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Abstract

We study a special class of nilpotent Lie groups of step 2, that generalizes the class of the so-called
H (eisenberg)-type groups, defined by A. Kaplan in 1980. We change the presence of an inner product to an
arbitrary scalar product and relate the construction to the composition of quadratic forms. We present the
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1. Introduction

A. Kaplan in 1980 constructed the so-called Heisenberg-type algebras [19], whose commu-
tators are intimately related to the existence of a Clifford algebra representation over an inner

* The work of the first author is partially supported by the ERC Starting Grant 2009 GeCoMethods and the DIGITEO-
Région Ile-de-France project CONGEO. The work of the first and the third authors is partially supported by NFR-
FRINAT grant #177355/V30.

* Corresponding author.

E-mail addresses: mauricio.godoy @cmap.polytechnique.fr (M. Godoy Molina), anna.korolko @ gmail.com
(A. Korolko), irina.markina@math.uib.no (I. Markina).

0007-4497/$ — see front matter © 2013 Elsevier Masson SAS. All rights reserved.
http://dx.doi.org/10.1016/j.bulsci.2013.05.005


http://dx.doi.org/10.1016/j.bulsci.2013.05.005
http://www.elsevier.com/locate/bulsci
mailto:mauricio.godoy@cmap.polytechnique.fr
mailto:anna.korolko@gmail.com
mailto:irina.markina@math.uib.no
http://dx.doi.org/10.1016/j.bulsci.2013.05.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.bulsci.2013.05.005&domain=pdf

806 M. Godoy Molina et al. / Bull. Sci. math. 137 (2013) 805-833

product space. He observed that the presence of a composition of two positive definite quadratic
forms ¢ and XA on two vector spaces H and V, respectively, allows one to introduce a Lie bracket
[-,-]1: H x H— V that induces a Lie algebra structure on H @ V. He also showed that the re-
quirement that the adjoint map on a Lie algebra (H & V, [-, -]) of step 2 is an isometry between
the orthogonal complement to its kernel in H and V is a necessary and sufficient condition to
recover a composition of certain quadratic forms. The presence of a composition is related to the
existence of an H-representation of the Clifford algebra C¢(V, —A). We emphasize that in all
mentioned constructions only positive definite quadratic forms and scalar products were used.
Nevertheless, since compositions are defined for arbitrary bilinear non-degenerate quadratic
forms, the positivity restriction seems a priori unnecessary. Assuming only non-degeneracy, one
can define in much the same way Lie brackets and, as a consequence, it is possible to construct
general H(eisenberg)-type algebras that include those constructed by Kaplan as a particular case.
To show that any general H-type algebra arises as a result of this construction is one of our main
results, see Theorem 1. As in the previous case, the construction is closely related to the existence
of a representation on H of the Clifford algebra generated by V endowed with a non-degenerate
scalar product.

We would like to mention that analogues of general H-type algebras and groups were in-
troduced earlier under different names and definitions, see [9,10]. In [9], the author studied
these Lie algebras from the point of view of existence of the Clifford modules and presented
their natural classification according to the classification of Clifford algebras. In the work [10],
general H-type groups are particular examples of 2-step nilpotent groups with invariant semi-
Riemannian metrics. In both cases the authors did not address clearly the connection between the
introduced groups and the composition of quadratic forms. Our paper fills this gap and shows how
these two situations are intimately related. In addition to these differences, the aforementioned
studies focus mostly in semi-Riemannian geometry of the underlying Lie group, not dealing with
the natural non-holonomic restrictions imposed by the structure of the Lie algebra.

The Heisenberg, and afterwards H-type, groups are core examples in the study of sub-
Riemannian geometry. Recall that a sub-Riemannian manifold is a triplet (M, H, py), where
M is a smooth manifold, H is a smooth subbundle of the tangent bundle and p; is a smoothly
varying inner product defined for vectors from H,,, m € M. Under the bracket generating (or
completely non-holonomic) condition on H, the sub-Riemannian manifold can be considered as
a metric space where the distance function is induced by the metric tensor p3;. We give a list of
references that is far from being complete, where the fundamentals of sub-Riemannian geometry
can be found [1,3,5,28,31].

In the same way as Riemannian and semi-Riemannian geometry are related, one can study
an analogue of sub-Riemannian geometry, that we call sub-semi-Riemannian geometry. Namely,
a sub-semi-Riemannian manifold is a triplet (M, H, 03;), where M and H are as above, but
o 18 a smoothly varying scalar product defined for vectors from H,,, m € M. Examples and
studies can be found in [7,10,13-15,17,18,22-24]. Our main interest is to consider the sub-
semi-Riemannian geometry of general H-type Lie groups, where the smooth subbundle # is
introduced by commutation relations in the corresponding Lie algebra. Since the general H-type
groups, introduced in the present work, carry a natural scalar product closely related to its Lie
structure, we think that they will play an analogous cornerstone role in the study of sub-semi-
Riemannian geometry. Apart of this mathematical interest H-type groups can find applications in
affine control systems, relativity theory, Kaluza—Klein model or more general Yang—Mills theory
and other subjects [2,16,28].
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The present work is organized as follows. After the introduction we review the notion of com-
position of quadratic forms and its relation to Lie algebras of step 2. In Section 2.5 the general
H-type algebras are defined and the main result is proved. The rest of Section 2 is dedicated to
relations between the structure constants of a general H -type algebra and coefficients of the Clif-
ford algebra representation. Section 3 contains examples, showing that there are general H-type
algebras that are not among the classical ones introduced by A. Kaplan. Moreover, we present an
example showing that not all of general H-type algebras can be obtained by taking the classical
ones and changing the natural inner product to an arbitrary scalar product. Section 4 is dedi-
cated to the study of sub-semi-Riemannian manifold related to nilpotent Lie groups of step 2.
Using the Hamiltonian formalism, we write the geodesic equations and give general solutions
in parametric form. For the general H-type groups we present the closed parametric formulas
for geodesics, which is possible due to the extra symmetries of the problem. The last Section 5
collects some properties about the semi-Riemannian Levi-Civita connection on general H-type
groups, sectional curvature and the Ricci curvature tensor.

2. Generalized H -type algebras
2.1. Lie algebras of step 2

Let H be a Lie algebra and V a vector space. A central extension of the Lie algebra H by V
is a new Lie algebra that can be obtained as follows. Consider a bilinear skew-symmetric map
£2:H x H — V satisfying

Q(lh1. halw . h3) + 2(lha. h3lw. hy) + 2([hs. hilw. ha) =0, (1

for all hy, hy, h3 € H and where [-, -]y denotes the bracket in H. Such kind of map is called
2-cocycle. The vector space H @ V endowed with the bracket

[(h1,v1), (h2,v2)] = (A1, h2lE, R2(h1, hy))

is the desired central extension.
If H is abelian, then all brackets in (1) vanish, and by the bilinearity of §2, Eq. (1) holds
trivially. The new brackets take the form

[(h1, v1), (h2,v2)] = (0, 2(h1,h2)), hi,ha€ H, vi,v2€ V.

Such kind of Lie algebras with abelian H are the main object of our work and we denote them
by g=(H @ V,[-,]). Itis easy to see that g is a nilpotent Lie algebra of step 2. The subspace
H is known as the horizontal space, and V is known as the vertical space.

It is clear that the properties of the algebra g are determined by properties of the 2-cocycle 2.
One of the possible ways of constructing such 2 was proposed by A. Kaplan in the series of
works [19-21], where compositions between positive definite quadratic forms were used. Such
kind of algebras are called H -type algebras or Heisenberg-type algebras. In the present paper we
propose to extend this construction by making use of non-degenerate quadratic forms admitting
a composition, regardless of the sign requirement. We start from reviewing the definition and
properties of composition.
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2.2. Composition of quadratic forms

Let H and U be real vector spaces, and let ¢ : H — R and A : U — R be quadratic forms. For
the rest of this article, we will assume that both ¢ and X are non-degenerate, in the sense that the
associated symmetric bilinear forms obtained by polarization

1
(h1,ha)y = E(f/)(m +ha) —@(h1) —¢(h2)), hi,haeH,

1
(ui, uz)p = E(k(ul +u2) — A(uy) — A(u2)), uruz €U, (2

satisfy the condition that if (A1, h2), =0, for all 21 € H, then hy = 0; and similarly for (-, -);.
We also observe the trivial consequences of (2)

(h,h)y = @(h), (, )y = A(u). 3)

We emphasize that the quadratic forms ¢ and A are not assumed to be positive definite.

