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SUB-RIEMANNIAN GEOMETRY OF STIEFEL MANIFOLDS∗
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Abstract. In the paper we consider the Stiefel manifold Vn,k as a principal U(k)-bundle over
the Grassmann manifold and study the cut locus from the unit element. We give the complete
description of this cut locus on Vn,1 and present a sufficient condition on the general case. At the
end, we study the complement to the cut locus of V2k,k .
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1. Introduction. Sub-Riemannian geometry is an abstract setting to study
geometry with nonholonomic constraints. A sub-Riemannian manifold is a triplet
(Q,H, gH), where Q is a smooth manifold, H is a smooth subbundle of the tangent
bundle TQ of the manifold Q (or smooth distribution), and gH is a smoothly vary-
ing with respect to q ∈ Q inner product gH(q) : Hq × Hq → R. The topic has been
actively developed during the last decades, and as (now classical) sources we refer to
[1, p. 412], [13, p. 223], [24, 29, 35].

Among the main objects of interest in sub-Riemannian geometry are normal and
abnormal geodesics, which are two different but not mutually disjoint families. Con-
trary to the Riemannian geometry, the exponential map is not a local diffeomorphism.
Nevertheless, the singularities of the exponential map, as in Riemannian geometry,
are closely related to the cut locus and failure of the optimality for geodesics. The cut
locus in sub-Riemannian geometry is an object which is of great interest but rather
poorly studied. There exist very few results concerning the global and local structure
of cut loci, and most of the results are restricted to low-dimensional manifolds. The
work [32] studies the one-dimensional Heisenberg group, and the results easily can
be extended to higher dimensions. A full description of the global structure of the
cut locus for the groups SU(2), SO(3), SL(2) and lens spaces is given in [12]. For
the groups SO(3), SL(2) and lens spaces the cut locus is a stratified set, whereas in
SU(2) it is a maximal circle S1 without one point. The reader will find structures
similar to those that have been obtained in the present work. The global structure
of the exponential map and the cut locus of the identity on the group SE(2) are
completely presented in [34]. The nature of normal and abnormal geodesics and com-
plexity of the cut locus structure in sub-Riemannian geometry on the example of the
Martinet manifold is pointed out in the work [4]. More interesting results can be
found in [6, 30, 31].

In the present work we consider the Stiefel manifold Vn,k as a principal U(k)-
bundle with the Grassmann manifold as a base space. We completely describe the
cut locus from the unit element for the case Vn,1. Technical difficulties do not allow
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us to extend these results to the general case Vn,k. Nevertheless, we present a partial
description of the cut locus, which is to our knowledge an almost unique example for
manifolds of higher dimensions.

The structure of the work is as follows. Section 2 collects the basic definitions
that are now standard in sub-Riemannian geometry but are not always clearly stated.
In section 3, we define the Stiefel and Grassmann manifolds embedded in U(n), their
metrics of constant bi-invariant type, and their normal geodesics based on the general
theorem 2.16 that can be found in [29]. In section 4, we describe the cut locus for
the equivalence class of the unit element on the principal U(1)-bundle structure on
the Stiefel manifold Vn,1. Since the considered manifold is homogeneous it gives the
structure of the cut locus for any point. Section 5 is dedicated to the cut locus for
the general case of the Stiefel manifold Vn,k. In section 6, we briefly review some
particular cases of the Stiefel manifold embedded in SO(n).

2. Basic definitions from sub-Riemannian geometry. We recall the neces-
sary definitions and propositions based on [29].

Definition 2.1. A sub-Riemannian manifold is a triplet (Q,H, 〈·, ·〉), where Q
is a C∞-manifold, H is a vector subbundle of the tangent bundle TQ, and 〈·, ·〉 is a
fiber inner product. The subbundle H is called horizontal and Hq is a horizontal space
at a point q ∈ Q. The metric 〈·, ·〉q : Hq×Hq → R, q ∈ Q, is called a sub-Riemannian
metric, and the couple (H, 〈·, ·〉) is a sub-Riemannian structure on Q.

Definition 2.2. The horizontal subbundle H is called bracket generating if for
every q ∈ Q there exists r(q) ∈ Z+ such that Hr(q) = TqQ, where H1 := H and
Hr+1 := [Hr,H] +Hr, r ≥ 1.

Definition 2.3. An absolutely continuous curve γ : [0, T ] → Q is called horizon-
tal if γ̇(t) ∈ Hγ(t) almost everywhere.

Definition 2.4. We define the length l := l(γ) of an absolutely continuous
horizontal curve γ : [0, T ] → Q as in Riemannian geometry:

l(γ) :=

∫ T

0

‖γ̇‖dt =
∫ T

0

√
〈γ̇(t), γ̇(t)〉 dt.

We introduce the function d(q0, q) for q0, q ∈ Q by d(q0, q) := infγ{l(γ)}, where the
infimum is taken over all absolutely continuous horizontal curves that connect q0 and
q. If there is no horizontal curve joining q0 to q, then we declare d(q0, q) = ∞.

The following proposition, known as the Chow–Rashevskĭı theorem [15, 33], gives
a sufficient condition of the existence of horizontal curves.

Proposition 2.5. Let Q be a connected manifold. If the horizontal subbundle
H ⊂ TQ is bracket generating, then any two points in Q can be joined by a horizontal
curve.

It follows that if H is bracket generating on a connected manifold, then the
function d introduced in Definition 2.4 is finite and defines the distance between two
points on the manifold, called the Carnot–Carathéodory distance.

Definition 2.6. An absolutely continuous horizontal curve that realizes the dis-
tance between two points is called a minimizing geodesic.

Let Q be an n-dimensional smooth manifold and H be a smooth horizontal sub-
bundle such that dimHq = k ≤ n for all q ∈ Q. Considering a neighborhood Oq

around q ∈ Q such that the subbundle H is trivialized in Oq, one can find a local
orthonormal basis X1, . . . , Xk with respect to the sub-Riemannian metric 〈·, ·〉. The
associated sub-Riemannian metric Hamiltonian is given by
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H(p, λ) =
1

2

k∑
m=1

λ(Xm(p))2,

where (p, λ) ∈ T ∗Oq. A normal geodesic is defined as the projection to Oq ⊂ Q of the
solution to the Hamiltonian system

ṗi =
∂H

∂λi
, λ̇i = −∂H

∂pi
,

where (pi, λi) are the coordinates in T ∗Oq. We note that the word “normal” ap-
pears due to the fact that in sub-Riemannian geometry there exists another type of
geodesics, called “abnormal,” arising from a different type of Hamiltonian functions.
For a more detailed study of abnormal geodesics we refer to [2, 9, 10, 11, 16, 17, 22, 24].

The present work is mostly concerned with the normal geodesics; therefore we
omit the detailed definition for abnormal ones.

The existence of local and global minimizers is stated in the following sub-
Riemannian analogue of the Hopf–Rinow theorem.

Proposition 2.7 (see [8, Theorem 2.7, p. 19, and Remark 2, p. 20]). Suppose a
horizontal distribution on a manifold M is bracket generating. Then

1. sufficiently near points can be joined by a minimizing geodesic;
2. if (M,d) is a complete metric space for a Carnot–Carathéodory metric d, then

any two points can be joined by a minimizing geodesic. In particular, this is
true for compact M .

The compactness of the Stiefel manifold guarantees the existence of global mini-
mizing geodesics.

Definition 2.8. Let Q and M be two smooth manifolds. Then a smooth map
π : Q → M is called a submersion if the differential dqπ : TqQ → Tπ(q)M is a surjective
map at any point q ∈ Q.

