, we show that
uR(t) = Adexp,(—in) (usg + A) with constant A is a solution to the equation itg =
uR(“R) Thus, the equations ug (t) = Adexp,(—ar) (Usg + A) and uRr = aduR(uR)
define uniquely the Riemannian geodesic yg of the form yr(t) = ysr(f) expg(At),
t € [0, 1]. It implies (22). O
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We emphasize the following fact.

Corollary 2 The left logarithmic derivative ugg of a normal geodesic ysg satisfies
the equation ugg = ad;zR (ugr + A) with a constant A € L.

Remark 7 Theorem 4(b) is still valid when g is a pseudo-metric (not necessarily pos-
itive definite) that restricts to a positively definite metric along . Important informa-
tion is that h and € remain orthogonal, satisfy g = h @ ¢, and the map ad;cr exists with
respect to (-, -). The geodesic yg is no longer Riemannian but still is a critical curve
of E(y) = [y 8(7.y)dt.

Theorem 4(b) can be generalized to principal bundles in the case of finite-
dimensional manifolds; see [49, Theorem 11.8].

5 Group of Diffeomorphisms on the Unit Circle and the Virasoro-Bott Group

In this section we apply previous results to two concrete examples of infinite-
dimensional geometry with constraints. They are two infinite-dimensional Lie—Fréchet
groups: the group of orientation-preserving diffeomorphisms of the unit circle and its
central extension known as the Virasoro—Bott group. We first define them, give reasons
for the chosen constraints, and write down equations for the normal geodesics with
respect to certain metrics. We show that the sub-Riemannian analogues to the Euler—
Arnold equations for geodesics turn out to be some known non-linear PDE, namely,
analogues of the KdV, Burgers, Camassa—Holm and Hunter—Saxton equations. Finally,
we prove the controllability on these groups directly.

Let O either be an element of R, or an element in the Lie group S! which we
identify with R /(27 Z). The derivatives with respect to 8 will be denoted by a prime,
ie., x’ = px.

5.1 The Group Diff S! and its Lie Algebra

Let Diff S! denote the group of orientation-preserving diffeomorphisms of the unit
circle !, which is the component of the identity of the group of all diffeomorphisms
of S!. Slightly abusing notation, we shall use the symbol Diff §! instead of Diff S as
in Sect. 3.6, dropping the sub-index for the sake of simplicity. As a manifold, Diff §'
is modeled on the Fréchet space Vect S! of smooth real vector fields on S!. Vect S!
is the Lie algebra of the group Diff st consisting of vector fields x 9y, x € co(Sh,
with the Lie brackets [x 99, y 99] = (x’y — y'x)0p. Using the identification between
Vect S' and C*®(S!) we denote a vector field x dg simply as x. We cannot use the
exponential map to construct charts, because it is not locally surjective; see [27,30,46].
See also [46] for a description of the manifold structure on the diffeomorphism groups.
In particular, the group Diff S! is simple and is modeled on Fréchet space.

We denote by id the identity in Diff S!. Let us identify 7 Diff S' and Diff S' x
Vect S! by associating the element (y (0), y (0)dy) with the equivalence class of curves
[t — y(@®] € T, Diff § I passing through y (0). The left and right actions can then
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be described as
dly(p,x09) = (pod, (9'x)0p), dry(d,x09) = (¢ o, (x0p)d), (25)

where ¢, ¢ € Diff S, x € C*°(S!). Notice that (25) implies Ady, x3p = ¢'x (¢~ 1)dp.
It is often convenient to work with the universal covering group Diff S! of Diff S!

that consists of all orientation-preserving diffeomorphisms of R satisfying ¢ (0 +
21) = ¢p(0) 4+ 2m.