Definition 1. A bilinear map p: U x H — H is called a composition of ¢ and A if for any u € U
and any & € H the equality

@(1(u, h)) = 1w)p(h) 4)
holds.

An old problem in the theory of quadratic forms asks for conditions for the existence of a
composition of two given quadratic forms. The answer to this question, in the real case for
sums-of-squares, is a classical non-trivial application of the theory of representation of Clifford
algebras, see [25, pp. 133-139].

Example. Let U = H = R2 with u = (1, ¥2), h = (x1, x2) and

Pa(h) = @a(x1,x2) =x7 +ax3,  ra(u) =21, y2) = yi +ay3,

for any a € R. The identity
(y]2 + ayg)(xlz + ax%) = (y1x1 + ayax2)? 4 a(y1xa — yax1)?
shows that the bilinear map /1, : R* x R? — R? defined by

ta(u, h) = pa((v1, y2), (x1,x2)) := (y1x1 + ayzxa, y1x2 — y2x1) (5)
is a composition of the quadratic forms ¢, = A,, a € R.
Note that for a = 0, Eq. (5) still gives a composition of ¢, and A,. Even though the non-

degeneracy requirement plays no role in this example, non-degeneracy is of core importance in
the general arguments that will follow.
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2.3. Lie algebras and compositions

Assume there is a composition w:U x H — H of the quadratic forms ¢: H — R and
A:U — R. We will suppose that & is normalized, in the sense that we choose up € U such
that A(ug) = 1, and

u(ug,h)=h, heH.

This can always be done after a process of normalization, see [25, p. 134]. Let V C U be the
orthogonal complement of span{ug}, with respect to (-, -),, and 7 : U — V the corresponding
orthogonal projection. Note that the condition A(ug) # O is essential here, since the requirement
that ug is not a null vector (A(u¢) # 0) guarantees that V = U @ span{up}, see [29, Lemma 2.23].

An important fact to have in mind is that the space End(H) of endomorphisms of H ad-
mits a representation of the Clifford algebra C£(V, —A), i.e. there is an algebra homomorphism
p:Cl(V,—1) — End(H). More precisely, such algebra homomorphism is given by the map
v — u(v,-) defined on generators and then can be extended to the representation of whole
Clifford algebra by standard methods. To see that this is indeed the case, note that the skew-
symmetry, that will be proved in Proposition 1, and composition formula give for any non-zero
v € V and arbitrary ' € H

(M(U, /’L(Uv h))» h/)(p = —<M(U, h)a /’L(Uv h/))(p = _<U’ U)A(h, h/) (6)

0"

We conclude that uz(v, h) déf u(, w(, h)) = —(v, v),h or, in other words, /L2(U, ):H—>H
is the identity map multiplied by the scalar —A(v), which is exactly the image of the defining
property of C£(V, —1).

Remark 1. Up to an extra technical requirement, a converse of this result also holds, see [25,
Chapter 5].

In the next step we use a composition p to define a Lie algebra structure on the vector space
H @ V. To construct the corresponding Lie bracket, we first introduce a bilinear map @ : H x
H — U by means of the equality

(u, @ (h, 1)), = (e, ), ), 7

valid for all u € U and all h, i’ € H. The map @ : H x H — U is in general not anti-symmetric,
for an example see Section 3.1.2. Nevertheless, projected to V = span{ug}=, it has the following
useful property.

Proposition 1. The map w o @ : H x H — V is an anti-symmetric bilinear map, i.e. 7w o
D, hy=—m oD (W, h)forallh,h' € H.

Proof. Notice that Eq. (4) can be conveniently rewritten as
(@ b), (. b)), = (u,u)s(h,h)g, ueU, heH, ®)
by using (3). Applying this identity to u + u’ € U, we obtain the equality

(w(u, ny, u(u’,h))(p =(u.u'), (h, )y, )
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by bilinearity. If in Eq. (9) we evaluate u’ = ug and assume u = v € V, then we see that
(e, b, (uo, W), = (v, h), h), =0, (10)
due to the normalization imposed to . Thus we have
0=(u(v.h+h),h+H),
={u(, k), k), + (w(v. b)), 1)+, b), 1)+ (v, 7). h)

=0 =0

(,0,

for v € V. Therefore the map u(v,-): H — H, v € V, is a skew-symmetric map with respect to
the scalar product (-, -),. This implies that for v € V and for all &, h' € H we have

(v, @ (n, 1)), = (v, @ (W', h)),.
which means that 7 o @ (h, W)= —-mw o @ (W', h). O

As in Section 2.1, Proposition 1 allows us to define a Lie bracket on H @ V by

(i1, v1),s (2, v2)] = (0,7 0 @Ry, ). (11

The resulting Lie algebra g=(H @ V, [+, -]) is a Lie algebra of step two.
The next result is completely independent of the chosen scalar products; nevertheless, proving
it with the non-degenerate products induced by ¢ and A, helps us to obtain a very useful corollary.

Lemma 1. Let Z(g) denote the center of the Lie algebra g = (H @ V, [+, -1) of the step 2, where
the bracket is defined by (11). If g € H N Z(g), then g =0.

Proof. If g € HN Z(g), then g = (h,0), h € H and
[(h,0), (h,v)] = (0,7 0 ®(h,h)) = (0,0) forany (h,v) € g.

It implies that @ (h,h) ekern forall h € H, or @ (h, h) = kug for some k € R. Thus the equality
(n(v, b, h)(p =(v, @ (1. h)), =k(v,up),=0 forallhe H

and the non-degeneracy of the form ¢ yield w(v, h) = 0 for any v € V. Because of (8)
0= (,u(v, h), u(v, ﬁ))w = (v, V) (h, fz)(p, forany v e V,

we conclude that (&, fl)¢ = 0. If the quadratic form ¢ is positive definite, then we conclude that

h = 0 and finish the proof. In the case of non-degenerate indefinite form we need more careful
arguments. 3 o
Let us assume that 4 # 0 and (h, h), = 0. Using (8) we have for arbitrary h € H

(/L(v, h+h), p, h+ h))(p = (v, v\ (h+h h+ h)e
= (0, V)2 (201, k) + (h. h)y).
On the other hand, since u (v, fl) =0 for all v € V, we have that

(. i+ hy, n, b+ 1), = (1w, b)) + (@, h), w0 b + (v, b)),
= (v, V)i (h, h)y.
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Comparing both sides we see that (v, v)x(};, h), = 0 for an arbitrary v € V and any i € H. This
leads to a contradiction with the fact that / # 0 due to the non-degeneracy of the form ¢. O

As a corollary we immediately get the following.

Corollary 1. If : V x H — H is a composition of quadratic forms ) and ¢, and for any v € V
one has (v, h) =0, then h = 0. Similarly if w(v, h) =0 forany h € H, then v =0.

Let us observe more properties of compositions.

1. Equality (10) shows that the map u(v,-): H — H transforms any & € H to a vector h’ =
(v, h) € H orthogonal to h, forany v e V, v #0.

2. Formula (9) ensures that any null vector # € H (h # 0, (h, h), = 0) is mapped to a null
vector i’ = (v, h) forany v € V.

3. The same formula (9) implies that if 2 € H is fixed and (h, h), = 1, then the map (-, h)
from V to the image of w (-, h) in H is an isometry, and if (%, h), = —1 then the same map
defines an anti-isometry.

4. For any v € V such that (v, v), = 1, Eq. (6) shows that the map (v, -) is an almost complex
structure on H, that is, uz(v, ) = —Idy. Similarly, if (v, v), = —1, then u(v, -) is a Cartan
involution on H, i.e., u%(v, ) =Idg.

