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1 Introduction

Itis a well known fact that the unit disc (or two-dimensional ball) is bi-holomorphically
equivalent to the upper half-space of the complex plane by Cayley transform. The
abelian group (R, +) acts as translations parallel to the boundary in the upper half-
plane and can be extended to the boundary. Since the action of the group (R, +) is
transitive at the boundary, the boundary can be identified with the group by its action
on the origin. Passing to the two dimensional complex plane one obtains that the
four-dimensional real open ball is bi-holomorphically equivalent to the Siegel upper
half-space by two-dimensional Cayley transform. The abelian group (R, +) is replaced
by the non-abelian Heisenberg group, that is a subgroup of the group of automorphisms
of the Siegel upper half-space, and also can be extended to the transitive action on
the boundary. It allows us to identify the points on the boundary of the Siegel upper
half-space with the Heisenberg group. This construction can be generalized to the
n-dimensional complex space. Moreover, if we change two-dimensional complex
space to the two-dimensional quaternion space, then the corresponding Cayley trans-
form maps the eight-dimensional real open ball to the quaternion Siegel upper half-
space and it extends to the boundary. The analogue of the Heisenberg group is the
so-called quaternion Heisenberg group, and it forms a subgroup of the group of auto-
morphisms of the quaternion Siegel upper half-space. Extending the action of the
quaternion Heisenberg group to the boundary of the Siegel upper half-space and tak-
ing into account its transitive action, one realizes the boundary as a group. As in the case
of complex numbers, the latter situation can be generalized to the multidimensional
quaternion space.

The classical Hardy space H 2(Ri) consists of holomorphic functions on the upper
half-plane R2 , such that

+oo

sup/ |f(x+iy)|2dy < 4o00.
y>0

Standard arguments show that such functions have their boundary values in L2 (R), see,
e.g., [16, Chapter 3] and [13, Chapter 2]. The set of all boundary values forms a closed
subspace of L?(R) and the Cauchy—Szego integral is the projection operator from
L2(R) to this closed subspace. The Cauchy—Szegé integral is written as a convolution
with the Cauchy—Szeg6 kernel, that in the same time is the reproducing kernel for
the functions from the Hardy space H 2(IR%_). Following this line, in the books [13]
and [14] the construction of the Cauchy—Szegd kernel was realized as a kernel of
the projection operator from L?(d4,) space of functions on the boundary 84, of
the Siegel upper half-space U, to the space of boundary values of the functions from
Hardy space H?(U,) over the Siegel upper half-space. The projection operator is given
as a convolution with respect to the Heisenberg group product and it possesses the
reproducing property. In the present paper, we give an analogue of this construction
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for the quaternion regular functions, the quaternion Siegel upper half-space and the
quaternion Heisenberg group. We compute the Cauchy—Szeg6 kernel explicitly for
any dimension n. The construction is much more complicated than in the case C2.
We denote by H the space of quaternion numbers g = x| + x2i + x3j + x4k. We
write Re H for the one-dimensional subspace of H spanned by 1, and Im H for the
three-dimensional subspace of H spanned by {i, j, k}. The n-dimensional quaternion

space H" is the collection of n-tuples (g1, ..., qn), qi € H. For [-th coordinate of a
pointg = (q1, ..., qn) € H" we write
Q= X413+ Xy 20+ xy1j+xyk, [=1,...,n (L.

For a domain D C H", a C'-smooth function f = f; +ifo +jf3s +kfs: D — His
called (lef't) regular on D if it satisfies the Cauchy—Fueter equations

3,f@ =0, [I=1,....,n, qeD, (1.2)

where

841 = Oxy_3 T 10y, +JOxy_, + Koxy. (1.3)

Recently, the interest in developing a theory for the regular functions of several quater-
nion variables, as the counterpart of the theory of several complex variables for holo-
morphic functions increases, see [1-3,5,9,10,17-19], and references therein.