Suppose two differentiable manifolds Q, M and the submersion π : Q → M are
given. The fiber through q ∈ Q is the set Qm := π−1(m), m = π(q), which is a
submanifold according to the implicit function theorem. The differential dqπ : TqQ →
Tπ(q)M of π defines the vertical space Vq ⊂ TqQ which is the tangent space to the
fiber Qπ(q), and it is written as Vq := ker(dqπ) = Tq(Qm), where ker(dqπ) denotes
the kernel of the linear map dqπ. It can be shown that V =

⋃
q∈Q Vq is a smooth

subbundle of TQ which is called a vertical subbundle [29].
Definition 2.9. An Ehresmann connection (or connection) for a submersion

π : Q → M is a subbundle H ⊂ TQ that is everywhere transverse and of complemen-
tary dimension to the vertical: Vq ⊕Hq = TqQ. The space Hq is called the horizontal
subspace of TqQ.

We now describe the model of a sub-Riemannian manifold that is used in forth-
coming sections. Let π : Q → M be a submersion of a Riemannian manifold (Q, g)
onto a manifold M and Vq a vertical space at some point q ∈ Q. We define Hq to
be the orthogonal complement to Vq with respect to the Riemannian metric g. Then,
the subbundle H is clearly the Ehresmann connection. If 〈·, ·〉 denotes the restriction
of the metric g on the subbundle H, then the triplet (Q,H, 〈·, ·〉) is a sub-Riemannian
manifold. Further on, the manifold Q will be the Stiefel manifold, M will be the
Grassmann manifold, and the metric will be induced by the trace metric from the
groups U(n) or SO(n).

Definition 2.10. A fiber bundle π : Q → M is a principal G-bundle if its fiber
F ⊂ Q is a Lie group G that acts freely and transitively on each fiber F , i.e.,
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• if g ∈ G and there exists an x ∈ F with gx = x, then g is the identity element;
• if for any x, y ∈ F there exists a g ∈ G such that gx = y.

We assume that the group G acts on F on the right q �→ qg, q ∈ F ⊂ Q, g ∈ G.
As a consequence of free and transitive action we can identify M with the quotient
Q/G of Q by the group action of G. Furthermore, π corresponds to the canonical
projection of Q to the quotient set Q/G.

Definition 2.11. A connection on π : Q → M is a principal G-bundle connection
if the action of G preserves the connection.

Definition 2.12. Let π : Q → M be a principal G-bundle with a connection H.
A sub-Riemannian metric on (Q,H), which is invariant under the action of G, is
called a metric of bundle type.

A sub-Riemannian metric which is induced from a G-invariant metric on Q is an
example of a metric of bundle type.

Definition 2.13. A bi-invariant Riemannian metric 〈·, ·〉 on a differentiable
manifold Q with the Lie group G acting on it is said to be of constant bi-invariant
type if its inertia tensor Iq : g× g → R defined by Iq(ξ, η) := 〈σqξ, σqη〉 is independent
of q ∈ Q. Here

σq : g → TqQ,

ξ �→ d

dε

∣∣∣∣
ε=0

q exp(εξ),

and g is the Lie algebra of the Lie group G.
Definition 2.14. Let π : Q → M be a principal G-bundle with a Riemannian

metric of constant bi-invariant type and H be the induced connection. We define the
g-valued connection one-form Aq uniquely as the linear operator Aq : TqQ → g which
satisfies the following properties:

ker(Aq) = Hq, Aq ◦ σq = Idg,

where Idg is the identity map on g.
The map A : TQ → g defines a g-valued connection one-form on Q.
Definition 2.15. Let π : Q → M be a submersion with connection H and let

c : I → M be a curve starting at m ∈ M . A curve γ : I → Q is called a horizontal lift
of the curve c if γ is tangent to H and projects to c, i.e., γ̇(t) ∈ Hγ(t) and π◦γ(t) = c(t)
for all t ∈ I.

Theorem 2.16 (see [29]). Let π : Q → M be a principal G-bundle with a Rie-
mannian metric of constant bi-invariant type. Let H be the induced connection with
g-valued connection one-form A. Let expR be the Riemannian exponential map so that
γR(t) = expR(tv) is the Riemannian geodesic through q with initial velocity v ∈ TqQ.
Then any horizontal lift γ of the projection π◦γR is a normal sub-Riemannian geodesic
and is given by

(2.1) γv(t) = expR(tv) expG(−tA(v)),

where expG : g → G is the group G exponential map. Moreover, all normal sub-
Riemannian geodesics can be obtained in this way.

Remark 2.17. We emphasise that the constant vector v ∈ TqQ is not the initial
vector of the sub-Riemannian geodesic γ(t); this is the initial vector of the Rieman-
nian geodesic expR(tv), which is not necessarily horizontal. Note that v ∈ TqQ can
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be decomposed into a horizontal component and a vertical one. The horizontal com-
ponent is the initial vector of the sub-Riemannian geodesic γ. The image A(v) of the
vertical component in g gives rise to the one parametric subgroup expG(−tA(v)) ⊂ G
that “corrects” the Riemannian geodesic expR(tv) to the sub-Riemannian geodesic
γ. More details concerning Theorem 2.16, an exponential map for sub-Riemannian
manifolds and normal geodesics, can be found in [29, Chapter 11]. We continue to call
the vector v the “initial vector,” since it is one of the initial data to create the normal
sub-Riemannian geodesic γ of the form (2.1), even if it does not uniquely define the
sub-Riemannian geodesic.

3. Stiefel and Grassmann manifolds embedded in U(n). We use the fol-
lowing notation in this section. Let Cn denote the n-dimensional complex vector space
and Cm×n the set of (m× n)-matrices with complex entries. We want to apply The-
orem 2.16 to the submersion π : Vn,k(C

n) → Gn,k(C
n), where Vn,k(C

n) = Vn.k is the
Stiefel manifold and Gn,k(C

n) = Gn,k is the Grassmann manifold for n ∈ N and
k ∈ {1, . . . , n}.

We start from the description of a general construction. Given a group G with an
invariant inner product on its Lie algebra g and two subgroups H,K ⊂ G, we form
the quotient spaces G/H and G/(H ×K). The submersion G/H → G/(H ×K) is a
principal K-bundle with Riemannian metrics on G/H and G/(H ×K) induced from
the bi-invariant Riemannian metric onG generated by an invariant inner product. The
Riemannian metrics are induced by the projections G → G/H and G → G/(H ×K).
Both manifolds in the submersion G/H → G/(H ×K) are homogeneous manifolds,
where the group G acts transitively. The induced Riemannian metric on G/H is
also bi-invariant under the action of the group G. The geodesics on G/H are the
projections from G of one-parameter subgroups exp(tξ) with ξ orthogonal to the Lie
algebra h ⊂ g of H . We introduce the specific subgroups of U(n):

Uup
n (k) :=

{(
Uk 0
0 In−k

) ∣∣∣ Uk ∈ U(k)

}
⊂ U(n) and

U l
n(k) :=

{(
In−k 0
0 Uk

) ∣∣∣Uk ∈ U(k)

}
⊂ U(n).

Note that we use the notation Uup
n (k) and U l

n(k) with subscript n in this section
to emphasise that the elements of these subgroups are written as (n × n)-matrices,
and the superscript indicates that the subgroups U(k) are given by matrices in the
upper left or lower right angle in the (n × n) matrices. The subgroups Uup

n (k) and
U l
n(k) are different but isomorphic. Set G = U(n), H = U l

n(n − k), K = Uup
n (k).

Then the quotient G/H = U(n)/U l
n(n − k) is isomorphic to the Stiefel manifold

Vn,k and G/(H ×K) = U(n)/(U l
n(n− k)× Uup

n (k)) is isomorphic to the Grassmann
manifold Gn,k.

3.1. Unitary group and bi-invariant metric. Before giving a detailed defi-
nition of the Stiefel and Grassmann manifolds, we recall that the unitary group U(n)
is a matrix Lie group, whose elements X satisfy the condition

U(n) = {X ∈ C
n×n| X̄TX = XX̄T = In}.