5. Lemma | implies that the center of the Lie algebra g = (H @ V, [, -]) coincides with V
and the bracket [-, -] defines a map [-, -]: H x H — V. Let us write ad;(-) = [A, -], then ad,
defines a map adj, : H — V. The relation (7) can be written as

(o, (1)), = . (1]}, = (o, 0. ), 12

forveV, and h,h' € H. We see that for any h € H, the image of u(-, k) belongs to the
orthogonal space to the kernel of adj,, which we denote by ker*(ady). Moreover, the map
(-, h) is the adjoint map to ad, (-) : (H, ¢) — (V, A).

6. Substituting &’ = (v, h) with h £ 0, (h, h)y =01n (12), we obtain

<U7 ad/’l (H‘(vv h))))\ = (M(Ua h)s /.L(U, h)>(p = <U’ U)A(h, h)(ﬂ = O

for any v € V. The conclusion is that x(v, k) € ker(ady,) since the quadratic form X is non-
degenerate.

7. Taking into account 5., we conclude that the image of the map (-, &) is ker(adj,) Nker™ (adp)
for any h # 0 and (h, h), =0.

2.4. General H(eisenberg)-type Lie algebras

Let us, among all Lie algebras of step 2 defined in Section 2.1 and carrying a scalar product
(-, -), consider special ones that we call general H-type Lie algebras since they generalize the
definition given in [19] in the case when the scalar product (-, -) is an inner product (positive
definite).

Let us consider an arbitrary Lie algebra g = (H & V, [+, -]) of step two, where V is the cen-
ter of the Lie algebra and H is its complement. We assume that H @ V is endowed with a
non-degenerate scalar product (-, ) = (-,-)g + (-, -)v such that (-, -) g is non-degenerate scalar
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product on H and (-, -)y is a non-degenerate scalar product on V. The decomposition H @ V be-
comes orthogonal with respect to (-, -). Since V is the center of the Lie algebra g, the commutator
isamap [-,-]: H x H— V.Leth € H and we assume from now on that the kernel

ker(ady: H — V) ={h'€ H: [h,h'] =0}

is non-degenerate subspace of (H, (-, -)g). We denote by $; the orthogonal complement to
ker(ady). Then 9, @ ker(ady,) = H, $H;, Nker(ady,) = {0}, and the subspace $); is also a non-
degenerate subspace of H, see [29].

Definition 2. We say that (g, (-, -)) is a Lie algebra of general H-type if ad;, : $, — V is a
surjective isometry or anti-isometry for every vector & € H, such that || ||%1 =(h,h)yg ==%1.

If (-, ) is positive definite, then Definition 2 coincides with the definition of H-type groups
given by A. Kaplan [19]. In this context, we have the following analogue of Theorem 1 in [19].

Theorem 1. Let g be the Lie algebra constructed in Section 2.3, by using a composition of
quadratic forms ¢ and M. Then g is a general H-type Lie algebra with {-,-) = (-, )y + (-, )alv.

Conversely, for any given general H-type Lie algebra g = (H ® V,[-, ], (-, )) there exist
a vector space U =V @ span{ug}, quadratic forms ¢ on H and ) on U and a composition
w:U x H— H of ¢ and A, such that g is built from the composition w as in Section 2.3.

Proof. Let g be a step 2 Lie algebra with underlying vector space H @ V, center V and a
composition p of the quadratic forms ¢ and A. Then the commutator [-, -]: H x H — V is defined
by Eq. (12). We see that if we define the scalar product (-, -) on g by (-, -) = (-, -)p + (-, -)alv, then
the map (-, h):V — H is a formal adjoint to ad, : H — V with respect to the scalar product
('7 )
First, we need to prove that for each h € H with norm (h, h), = &1 the map
ad, 9, >V
h [h h’]
is an isometry or an anti-isometry. We start to show that it is a surjective map. Let v’ € V and

fix h € H such that for instance (h, h), = 1. We show that i’ = p(v', h) satisfies ad;, (h') = v’.
According to (12) and (9), we have for A’ = u(v’, h)

(00 (1)), = o, B (0 ), = o), . )y =)
Therefore
(v,adp(u(v', h)) - v’)x =0 foranyvelV.

By non-degeneracy of the quadratic form A, we have ad;, (i (v’, h)) = v/, which shows the sur-
jectivity. If we would fix » € H with (h, h), = —1, then we need to chose i’ = u(v', —h).

The map ady: 9, — V is clearly injective by the definition of §3;,. We see that ady is an
isomorphism between ), and V.

To check that adj, is an (anti-)isometry, we need to check the equality

(adx(h), ady (h”))A = (1, h”)(p for any h', h" € ),
with some fixed 4 € H such that (A, h), = £1. Denote
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ady(h')=v" and ady(h”)=1",
then from the previous considerations we have

h’:u(v/,h) and h”:u(v”,h) or H :/L(v’, —h) and h”:,u(v”, —h),
according to the value (h, h), =1 or (h, h), = —1, respectively. This yields

(1), = (0 ) (0" ), = (. 0"), G,y = (). (1),

where we used (9) in the second equality. We have finished the first part of the proof.

In the other direction, the problem is more subtle. Let g = H @ V be a general H -type algebra,
with non-degenerate scalar product (-, -) = (-, -)g + (-, -)v and Lie bracket [, -]. At the first step
we need to find a bilinear map ©: V x H — H and then extend it to a map from U x H to H.

We start from the following observation. The bilinear form B,: H x H - R

B,:H x H—R
(h 1) = v, [ ])y
defined for any v € V \ {0} has the following property: if & € H is fixed and (h, h)n # O then

there is h € H, h # 0, such that By (h, h) # 0. Indeed, fix h # 0 in H with (h, h) i # 0. Choose
0 # v € V and since the scalar product (-, -)y is non-degenerate we find non-zero v’ € V such

that (v, v')y # 0. Denote ||k g = JI{h, h)g]. Since the map ad Hh;‘. :ﬁ% — V is surjective,
| g A7
we find the unique non-zero i’ € § ‘hh‘ such that ad“hll_1| (W) =" and B, (h, h’) # 0 because of
|hll g H

N _ 1 _ 1 ’
07 (0. v}y ={v.ad_y_ (1)) = 7o Bu(h 1),
LetveVand h e H. We define v: V x H — H by the formula

(n@,n), K, = (v, [h1]),. (13)

It is easy to see the following properties of L.

_h
[

a) The map p is bilinear.

b) Forany v € V and h € H the element (v, h) € ker™ (adp,).

¢) For any non-zero v € V, the map u(v, -): H — H is skew adjoint with respect to (-, -) y:
<“(U* h), hl)H = _<h’ ,u(v, h/))H'

d) If we set i’ = h, then the last property immediately implies that w (v, &) is orthogonal to &
for arbitrary choice of 4 and v.

e) For fixed 0 £ h € H the map u(-, h):V — H is the formal adjoint to ad;, : H — V with
respect to the scalar product (-, -) in g.

Now we study the properties of (-, h):V — H for some h € H with (h, h)g # 0. We will
show

[h, (v, )] = th, Ry v, (k) #0, (14)
and the formula

(M(v,h), n(v', h))H =(v, v’)v(h,h)H, v, eV, he H. (15)
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Lgt v € V, then since the map adj : ), — V is bijective we find the unique he 9y, such that
adj, (h) = v. Then by the (anti-)isometry property we have for an arbitrary ' € H
h };, ad

Tl Tl Wy = (. 1. [h W)y
= (v, [h h/]>v = (M(”’ h), h/>H'
Thus (h, h) gh = (v, h). Then
[, w, )] =[h, (h, h)ygh] = (h, h) .

Now we move to show the composition formula (15). Let v, v’ € V and h € H with ||k 12 0.
Then

(h,hyu(h, 1), =£(h, h)g(ad

(0. . 1 )}y 2 o [ 1))y L (. v)

To show equalities (14) and (15) for h # 0 with ||h||%_1 = 0 we use the continuity properties
of linear maps. To proceed, we choose an orthonormal basis on H, see [29, p. 50], and consider
coordinates with respect to this basis. It can be easily seen that the following arguments do not
depend on this choice. Let 4, be a sequence of non-null vectors in H such that h,, — h asn — oo
coordinate-wise. Then w(v, h,) — (v, h) as n — oo coordinate-wise in H for any fixedv € V.
Since the Lie bracket and scalar product are continuous maps we conclude that (14) implies that
for null vector h € H the image 1 (v, h) belongs to kerady for any v € V. The equality (15)
shows that the image (v, i) of a null vector 4 € H is a null vector.