The quaternion Siegel upper half-space is defined as

Uy = {q =(q1,---.qn) = (q1.¢') e H'| Req; > Iq/lz}, (1.4)

where we denote ¢’ = (q2,...,q,) € H" 1. Its boundary dU,, is a quadratic hyper-
surface defined by equation

Req1 = |q'|*. (1.5)

Notice that the quaternion space H” is isomorphic to R*" as a real vector space and
the pure imaginary quaternions Im H are isomorphic to R3. The quaternion Heisenberg
group g H" ! is the space R¥~! = R3 x R*"~D that is isomorphic to Im H x H" !,
furnished with the non-commutative product

pg=w,p) q)=(w+v+2Im(p’.q"), p +4). (1.6)

where p = (w, p'),q = (v,q’) e InH xH"~! and (-, -) is the inner product defined
in (2.3) on H" 1,
The projection

70U, — ImH x H" !, (w7
(Ig'* + x2i + x3j + x4K, ¢') —> (x2i + x3j + x4k, @), '
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identifies the boundary of the quaternion Siegel upper half-space oU, = {(q1,q’) €
U, Reqi = |q'|?} with the quaternion Heisenberg group ¢ H"~!. Let dB(-) be
the Lebesgue measure on dlf, obtained by pulling back by the projection 7, defined
by (1.7), the Haar measure on the group g H" .

For any function F : U, — H, we write F for its “vertical translate”. We mean that
the vertical direction is given by the positive direction of Re g1: F.(q) = F(q + ce),
where e = (1,0,0,...,0). If ¢ > 0, then F; is defined in a neighborhood of dl4,.
In particular, F, is defined on d2,. The Hardy space H*(U,) consists of all regular
functions F on U,,, for which

sup / |Fe(q)1?dB(q) < oo. (1.8)
£>Oaun

The norm || F|l g2y, of F is then the square root of the left-hand side of (1.8).

A function F € H?*U,) has boundary value F b that belongs to L2(3U,) by
Theorem 4.1.
Now we can state the main result of the paper.

Theorem 1.1 The Cauchy—Szego kernel is given by
n

S(g. p) =s(q1 +7 —2Zﬁ;iqlé), (1.9)
k=2

forp=(p1.p)=(p1.....pn) €Un, g =(q1.9") = (q1.....qn) € Uy, where

g20-1) &
S(U)=Cn—1T—4, 0 = x| + x2i + x3j + x4k € H. (1.10)
ax; ) o]

Here
1 4n —5
CVL*] = P 5 (111)
22n+3”2n71((2n _ 2)!) K(n—1) n+1)2n+1)
where the constant
2n—2 k [
Kin—1)= > a > ' (—nkncy
k=0 =0 m=0
"*ZQS" Ci (=1 @k —2m — s + 1))! a.12)
pors 2k=2m=s+1 (k —2m —s + D!(dn +1+k —2m —s)!

depends only on n, and ay is given by ay

_ @n—1—k)Qn—k)(dn—1+k)
= . .
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The Cauchy—Szego kernel satisfies the reproducing property in the following sense

F(gq) = / S(g, QF*(Q)dB(Q), g €U, (1.13)

o,
whenever F € H*(U,) and FP? its boundary value on 0U,,.

The paper is organized as follows. In Sect. 2 we recall the structure of quaternion
numbers and the Siegel upper half-space, mentioning some invariance properties. In
Sect. 3 we study regular functions in domains of multidimensional quaternion space.
In Sect. 4 we discuss the boundary values of regular functions in the Siegel upper half-
space U, and invariance properties of the Hardy space H?(U,) over U,. The main
part of Sect. 5 is devoted to determining the Cauchy—Szegé kernel S and the proof of
Theorem 1.1.

2 The Quaternion Siegel Upper Half-Space
2.1 Right Quaternion Vector Space

The space H of quaternion numbers forms a division algebra with respect to the
coordinate addition and the quaternion multiplication

qo = (x1 +ixa + jx3 + kxg) (01 +i02 + jo3 + koy)
= 01X] — 02X2 — 03X3 — 04X4 + (02X] + 01X2 + 04X3 — 03x4)i
+ (03X1 — 04x2 + 01x3 + 02x4)] + (04x1 + 03x2 — 02x3 + o1x4)k, (2.1)

for g, o € H. Denote by Re g = x; the real part of ¢ and by Im ¢ the imaginary part
of g that is a three-dimensional vector 7 = (x2, X3, X4).

The conjugate g of a quaternion ¢ = x| + x2i + x3j + x4k is defined by ¢ =
x1 — Xx2i — x3j — x4k and the norm is |¢|?> = gg. The conjugation inverses the product
of quaternion numbers in the following sense 6g = ¢ - ¢ for any o, g € H. As a real
vector space, H is isomorphic to R4,

Since the quaternion algebra H is associative, although it is not commutative, there
is a natural notion of a vector space over HH, and many definitions and propositions for
real or complex linear algebra also hold for quaternion linear spaces, see [4,12,20].
Let us recall here some definitions and basic properties of vector spaces over H.