5.2 The Virasoro—Bott Group

The groupf)?f? S! has a unique non-trivial central extension by R called the Virasoro—
Bott group. It can be described as follows. Define a Lie algebra g,,,, as the vector space
Vect S! @ R with the commutator

[ an). (0, an)] = (1 ¥ 0 (x 1),

1 21

o) = 5 [ () ©) + 0003 @) db.
0

The extension is trivial if and only if v = 0 since the term wjio(x,y) =

% f02” x(0)y'(0) dO represents the algebra 2-coboundary. Indeed, let us introduce

a linear map n: Vect S! — R by

27
1(x00) = — / x(9) o, 26)
27‘[ 0

and let us observe that wo(x, y) = — % n([x, y]). All non-trivial extensions coinciding
modulo an algebra 2-coboundary are isomorphic Lie algebras [21]. Hence, the Lie
algebras g, with v # O are all isomorphic, because they differ only by a 2-coboundary
up to a scaling factor. The extended Lie-Fréchet algebra g,,,, for v # 0 is called the
Virasoro algebra (the attribution motivated by physics insight [55]). The algebra 2-
cocycle w,,, is called the Gelfand—Fuchs cocycle. There is a simply connected Lie
group G, corresponding to each Lie algebra g,,,. It can be considered as the set

Diff S' x R with the group operation

@162, b2) = (¢1 062, b1 + o + A1, 62) + vB@1. 92)),  (2T)

where
1 27 .
A1, ) = o (=10 ¢+ ¢1 + ¢o — id)dO, id € Diff S!,
0

1 2
B9 = ;- /O log(@1 o ¢2)'d log ).
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The group G0 is isomorphic to the product group Diff S! x R, where the sign (x)
means the direct product of groups, while for v # 0, the extension G, is non-
trivial. The term B in the multiplication law (27) represents a Bott 2-cocycle obtained
in [10] and the part A is the group 2-coboundary. All the groups G,,, with v # 0 are
isomorphic and called the Virasoro—Bott group because of the Bott cocycle B(¢1, ¢2).
The construction of the Bott cocycle is widely presented in the literature; see [10,30].
To find the coboundary A, we observe that a 2-coboundary is defined by a smooth
function F: Diff ' — R such that

A1, $2) = F(¢1) + F¢o) — F($10¢n), 1. ¢ € Diff S'.

The existence of the identity and inverse element in G, implies the conditions
FGid)=0, F(@)+F( ") =0, id ¢ cDiffs".

At the last step, one has to check that the function F(¢) = % 02” (p(6) —0)do
satisfies these conditions and the infinitesimal version of the group coboundary A
coincides with the algebra coboundary wyg.

Remark that if (y(¢), b(¢)) is a curve in G, then

Ky (1), b(0) = (u(r), C(1)),
where

y ()
y'(®)

. w 2 w 2
u(t) = and C(t) = b(¢t) — —/ u(t)do + —/ u(t)dy(t)
4 0 4 0

2

— u'(t)dlogy'(1).
vi% 0

Here we used the formula < (y (1), b(1)) = %

Om‘l, —b(1)) - (Vr4s, b(t +5)).

=

5.3 Horizontal Sub-Bundles, CR-Structure and Complex Structure

Notice that the linear map 5 from (26) associates with each vector field from Vect S!
its mean value on the circle. Let Vecto S' denote the kernel of 7 consisting of all vector
fields with zero mean value. We use € to denote the subalgebra of Vect S! of constant
vector fields. Clearly Vect S! = Vecty S! @ €. The subgroup corresponding to £ in
Diff S! is the abelian group of rotations K = Rot S' ~ S'. It corresponds to the
group of translations on the universal cover, which we denote by K.

Define a horizontal sub-bundle  of T Diff S! or T Diff S! by left translations of
Vectg S'. There exists a left-invariant almost-complex structure J on 7, given at the
identity by the Hilbert transform as
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1 7 x(1)
Jx(0) = EPV/O Wdt, X € h (28)

2

The triple (Diff S VH, g ) (and hence, also (6i\ffS U, g )) is an infinite-dimensional
CR-manifold [39]. A curve y : I — T Diff S' (T Diff S') is H-horizontal if

("G @)) =n (%) =0 forevery tel.