Having the equality (15) for all & € H, we substitute 4 with an arbitrary sum %z + /" and obtain

(u(v, h), /‘(U/’ h/)>H + (M(U/’ h) /‘(Uv h/))H = 2<U’ v/>v(h’ h/>H'
Applying skew-symmetry we get

—{u (. (v 1)), b}y = (V' (v, 1)) )y =2(0. '), (B B)
or in other words

pv, w(, ) +u(, nw,))=-2, v/>V Idy(-), v,veV,
where Idy is the identity map in H. Particularly, for v = v' we deduce

P, ) = p(v. nv, ) =~ v)v g ().
Thus

(1, by, 1, 1)y = —{ (v, 1, 1)), By = (v, V), Y,

and we showed the composition formula (8) for w:V x H — H. With this we recover all the
properties of the bilinear map p: V x H — H, listed in items 1.-7.

The next step is to extend the map u to a vector space U. Set U = V @ R with the scalar
product (-, )y = (-, -)v + (-, -)r, wWhere (-, -)r is usual Euclidean product. Define an extended
bilinear map t: U x H — H by

nw+oa,h):=ulw,h)+ah, veV,heH, aeck.
Then

(A +a,h), i+, b)), =(u@,h), w, b)), +a*(h,h) g + 2afh, 1w, b)), .
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The last term in the right hand side vanishes due to the property c). Applying the composition
formula for i we obtain

(A +a,h), Z(+a, b)), = (h k) (v, v)v + (@, )r),

that shows the composition f:U x H — H of the quadratic forms A(-) = (-,-)y and
¢(-) = {-,)g. As an element ug in this case would be chosen ug = (0, 1) with A(ug) =
(0,1),(0, D)y =(0,0)y +(1, )r = 1.

Remark, that we can use a negatively definite product (-, IR in R, but in this case we define
the scalar product on U by (-, )y = (-, -)v — (-, -)i that actually leads to the same product in U
and the same final result. This finishes the proof. O

The following corollary is implicitly contained in the proof of Theorem 1.

Corollary 2. Let (= H ® V, (-,-)) be a general H-type algebra with the center V and the
adjoint map ady, : H — V, (h, h) = =1 as was defined in Theorem 1. Let uw:V x H — H be the
restriction of the composition of quadratic forms (-, -)| g, (-, -)|v that rises to the algebra g. Then
the maps ady () : Hp — V and pu(-, h) : V. — $y are mutually inverse maps.

Proof. Since the algebra g is of general H-type the map adj (-): $;, — V is bijective and there-
fore the inverse map exists. It was shown in the proof of Theorem 1 that the image of the map
u(-, h):V — H belongs to §;, and moreover

ady (G, b)) =1dy if (h,h)yg =1
and

ady, (G, —h)) =1dy i (h, hyy = —1.
We claim that u(-, h) : V. — §;, is bijective. Indeed if we assume that (-, ) is not surjective for
(h,h)y =1, then there is i’ € §), that is not in the image of w(-, k). Let ad,(h") = v’ € V then
ady (u(v', h)) = v’ that implies A’ = u(v/, h) by injectivity of adj, and leads to contradiction. If

we now assume that (-, &) is not injective then we find v’, v’ € V, v’ £ v”, such that u(v', h) =
w(”, ). But in this case

v =ady(u(v', h)) =ady(u(v”, h)) =v"

by bijectivity of ad, and we again get a contradiction. The proof for (k, h)y = —1 is analogous
and we conclude that ad;, and w(-, h) are inverse maps to each other. O

2.5. Structure constants of a general H-type algebra

Consider the scalar product vector spaces (H, (-, -)g) and (V, (-, -)y) of indices vy and vy
respectively. Recall that the index of a scalar product vector space is the dimension of a maximal
subspace where the scalar product is negative definite. Assume, from now on, that (hy, ..., hy)
and (vy, ..., vy) are orthonormal bases of the vector spaces H and V, respectively. We assume
for the rest of the paper that they are ordered in such a way that they satisfy (h;,hj)g = 8;) 18ij
and (v, vg)y = g 8qp, where 8y is the Kronecker symbol and &/ is the sign symbol defined by

e — -1 ifk<y,
k 1 otherwise.
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In addition, denote by Jy = ({(h;, hj)n) = (sfHBij) and Jy = (v, vg)v) = (80,"80[5) the Gram
matrices of (H, (-, -)g) and (V, (-, -)y) with respect to the chosen bases.

Letg=H®V,[,-],{-,) =, )y + (-, -)v) be a general H-type algebra. As we saw in
Section 2.4, the Lie bracket defines an endomorphism (v, -): H — H for any non-vanishing
v € V by formula (13). We write

n
p(va, hi) =) A%hj, (16)
j=1
and
(hi, k] ZBuvﬂ (17)

Since g has step 2, the numbers Bﬁ are exactly the structure constants of g.

Proposition 2. The coefficients Af‘/ and the structure constants Bﬁ. of the general H-type Lie
algebra are related by ' ‘

VH A __ Vy pQ
€; Aij—sa Bij.

Proof. We calculate

m m

(e hi). hj)y = (va. [hi hj),, Z (Vo vp)v =Y Blel b p =l B (18)
p=1 B=1
From the other side
(n(vahi), ;) ZA (hi, h; )V_ZA,kekﬂakj =" AY. (19)

Comparing (18) and (19) we obtain the result. O
3. Examples
3.1. General Heisenberg algebras

As one of our main motivating examples, we consider the case of the Heisenberg Lie algebra.
Consider the real nilpotent Lie algebra heis? ™! with generators

X15"'5X117Y15"'5YH’Z
satisfying the well-known commutator rules

[Xk, Y] =0uZ, [Xk, Xyl =Yk, V1] = [Xk, Z]1 =Y}, Z] =0,
where k,l € {1, ..., n}. The horizontal subspace is defined by

H=span{X1,..., Xn. Y1,..., Yy} C heis®"*!

and the vertical space is simply V = span{Z}. We denote by .7#>*"-! the Lie algebra heis>*!,

endowed with the non-degenerate scalar product on H of index vy . The super-index (2n, vy, 1)
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refers to the dimension of H, its index and the dimension of the center of beisz’”l. For example,
the classical sub-Riemannian structure on heis? ! is denoted by #7201,

The simplest non-trivial example of the objects studied in Section 2 is the general Heisenberg
algebra J7 2.1.1 endowed with a sub-Lorentzian metric [13,22]. To simplify the notation, consider
the generators X, Y, Z satisfying

(X, Y]=1Z, (X, Z]=[Y,Z]=0.

As above, let H = span{X, Y} C hei53 and define a non-degenerate bilinear form on it by
<X7X>H:_<Y9Y>H=15 <X5Y>H:Oa

and then extending it linearly to all of H. Additionally, consider the inner product (Z, Z)y =1

extended linearly to all of V = span{Z}.

3.1.1. >V as a general H-type algebra
To see that 5#% 1! indeed satisfies the conditions as in Section 2.4, note that if h = o X +
BY € H, for a, B € R, then

(h,h) g = (@ X + BY,aX + BY)y =a’ — B°.