A right quaternion vector space is a set V with addition +: V x V. — V and
right scalar multiplication V x H — V, (v, 0) — vo. The space V considered as an
abelian group with respect to the addition, and the right scalar multiplication satisfies
the following axioms:

(1) (v+w)o =vo +wo,
(2) v(o1 + 02) = voy + voy,
(3) v(o102) = (voy)oy,

“4) vl =,
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for any v, w € V and o, 01, 0» € H.
A hyperhermitian semilinear form on a right quaternion vector space V is a map
a: 'V x V — H satisfying the following properties:

(1) a is additive with respect to each argument,

(2) a(q,q'c) = a(q,q’)o forany g, q’ € V and any o € H,

3) a(q.q") = a(q'. ).

Properties (2) and (3) imply that a is conjugate right linear with respect to the first
argument: a(go, q') =calq, q').

A quaternion (n x n)-matrix A is called hyperhermitianif A* = A, where (A*) j; :=
ij. For instance, for ¢ = (q1,..-,qn), p = (p1,-.., pn) € H", set a(q, p) =
2 ;qiAijpj-Thena(., ) defines a hyperhermitian semilinear form on H".

A hyperhermitian semilinear form a(-, -) is called positive definite if a(v, v) > 0
forany v € V,anda(v, v) = Oifand only if v = 0. A positive definite hyperhermitian
semilinear form a(-, -) on a right quaternion vector space is called an inner product
and will be denoted from now on by (v, w) := a(v, w).

Now set

1
vl == (v,v)2, and p(v,w) = [lv—wl]. (2.2)

The value ||v|| is called the norm of v € V and p(v, w) is a distance between v
and w on V. To show that p(-,-) is a distance, we need the quaternion version of
the Cauchy—Schwarz inequality: [(v, w)| < ||v|/||w]|, that follows from the following
arguments. First we observe

0<{(v—wo,v—wo)=(v,v) —o(w,v)— (v,w)o + |a|2(w, w).

Then we write (v, w) = r& for a unit quaternion £ and » > 0, choose o = t?, t e R,
and find that 0 < ||v||> — 2rt + ¢?||w||? for any r. The Cauchy—Schwarz inequality
follows. This shows that V is a space of homogeneous type.

If p(-, -) is acomplete distance, we call (V, (-, -)) aright quaternion Hilbert space.

Proposition 2.1 (The quaternion version of Riesz’s representation theorem) Suppose
that (V, (-, -)) is a right quaternion Hilbert space and h: V — H is a bounded right
quaternion linear functional: h is additive and h(vo) = h(v)o for any v € V and
o € H. Then there exists a unique element vy, € V such that

h(v) = (vp,v), forany vevV.

Proof Let M = ker h, where ker & is the kernel of the linear functional /4. Then M is
a closed subspace because & is continuous. Moreover, M is a right quaternion linear
space since h is. Set M+ := {v € V| (w,v) = (v, w) = 0 for any w € M}. If
h is non-vanishing, then M # V and so M L = {0}. Thus, there exists an element
vp € M~ such that i (vg) = 1. Now h(v — voh(v)) = h(v) — h(vp)h(v) = 0 for any
veV,ie,v—uvoh(v) € M.So

0 = (vo, v — voh(v)) = (vo, v) — w0l (v).
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Namely, we can choose v, = vollvo]|~2. The uniqueness is easily follows from the
positive definiteness of the product. O

At the end of the subsection we notice that the space H" is a right quaternion Hilbert
space endowed with the inner product

n
(p.q) =D pig.  p=P1..i ) @=(q1.....q0) €H".  (23)
=1

2.2 The Quaternion Siegel Upper Half-Space and the Quaternion Heisenberg Group

The next step is to present transformations acting on the Siegel upper half-space. A
quaternion (n X n)-matrix a = (a ;i) acts on H" on left as follows:

n
qg—aq. (aq); = > ajq (2.4)
k=1

for g = (q1, . ..qu)", where the upper index ! denotes the transposition of the vector.
Note that the transformation in (2.4) commutes with right multiplication by ig (if = 1,
i2 = i, i3 = j, i4 = k), 1.e.

(ag)ig = a(qip).