Here In is the unit (n×n)-matrix and X̄T is the complex conjugate and transpose of
the matrix X . The Lie algebra u(n) consists of all skew-Hermitian matrices:

u(n) = {X ∈ C
n×n| X = −X̄ T }.
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We recall that a matrix X ∈ U(n) is of full rank, its columns and rows are
orthonormal with respect to the standard Hermitian product in Cn, and the main
diagonal of the skew-Hermitian matrices is purely imaginary. Moreover, the Hermi-
tian product in Cn is invariant under the action of U(n), which particularly means
that the orthogonality is preserved under this action. The Lie algebra u(n) can be
endowed with the inner product (X ,Y)u(n) := − 1

n tr(XY), X ,Y ∈ u(n). Considering
U(n) as a real analytic manifold, we denote its points by q and the metric at this point
by 〈·, ·〉U(n)(q) or, if it is clear from the context, simply by gq. Then a left-invariant
metric on U(n) with respect to the group action of U(n) is given by

〈·, ·〉U(n)(q) : TqU(n)× TqU(n) ∼= qu(n)× qu(n) → R

(qX , qY) �→ − 1
n tr(XY),

q ∈ U(n), X ,Y ∈ u(n). We claim that this metric is actually bi-invariant, which
follows from the observation that can be found, for instance, in [19] and [26]. We
present some details.

Definition 3.1. Let g be the Lie algebra of a Lie group G endowed with an inner
product (·, ·)g. An inner product (·, ·)g is called invariant if it is invariant under the
adjoint action of G, i.e., (q−1ηq, q−1ξq)g = (η, ξ)g for all η, ξ ∈ g and q ∈ G.

Then it is well known (see, for instance, [23, p. 812]) that an invariant inner
product (·, ·)g on a Lie algebra g determines a bi-invariant metric 〈·, ·〉G on the group
G via

〈η, ξ〉G(q) := (q−1η, q−1ξ)g = (ηq−1, ξq−1)g

for all η, ξ ∈ TqG.
We only need to check that the inner product (X ,Y)u(n) = − 1

n tr(XY) on u(n) is
invariant. Indeed,

(q−1X q, q−1Yq)u(n) = −n−1 tr(q−1X qq−1Yq) = −n−1 tr(q−1XYq)
= −n−1 tr(Yqq−1X ) = −n−1 tr(XY) = (X ,Y)u(n)

for all X ,Y ∈ u(n) and q ∈ U(n).
Remark 3.2. The left and right action of any subgroup Uup

n (k), U l
n(k), 1 ≤ k ≤ n,

on the group U(n) and on the Lie algebra u(n) is defined as a matrix multiplication
from the left or from the right. The inner product (·, ·)g = − 1

n tr(·, ·) on the Lie
algebra u(n) is invariant under the adjoint action of Uup

n (k) or U l
n(k), and therefore

the metric 〈·, ·〉U(n), defined by left or right translations by the action of Uup
n (k) or

U l
n(k), is bi-invariant under this action.

3.2. Stiefel manifold and metric of constant bi-invariant type. The Stiefel
manifold Vn,k is the set of all k-tuples (q1, . . . , qk) of vectors qi ∈ Cn, i ∈ {1, . . . , k},
which are orthonormal with respect to the standard Hermitian metric. This is a
compact real analytic manifold which can be equivalently defined as

Vn,k := {X ∈ C
n×k| X̄TX = Ik}.

The condition X̄TX = Ik is equivalent to the orthonormality of columns inX . These k
orthonormal columns can be considered as arbitrary k columns in a matrix X ∈ U(n).
This allows us to realize the Stiefel manifold as a quotient set of U(n) by the subgroup
U l
n(n− k). To do this we introduce the equivalence relation �1 on U(n) by

q �1 p ⇐⇒ q = p

(
Ik 0
0 Un−k

)
, q, p ∈ U(n), Un−k ∈ U(n− k).
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This yields to the equivalence class for q ∈ U(n)

[q]�1 =

{
q

(
Ik 0
0 Un−k

)
,
∣∣∣Un−k ∈ U(n− k)

}
∈ U(n)/U l

n(n− k), q ∈ U(n).

The quotient U(n)/U l
n(n − k) is a real analytic manifold with the quotient topology

and we denote by π1 the natural projection from U(n) to the quotient U(n)/U l
n(n−k).

We identify the equivalence class [q]�1 with a point in the Stiefel manifold and write
[q]Vn,k

∈ Vn,k instead of [q]�1 to emphasize that the point belongs to the Stiefel
manifold. The real dimension of Vn,k is 2nk − k2.

The tangent space to the Stiefel manifold is the quotient of the tangent space to
U(n) by the tangent space of the equivalence classes. To obtain it we differentiate
the curves c(t) ∈ [q]�1 at t = 0 for a fixed q ∈ U(n) and receive the space R ={
q
(0 0
0 C

)| C ∈ u(n− k)
}
. Intuitively, movements in the direction R make no change

in the quotient space. It follows that the tangent space T[q]Vn,k
Vn,k to the Stiefel

manifold at [q]Vn,k
∈ Vn,k is given by the quotient of the tangent space TqU(n), which

is isomorphic to qu(n), by R:

T[q]Vn,k
Vn,k =

{
[q]Vn,k

(
X1 −X̄2

T

X2 0

) ∣∣∣ X1 ∈ u(k),X2 ∈ C
(n−k)×k

}
.

Similar results can be found in [18, 25].

Now we define a metric 〈·, ·〉Vn,k
on Vn,k by

〈
[q]Vn,k

(
X1 −X̄2

T

X2 0

)
, [q]Vn,k

(
Y1 −Ȳ2

T

Y2 0

)〉
Vn,k

(
[q]Vn,k

)

:=

〈
q

(
X1 −X̄2

T

X2 0

)
, q

(
Y1 −Ȳ2

T

Y2 0

)〉
U(n)

(
q
)
=

((
X1 −X̄2

T

X2 0

)
,

(
Y1 −Ȳ2

T

Y2 0

))
u(n)

,

where q ∈ [q]Vn,k
is any representative of the equivalence class [q]Vn,k

. It is clear from
this definition that the metric 〈·, ·〉Vn,k

is independent of the choice of a representative.

Since Uk[q]Vn,k
= [Ukq]Vn,k

and [q]Vn,k
Uk = [qUk]Vn,k

, Uk ∈ Uup
n (k), it follows

directly from the definition of the metric on T[q]Vn,k
Vn,k and the bi-invariance of the

metric 〈·, ·〉U(n) with respect to Uup
n (k) that

〈
[Ukq]Vn,k

(
X1 −X̄2

T

X2 0

)
, [Ukq]Vn,k

(
Y1 −Ȳ2

T

Y2 0

)〉
Vn,k

=

((
X1 −X̄2

T

X2 0

)
,

(
Y1 −Ȳ2

T

Y2 0

))
u(n)

=

〈
[q]Vn,k

(
X1 −X̄2

T

X2 0

)
, [q]Vn,k

(
Y1 −Ȳ2

T

Y2 0

)〉
Vn,k
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and 〈
[qUk]Vn,k

(
X1 −X̄2

T

X2 0

)
, [qUk]Vn,k

(
Y1 −Ȳ2

T

Y2 0

)〉
Vn,k

=

((
X1 −X̄2

T

X2 0

)
,

(
Y1 −Ȳ2

T

Y2 0

))
u(n)

=

〈
[q]Vn,k

(
X1 −X̄2

T

X2 0

)
, [q]Vn,k

(
Y1 −Ȳ2

T

Y2 0

)〉
Vn,k

,

where Uk is any element in Uup
n (k) ⊂ U(n). So the metric of 〈·, ·〉Vn,k

is invariant
under the action of Uup

n (k).
Now we show that the metric 〈·, ·〉Vn,k

on Vn,k is of constant bi-invariant type with
respect to the right group action of Uup

n (k), i.e., satisfies Definition 2.13. To prove
it we recall that the infinitesimal generator σ[q]Vn,k

: uupn (k) → T[q]Vn,k
Vn,k is given by

σ[q]Vn,k
(ξ) = [q]Vn,k

ξ, where uupn (k) is the Lie algebra of Uup
n (k). It follows that

I[q]Vn,k
(ξ, η) = 〈[q]Vn,k

ξ, [q]Vn,k
η〉Vn,k

= −n−1 tr(ξη), where [q]Vn,k
∈ Vn,k.