Similarly, we define a horizontal sub-bundle £ of T' G, by identitying Vectq S ! with
a subset (Vecto S', 0) of the extended algebra g v and defining & by left translations
of Vecty S' on G wv- There is a complex structure on G, such that £ becomes a
holomorphic vector bundle [39]. The complex structure on G, restricted to £ is also
obtained by left translation of the Hilbert transform (28), and we denote it by the same
symbol J. A choice of complement of Vecty S! in g v 18 given by

= {(a0dg, a) € g,, a0, a € R}.
This is an abelian sub-algebra corresponding to the abelian sub-group
K=1{0®r>0+bo,b)€Gpy : by, b eR).

Proposition 6 The sub-bundle H of T Diff § ! (or T Diff § Yy is invariant under the
action of rotations K (or translations K), and the sub-bundle E of T G,y is invariant
under the action of K.

Proof If p : & — 6 + by is a rotation/translation, then Ad,(x)(@) = x(6 — bp).
Therefore, if n is defined by (26), then n(Ad,(x)) = n(x), which means that 7iis
invariant under the action of K (or K). By similar arguments £ is invariant under K .00

As a corollary of the proof of Proposition 6 and (28), we obtain
JAd,(x) = Ad,(Jx) (29)

forp € K, KorKandx € Horx € € respectively.

5.4 Normal Geodesics with Respect to the Sub-Riemannian Metrics
Let us describe the normal sub-Riemannian geodesics with respect to a two-parameter
family of left-invariant metrics on H and &, which includes the Sobolev H O, H', and

H"! metrics.
Let (, )10 denote the standard L? or H” inner product on Vect S'

Lo _ 1 2
(x,y) " = I x(8)y(0)d6.
T Jo
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Observe that adI exists with respect to this inner product, and it is given by the formula
ad;cr y =xy +2x'y. (30)

Let g0 be the Riemannian metric obtained by the left translation of (-, -)!-0, and let
h'-0 be its restriction to . If we denote by py = 99 the basis vector for £, then

(adp, x, )10 = ([po, x1, "0 = — (', 0 = (x, y)10 = —(x, [po, 'O

= —(x,ad,, y)"0.
This implies that the inner product (, )19 is invariant under the adjoint action of the
group K(or K if we are working on the universal cover). Moreover, the subspaces
Vectg S' and ¢ are orthogonal with respect to the inner product (, )%, converting
the linear map 7 in (26) to an orthogonal projection to €. Then, we can obtain the
normal sub-Riemannian geodesics for h'-0 from the Riemannian geodesics for g!-?
by Theorem 4. The Riemannian geodesics are obtained as solutions to the Burgers (or
Riemann) equation it = aduT u = 3uu’, and the corresponding normal sub-Riemannian
geodesics are solutions to the equations

k') =u e Vecty S', i =ad] (u+1) =3uu’ +20/, ueVectyS', reR

by Corollary 2. If we denote by b!:? the Riemannian metric on the symmetric space
B = Diff §'/K induced by g!?, as we described in Sect. 2.1, then the geodesics in B
with respect to b"0 are given as projections of the normal sub-Riemannian geodesics
y with A = 0, or equivalently, by projections of Riemannian geodesics, which are
horizontal to H.

More generally, we can define a two-parameter family (, )g’s of inner products on
Vecty S! by the formula

2

o 1 / /
(. y)g = 2 o (ax(0)y(0) + px'(0)y'(0))do

2

1
=5 X(0)Lapy(0)dO = —(x, Lagy)"?, x,y € Vecty S".
T Jo

Here we use the operator Lyg: Vect S! — Vect S! defined by Logx = Bd7x — ax.
In order to make the bilinear map (-, -)gﬂ be a non-degenerate product, we have to
require & # —n’B, n € N for non-degeneracy, and > 0 and & > —8 for positive

definiteness. Let us extend the inner product (-, -)gﬂ to the entire Lie algebra Vect S!
by the formula

o = (= ey — e 4 namy xy e Veet S' ne = n(), ny = ().
(31
Notice that

1,0 1,0
(x, y)“’g = - (Laﬁ(x —Nx)y — ny) +nxny = <_La/3(x —Nx) + Mxs y)
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since (La,g (x —1ny), ny)l’o = 0. Let us define a Riemannian metric g*# by the left

translation of (-, -)*#, and let h®? be its restriction to . It is easy to check that all
conditions of Theorem 4 are satisfied.