Namely, the map a transforms a right quaternion line to a right quaternion line. Here
by the right quaternion line through the origin and the point ¢ = (g1, ..., q)" we
mean the set {(q|0, ..., gy0)" |0 € H}. The group GL(n, H) is isomorphic to the
group of all linear transformations of R*" commuting with ig, while the compact Lie
group Sp(n) consists of orthogonal transformations of R** commuting with ig.

Proposition 2.2 The Siegel upper half space U, is invariant under the following trans-
formations.

(1) Translations:
I / I I /
T (q1.q) — (g1 +pr+2(p.4"). 4"+ p), (2.5)

for p=(p1,p) = (P1, ..., pn) € Uy, where p' = (pa, ..., pp) € H" L.
(2) Rotations:

Ra: (q1.49") —> (q1,aq") (2.6)
fora e Sp(n — 1), and
Ry : (q1,q9") —> (@q10,q'0) (2.7

foro € Hwith |o| = 1.
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(3) Dilations:
8 (q1.q) — (F2q1,rg)), r>0. (2.8)
All the maps are extended to the boundary 0U, and transform the boundary oU,, to

itself. Moreover, all the maps transform the hypersurface oU, + ee to itself for each
e>0.

Proof The formula (2.5) follows from

Re(q1 + p1 +2(p',q')) — I¢' + P'|* = Reqi + Re pi +2Re(p’, ¢')
(g +1p'I* +2Re(p’, ¢))
=Re(q1) — 14> >0 (2.9)

by Re p1 = [p'|*.
The rotations (2.6) obviously map U, to itself. For rotations (2.7), note that

q%:—lifandonlyif X1 =Oandx%+x32+xf=1 (2.10)
for a quaternion number q; = x1 + ixa + jx3 + kx4. This is because of

q12 = xlz + 2x1 (ixo + jx3 + kxg) + (ixo + jxsz + kxa)?

and
(ix2 + jos + kxg)? = —lixy + jos + kg|? = —x3 — x3 — x7. 2.11)
Since
oqgio = x1 + o (ixy + jx3 + kxg)o, (2.12)
and

F(ix2 + jx3 + kxa)oa (ixa + jx3 + kxg)o = —x3 — x3 — 13,

by (2.11), we see that the second term in the right hand side of (2.12) is imaginary by
using (2.10). Consequently, Re(cg10) = Re(g) and so

Re(@q10) — |¢'o|* = Re(q1) — |q'*. (2.13)

The invariance of the hypersurface dl4, + ¢e under the maps 7, and R, follows from
(2.9) and (2.13). The other statements are obvious. The result follows. O

The total group of rotations for U, is Sp(n — 1)Sp(1) with Sp(1) = {o € H| |o| =
1}.
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Remark 2.1 Translation 7, can be viewed as an action of the quaternion Heisenberg
group g H"~! on the quaternion Siegel upper half-space 4. Let p = (v, p’) € g H" !,
then the translation (2.5) can be written as

Ty 1 (q1,q) — (@ + 1P P +v+200,4), ¢ + P).

It is obviously extended to the boundary dl4,,. It is easy to see that the action on dl4,, is
transitive, for calculation see also [6,7]. Therefore, we can identify points in g H" !
with points in 9, by the result of the translation by 7, of the origin (0, 0).

3 Regular Functions on the Quaternion Siegel Upper Half-Space

In the present section we show the invariance of the regularity under linear transfor-
mations in Proposition 2.2.

Proposition 3.1 Let f: D — H be C'-smooth function, where D is a domain in H".

(1) Define the pull-back function f of f under the mapping q — Q = aq for
a = (ajx) € GL(n, H) by f(q) := f(aq). Then we have

n

90,1 (@) =D @jdo f (D) gy, - (3.1)

k=1

(2) Define the pull-back function foff under the mapping q — Q = qo foro € H
by f(q) .= f(qi0,...,q,0). Then

9y f(@) =005 f (D g_yy 1=1.00vn. 32)

Proof The proof of the first statement can be found in [20, Proposition 3.1].