Assume o> — 82 = 1, thus « # 0. The case in which «®> — 82 = —1 can be treated analogously.
Note that

[@X + BY,aX + BY]|=aBZ —aBZ =0,
(X +BY,BX+aY)g=af —af =0,
therefore
kerad; = span{a X + 8Y} and $j; =span{BX + aY}.
An immediate consequence of the above calculations is that
ady(BX +a¥) =[aX +BY, X +a¥]1= (> - p*)Z=2
is an isometry between the vector spaces $; and V.
3.1.2. %"V in terms of composition of quadratic forms
In this sense, the above construction has a very clear interpretation, given by formula (5) for
a = —1. Proceeding as in Section 2.3, we have that if H = U = R2, and @ = A are such that
o(h) = p(x1, x2) = x7 —x3 and A(h) = ¢(y1, y2) = ¥} — ¥, then
@1, x)A (1, y2) = (i (1, y2), (31, x2))),

where w((y1, y2), (x1,x2)) = (y1x1 — y2x2, y1x2 — y2x1). Let us fix ug = (1,0) € U, which
satisfies A(ug) = 1. Then

1o, h) = p((1,0), (x1,x2)) = (x1, x2),

for h = (x1, x2) € H, thus @ (uo, -) is simply the identity map of H. The orthogonal complement
of span{ug} is V = span{v}, where v = (0, 1). Fix w : U — V to be the orthogonal projection. It
is easy to check that the map @ : H x H — U determined by Eq. (7) is given by

@ ((x1, x2), (x], x5)) = (x1x] — x2x%, x2x] — x1x5),
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and therefore the space H @ V inherits the Lie algebra structure given by

[((x1.x2),v1), ((x]. x5), v2)] = (0, (x2x] — x1x3)v),
for any h = (x1,x2) € H, i’ = (x{, x}) € H and any vy, vy € V. Taking a basis of H @ V given
by X =((1,0),0), Y =((0,1),0) and Z = ((0, 0), v), we see that

[X,Y]=2Z2, [X,Z]=1Y,Z]=0.
3.1.3. Care needs to be taken

Picking incompatible quadratic forms on H and U can have undesirable consequences. For
example, consider the problem of finding a composition of the quadratic forms

¢, x2) =xi —x3 and (yiy2) =¥ + 3,
defined on H = U = R?, respectively. In order to solve the problem, we need to determine the

coefficients a, b, ¢, d, «, B, v, 6 € R for a bilinear form

(1, y2), (x1, x2))
= (ay1x1 + byi1xa + cy2x1 +dyz2x2, ayix1 + By1x2 + yyax1 + 8y2x2)
to satisfy the composition rule
G(x1, x2)A (1, y2) = @(i((y1, y2). (x1. x2))).
If such a map exists, then the following equations must hold
a?—a?=p— B =-+y?=-d>+8> =1, (20)
ab—af=ac—ay=ad —ad=bc— By =bd —B5=cd —y5=0. 21

From Eq. (20), it follows that a, b, y, § # 0. This in turn implies «, 8, ¢, d # 0, by using the first
and last equation in (21). Thus none of the coefficients of fi can vanish. Since ab = «f, the first
equation in (20) can be rewritten as

202 22 2
ap —a2=a2<'6 >=_a_

b? b?

But then o2 + b% = 0, which gives the desired contradiction.

3.1.4. Extensions to higher dimensions
It is interesting to observe that a sort of “product” construction holds for the general Heisen-
berg algebras .7>™1 . Consider non-degenerate bilinear form given by

Xk, Xtda = —Ye, Y1) = k.1, (Xk, Yi)u =0,

for k,1 € {1, ..., n}, and then extending it linearly to all of H. The inner product (Z, Z)y =1
is extended linearly to all of V = span{Z}. It is a simple exercise to note that the arguments in
Section 3.1.1 can be generalized to this case.

Similarly to what was done in Section 3.1.2, we consider the vector spaces H = R?" and
U = R? with quadratic forms

@) = Q(X1, V1, s Xy Yn) = X7 — Vi 4o+ x2 — 2,
Au) = Mur, uz) = ui — u3,
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on H and U respectively. A composition u between these two quadratic forms is simply the
bilinear map n:U x H — H given by

(Qur,u2), (X1, Y15 -2 Xns V)
> (U1XT — UYL, U1V — UDXT, .o, UL Xy — U2 Yn, UL Yy — UDXp),

which corresponds to a coordinate-wise version of the composition law presented in Sec-
tion 3.1.2.

Note that the discussion in Section 3.1.3 can be extended to the higher dimensional case.
Before drawing the conclusion, we recall the law of inertia for real quadratic forms, which says
that up to a change of coordinates every non-degenerate quadratic form of index v acting on RY

can be written as —x% — = xf + fo + -+ sz\,. Combining this and Section 3.1.3, we see

that any other choice of scalar product on H C heis?*+!

a general H-type Lie algebra.

with index different from n will not give

Remark 2. Section 3.1.3 and the last observation illustrate the result of [9, Proposition 2.2] stat-
ing that general H-type algebras admit only neutral horizontal space, that is, spaces (H, (-, -)H)
of dimension 2n and index n.

3.2. General quaternionic H-type algebras

We can try to proceed as in Section 3.1 for a quaternionic analogue to the Heisenberg algebra
2211 Of course, such case is more delicate than the previous one. Nevertheless some of the
constructions are similar. To start with these ideas, note that the following identity holds

(xf +ax3 + bx3 + abx) (yi + ay; + by3 + abyj)
= (x1y1 + axays + bx3ys + abxays)® + a(—x1y2 + xay1 — bxsys + bxsyz)?
+b(=x1y3 + X3y1 + axays — axay2)® + ab(—x1ya + Xay1 — x2y3 + x3y2)°,
for any a, b € R. This implies that

(1, y2, 3, y4), (X1, X2, X3, X4))
= (y1x1 + ayaxz + byzx3 + abysxs, y1x2 — y2x1 + by3xsa — bysxs,
V1X3 — Y3X1 — ay2X4 + ayaxa, y1xX4 — Y4xi + y2x3 — y3x2)

is a composition of the quadratic form

Dlab.ab) (X1, X2, X3, X4) = X3 + ax3 + bx3 + abx] (22)

on H = R* with Ma,b,ab)y = Pa,b,ab) ON U = R*. Consider the vector spaces H =U = R4,
each endowed with the quadratic form equal to (22). By the inertia theorem mentioned in Sec-
tion 3.1.4, we can reduce our study to the following two situations:

1. a=b=1, 2. a=—-b=1.

In the first case, we obtain the quaternionic H-type algebra .#*%3 studied in [6]. The second
case presents a new example of a general H-type algebra, that we denote by .73, following
the notation in Section 3.1.1.

Let us fix up = (1,0,0,0) € U, which satisfies A¢;,—1,—1)(ug) = 1. Then for all h =
(x1, x2,x3,x4) € H we have
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©((1,0,0,0), (x1,x2,x3,x4)) = (x1, X2, X3, X4).
The orthogonal complement of span{ug} is V = span{vy, v, v3}, where vi = (0, 1,0,0), vy =
(0,0,1,0) and v3 = (0,0,0, 1). Fix 7w : U — V to be the orthogonal projection. It is easy to
check that the map @ : H x H — U determined by Eq. (7) is given by

@ ((x1,x2, %3, x4), (x], X3, x5, x}))

= (xlxi + XoX) — X3X§ — X4Xy, X2X| — X1X5 + X4X5 — X3X},
— X3X] — X4X) + X1X5 + XX, —X4X]| + X3x) — xX2X5 + X1 X})

and therefore the space H @ V has a Lie algebra structure given by

[(Cer,x2, x3, x4), wi), (], x5, x5, x4), w2)]

= (0, (x2x] — x1x) + x4x5 — x3x4)v1 4+ (—X3X] — X425 + X1 X5 + X%} ) V2
=+ (—x4xi + x3x£ — xzxé + xlxi)v3),

for any (x1, x2, x3, x4), (x{, x3, x5, x4) € H and any wy, wy € V. Taking a basis of H @ V given
by

X1 =((1,0,0,0),0), X>=((0,1,0,0),0),

X3=1((0,0,1,0),0), X4=((0,0,0,1),0),
and Z; = (0, v;), we see that

[X2, X1]1=[X4, X3] =74,

[X1, X3]=[X2, X4] =275,

[X3, X2l =[X1, X4] = Z3.
Observe that this construction can be extended as in Section 3.1.4 to obtain the general H-type
algebras #4213,
4. General H-type Lie groups
4.1. Step 2 Lie groups