Rather than finding an explicit formula for the adjoint of ad, with respect to the
inner product (-, -)‘)‘/3 , which does exist but is complicated for § # 0, we use a simpler
formula of the adjoint of the L? metric given in (30). Together with Corollary 2, this
implies that any left logarithmic derivative u of a normal sub-Riemannian geodesic
for the metric h*# must satisfy

(Logit, )0 = — (i, x)*P = —(u + &, [u, x1)*P = (Log(u) — 2, x)"°
= (ad, (Lgpu — 1), x)",

for any x € Vect S'. Hence we have the geodesic equation Logtt = ad;(La,gu —X)
or

Bt — i = Buu” +2u'u") — 3auu’ — 21u’.

If b is the Riemannian metric on B induced by h*?, then the Riemannian geodesics
on B are given as projections of the solutions with A = 0.

We can also extend this inner product (-, -)*# to the Virasoro algebra 9,v- The
extension is given by the formula

= (x, VW + ara.

<(x39, ar), (yog, az)>ji

T

Let us calculate the adjoint ad v.a)

that

of ad(y 4y with respect to the metric (- , -) }LS . Notice

1 2
W (x, ) = E/o (1x(0)y'(0) + vx'(0)y"(©)) d0 = —(x, L y)"°.

Then we calculate

1,0

(800 a2, @) | = (v, b 2D = a2 (2 )

j7ay
= (ad, y, )"0 + (z, ap Ly x) 1 (32)
1,0
= (@ +2¢'y + L', 0). 2. )
v
by formula (30).
Let gﬁ% be the Riemannian metric on G,,,, obtained by left translations of (-, -)ff,,

and let hfﬁ be its restriction to the sub-bundle £. Then it is easy to verify that the con-
ditions of Theorem 4 are satisfied. We start writing the geodesic equations for a par-
ticular case, namely for the metric (-, -) ,lu(;) The left logarithmic derivative (u(t), 0) €

(Vectp S',0) C guv of a normal sub-Riemannian geodesic (y,b): I — G, is a

@ Springer



Sub-Riemannian Geometry

solution to the equation (i, 0) = ad(Tu.O) (u + A1, A2), A1, A2 € R. This means that u
is a solution to '

i =3uu’ + 2r1 — A’ + rvu”, u € Vecty S'. (33)

The corresponding Riemannian geodesics with respect to g(l):(l) satisfy the KdV equa-
tion.

In order to generalize Eq. (33) to an arbitrary metric (-, >Z€ we use the same
arguments as above and conclude that the normal critical curves (y (t), b(t)), t € I,
in G, with respect to hﬁ’z have the left logarithmic derivative (u,0) and they are
solutions to the equation (Lygit, 0) = ad(TmO) (Lqpu — A1, —A2), where the operator
ad(TM’O) is expressed as in (32). This leads to the equation

Loptt = uLqgu’ + 2u’ Logu — 20qu’ — *o L i,

with u € Vecty S and A1, 12 € R.

Remark 8 There are many results related to Riemannian geodesics for the invariant
metrics on the Virasoro—Bott group. A good overview of these results can be found
in [30]. Here the right-invariant approach is chosen, but results differ only by a sign
from the left-invariant point of view. We only mention here that the geodesic equations
with respect to right-invariant metrics corresponding to (-, )19, (-, }%! and (-, -)!!
respectively, are given by the KdV equation, the Hunter—Saxton equation, and the
Camassa—Holm equation. Similarly, the geodesic equations with respect to the right-
invariant metric on Diff §! produced by (-, -)"% and (-, -)-! are given by the Burgers
equation and the non-extended Camassa—Holm equation.

5.5 Relationship to Univalent Functions

Let us denote by B the homogeneous space
B = Diff S'/K =Diff S'/K =G, /K. (34)

The bundles H and £ are the Ehresmann connections for the respective submersions
Diff S' — B and G.w — B. We know that J from (29) induces a well-defined
almost-complex structure on B, which is in fact a complex structure. A common
way to visualize this is by identifying B with the space of normalized conformal
embeddings of the unit disk into C; see [5,31,33].