The second statement is analogous to the formula of one quaternion variable. Write
the [-th coordinate of ¢ = (q1, ..., gn) as the quaternion number ¢; = x| + ixy +
jx3 + kxs € H, and define the associated real vector qu == (x1, x2, x3, x4)" in R*.
Then for the product

qio = (x1 +ix2 + jx3z + kxg) (01 +i02 + joz + koy)
= 01X] — 02X) — 03X3 — 04X4
+ (02x1 + 01x2 + 04X3 — 03x4)i
+ (03Xx1 — 04x2 + 01X3 + 02X4)]
+ (04x1 + 03x2 — 02x3 + o1x4)K (3.3)
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we define the associated matrix

0oy —0 —03 —04
- 0y O] 04 —O3
R .= . (3.4)

03 —O0y4 oz o)

o4 o3 —07 o1
Thus (3.3) can be written as

(@o)® =5RqR, (3.5)

for &R given by (3.4). It follows from (3.4) that 7= (GR)I, where o is the conjugate
of o.
Denote (y1, ..., ya)' = o8(xq, ..., x4), ie. yx = 22=1 ngj, k=1,...,4.

Since O, [f (..., g}, .. )] = S, GOy f (o Yk, - ), we find that

4
Bl f .35 01= D i f(...55%) .. )]
j=1

4
. ~R
= Z ijop Oy (s Yhs )
k=1
SRS
= Z 170 30y s Vi)
k=1

=30, Tf)(... Q1 ..,

. — . =R

Corollary 3.1 If f is regular, then f = f(aq) for some a € GL(n, H) and of(q) =
o f(qo) for some o € H are both regular.

Corollary 3.2 The space of all regular functions on U, is invariant under the trans-
formations defined in Propositions 2.2. Namely, if f is regular on the Siegel upper
half-space Uy, then the functions f(t,(q)), p € oUy; f(Ra(g)), a € Sp(n — 1);
o f(Rs(q)) for some o € Hwith |o| = 1, and f(5,(q)) are all regular on U,,.

Proof The translation 7, in (2.5) can be represented as a composition of the linear
transformation given by the quaternion matrix

1 27

0 1]’
and the Euclidean translation (g1, g’) = (g1 + p1, g’ + p’). The first transformation
preserves the regularity of a function by Corollary 3.1, while the later one obviously
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preserves the regularity of a function since the Cauchy—Fueter operators have constant
coefficients.
The equation

3,l0f(qo) = dg,[60f(Q)]o=g0 = 0?0, f(Q)|0=go = 0,

follows from Proposition 3.1(2) and shows that o f (Gg10, ¢’o) is regular.
The rest of the corollary is obvious. O

4 Hardy Space H*(U,)

This section is devoted to the properties of Hardy space on U,. The identification of
the quaternion Heisenberg group and the boundary of the quaternion Siegel upper
half-space allows to define the Lebesgue measure dB(-) on dlf, by pulling back by
the projection r defined in (1.7) the Haar measure on ¢ H n=1 The latter measure, in
its term, is a pull back of the Lebesgue measure duu(-) = dx dq’ from R3 x R*=D,
Let L*(dU,) denote the space of all H-valued functions which are square integrable
with respect to the measure dg. It is easy to see by definition that L>(dl4,,) is a right
quaternion Hilbert space with the following inner product:

(f.8)2 = / F@g(@)dB(q). (4.1)
U,

A function F € H 2(Z/{n) has boundary value F b that belongs to L2(3U,) in the
following sense.

Theorem 4.1 Suppose that F € H>(U,). Then

1. There exists a function F® € L%*(dU,) such that F(q + @) |py, — Fb(q) as
e — 0in L2(d0U,) norm.

2. 1P 24,y = I Fll 2 s,

3. The space of all boundary values forms a closed subspace of the space L*(dU,,).

Proof This theorem was proved in [8, Theorem 4.2] for n = 2. The arguments work
for an arbitrary n if we consider the following slice functions. Let 'Hz(Ri) be the
classical Hardy space, that is the set of all harmonic functions u : Ri — R such that

sup [lu(, )l 2 w3y < 00.
t>0

Assume that F = F| +iF> +jF3 +kFy € H>(U,). Then the slice function filqr) =
Fj(q1+1q'1?, ¢') is harmonic by (4.3), and belongs to H?*(R%) foreach j = 1,...,4
and any fixed ¢’ € H"~'. We omit further details. O

Proposition 4.1 The Hardy space H*>(U,) is a right quaternion Hilbert space under
the inner product (F, G) = (FP, Gb>L2(aL{,,)-



D.-C. Chang et al.