Let G be the unique (up to isomorphism) connected and simply connected Lie group with
Lie algebra g = H @ V. It is known, see [12], that for nilpotent groups, we can identify G and
g via the exponential map exp: g — G, which is a global diffeomorphism. Let (h, ..., h,) and
(v1, ..., vy) be bases of the vector spaces H and V, respectively, with structure constants Cf‘j

defined by the formula [h;, ;] = 221:1 (o Z vy. We use the normal coordinates

n m
Gog=(x1,. ... Xn, b1, ... ty) PN <Zx,-h,~ +Ztava> =Mh,v)eHDV.
i=1 a=1
By the Baker—Campbell-Hausdorff formula, the product law in G can be written as

g-& =00 -(x1)= (x +x t+1 + %[h h/]> (23)
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The group (G, -) is referred to as a nilpotent Lie group of step two, see also [28]. We calculate
the coordinates of the Lie bracket [h, h']. Let h =) /_, x;h; and h’ = Z?:l x}hj, then

n n n m
[h,h’]:Zinx}[hi,hj]z Z xix}ZClqjva (24)
a=1

i=1 j=1 ij=1

and the group law (23) is written as

n m 1 n
g .g/: (x,t) . (x/,t/) — (Z(_xi +xl{)hi’ Z(ta +t(; + 5 Z x,x;Cf;)) (25)

i=1 a=1 i,j=1
4.2. Step 2 Lie groups as sub-semi-Riemannian manifolds

For each g € G, we denote by Ly : G — G the left-translation diffeomorphism. If e € G de-
notes the identity element, as usual we identify the tangent space 7,G with the Lie algebra g.
The left-translations allow us to define the distributions

H(g) =deLg(H), V(g) =deLg(V).
We also define a left-invariant indefinite metric p by translating the scalar product (-, -) from g
to an arbitrary point:

p(Xg, Xy) =(dgLy-1(Xg), dgLy-1(Xy)), g€G, Xy, Xy € T,G.

Let us assume that H and V are orthogonal with respect to (-, -), and let us write (-, ) = (-, ) g +
(-, -)v. The metric py obtained by translating (-, -) ; is the indefinite metric such that at each
g € G wehave py : H(g) x H(g) — R and it is called a sub-semi-Riemannian metric. The triplet
(G, H, py) is an example of a sub-semi-Riemannian manifold, see [24]. By the well-known
theorem of Chow and Rashevskii, see [8,30], since the space H Lie-generates the whole Lie
algebra g, every two points on G can be connected by a piecewise smooth curve with velocity
vectors almost everywhere in H.

Differentiating (25) with respect to g’ we get the matrix of d.L,. Applying it to the basic

vectors {0y, }7_, and {d;,}))_, at the identity e = (0, ...,0) € G we obtain the expressions of
left-invariant vector fields at point g = (x1,...,Xp, t1, ..., ty) €G:
1 m n 1 m n
Xi(g)=ax,.+§szjcj;a,a=ax,+§ZZcf‘jx,-ata, (26)
a=1j=1 a=1j=1

fori=1,....,n,and T4 (g) =0y, x=1,...,m.

Remark 3. Among all sub-semi-Riemannian manifolds related to the Lie algebras of step 2 the
sub-semi-Riemannian manifolds produced by general H-type groups occupy a special place due
to additional natural relations between scalar product and Lie brackets expressed in Proposition 2.

Our aim is to calculate the parametric formulas for normal sub-semi-Riemannian geodesics
that are projections of solutions of a Hamiltonian system. We start from the deduction of such
system, but we cannot solve it in the case of an arbitrary step 2 Lie group. Nevertheless, we are
able to give precise formulas for the case of general H-type Lie groups. The semi-Riemannian
geodesics for nilpotent 2-step groups were also considered in [10,17].
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For the subsequent computations, we choose orthonormal bases {;}!_, of H and {vy}})_, of
V as in Section 2.5. In such case, the vector fields given by (26) are orthonormal with respect
to pz;. The metric Hamiltonian function is given by H(g, 1) = % p3,(Ag, Ag), where p3 : TyG x
T; G — R is the co-metric, and the co-vector Ag € T;G is expressed in coordinates of the dual
basis as

n m
M) =Y Eidxi+ Y Oudty.
i=1 a=1

Details about the construction of co-metric can be found in [13,24,28,31]. By making use of the
orthonormal left-invariant vector fields (26), we write the Hamiltonian in the form

VH n

1 1
H(g. 1) =2 Y MXi@) +5 D *(Xi()" @7)

i=1 i=vg+1

Since

A(Xi(9) Zg, ZZCUx]a, i=1,...,n,

ozl/l

we need to simplify the notations in Eq. (27). We write £2;; = Z;"zl Cf‘jea, E=(&,....&),
0=@01,...,0m), x =(x1,...,xp), t =(t1, ..., ty), and finally,

= (221, ..., (£2x),) (Zgl,x,,...,zgnjx,-).
j=1

Then the Hamiltonian function is given by

1
H(x,1,§,0)= > (E En+ 5 (S $2x)m + 2 {2x, $2x)u

and the Hamiltonian system is

)'Cza—HZJH%'—I-lJH;Q)C,
& 2
Iy = g;l ;(&C“x) +i<9x,C“x>H, a=1,...,m, o8)
é:-a—H=191H5+19JHQx,
ox 2 4
éa:_ﬁ:(),
0ty

where C* = (C "‘) and Jg is defined in Section 2.5. Since we are interested in the projection of
the solution to the Hamiltonian system into G, we rewrite the system in terms of the relevant
variables x and ¢. The first and the third equations imply

1 1 1
—JyR2i=—-JIyR2J —(Jy2)%x,
S Ius2x=5Jn H$+4(H)x

. 1 1
Juk =2 JuRJnk + Z(JHQ)%,
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and we conclude that J Hé =1y g §2x. Now differentiating the first equation of (28) and substi-
tuting the last equality we obtain

X=Jyg2x.
Observing that Jyx =& + %.Qx, we calculate

. 1 1 1 . I,
R ISP

where 7 denotes the usual transposition of matrices. We conclude that the geodesic equations are

X=Jyf2x,
C 1 29
{[azixTC"‘x, a=1,...,m. )

It is easy to see that we can give a closed formula for the solutions of the first of the above
equations, provided £2 is invertible. Working in a Lie group, without loss of generality we can
assume that x (0) = 0, and let us denote x(0) = Vj. These solutions are given by

x(s) = (Ju$2) " (exp(Ju $25) — 1) Vo,

where I denotes the identity matrix. The solutions for the second equation can be found by
integration, but no closed formula seems to be available.
Nevertheless, note that if 6, = 0 for all «, then X = 0 and thus x(s) = Vps. It follows that

. 1, s

fo = 5xTC“x = EVOTC"‘ Vo =0,
since C% is a skew-symmetric matrix, and thus all the 7,’s are constant. We conclude that the
geodesics are straight lines in the space ¢ = #(0), passing through the point (0, # (0)) with velocity
vector V.

Remark 4. The equation for the horizontal coordinates depends on the choice of scalar product
(-, -) 1, but the equation for the vertical components does not depend directly on (-, -)y. This last
equation expresses the horizontality condition, which depends on the structure constants of the
Lie algebra, that are related to the scalar product (-, -) on the Lie group according to Proposition 2.
For a positive definite metric for H-type groups Egs. (29) were solved in [20,21], see also [4,6].
The case of the Lorentzian metric and a metric of index 2 for some specific Lie groups of step 2
can be found in [13,22,23].

4.3. Sub-semi-Riemannian geodesics for general H-type groups

Here we present solutions of (29) with initial data x(0) =0, #(0) =0, x(0) = Vo, 04(0) =6y,
a=1,...,m,in the case of general H-type groups.

Since the case of & = 0 was already considered, let us assume that not all of the 6, ’s vanish.
Denoting x = y in (29), we obtain

V() =JuRy(s) = y(s) =exp(sJy2)Vp.

To present the structure of exp(sJy §2), we need to present some useful formulas that will sim-
plify the calculations afterward. Following our conventions, we denote the constants associated

to u by Aj?‘j, as in Eq. (16), and the structure constants of the general H-type algebra g by Bgi, as
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in Eq. (17). First of all, note that the equation 8];H A?‘j =&y’ Bl?‘j of Proposition 2 can be written

as
£V AY = B Jy. (30)

In addition, we also need the following lemma.