Let us consider the space .4 of all holomorphic functions

F:D—-C, FO)=0, with D={z: |z] <1},

such that the extension of F to the boundary S lis C °°(If)>, C). Here, D denotes the
closure of . The class A is a complex Fréchet vector space where the topology is
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defined by the seminorms
IF |l = sup{| F"™ ()| | z € D},

which is equivalent to the uniform convergence of all derivatives in D. The local
coordinates can be defined by the embedding of Ay to cN given by

o0
F = Zanz” — (ay,az,...).

n=1

Let Fy be a subclass of Aj consisting of all univalent functions f € 4¢, normalized
by f/(0) = 1. The de Branges theorem [16] yields that Fy is contained in the bounded
subset

oo
lean(CN.
n=2

Let D_ be the exterior of the unit disk D = D,. For any f € F(, we define a
matching function g : D_ — C, such that the image of D_ under g is exactly the
exterior of f(IDy), and let g satisfy the normalization g(co) = co. Note that such g
exists by the Riemann mapping theorem. Since both functions f and g have acommon
boundary, g also has a smooth extension to the closure D_ofD._. Therefore, the images
g(S" and £(S") are defined uniquely and represent the same smooth contour in C. If
g and g are two matching functions to f, then they are related by a rotation

g@)=¢gkw), ¢eb_, |w =1

For an arbitrarily matching function g to f € F the diffeomorphism ¢ € Diff §',
given by . '
$?) = (o)), (35)

is uniquely defined by f up to the right superposition with a rotation. The relation
(35) gives a holomorphic bijection

B = Diff S'/K = Fo; (36)

see [5,31,33]. The complex structure on B induced by F is the same as the one given
by J.

5.6 Metrics on ‘H Corresponding to Invariant Kéhlerian Metrics

The left action of Diff S! is well defined on B. Let us choose a Hermitian metric on the
base space B assuming that this metric is Kédhlerian and invariant under the action of
Diff S!. All pseudo-Hermitian metrics on B are included in the two-parameter family
beg; see [31,32,34]. We will describe these metrics identifying B and Fy as in the
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previous section. It is sufficient to describe this metric only at idp € Fo because at
other points of F the metric byg is defined by the left action of Diff S ! Any smooth
curve f; in Fo with fo = idp can be written as

i) =z+1tzF(@) +o@), FeA.

Hence, we can identity T;4, Fo with Ag by relating [t — f;] to F'. With this identifi-
cation, byg can be written as

2 = Nyl
by (P P = = [ [ (aF(Fs + BF) G )do o

= ZZ(om + Bn)anbny, (37)
n=1

where do(z) is the area element and Fi(z) = > oo a2, Fa(z) = > ooy by
If @ # —n’B.n € 7Z, then the metric byg is non-degenerating pseudo-Hermitian.
Otherwise, byg is degenerating along a distribution of complex dimension 1. Moreover,
werequire B > 0 and —a < f in order to obtain a positively definite Hermitian metric.
It is impossible to write the left action of Diff § on F o explicitly; therefore, it
is not easy to describe byg globally on F(. However, these metrics can be lifted to
the metrics on H which are easier to study. Let 7 : Diff S! — F be the canonical

projection, and let us consider the injective map

digm : Vecty ST — Tiap, Fo = Ao
Xxdy — F.

Then the elements F and x are related by the formula, see [31],

Fel®) = —%(x(@) —i7x(0)),

where J is defined in (28). Observe that
) _ z = IN' oINS
bogliay (F1, F2) = . aF | Fy+ B(zF)) (zF,) )do (2)

- _;’ //D (ozdFl ANdF + Bd(zF)) A d(ze’))

= /S («FidFa + pEF)AGE) .