This implies that I[q]Vn,k
(ξ, η) is independent of [q]Vn,k

.

3.3. Grassmann manifold. The Grassmann manifold Gn,k is defined as a col-
lection of all k-dimensional subspaces Λ of Cn. Equivalently, an element Λ of Gn,k can
be written as an (n×k)-matrix with columns e1, . . . , ek such that span(e1, . . . , ek) = Λ.
We are interested in the representation of Gn,k as a quotient of U(n) by some sub-
group. As in the previous case of the Stiefel manifold, we quotient U(n) by U l

n(n−k),
but moreover, since the definition of Gn,k does not depend on the choice of an or-
thonormal basis e1, . . . , ek for Λ, only on its span, we also quotient U(n) by the group
Uup
n (k) that leaves span{e1, . . . , ek} invariant. Therefore, we define the equivalence

relation �2 in U(n) by

m1 �2 m2 ⇐⇒ m1 = m2

(
Uk 0
0 Un−k

)
, m1,m2 ∈ U(n),

where Uk ∈ U(k), Un−k ∈ U(n− k). This leads to the equivalence class

[m]�2 =

{
m

(
Uk 0
0 Un−k

) ∣∣∣ Uk ∈ U(k), Un−k ∈ U(n− k)

}
⊂ U(n), m ∈ U(n),

which is isomorphic to U(k)×U(n− k) ∼= Uup
n (k)×U l

n(n− k). We identify Gn,k with
the quotient space U(n)/(Uup

n (k)×U l
n(n−k)) and use the notation [m]Gn,k

for [m]�2

in this section.
Furthermore, we obtain that the tangent space to the equivalence class [m]�2 is{

m

(X1 0
0 X4

)∣∣∣ X1 ∈ u(k), X4 ∈ u(n− k)

}
, m ∈ U(n),

and it implies that the tangent space of Gn,k at the point [m]Gn,k
is given by

T[m]Gn,k
Gn,k =

{
[m]Gn,k

(
0 X2

−X̄2
T

0

) ∣∣∣ X2 ∈ C
k×(n−k)

}
.
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It has real dimension 2k(n−k) that defines the real dimension of Gn,k; see also [18, 25].
We define a metric 〈·, ·〉Gn,k

on Gn,k by

〈
[m]Gn,k

(
0 X2

−X̄2
T

0

)
, [m]Gn,k

(
0 Y2

−Ȳ2
T

0

)〉
Gn,k

(
[m]Gn,k

)

:=

〈
m

(
0 X2

−X̄2
T

0

)
,m

(
0 Y2

−Ȳ2
T

0

)〉
U(n)

(
m
)

=

((
0 X2

−X̄2
T

0

)
,

(
0 Y2

−Ȳ2
T

0

))
u(n)

,

where m ∈ U(n) is any representative of [m]Gn,k
.

3.4. Submersion π : Vn,k → Gn,k and sub-Riemannian geodesics. Start-
ing now, we consider the matrices q and m as elements in U(n) and define the sub-
mersion

π : Vn,k → Gn,k,

[q]Vn,k
�→ [m]Gn,k

.

The projection π sends the equivalence class [q]�1 to the equivalence class [m]�2 ,
where m ∈ U(n) can be any matrix from the set{

q

(
Uk 0
0 Un−k

) ∣∣∣ Uk ∈ U(k), Un−k ∈ U(n− k)

}
.

Note that the latter set consists of all unitary matrices whose first k columns from
the left span the same space as the first left k columns of q. This implies that a fiber
over a point [m]Gn,k

∈ Gn,k is given by

π−1([m]Gn,k
) =

{[
m

(
Uk 0
0 In−k

)]
Vn,k

∣∣∣ Uk ∈ U(k)

}

=

{
[m]Vn,k

(
Uk 0
0 In−k

) ∣∣∣ Uk ∈ U(k)

}
, m ∈ U(n),

which is homeomorphic to Uup
n (k) ∼= U(k).

The submersion π is also a principal U(k)-bundle, where the right group action
is defined by the multiplication from the right by an element from Uup

n (k). It remains
to show that the right action of Uup

n (k) is continuous, preserves the fiber, and acts
freely and transitively on the fiber.

The multiplication of [q]Vn,k
∈ Vn,k from the right by an element U0

k ∈ U(k) is
given by

q

(
Ik 0
0 Un−k

)(
U0
k 0
0 In−k

)
= q

(
U0
k 0
0 Un−k

)
, q ∈ U(n),

where Un−k is an arbitrary element of U(n − k) and U0
k is a fixed element of U(k).

It follows that the right multiplication is well defined and continuous. It can also be
seen that it preserves the fiber π−1(π([q]Vn,k

)). By definition of the fiber it is clear
that [q]Vn,k

Uup
n (k) = π−1(π([q]Vn,k

)) and this implies the transitivity of the Uup
n (k)

action.
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To show that Uup
n (k) acts freely, we assume that Ũ1 =

(U1 0
0 In−k

) ∈ Uup
n (k), Ũ2 =(U2 0

0 In−k

) ∈ Uup
n (k), and [q]Vn,k

Ũ1 = [q]Vn,k
Ũ2 with [q]Vn,k

=
(q1 q2
q3 q4

)
, q1 ∈ Ck×k,

q2 ∈ Ck×(n−k), q3 ∈ C(n−k)×k, and q4 ∈ C(n−k)×(n−k). Then we get the equations

q1U1 = q1U2 ⇐⇒ q1 = q1U2U
−1
1 = q1U1U

−1
2 ,

q3U1 = q3U2 ⇐⇒ q3 = q3U2U
−1
1 = q3U1U

−1
2 ,

which lead to U1 = U2 and so Ũ1 = Ũ2. Thus, we have shown that π : Vn,k → Gn,k is
a principal Uup

n (k)-bundle.

The differential of π defines the vertical and horizontal spaces. The differential
d[q]Vn,k

π at [q]Vn,k
acts as

[q]Vn,k

( X1 X2

−X̄2
T

0

)
�→ [m]Gn,k

(
0 X2

−X̄2
T

0

)
,

where m is defined as above for π. So, the kernel of d[q]Vn,k
π or the vertical space

V[q]Vn,k
is given by

V[q]Vn,k
=

{
[q]Vn,k

(X1 0
0 0

) ∣∣∣ X1 ∈ u(k)

}
, q ∈ U(n).

We choose the horizontal space of Vn,k by setting

(3.1) H[q]Vn,k
=

{
[q]Vn,k

(
0 X2

−X̄2
T

0

) ∣∣∣ X2 ∈ C
k×(n−k)

}
, q ∈ U(n).

It is clear that dπ : TVn,k → TGn,k is a linear isometry if we restrict it to the hor-
izontal space; H[q]Vn,k

→ Tπ([q]Vn,k
)Gn,k for each [q]Vn,k

∈ Vn,k, and therefore π is a

Riemannian submersion.

The uupn (k)-valued connection one-form A[q]Vn,k
: T[q]Vn,k

Vn,k → uupn (k) is given by

A[q]Vn,k

(
[q]Vn,k

( X1 X2

−X̄2
T

0

))
:=

(X1 0
0 0

)
∈ uupn (k), X2 ∈ C

k×(n−k).