Lemma 2. With the notations introduced above and choosing bases as in Section 2.5, we have
that

(A%) = ~llva Iy = —&2 I, 31)
(JuB®)’ ==&V Iy, (32)
JuB%JyBP + JyBPJyB* =0 fora #B. (33)

Denoting ©* = > 3 093 for the square norm of the initial co-vector, we get
(Ju2)? =-6°1Iy. (34)
Proof. To see that Eq. (31) holds, we calculate from one side
{2 _
(H’(v(x’ M(votﬂ hi))a h])H - <I'L (vO(7 hi)a h])H - _<v017 vOl>V<hi7 h]>H
= —llvally e 8ij.

and from the other side

n

n
(14 (v 10 1)) )y = D Al ). )y = £ ) 0 AR A,
k=1 k=1

2
=¢;"{(4%) }ij'
Then it follows that
{(Aa)2}i.,' = —&5"8ij,

which is the desired result.
Formula (32) follows directly from (30) and (31). Explicitly

(JuB®)’ = Ju(B*Ju) Ju = Ju (el A%) Ty = —&V Iy
To prove Eq. (33), recall the relation
((va, g b)), hj)yy + (1 (vgs 1 (Vas Bi)) hj) = —2(Va, V)V i )

It implies (A%AP + APA%);; = —2(vq, vp)ve;" 8;; = 0 with respect to the orthonormal basis
(v1, ..., Uy). We immediately deduce that

JuB®JyB? + JyBP Jy BY = eV ey’ T (AYAP + AP A*) Iy =0.

Finally, to obtain Eq. (34), we have the following chain of equalities, which are simple appli-
cations of formulas (32) and (33)
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m 2
JuR)? = (ZOaJHB“)

m
Z (uB)+ Y 6u8s(Ju B IuBP + Iy B Iy BY)
a=1 o, B=1,a#p

Z—Z&‘;VG(EIH = —@211-1. O

The value ©®2 < 0 corresponds the timelike initial data for co-vectors, @2 > 0 corresponds
the spacelike initial data and @2 = 0 corresponds the null initial co-vector.
If ©2 =0 then exp(s Jy 2) = Iy + sJ 2. The solution is given by

2
x(s) = (sIH + SEJH.Q)VO.

Recall that B*, @ =1, ..., m, are skew-symmetric by definition. Thus, we get

l( _f T T pa i
as)—z Vo Upg +s5Ju$2)" B 1H+2]H.Q Vo

2

N
Z[VO BV + 2(B‘”vo, 2Vo)y, E(JHQVO)TBO‘(JHQvo)].

The integration over [0, s] leads to the formula

S2 S3 S4
ta(s) = ZVOTB"‘VO + 5B Vo, 2Vo) y + %(JHQVO)TB“(JH.QVO).

Let us assume that @2 % 0. Then the exponential exp(sJy §2) can be decomposed into four
series

00 (s|@|)4n NI, [} (S|@|)4n+l
eXp(sJH9)=1H(X_(:) (4n)! >+ 10| (Z_(:) (4n+1)!>

) o (S|@|)4n+2 ) T2 o (S|@|)4n+3
- 51gn(@2)1H (Z Gnor )T s1gn((~)2) |I(i)| Z n 3]
n=0 n=0

= %I:IH(cos(sl@l) + cosh(s|©1)) +

|*(’)S|2 (sin(s|@1) + sinh(s|©1))
— sign(©?) Iy (—cos(s|@|) + cosh(s]©)]))

_ Sign(@z)% (—sin(s|®]) + Sinh(s|@|))j|

= %I:IH (cos(s|@1) (1 + sign(©?)) + cosh(s|@[) (1 — sign(©?)))

+ J|H@‘|2 (sin(s|@1)(1 + sign(©?)) + sinh(s|@1) (1 - sign(@z)))]’

where we write |©@| =+/|©2].
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Solving the equation x(s) = exp(s Jg £2) Vj on the interval [0, s], we find

x(s) = %|:|IOTH|(sin(s|@|)(1 + sign(©?)) + sinh(s|©|) (1 — sign(©?)))
Juf2

o2

+ (cosh(s|@]) — 1)(1— sign(@)z)))]Vo. (35)

((—cos(s|@]) + 1)(1 + sign(©?))

If sign(@z) = 1, then the value for 7, (s) is given by

“Jy 2

|02

QT JyBYJy 2
o

. 1 B“ . B
iy(s) = EVOT(@ cos(s|©®]) sin(s|@]) +

27 Jy B®
o2

cos(s|@]) (1 — cos(s|O1))

sin®(s|©|) + sin(s|©])(1 —Cos(s|@|))) Vo. (36)

In the case sign((H)z) = —1 we obtain

. 1, (B® . B*Jy$2
7 = —— cosh(s|®]) sinh(s|®|) + ———
o (5) 3 0 <|@| (s| |) (S| |) |@|2
27 Jy B® QT JyBYJy 2
1O o3

cosh(s|@])(1 + cosh(s|©1))

sinh?(s|©1) + sinh(s|@1) (1 +008h(sl@|)))V0-
(37

We present only the expression for #,, since the integration of the presented formulas are tedious
but simple and we will not work with the formulas of geodesics anymore. We summarize the
result of the section in the following theorem.

Theorem 2. Let G be a general H-type group. Then the geodesics starting at the origin with

initial horizontal velocity Vo = (Vl, R Vél) € H and initial co-vector (01, ...,0y) are given
by:
o x(5)=VWVos, 1t =0, 0=1,....mifoy=---=06, =0.

e IfO2=3"_ 6,62 =0 then

2
x(s) = <s1H n %Jﬁsz) Vo

3 4

2
s s s
ta(s) = -V B*Vo + 5 (B Vo, 2Vo)y + 1 (JuR2V0)" B (Ju 2 Vo),
fora=1,...,m.
e In the case of ©* # 0 the coordinates x are given by (35), and the coordinates t are obtained

by integrating formulas (36) and (37).

Notice that a further knowledge about the matrices B¢, « = 1, ..., m, could lead to simpli-
fications in the formulas (36) and (37). For example in the case of H-type groups with positive
definite metric under the presence of the so-called J2-condition [11] the formulas for geodesics
were described in [4]. In the presence of the same J2-condition the geodesics for the Heisenberg
group 2211 and for 5#%23 can be found in [22,23].
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5. Curvatures for general H -type groups
5.1. Covariant derivatives of left-invariant vector fields

Let G be a general H-type Lie group with a left-invariant metric p = py + py as in Sec-
tion 4.2, with Lie algebra g. For notational convenience, since we work with left-invariant vector
fields, we use (-, ) = (-, Yy + (-, -)y instead. Let V be the semi-Riemannian Levi-Civita con-
nection on G, as in [29]. Milnor [27] observed that the Koszul formula for left-invariant vector
fields X, Y, Z € g reduces to

1
(VxY,Z)= 5((X, [z, Y1) (Y.[X, Z])— (Z,[Y, X])). (38)

Milnor made this observation in the Riemannian case, but his argument goes unchanged for the
semi-Riemannian case. In particular, Eq. (38) implies the skew-symmetry of the operator Vy,
thatis (VxY, Z) + (Y, VxZ) =0.

Eq. (38) helps computing covariant derivatives of left-invariant vector fields in the case of
general H-type groups, whether they are horizontal or vertical. We summarize these formulas in
the following lemma.

Lemma 3. Let h, hy, hy € H and v, vy, vy € V, then we have

1
Vi ha = E[hl,hzl,

1
Vvh:th:—E/L(v,h), (39)

Vy, 02 =0.

Proof. All the computations follow easily from Egs. (13) and (38). To prove the first identity,
we see that

1
(Vi ho, h) = §(<h1, (7, hal) — (h2, [h1, h]) — (R, [h2, hl_l)) =0,

vertical vertical vertical

thus Vj, h does not have any horizontal component. For the vertical direction we have

| =

1
(Vi ha,v) = ((M[lﬁl) — (h2, [h1,v]) = (v, [h2, h1])) = _§<[h2’ h1l,v).
=0 =0

For the first part of the second equation, we have

1
<V’Uhah1> = E«v’ [hlvh]> - (ha [U,h]])- <h]’ [h7 U] ))
=0 =0

1 1
= —E(v, (A, h]]) = —E(P«(Uv h), hl)

in the horizontal direction, and

1
Voh,v1) = =({v, [v1, h]) — (A, [V, v1]) — (v1, [, v])) =0
(Vuh,v1) 2(( [v1 1) = (r. [v, v1]) = (v1, [h, v]))
=0 =0 =0
in the vertical direction. All other cases are similar or easier. O
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5.2. Sectional curvatures and stable subspaces
We want to compute the semi-Riemannian curvature endomorphism for the general H-type

groups, using the formulas in Lemma 3. We use the sign conventions of Lee [26] for the curvature
endomorphism, that is

R(X,Y)Z =(VxVy —VyVx —VixyDZ,
for any X, Y, Z € Vect(G).