Proof Since the Cauchy—Fueter operator 5(11 in (1.3) is right quaternion linear, i.e.,
for a fixed o

34, (f(@)0) = @g, f(@))o,

we see that f(g)o is regular if f(q) is. Thus, the Hardy space H?(l,) is a right
quaternion vector space.
Set

8qprl f = 5QI+17 = 8X41+1 f - aX4l+2 fi - 81641+3 f-] - aX4l+4 fk~ (4.2)
It is straightforward to see that
0=10y, 04, f=0% 402 +03> 4+ )f (4.3)
qi+17q1+1 X41+1 X4142 X4143 X41+4 :

Consequently, f1, ..., fa are harmonic on U,,. Thus for g € U,,

filg) = /f;(p)dV(p) j=12,34,

| B

where B is a small ball centered at g and contained in U/, from which we see that

@) < —/If(p)IdV(p) <

2qv . 4.4
5 /If(p)l (») (44)

|B|

There exist a, b > 0 such that B C Uy.q.p '={g € Uy|l a < Req1 — |q/|2 < b}, and
o)

If(q)|2<— / Lf (X1, .o xan)Pdxy - - - dxay

|B
unab
2
1 n
Sﬁ / f XI+Z|Xj|2,xz...,x4n dxidxs - - - dxgy,
(a,b)xR4n—1 =
. b
< ﬁ/dxl / 1f(p+x10dB(p) < cll Il (4.5)
a Uy

where ¢ = (b — a)/|B] is a positive constant depending on ¢, and independent
of the functions f € H 2(U,). Here we have used the coordinates transformation
(X1, ..., X4n) = (x1 + Z‘;‘is |xj|2, X2 ..., X4n), Whose Jacobian is identity.

To prove the completeness, we suppose that a Cauchy sequence { f ¥} in the Hardy
space H>(U,) is given. We need to show that some subsequence converges to an
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element in H2(U,). Apply the estimate (4.5) to regular functions f® — f® to get
that for any compact subset K C U, and g € K,

1F P = FODI < ekl fP = f Pl (4.6)

where cx is a positive constant only depending on K . It means that the sequence { f ¥}
converges uniformly on any compact subset of {/,. Denote by f the limit. Recall the
well known estimate

lullcr(Big,ry < Crllullcosig,2ry) 4.7)

for any harmonic function u defined on the ball B(q, 2r), where C, is a positive
constant only depending on r and the dimension, and independent of the function u,
see [15, pp. 307-312]. Now apply the estimate (4.7) to each component of regular
function f = f) +if2 + jf3 + kfa4, which is harmonic. By the argument of finite
covering and estimate (4.5), we easily see that

Ifllcrky = Cllfllm2as,)

for some constant C only depending on the compact K . It follows that |0x; f ® (q) —
O, fOUPDI = Clf P = Ol ey, forg € K, j = 1,...4n. Consequently, the
limit function f is also C! and limy_, o axjf(k) (q) = 9x; f(g). Thus, 5qlf(q) =
limy o0 5,], f®(g) = 0. Namely, the limit function f is regular.

Since on the compact subset K . := ol N B(0, R) + ee for fixed R, ¢ > 0, the
sequence { f©} is uniformly convergent, we find that

/ | fe(@)*dB(q) = / |f(@)*dB(q)
KRE

aU,NB(O,R)

= Jim [ 17O @Pdp@) < 5001 Ol < oo
KR,e

Consequently, f; is square integrable on dlf, for any ¢ > 0, and fau,, | fo(@)?dB(q) <
sup || f®ll g2qy,y- Thus f € H2(Uy). o

Proposition 4.2 The Hardy space H*(U,) is invariant under the transformations of
Proposition 2.2.

Proof Since the regularity property and the hypersurface dl4,, + ce for each ¢ > 0
are invariant under these transformations by Corollary 3.2 and the measure df either
invariant or has a finite distortion, the proof follows. O
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5 The Cauchy-Szego Kernel

In this section we introduce the notion of the Cauchy—Szegé kernel for the projection
operator from the space L?(dl4,,) to the space of the boundary values of function from
Hardy space H>(U,). We study its properties, particularly showing that it is invariant
under translations, rotations and dilations defined in Proposition 2.2 and, finally, we
present the formula for the Cauchy—Szego kernel.

5.1 Existence and Characterization of the Cauchy—Szegd Kernel

Theorem 5.1 The Cauchy—Szego kernel S(q, p) is a unique H-valued function,
defined on U, x U, satisfying the following conditions.