So, if F1 and F» on the boundary coincide with respectively —% (x —iJ x) and —% (y -
iJ y) for any x, y € Vecty S ! we conclude that
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bogliay (diamwx, diay)
- (a(x —iJx)d(y +idy) + B —ijx/)d(y/—f—ijy’))
T J st
. ((x(xdy—indy+idey—|—deJy)
47 sl

—l—ﬂ(x’dy’—in’dy’+ix'dJy’+Jx'dJy’))
i / / / /
- —/ (a(xdy+Jx dJy) + B’ dy + Jx'dJy ))
4 sl

1
+ —/ (a(]x dy —xdJy)+ B(Jx'dy — x’d]y’))
4 st
= ia)dﬁ(x’ y) +wﬂlﬂ(~]x7 y)a

where wgp is defined as in Sect. 5.2 and in the last equation we used | g1 xdy =
f gt Jx dJy which can be shown by Fourier expansions. The inner product on Vectg S !
corresponding to the form wyg is obtained by

(X, y)otﬂ = a)olﬂ(st )’)

Observe that
(X, Vap = —(Jx', )%, x,y € Vecty S". (38)

Extend (-, -)qp to an inner product on the whole algebra Vect § Uasin (31). Let g
be a Riemannian metric obtained by the left translation of (-, -)og, and let hyg be the
metric restricted to H. We apply Theorem 4 and deduce that a normal critical curve
y: I — Diff S is the solution to the equation

K'Y =u, LopJi' =uLegJu” +2u'LogJu' + 201/, A €R.

Here we used the property (38) and the equation Lyg %J u'(t) = ad;r(Laﬁ Ju' + A).
We conclude that the geodesics for byg can be found by solving the above equation
for A = 0, and then projecting it to FJ.

For («, B) = (1, 0), this is a special case of the modified Constantin—Lax—Majda
(CLM) equation. For more information, see [8,20], where the Riemannian geometry
for the metric g o is considered. It can be considered as the Sobolev H 1/2 metric on
Diff . S!.

Remark 9 Let g| o be the right-invariant metric on Diff § ! corresponding to (-, )1,0-
Let dg, , and dg, , be the Riemannian distance functions related to these metrics. In
[8], it was shown that the geodesic distance related to g; ¢ vanishes by showing that

dg, o(id, p) =0, forany pe K =Rot(S").
Because of the isomorphism ¢ — ¢~ ! between the right- and left-invariant structures,

this means that dg, ,(id, p) = 0 also for any p € K. However, this is different when
working with the induced metrics on the quotient spaces.
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Consider the projection
7 : Diff ' — B = Diff S!/K,

which we can identify with F(. Let by o be as before and let Sl .o be the metric induced
by g1.0. Itis well defined because g; o is also left-invariant with respect to K . Denote by
dp, , and df;,  the corresponding distance functions. Then df,  also vanishes. Indeed,

for an element ¢ € Diff S', which is not a rotation, write 7 (¢) = f # idp. Then, if
p(0) =0 + s, it follows that

mpog)=f, f(z)=e"f(ze ™),

which is different from f by our previous assumptions, but di, 0( £ f ) = 0 since
dg, (¢, pog) = 0. However, this argument cannot be used to show that d, 1,0 Vanishes
because (¢ o p) = m(¢) always, and so this remains an open question.

We remark that if dy, , does not vanish, then neither will the Carnot—Carathéodory
distance dc_c with respect to hj o by the obvious inequality dc_c(¢1, ¢2) >

dp, o (7T (P1), T (P2)).

5.7 Subgroups of Diff S!

We describe some special subgroups of Diff S! that will be used to prove the sub-
Riemannian controllability for the groups Diff ' and G wv in the classes of H- and
E-horizontal curves respectively.

We start from describing subalgebras of Vect S!. For each n € Z, let us define

pn =cosnb dg, k, = sinnb dy.

The Lie brackets are given by

ks kn] = mTMkmfn + %km+l‘l5 (39
[pm> Pn]l = _m+nkm—n - ukm—i—n» (40)
[om, kn]l = m+n Pm—n + 5 Pn+m 41)

It is easy to see from (39)—(41) that b, = span{po, pn, k,} are subalgebras of
Vect S!, and that b, is isomorphic to su(1, 1) for each n. We need to construct an
explicit exponentiation from b,, to the subgroup H,, of Diff S'. We start from describ-
ing the simply connected group and its universal cover, corresponding to su(l1, 1).