Now we can write precisely the normal sub-Riemannian geodesic on Vn,k starting
from a point [q]Vn,k

with initial velocity v ∈ T[q]Vn,k
Vn,k by using Theorem 2.16. It is

given by

γv(t) = expR(tv) expUn(k)(−tA(v))

= π1

(
q expU(n)

(
t

( X1 X2

−X̄2
T

0

)))
expUn(k)

(
−t

(X1 0
0 0

))
,(3.2)

where q ∈ U(n), v = [q]Vn,k

( X1 X2

−X̄2
T 0

) ∈ T[q]Vn,k
Vn,k with

( X1 X2

−X̄2
T 0

) ∈ u(n).

We simplify notation and write q ∈ Vn,k, m ∈ Gn,k, U(k) for Uup
n (k), U(n − k)

for U l
n(n− k), and g for a Riemannian metric of constant bi-invariant type.
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4. The cut locus of Vn,1. In this section we study the cut locus of the Stiefel
manifold Vn,1 considered as a sub-Riemannian manifold by making use of the normal
sub-Riemannian geodesics (3.2).

As a motivation for studying this problem we mention that Vn,1 is also an example
of a contact manifold, which was studied, for instance, in [7, 14, 20, 29]. To present the
contact structure, we note that the submersion U(1) → Vn,1 → Gn,1 can be written
as U(1) → S2n−1 → CPn−1. In [20], it is shown that for submersion S2n−1 → CPn−1

the vertical vector space is spanned by

V (q) = −y0∂x0 + x0∂y0 − · · · − yn−1∂xn−1 + xn−1∂yn−1 , q ∈ S2n−1.

The horizontal distribution D on S2n−1 is defined as the orthogonal complement
to span{V } in TS2n−1 with respect to the Euclidean metric in R

2n ∼= C
n. At the

point (1, 0, . . . , 0) ∈ S2n−1 the vertical vector V = (i, 0, . . . , 0) coincides with the

generator ξ =
(i 0
0 0

)
of the Lie algebra un(1) and the horizontal distribution D = V ⊥

coincides with the horizontal distribution H =
{( 0 B

−B̄T 0

)∣∣ B ∈ C1×(n−1)
}
, which is

orthogonal to ξ with respect to the trace metric. Since trace metric and Euclidean
metric, vertical, and horizontal distributions are invariant under the action of U(n),
we conclude that the sub-Riemannian geometries are essentially the same. It is shown
in [20] that the distribution D coincides with the holomorphic tangent space HS2n−1

of the sphere S2n−1 considered as an embedded CR manifold and that it also coincides
with the contact distribution given by ker(ω) with respect to the contact form

ω = −y0dx0 + x0dy0 − · · · − yn−1dxn−1 + xn−1dyn−1.

Thus the contact and CR structures can be transferred to the Stiefel manifold
Vn,1.

We recall the definition of the sub-Riemannian cut locus.

Definition 4.1. The cut locus of a point q0 ∈ Q in a sub-Riemannian manifold
(Q,H, gH) is the set

Kq0 =
{
q ∈ Q| there exist T > 0, γ1, γ2 : [0, T ] → Q, γ1 �= γ2,minimizing horizontal

geodesics, such that γ1(0) = γ2(0) = q0 and γ1(T ) = γ2(T ) = q
}
.

Further on we will work with the cut locus, given in Definition 4.1. We write Id
for the equivalence class [In]Vn,k

∈ Vn,k. The main theorem is stated as follows.

Theorem 4.2. The cut locus KId on Vn,1 is given by

L :=

{[(
C 0
0 D

)]
Vn,1

∣∣∣∣∣ C ∈ U(1), D ∈ U(n− 1)

}∖
{Id} .

Proof. We only need to show the inclusion KId ⊂ L since the converse inclusion
L ⊂ KId will be proved in Theorem 5.5 for the more general case Vn,k.

First we claim that in the case of Vn,1 there are no abnormal minimizing geodesics
because the distribution is strongly bracket generating. Recall that a smooth distri-
bution H on a manifold is strongly bracket generating if for any nonzero section Z of
H, the tangent bundle of the manifold is generated by H and [Z,H]. We mentioned
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at the beginning of the section that Vn,1 can be considered as a contact manifold and
therefore it is strongly bracket generating; see, for instance, [29].

Thus all the possible minimizers are normal and they are given by Theorem 2.16.
We calculate the precise form of the geodesic γv, paying special attention to the
components γ1

v and γ3
v , where v is the initial vector of the Riemannian geodesic in

formula (2.1); see also Remark 2.17. The forthcoming calculations are well defined

since the Stiefel sub-Riemannian manifold is analytic. Let v =
( ix B

−B̄T 0

)
, where

x ∈ R and B ∈ C1×(n−1). Recall that exp(tv) =
∑∞

n=0
tn

n! v
n. First we will calculate

the two upper parts of the nth power of v, vn := v(n) =
(v1(n) v2(n)
v3(n) v4(n)

)
, namely, v1(n)

and v2(n). From the recursion formula vn = vn−1v it follows that

v1(n) = v1(n− 1)ix− v2(n− 1)B̄T = v1(n− 1)ix− v1(n− 2)BB̄T

as v2(n) = v1(n−1)B. Furthermore, as vn = vvn−1 we deduce v3(n) = −B̄T v1(n−1).
Having the initial values v1(0) = 1, v1(1) = ix, and v3(0) = 0 we obtain that

v1(n) =
2−n−1

i
√
x2 + 4BB̄T

(
ix
((

i
√
x2 + 4BB̄T + ix

)n
−
(
ix− i

√
x2 + 4BB̄T

)n)
+ i
√
x2 + 4BB̄T

((
ix− i

√
x2 + 4BB̄T

)n
+
(
i
√
x2 + 4BB̄T + ix

)n))
,

which implies for exp(tv) :=
(exp(tv)1 exp(tv)2

exp(tv)3 exp(tv)4

)
that

exp(tv)1 =

∞∑
n=0

tn

n!
v1(n) =

1

2i
√
x2 + 4BB̄T

(
e−

it
2 (
√

x2+4BB̄T−x
)

×
(
i
√
x2 + 4BB̄T

(
eit

√
x2+4BB̄T

+ 1
)
+ ix

(
eit

√
x2+4BB̄T − 1

))
=

1

2
√
x2 + 4BB̄T

(
e−

it
2 (
√

x2+4BB̄T−x
)

×
(√

x2 + 4BB̄T
(
eit

√
x2+4BB̄T

+ 1
)
+ x
(
eit

√
x2+4BB̄T − 1

))
.

The first component γ1
v(t) of the normal geodesic γv(t) =

(γ1
v(t) γ2

v(t)

γ3
v(t) γ4

v(t)

)
is written as

γ1
v(t) = expU(n)(tv)1 expU(1)(−tix) =

1

2
√
x2 + 4BB̄T

e−
it
2 (
√

x2+4BB̄T+x)

×
(√

x2 + 4BB̄T
(
eit

√
x2+4BB̄T

+ 1
)
+ x
(
eit

√
x2+4BB̄T − 1

))
.(4.1)

The second important component of the geodesic γv is

exp(tv)3 =

∞∑
n=0

tn

n!
v3(n) =

∞∑
n=1

tn

n!
v3(n)

=

∞∑
n=0

tn+1

(n+ 1)!
v3(n+ 1) =

∞∑
n=0

tn+1

(n+ 1)!

(− B̄T v1(n)
)

= −B̄T 1

i
√
x2 + 4BB̄T

e−
ti
2 (
√

x2+4BB̄T−x)
(
eti

√
x2+4BB̄T − 1

)
,
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γ3
v(t) = expU(n)(tv)3 expU(1)(−tix)(4.2)

= −B̄T 1

i
√
x2 + 4BB̄T

e−
ti
2 (
√

x2+4BB̄T+x)
(
eti

√
x2+4BB̄T − 1

)
.