1. Foreach p € Uy, the function g — S(q, p) is regular for g € Uy, and belongs to
H?U,). This allows to define the boundary value S”(q, p) for each p € U, and
for almost all g € OU,,.

2. The kernel S is symmetric: S(q, p) = S(p, q) for each (q, p) € U, x Uy,. The
symmetry permits to extend the definition of S(q, p) so that for each q € U,, the
function Sp(q, p) is defined for almost every p € 0U, (here we use the subscript
b to indicate the boundary value with respect to the second argument).

3. The kernel S satisfies the reproducing property in the following sense

F(q) = / Sb(g, QF*(Q)dB(Q),  q € Un, (5.1)

o,

whenever F € H*U,).

Proof We must show that the Hardy space H?(l,) is nontrivial first. Otherwise the

Cauchy—Szegd kernel vanishes. We claim that the functions (¢1 + Py — 2>, P,q;)

for fixed (p1, ..., pn) € Uy,, with s(-) given by (1.10), is in the Hardy space H2(U,).
Use the notation g1 = x1 + x2i + x3j + x4k, apply the Laplace operator

04,0, = 07, + 03, + 3%, + 03, (5.2)

to the harmonic function |q+|2 on H\{0} to see that 9, ‘q+|2 = —;% = h(qy) is
82()171)

a regular function on H\{O}, which is homogeneous of degree —3. Since P
*1

R . 20-1 . .
commutes with d,,, the function s(gq1) = c”*%ﬁ in (1.10) is regular on
X

H\{0}. Consequently, s(g; + y1) for fixed y; > O is also regular on H\{—y;}, and
S0 5(q1, - .., qn) = s(q1 + y1) is regular on (H\{—y;}) x H"~!. In particular, 5(-)
is regular on the quaternion Siegel upper half-space i4,. Now by the invariance in
Corollary 3.2, we see that E(rp_l (g)) is also regular for fixed p = (y2i + ¥3j +
yak, p') € 0Uy. So s (q1 + Py — 2 24y Pray) = 5(t,-1(q)) with py = y1 + yai +
v3j + yak is regular.
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Note that there exists a constant C > 0, only depending on the dimension n, such
that

c c
<
lg1 + y1 + e|*+2 = ((1¢']* + y1)?> + [Img |?)?+!

[5e (@) <

for g € dU,, which is obviously integrable with respect to the measure df. Namely,
5(+) is in Hardy space H 2(U,), and so is E(Tp—l (g)) by the invariance of the Hardy
space under the translation in Proposition 4.2. The claim is proved.

Now for fixed g € U,,, define a quaternion-valued right linear functional

ly: H*Uy) — H,
F +— F(q). (5.3)

Itis bounded by estimate (4.5). Apply the quaternion version of Riesz’s representation
theorem to see that there exists an element, denoted by K (-, q) € H 2(U,,), such that
lg(F) = (K(.q), F) = (K"(-,q), F*)2(3,)- Here K (-, ) is nontrivial and the
boundary value K?(p, ¢) exists for almost all p € 3l4,. We have

F(Q)Z/Kb(Q,q)Fb(Q)dﬁ(Q)- (5.4
Uy

For fixed p € U,, applying (5.4) to K (-, p) and K (-, g), we see that

K(q. p)

(K°(,q), KP(, p)) = / KP(Q, )K" (Q, p)dB(Q)
ou,

_ /‘Kh(Q,mK”(Q,q)dﬂ(Q)=K<p,q>.
U,

Denote S(g, p) := K(p, q) for (g, p) € U, x Uy. Then S(q, p) = K(q, p) is
regular in ¢, and S(¢, p) = K(p,q) = S(p, q). The function S has the boundary
values as in Theorem 4.1. Moreover, we have

Sp(q, p) = Sb(p.q) (5.5)

forg e U,, p € 0U,, which follows from the symmetry S(q, p +¢ce) = S(p + ce, q)
by taking ¢ — 0+.

To show the uniqueness, suppose that S(-, -) is another function satisfying Theo-
rem 5.1. By definition S(., q) € H?*(U,) for any fixed ¢ € U,. Choose an arbitrary
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p € U, and apply the reproducing formula (5.1) of S(-, -) and S, ) to get

S(p.q) = / Sp(p. ©)5°(Q. )dB(Q) = / $5(0. )57, OVdB(Q)
U, oy,

_ / $5(q. ©)SP(Q. PAB(Q) = 5@, p) = S(p. ).
U,

In the third identity, we used the equation (5.5) for S(-, -) and §(~, -). The theorem is
proved. O

The function S(g, p) is conjugate right regular in variables p = (p1, ..., pn):
9pS(q. p) =9, K(p,q)=0.