Lemmad. Let h, hi,hy € H and v, vy, vy € V, then we have
1
1
R(hlvU)hzz_z[hlvﬂ(vshz)]y (40)

1
R(h,v)vp = —Zu(vl, w(v2, b)),
R(vy, v2)v=0.

Proof. All these formulas follow easily from Lemma 3. Other combinations follow from skew-
symmetry in the first two components or from the first Bianchi identity. O

Our aim is to determine certain non-degenerate subspaces of H C g that are stable under the
action of the composition.

Definition 3. A non-degenerate subspace W C H is stable if (v, W) C W for some non-null
vector v € V or, in other words, if W is an invariant subspace for the map u(v,-): H — H.

We focus our attention in the case of two dimensional subspaces, since some of their properties
are intimately related to the corresponding sectional curvatures. Now let us compute the different
sectional curvatures k(P) that are possible for different choices of planes P C g.

Proposition 3. Let h, hy,hy € H and v, vi, vy € V. Assume, furthermore, that the pairs hy, h
and vy, v are linearly independent. Then

3 ([h1,h2],[h1,h2]) : _
3Ty )i P =spanthy, ha},

k(P) = -1 if P = span{h, v}, @D
0, if P = span{vy, vz}.

Proof. Recall that the sectional curvature of the plane P = span{«, B} is given by
(R(a, B, B)
(o, @) (B, B) — (@, B)*

To compute the numerator in (42), we use the formulas (40) in the different cases listed. If
P =span{hy, hp} C H we have

k(P)= (42)
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1 1
(R(h1, h2)hy, hy) = E(M([hl,hz],hl), ha)— Z(M([hl,hl]vh2)7h2>
=0

1
- Z(M([thl]»hl)th)

3 3
= Z(M([hl,hz], h1), hy) = Z([hl,hz], [h1, ha]).

The first formula follows. In the case when P = span{#, v}, we know that (&, v) = 0 by defini-
tion. What is left to prove is a straightforward computation

1 1 1
(Rt ), v) = = {[h. . )], v) = = (1. b (v, ) = = (v.0) (k. ). (43)

The second formula follows. Finally, the last equality holds since R(vi,v2)v = 0 for all
v, vy, V2 € V, and thus k(span{vy, 12}) =0. O

We conclude with the computation of the sectional curvature of stable and abelian two dimen-
sional horizontal subspaces of g.

Proposition 4. Let P = span{h|, ho} be a non-degenerate two dimensional horizontal subspace
of g. If P is stable then k(P) = %, and if P is abelian then k(P) = 0.

Proof. Without loss of generality, we can assume that {1, &>} is a non-null orthonormal basis,
since the sectional curvature is invariant under choice of basis, and P is non-degenerate. Let us
first write iy = h+ (v, k1) for some non-null v € V and & € H chosen such that h € u(V, hy )L
For any w € V we have the following chain of equalities

(. [h1, hal)y, = (w, [h1, k1), + (w, [k, w. kD)),
= (@, k), h)y +(n(w, hy), w(u, hy))y = (1, i) (w, )y,
N————
=0

where we used equality (6). It follows that [A1, ho] = (h1, h1)v. Itis clear that & = 0 if and only
if P is stable. In this case, note that

(A1 hal. [hi, hol) = (v, v) = (i ha){w(, By, (. hy)) = (hy, by (ha, ho),

_ 3 __ (i hallhy,h2l) _3
therefore k(P) = 3 50, Vi ko)~ i — 3

On the other hand, if P is abelian, then [/, hp] = 0. The result follows. O

Remark 5. The calculations in Proposition 4 show that
(A1, h2), [h1, hal) = (hy, hi)(hy — b, hy — h),
thus the sectional curvature k(P) takes the form
3(hy —h,hy —h) _ E (ho, ho) —2(h + (v, hy), h) + (h, h)

) = ) 4 (h, 1)
zgmbmwwmm=§o_<MM)
4 (ha, h) 4 (ha,ha) )"

This is enough to prove that 0 < k(P) < % in [20], but this no longer holds in the semi-

Riemannian case. Some bounds are still available, but do not give any new information.
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5.3. The Ricci tensor and scalar curvature

With the results of Section 5.2 at hand, we can compute the Ricci tensor for general H-type
groups and obtain some interesting properties of the scalar curvature. More results in this direc-
tion can be found in [10].

Theorem 3. Let (hy,...,h,) and (vy,...,vy) be non-degenerate orthonormal bases of H
and 'V, respectively, ordered as in Section 2.5. Then the Ricci tensor for the general H-type
group G, relative to the chosen basis, has the diagonal form

eV T ‘ 0
s Y Jn . (44)
o

1 n VH
12 im16 v

Proof. The Ricci tensor Ric(X, Y) evaluated at X, Y € Vect(G) is given by

n

m
Ric(X,Y) = Z(R(hi, X)Y, hi)+ Z(R(va, X)Y, vg)-
i=1 a=1
It is clear that we need to consider only three cases, depending whether X or Y is horizontal or
vertical. For most of the computations, we use the formulas in (40).
Let A, h € H and v, v € V. We first study the two simpler cases: Ric(%, v) and Ric(v, v). It is
easy to see that Ric(h, v) vanishes, because

1 1
R(hi, hyv = —Z[h,-, w(v, h)] + Z[h, n, hj)]ev

1
R(v(xv h)U = ZM(UOU M(U» h)) € H,
and thus (R(h;, h)v, hi) = (R(vy, h)v, vy) = 0. This explains the zeros in the antidiagonal
of (44). To compute Ric(v, v), we need to recall that R(vy, v)v = 0, from (40), and then

n

Ric(v, ) = Y (R(hi, ), hi)+ > ( R(va, )7, va)
i=1 a=1 -0

1
=——Z (v, 1@, b)), hi) = 7 D (@ hi). (v, i)

i=1

_—Zvv (hi, hi) ( Ze”’)vv)

which, in the basis (vl,;. ., Up), corresponds to the lower diagonal block in (44). Finally, we
need to compute Ric(k, h), and we do it by pieces. First, we have

m m 1 m B
> (R(a, ), vy Z ([ o )] va) = = D (Ve 1), (v, )

a=1 = a=1

i (Vg Vg ){ (%ig(‘j})(h,ﬁ). (45)

4>|~
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On the other hand, we see that since (M([ﬁ, hil, h), h;) =

n n 1

. 1
Z(R(hi,h)h,hi>=52( (i, b1, h Z; 1(lh, hil, ), ;)

i=1 i=I

4>|~

_—Z[h,,h] [, i) — Z[h hil, [h, hil)

In order to compute the last expression, we make use of the Fourier decomposition [k, h;] =
Y o1 {[h, hil, va)ve and obtain

zn:(R(hl,h)h h; Xn:<§: h h;], vy va,[h h; ]>

25 sl

<|: Z/’L(vas h) hu l:|9voc>
1 i=1
([, 1 (va, D], (——Ze”v> h,h), (46)

where the last equality follows the lines of (45). Combining (45) and (46), we have

Ric(h, h) = <—% Zs;V> (h. h),
a=1

which, in the basis (h1, ..., h,), corresponds to the upper diagonal block in (44). O

-Jklw
Ms

o

Llw
Ms

o

[l
oo
Ms

a=1

A natural consequence of this theorem is a closed expression of the scalar curvature S of G in
terms of the sign symbols &;'.

Corollary 3. In the notations of Theorem 3, we have that

S =tr(Ric) = —%(Zs(‘;v> (ZSZ‘)H)
a=1 i=1

In particular we have the values

o S=—q for M1 S =1 for #°"01, and
S= ——for H4m 3, S = —3n for 403,
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