It follows that γ3
v(t) = 0 first at the time t0 = 2π√

x2+4BB̄T
. That implies that the

geodesic γv(t) reaches the set L first at the time t0. Since L ⊂ KId, γv(t) reaches the
cut locus at the time t0. It follows that the geodesic γv(t) loses its optimality at the
latest t0.

Having exact formulas for the coordinates of the geodesics we proceed to the core
of the proof. Suppose q ∈ Vn,1\L but q ∈ KId, and there exist two different minimizing
normal geodesics γv1 and γv2 with γv1(0) = γv2(0) = Id, γv1(T

∗) = γv2(T
∗) = q, and

v1 =
( ix1 B

−B̄T 0

)
, v2 =

( ix2 E

−ĒT 0

)
, and xj ∈ R, j = 1, 2 and B,E ∈ C1×(n−1).

Claim. Under the above assumptions, we claim that BB̄T = EĒT . Since both
geodesics are minimizing, they have equal length at time T ∗. Then Proposition 5.4
implies

T ∗
√
2n−1 tr(BB̄T ) = l(γv1 , T

∗) = l(γv2 , T
∗) = T ∗

√
2n−1 tr(EĒT ).

It proves the claim since B and E are complex vectors and BB̄T = tr(BB̄T ) =
tr(EĒT ) = EĒT .

The consideration of the following two cases will finish the proof.
Case 1. Suppose x1 = x2 and BB̄T = EĒT . Since q /∈ L, we know that

γ3
v1(T

∗) = γ3
v2(T

∗) �= 0. Then γ3
v1(T

∗) = γ3
v2(T

∗) ⇐⇒

−B̄T 1

i
√
x2
1 + 4BB̄T

e−
iT∗
2 (

√
x2
1+4BB̄T+x1)(eiT

∗√x2
1+4BB̄T − 1)

= −ĒT 1

i
√
x2
2 + 4EĒT

e−
iT∗
2 (

√
x2
2+4EĒT+x2)(eiT

∗√x2
2+4EĒT − 1).

Hence B̄T = ĒT and so B = E, which leads to the equality v1 = v2. Thus γv1(t) =
γv2(t) for all t according to formulas (4.1) and (4.2) of geodesics. This contradicts the
assumption that the geodesics are different.

Case 2. Let now x1 �= x2 and BB̄T = EĒT . Since q /∈ L, we know that
γ3
v1(T

∗) = γ3
v2(T

∗) �= 0. The assumption q ∈ KId implies γ3
v1(T

∗) = γ3
v2(T

∗), which
yields ‖γ3

v1(T
∗)‖ = ‖γ3

v2(T
∗)‖ �= 0. Thus

‖B‖√
x2
1 + 4BB̄T

∣∣∣eT∗√x2
1+4BB̄T − 1

∣∣∣ = ‖E‖√
x2
2 + 4EĒT

∣∣∣eT∗√x2
2+4EĒT − 1

∣∣∣
and

(4.3)
sin(T

∗
2

√
x2
1 + 4BB̄T )

T∗
2

√
x2
1 + 4BB̄T

=
sin(T

∗
2

√
x2
2 + 4BB̄T )

T∗
2

√
x2
2 + 4BB̄T

.

Note that 0 < T ∗ ≤ min
{

2π√
x2
1+4BB̄T

, 2π√
x2
2+4BB̄T

}
by assumption q ∈ KId and there-

fore sin
(
T∗
2

√
x2
j + 4BB̄T

)
> 0 for j = 1, 2. Since the function sin x

x is injective on

the interval (0, π], we obtain x1 = x2 or x1 = −x2. In the first case we already get a
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Fig. 1.
tan(x)

x
on the interval [0, π].

contradiction. In the case of the assumption x1 = −x2 we turn our attention to the
first component of the geodesics. Then the equality

γ1
v1(T

∗) = γ1
v2(T

∗)(4.4)

implies

tan(T
∗
2

√
x2
1 + 4BB̄T )√

x2
1 + 4BB̄T

=
tan(T

∗x1

2 )

x1
.(4.5)

Since 0 < T∗x1

2 < T∗
2

√
x2
1 + 4BB̄T < π, equality (4.5) is not true, which is equivalent

to saying that equality (4.4) is not true.
Figure 1 illustrates that λ1 < λ2 implies tanλ1

λ1
�= tanλ2

λ2
. Similar arguments can

be found in [12, p. 1871].
In particular, for the three-dimensional manifold V2,1 we get the following simple

formulas. The tangent spaces at Id are given by

TIdV2,1 =

{
Id

(
ix b
−b̄ 0

) ∣∣∣∣ x ∈ R, b ∈ C

}
, TIdG2,1 =

{
Id

(
0 b
−b̄ 0

) ∣∣∣ b ∈ C

}
.

We obtain the following corollary from Theorem 4.2.
Corollary 4.3. The circle given by

L :=

{[(
eci 0
0 edi

)]
V2,1

∣∣∣∣∣ c, d ∈ R

}∖
{Id}

is the cut locus KId of V2,1.

4.1. Isomorphism between V2,1 and SU(2). In this subsection we show that
the results obtained above recover the results obtained in [12]. An element q of V2,1

is an equivalence class which can be written as

[q]V2,1 =

{(
α exp(λi)β̄
β − exp(λi)ᾱ

) ∣∣∣∣∣λ ∈ (0, 2π)

}
.
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Since
(α exp(λi)β̄
β − exp(λi)ᾱ

)
is a unitary matrix, the norm ‖α‖2 + ‖β‖2 of the vector

(α
β

)
is

equal to one. Thus, points q ∈ V2,1 can be parametrized by the vector
(α
β

)
. Recall

the definition of the group SU(2) =
{( α β

−β̄ ᾱ

)∣∣‖α‖2 + ‖β‖2 = 1
}
. So, it is clear that

every element of SU(2) can be represented by the vector
(α
β

)
. It follows that both

manifolds are diffeomorphic under the mapping f : V2,1 → SU(2), [g]V2,1 �→ ( α β
−β̄ ᾱ

)
.

The metric in both cases is left invariant, arising from an inner product on the Lie
algebras, making the basis of the Lie algebras orthogonal. The horizontal distribution
is orthogonal to the vertical one.

The set L as a subset of V2,1 depends only on c ∈ (0, 2π), since the part depending
on d is quotient out. This implies that the cut locus of SU(2), given by the circle
{eci} without the point 1 ∈ SU(2) [12], has a bijective relation under the map f to
the cut locus of V2,1, given in Corollary 4.3.

5. The cut loci of Vn,k. In the present section we show that some of the
properties of the cut locus of Vn,1 are preserved in the case Vn,k. In general, we are
not able to describe the total cut locus, since the exact formulas of the geodesics
are very complicated. Additionally, we have the problem that the distribution is, in
general, not strongly bracket generating, which follows from Proposition 5.1.

Proposition 5.1 (see [29]). Let Q be an m-dimensional manifold and H an
l-dimensional strongly bracket generating distribution of co-dimension 2 or greater.
Then at least one of the conditions

(1) l is a multiple of 4, (2) l ≥ (m− l) + 1

has to be fulfilled.

It is obvious that it is not always the case for Vn,k, where m = 2nk − k2 and
l = 2nk − 2k2, and therefore the distribution on an arbitrary Vn,k is not necessarily
strongly bracket generating. But it is always bracket generating of step (2), as stated
in the following theorem.

Proposition 5.2. The distribution H on Vn,k is bracket generating of step ( 2).

Proof. First we note that the commutator [H,H] is given by

[(
0 B

−B̄T 0

)
,

(
0 C

−C̄T 0

)]
=

(−BC̄T + CB̄T 0
0 −C̄TB + B̄TC

)
.