5.7.1 The Universal Cover of SU(1, 1)

The Lie group SU(1, 1) consists of 2 x 2 complex matrices

71z
(1 2), 2112 = |22 =
22 21
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Its linear Lie algebra su(1, 1) has the basis given by

1[0 10 -1 1 (=i 0
X—E(—io)’ Y‘E(—l 0)’ Z‘E(Oi)'

__Denote by SU(1, 1) the universal covering group of SU(1, 1). The universal cover
SU(1, 1) can be represented as R x C endowed with the group operation

(51, w1) - (s2, w2) = (53, w3), (s5,w;) eRxC, j=1,2,3,

where

s = 51+ 52+ Arg (Vi P+ D (w2l 1) + i wge 7 152))

w3 = wae w2 + 14 wie2V|wo)? + 1.

In these coordinates, the covering homomorphism from SU (1, 1) to SU(1, 1) is given
by

(s, w) — e Vv +1 w
’ W sVw+1)
Let us introduce necessary notation in order to describe the exponential map from
su(l, 1) to SU(1, 1) and SU(1, 1). For a vector a = (ay, az, a3) € R3, we define its
Lorentzian norm as ¢ = a% + a% — a%. We define the following functions from R to

R:
sinh(x/gt) L
- cosh(\/avt) if a=> 7.0 va ?£?>8’
= n=1{1 =0,
¢ cos( —Zzt) if <0, ‘ sin( —ét) 1 Cj
—= if a<O.

Continue and define .7, (¢) fora > 0,

Tty = [tan_1 (f}—%tanh (\/gt)) if a>0,
| tant aat if =0,

while the formula for @ < 0 is given by

7o) = tan—1 (;}étan( —zn)) +ng(t) if /=& # % mod 7,
sgn(as)tv/—a if 1v/=G =72 modn,
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where
na() = sgn(as) [ 52 1],
1 if t>0
sgn(t) =30 if t=0, [f]=min{j €Z :t=<]}
-1 if ¢t <O.

Then the exponential map to SU(1, 1) is given as
expsua. (1@ X + @Y +a:2)) = (ZaB it +ia) Sa), @)

and the exponential map to SU(1, 1) is written as

Ca(3) —ia3 La() ilar +ia) L a(f)
(43)
See details in [24].

5.7.2 Embedding of SU(1, 1) into Diff S!

We want to find an explicit expression for the subgroups corresponding to the sub-
algebras b,,.

Proposition 7 The subgroup H, of Diff S! is the group of diffeomorphisms of the
form

$©) =0+ 25+ 2 Arg (ViwP +1—-ide ™) seR weC,
Proof For any positive integer n, define the mapping
£, :SU(, 1) — Diff §"

by
Fuls, w)(©) =0 + 25 + 2 Arg (\/|w|2 Ti- iwe—“”@“)) .

We want to show that f;, is an injective group homomorphism.
The homomorphism property follows from computation of f, (s, wi)o f,(s2, wa).
Let (s1, wy) - (s2, w2) = (53, w3). For a fixed value 6, define

¥ 1= fu(s2, w2)(9).
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Then

Ju(s1, wi) o fu(s2, w2)(6)
=0+ %s1 + %Arg( w12 +1— ii}le_i(”ﬂﬂl))
=0+ 2(s1 +52) + 2 Arg ( lwa |2+ 1 — iwze_"("(;“z))

. /lwn |2 +1+iw ei(n9+sz)
2 Arg [ Vi P 1= iigeritrimeras V1w e
/|U)2|2 +1-— lwze—l(n@—i-sg)

=6+ 2051+ 52+ 2 Arg (Vi P+ D(Jwzl + D

— e 0T Jj 2 4 1 — iaye 02200 Slun 2 4 1 + @lwze—t<sl+sz>)
=60+ 2(s1 +52) + 2 Arg (e"“rﬂ—sz) lw3l? + 1 — iw3e—f<"9+“+m)
=0+ 2(s; +52) + 2 Arg(e! 7172y + 2 Arg (\/m — iu")3e_i(”e+x3))
=0+ 253+ 2 Arg (VIwsP + 1 = ibye™0059)

= fu(s3, w3).

To show injectivity of f;,, assume that f (s, w) = id. This implies that for any 6,

Arg (,/|w|2 Ti1- iﬁ)e_i(”0+s)) = —s. (44)

However, the left side of (44) is constant only if w = 0, which in turn implies s = 0.
Hence, the kernel of f;, is trivial.

To complete the proof, we need to show that b,, is indeed the image of d;, f,,. But
this follows from the computations

li=0f(1,0)0) = 2, dli=0f(0,1)(8) = Z cosné,
orli=0f(0,it)(0) = 2 sinnf.

n

(45)

Remark 10 Let us give a couple of observations. Since the derivative of the curves
t— (¢,0),¢t — (0,¢) and ¢t — (0, it) at the identity in SU(1, 1) can be identified
with 2Z, —2Y and 2X, respectively, relations (45) yield that

EXPoifr s (t(a1kn +axpn + aapo)) = fa (eXPgﬁ(l,l) (nt(—mX —aY + a3Z))) .

To obtain the corresponding subgroups in Diff S! one needs to add a (mod 27) at the
end.
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5.8 Controllability

We will finish this section by addressing the question of controllability. Notice first
that although the brackets of Vecty S! generate the whole algebra Vect S, it is not a
C*°(S1)-sub-module so we cannot apply Theorem 2. Instead we must use the invari-
ance under the group action of the horizontal sub-bundles to show that we indeed can
connect every pair of points.

Theorem 5 Let H be a choice of horizontal sub-bundle on Diff §! or Diff S! defined
as in Sect. 5.3. Then any pair of points can be connected by an 'H-horizontal curve.
Let £ be a choice of horizontal sub-bundle on G, defined as in Sect. 5.3. Then any
two points on G, can be connected by an E-horizontal curve.

Proof To prove (a), it is sufficient to show that any two points in Diff S! can be
connected by an H- horizontal curve. Applying Proposition 5, we only need to verify
that the unit id of the group Diff §! can be connected with any element in K by an
‘H-horizontal curve. The subgroup K is _contained in H, for any n, where H, are
as described in Sect. 5.7. In particular, K can be considered as a subgroup of Hj.
Any H-horizontal curve in Hj, has the left logarithmic derivative in b; N Vecty S' =
span{k;, p1}. Since [p1, k1] = po, the horizontal distribution H restricted to H is
bracket generating. The group H is finite-dimensional, therefore, we can apply the
Rashevskii—~Chow theorem to conclude that every point in Hy, including points in K,
can be reached by an H-horizontal curve.

To prove (b), we need to show that any point in K= {0 — (0+bo,b) € Gy} can
be connected to (id, 0) by an £-horizontal curve. A bit more care needs to be taken in
this case. Consider subgroups

ﬁ,, = {(¢,a) €eGu 19peH,, a GR}
which have the Lie algebras
B, = span {(p0. 0). (P 0). (ks 0), (0, 1}.
The Lie algebras En have special sub-algebras
T = span {(po. 720 = 1), (P, 0), (. 0)}

Denote the corresponding subgroups by T,. In contrast to H,, the distribution &
restricted to any subgroup 7, is bracket generating, and so all elements in such a
subgroup 7,, can be reached by an £-horizontal curve. It is clear that

T},ﬂ[?:{(@»—)9+r,r(n2v—u)):rER}.

Since K is isomorphic to R? asa group and v # 0, we know that for any g € K, there
are unique elements g; € 7, N K, j = 1,2 sothat g = g1 - g2 = g2 - g1. Denote by

@ Springer



E. Grong et al.

c1 and ¢, curves that connect id with g1 and g respectively. We can reach g first by
following the curve ¢, and then continuing by £, c;. This finishes the proof. O
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