It is sufficient to show that for every upper triangular (k×k)-matrix Dlm, m > l with
an entry dlm �= 0 on the intersection of the lth row and the mth column and all other
entries vanish, we can find B,C ∈ Ck×(n−k) such that Dlm = −BC̄T . For instance,
if we choose

B =
(
bαβ
)
= by bαβ =

{
dlm for α = l, β = min{m,n− k},
0 otherwise,

and

−CT = (cαβ) by cαβ =

{
1 for α = min{m,n− k}, β = m,

0 otherwise,

then we deduce that Dlm = −BC̄T .
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We also need to construct diagonal (k × k)-matrices Dj with i ∈ C on the inter-
section of the jth row and the jth column and all other entries vanish, and we show
that there are B,C ∈ Ck×(n−k) such that Dj = −BC̄T . In this case we choose

B = (bαβ) by bαβ =

{
i for α = j, β = min{j, n− k},
0 otherwise,

and

−C̄T = (cαβ) by cαβ =

{
1 for α = min{j, n− k}, β = j,

0 otherwise.

Then we obtain that Dj = −BC̄T . It implies that H is bracket generating of
step (2).

Before we proceed further we note recent results about the existence of normal
and abnormal geodesics on sub-Riemannian manifolds with a bracket generating dis-
tribution of step (2).

Proposition 5.3 (see [27, Theorem 4]). On a sub-Riemannian manifold (Q,H, gH)
with bracket generating distribution H of step (2), any length minimizing curve is C∞-
smooth, or in other words there are no strictly abnormal minimizing geodesics in this
case.

Thus, if a minimizing geodesic is abnormal on the sub-Riemannian Stiefel mani-
fold, then its projection to the manifold coincides with the projection of some normal
geodesic by Proposition 5.3, and we can use the precise formula (2.1) for all minimizing
geodesics.

Proposition 5.4. Suppose γv(t) is a sub-Riemannian geodesic, which connects

the identity Id with a point q ∈ Vn,k, q �= Id, at the time T > 0, and v =
( A B

−B̄T 0

)
.

The length of γv is given by l(γv, T ) = T
√

2
n tr(BB̄T ).

Proof. First we calculate the velocity vector γ̇v(t) at γv(t). The velocity vector
will have the form γ̇v(t) = γv(t)wH(t), where wH(t) ∈ u(n) for each t and wH(t) has

to be of the form
( 0 X (t)

− ¯X (t)
T

0

)
. We omit the subscript U(n) or U(k) from exp(·),

since it is clear which one we use from the context. By the chain rule we get that

γ̇v(t) = dp(t)π1

[(
exp

{
t

(
A B

−B̄T 0

)})(
A B

−B̄T 0

)(
exp

{
t

(−A 0
0 0

)})

+

(
exp

{
t

(
A B

−B̄T 0

)})(
exp

{
t

(−A 0
0 0

)})(−A 0
0 0

)]
,

where p(t) := exp
(
t
( A B

−B̄T 0

))
exp
(
t
(−A 0

0 0

))
. We note that

(
A B

−B̄T 0

)
exp

{
t

(−A 0
0 0

)}
=

(
A exp(−tA) B

−B̄T exp(−tA) 0

)

= exp

{
t

(−A 0
0 0

)}(
exp(tA)A exp(−tA) exp(tA)B
−B̄T exp(−tA) 0

)

= exp

{
t

(−A 0
0 0

)}(
A exp(tA)B

−B̄T exp(−tA) 0

)
.



SUB-RIEMANNIAN GEOMETRY OF STIEFEL MANIFOLDS 955

Thus

γ̇v(t) = dp(t)π1

[
exp

{
t

(
A B

−B̄T 0

)}
exp

{
t

(−A 0
0 0

)}

×
((

A exp(tA)B
−B̄T exp(−tA) 0

)
+

(−A 0
0 0

))]

= γv(t)

(
0 exp(tA)B

−B̄T exp(−tA) 0

)

and

wH =

(
0 exp(tA)B

−B̄T exp(−tA) 0

)
.

It follows that

g(γ̇v(t), γ̇v(t)) = −n−1 tr(w2
H) = −n−1 tr

((− exp(tA)BB̄T exp(−tA) 0
0 −B̄TB

))

= −n−1
(
− tr

(
exp(tA)BB̄T exp(−tA)

)− tr(B̄TB)
)
= 2n−1 tr(BB̄T ).

In the last equation we used tr(XY ) = tr(Y X) and tr(−X) = − tr(X).

We conclude that the length of γv does not depend on A but depends on the final
time T and the trace of the matrix BB̄T .

Theorem 5.5. The set

L =

{[(
C 0
0 D

)]
Vn,k

∣∣∣∣∣ C ∈ U(k), D ∈ U(n− k)} \ Id
}

belongs to the cut locus KId on Vn,k.

Proof. Suppose the point [g]Vn,k
=
[(C 0

0 D

)]
Vn,k

∈ L. Then there exists a mini-

mizing geodesic γv of the form (2.1) with v =
( A B

−B̄T 0

) ∈ u(n) connecting Id with

[g]Vn,k
= γv(T ) at some time T by Propositions 2.7 and 5.3. We write

γv(t) = π1

(
exp

{
t

(
A B

−B̄T 0

)}
exp

{
t

(−A 0
0 0

)})
=

[(
γ1
v(t) γ2

v(t)
γ3
v(t) γ4

v(t)

)]
Vn,k

and see how γj
v, j = 1, 2, 3, 4, depend on A and B. We calculate exp

(
t
( A B

−B̄T 0

))
=(v1(t) v2(t)

v3(t) v4(t)

)
. Using the notation

( A B

−B̄T 0

)n
:=
(v1(n) v2(n)
v3(n) v4(n)

)
, we receive that v1(n) =

v1(n− 1)A− v1(n− 2)BB̄T , n ≥ 2, for initial values v1(0) = Id and v1(1) = A. This
implies that v1 as a function of t depends on A and BB̄T . Furthermore, we obtain the
formulas v2(n) = v1(n− 1)B, v3(n) = −B̄T v1(n− 1), and v4(n) = −B̄T v1(n− 2)B.

Now we claim that the geodesic γv∗ with v∗ :=
( A −B

B̄T 0

)
is also minimizing

from Id to [g]Vn,k
with γv∗(T ) = [g]Vn,k

. Indeed, since (−B)(−B̄T ) = BB̄T and
(−B̄T )(−B) = B̄TB the length of both geodesics coincides. It remains to show that
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γv∗(T ) = [g]Vn,k
. Observe that the value v1(t) depends on A, BB̄T and t, and therefore

γ1
v∗(T ) = γ1

v(T ). Finally γ2
v(T ) = γ3

v(T ) = 0 implies γ2
v∗(T ) = −γ2

v(T ) = 0 = γ2
v(T )

and γ3
v∗(T ) = −γ3

v(T ) = 0 = γ3
v(T ). We conclude that γv∗(T ) = γv(T ). Furthermore,

it follows from γ3
v∗(t) = −γ3

v(t) �= 0 for t ∈ (0, T ) that γv∗(t) �= γv(t) for t ∈ (0, t), i.e.,
γv∗ �= γv. We conclude that L ⊂ KId.

Corollary 5.6. There are infinitely many minimizing geodesics connecting Id
with any point q ∈ L.

Proof. The geodesic γv∗ in the proof of Theorem 5.5 can be replaced by γv̂ with

v̂ =
( A −BU

(BU)T 0

)
for all U ∈ U(n− k). This is also a minimizing geodesic from Id

to [g]Vn,k
with γv̂(T ) = [g]Vn,k

, as the length just depends on T and BB̄T .

5.1. Uniqueness results for minimizing geodesics on V2k,k. Since the de-
scription of the cut locus for general Stiefel manifolds is very complicated we focus
on the Stiefel manifolds Vn,k with n = 2k and present some additional information in
this case. The main result of this section is stated in Theorem 5.9.

Lemma 5.7. The points
[( 0 D

C 0

)]
G2k,k

∈ G2k,k are reached by Riemannian

geodesics starting from [Id]G2k,k
only if the initial velocity vector v has the form

v =
( 0 B

−B̄T 0

)
, B ∈ U(k). If we assume that tr(BB̄T ) = 1 the condition B ∈ U(k) is

changed to
√
kB ∈ U(k).

Proof. Geodesics of the Grassmann manifold G2k,k are given by

(5.1) γv(t) =

[
exp

(
t

(
0 B

−B̄T 0

))]
G2k,k

=

(
γ1
v(t) γ2

v(t)
γ3
v(t) γ4

v(t)

)
,

where

γ1
v(t) = cos(t

√
BB̄T ), γ3

v(t) = −B̄T sin(t
√

BB̄T )(
√

BB̄T )−1.

We are looking for all geodesics for which there exists T0 > 0 such that γ1
v(T0) = 0

and γ3
v(T0) = C. As C ∈ U(k) and particularly is invertible, it follows from the form

of γ3
v(T0) that B is invertible. Therefore, the matrix BB̄T is positive definite and

diagonalizable: BB̄T = PDP−1, where D = diag(d1, . . . , dk) is a diagonal matrix
with di > 0 for i ∈ {1, . . . , k}. This implies that

cos(t
√

BB̄T ) = P cos(t
√
D)P−1

and so γ1
v(T0) = cos(T0

√
BB̄T ) = 0 if and only if cos(T0

√
d1) = · · · = cos(T0

√
dk) = 0.

If B ∈ U(k), then, using the normalization tr(BB̄T ) = 1, we get
√
kB ∈ U(k).

Thus BB̄T = 1
k Idk = diag( 1k , . . . ,

1
k ), and T0 := min{t > 0| cos(t

√
BB̄T ) = 0} = π

√
k

2 .
Now we claim that no other minimizing geodesics exist except for those with initial

velocity defined by matrices from U(k). Let B be an arbitrary invertible matrix,
not necessarily from U(k). If we again assume the normalization tr(BB̄T ) = 1,
then we obtain that there exist at least two eigenvalues 1

λ1
and 1

λ2
of BB̄T with

0 < 1
λ1

< 1
k < 1

λ2
. It follows that if cos(T0

√
BB̄T ) = 0, then cos( T0√

λ1
) = 0. We

conclude that T0 ≥ π
√
λ1

2 > π
√
k

2 . Thus the geodesic with initial velocity defined by

the matrix B and reaching the point
[(0 D

C 0

)]
G2k,k

at time T0 is not minimizing.

Corollary 5.8. Let p =
[(0 D

C 0

)]
V2k,k

∈ V2k,k with C,D ∈ U(k) and v =( 0 B

−B̄T 0

)
with

√
kB ∈ U(k), tr(BB̄T ) = 1. Then sub-Riemannian geodesics γv(t)
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in V2k,k reaching the points p at time T0 = π
√
k

2 are minimizing. Furthermore, if
B1 �= B2, then γ3

v1(T0) �= γ3
v2(T0).

Proof. First we note that geodesics in G2k,k defined by v satisfying the assumption

of Lemma 5.7 are minimizing geodesics from [Id]G2k,k
to
[( 0 D

C 0

)]
G2k,k

by Lemma 5.7.

The time of reaching the points
[( 0 D

C 0

)]
G2k,k

is T0 =
π
√
k

2 . Furthermore,

(5.2) γ3
v(T0) = −B̄T diag

(
sin

(
T0√
k

)
, . . . , sin

(
T0√
k

))√
k = −

√
kB̄T ∈ U(k).

The unique horizontal lift of (5.1) is a minimizing geodesic between fibers passing
through [Id]V2k,k

and p and moreover they are geodesics since they are horizontal lifts
of geodesics. Fix a point p0 at the fiber passing through [Id]V2k,k

. Then the unique
horizontal lift γv(t)V2k,k

= [exp(tv)]V2k,k
of (5.1) starting from p0 always reaches

different points at the fiber π−1
([( 0 D

C 0

)]
G2k,k

)
at the time T0 since γ3

v(T0) depends

on B̄T but not on BB̄T as shown in (5.2).

Theorem 5.9. For any point s =
[(0 D

C 0

)]
V2k,k

with C,D ∈ U(k) there is a

unique minimizing geodesic connecting [Id]
V2k,k

with s.

Proof. Let us assume that a point s =
[(0 D

C 0

)]
V2k,k

belongs to the cut locus

from [Id]V2k,k
. Let

γv∗(t) =

[
exp

(
t

(
A B

−B̄T 0

))]
V2k,k

exp

(
−t

(
A 0
0 0

))

be a minimizing normal geodesic from [Id]V2k,k
to s such that γ(T0) = s. Here

v∗ =
( A B

−B̄T 0

)
with A �= 0. Then its projection γ̃ to G2k,k is a minimizing geodesic

from [Id]G2k,k
to
[( 0 D

C 0

)]
G2k,k

. This implies that γ̃ has to coincide with a geodesic

in G2k,k having form (5.1) for some B1 satisfying
√
kB1 ∈ U(k). It is also clear that

γv∗(t) is a horizontal lift of γ̃ starting at the point [Id]V2k,k
. On the other hand, the

horizontal lift of a geodesic having form (5.1) is equal to
[
exp
(
t
( 0 B1

−B̄T
1 0

))]
V2k,k

,

which is different from γv∗(t). This is a contradiction to the fact that horizontal lift

starting from the same point is unique. We conclude that the points s =
[( 0 D

C 0

)]
V2k,k

cannot belong to the cut locus and there is a unique minimizing geodesic connecting
[Id]V2k,k

with s.

6. Stiefel and Grassmann manifold as embedded into SO(n). In this
section we briefly review the situation of the cut locus of the sub-Riemannian Stiefel
manifold considered as a submanifold in SO(n). The Stiefel and Grassmann mani-
folds, their tangent spaces, and horizontal distributions are defined as in section 3 by
replacing the groups U(k) with the groups SO(k). In spite of the latter, Vn,k ⊂ U(n),
and Vn,k ⊂ SO(n) are different as manifolds and the study of Vn,k ⊂ SO(n) is more
complicated.

6.1. The cut locus of Vn,1, n ∈ N. In this case dim(Vn,1) = dim(Gn,1) = n−1
and all sub-Riemannian geodesics are Riemannian ones and the sub-Riemannian cut
locus coincides with the Riemannian cut locus.
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6.2. The cut locus of V3,2. The Stiefel manifold V3,2 can be represented as
the quotient SO(3)/SO(1) = SO(3) since the group SO(1) is a normal subgroup of
SO(3). The horizontal distribution is the following:

Hq =

{
q

(
0 X2

−X T
2 0

) ∣∣∣∣X2 ∈ R
2×1

}
, q ∈ SO(3).

The Lie algebra so(3) is decomposed into the direct sum p⊕ k, where

p = span

⎧⎨
⎩
⎛
⎝0 0 0
0 0 −1
0 1 0

⎞
⎠ ,

⎛
⎝ 0 0 1

0 0 0
−1 0 0

⎞
⎠
⎫⎬
⎭ and k = span

⎧⎨
⎩
⎛
⎝0 −1 0
1 0 0
0 0 0

⎞
⎠
⎫⎬
⎭ .

The horizontal distribution H coincides with the distribution obtained by left trans-
lations of p and the vertical distribution coincides with the distribution obtained by
left translations of k. The cut locus KId in this case is described in [12] and it is
a stratified set produced by two manifolds glued at one point. The first manifold is
RP2, and the second manifold is a circle S1 without the identity.

6.3. About the cut locus for V2k,k.

Theorem 6.1. All the points of the form
[( 0 D

C 0

)]
V2k,k

with C,D ∈ O(k) are

connected to [Id]V2k,k
by a unique minimizing geodesic.

Proof. The proof of Theorem 5.9 does not use any specific features of the unitary
group U(n) but rather uses the orthogonality property. Therefore, we can literally
repeat the proof of Theorem 5.9 here.
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