5.2 Invariance of the Cauchy—Szego Kernel

Since the Siegel upper half-space possesses some invariance properties, it is expected
that the Cauchy—Szeg6 kernel also inherits them. Namely, the following proposition
is true.

Proposition 5.1 The Cauchy - Szego kernel has following invariance properties.

S(ty(q). T,(Q)) = S(g. 0),
S(Ra(q), Ra(Q)) = S(q, 0,

oS(R+(q), Rs ()T = S(q. Q),

SGH(q). 8- (O =S(q, Q). for q,Q €Uy, (5.6)

where p € 0U,, a € Sp(n — 1), 0 € Hwith |o| =1andr > 0.

Proof Note that the measure dB(Q) is invariant under the translation 7,. If F' €
H?Ub,), then F(z_,(q)) € H*U,) by Proposition 4.2. We get

F(t—p(q) = / Sp(q, QF" (x—,(0)dB(Q) = / Sp(q, Tp(Q)F"(Q)dB(Q),
U, Uy
and by substituting 7_,(g) +> ¢, we obtain
F(q) = / Sp(tp(q), TH(Q)) F*(Q)dB(Q).
o,

We conclude that the function S(z,(g), T,(Q)) is also regular in ¢ by Corollary 3.2,
belongs to H 2U,) and it is symmetric. The first identity in (5.6) follows by the
uniqueness in Theorem 5.1.
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It follows from |Eo| = |0&| = |&| for any quaternion numbers & € H and o € H,
lo| = 1, that (q1,¢") — (q10,4q'0) and (q1,4’) — (Gq1,q’) are both orthogonal
maps, so is their composition R, : (q1,q") — (@qi0,q'0). If F € H*(U,), then
o 'F (R,-1(q)) is regular by Corollary 3.2 and is in H 2Uy) by definition. Therefore,

o 'F(R,1(q)) = / Sp(g, Q)a ' FP(R,-1(Q))dB(Q)
U,

- / Sh(q. Ro (000~ FP(Q)dB(0),

U,

since df is invariant under the orthogonal transformation R, . Substituting R,-1(g) —
q and multiplying by o on both sides, we get

F(q) = /GSb(Ra(q),Ra(Q))FFb(Q)dﬁ(Q)-
U,

The function 0 S(Rs(q), Ry (Q))o is also regular in g by Corollary 3.2, belongs
to H>(U,) and symmetric. The third identity in (5.6) follows by the uniqueness in
Theorem 5.1.

The second and the fourth identities are proved by the similar arguments. O

5.3 Determination of the Cauchy—Szeg6 Kernel

It is sufficient to show S (g, 0) = s(g1) with s given by (1.10). This is because

n
Sh(q. ) = Sp(tz,—p) (@), 0) = s (ql +F -2 ﬁ;@q;ﬁ) (5.7)

k=2

for p = (p1, p') € Uy, q € U,. Here (p,, —p’) € U, and T, —p»(P) = 0 by
(2.5). Taking conjugate in both sides of (5.7), we see that

St(q. p) = S(cn + 7 - 2Zﬁ;q,§) (5.8)

k=2

holds for p € U,, and g € 9, by the symmetry of the Cauchy—Szego kernel S(g, p) in
Theorem 5.1. Now we fix a point (py, ..., pn) € Uy,. In the proof of Theorem 5.1, we
have seen that s(q1 +p; —2 > 4, Prq;) is in the Hardy space H 2(U,). As elements
of the Hardy space H?(Uy), the functions S(-, p) and s(q1 + P, — 2> 41—, Piq;)
coincide on the boundary dl4,. They must coincide on the whole domain U4, by the
reproducing property (5.1).
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Fix g1 with Reg; > 0. Then because of
n n
0= 4 0qu(q1,4) = D (03, + 0%, + 0%, + 9 u@,q), (59
1=2 1=2

where u(q) = Sp(gq, 0), each component of u(qy, -) is a harmonic function on the ball
{g¢' e H""1| |4’|> < Req}. On the other hand,

Sp((q1,a9"),0) = Sp((q1,¢"),0) for g €Uy, (5.10)

by Proposition 5.1. Since Sp(n — 1) acts on the sphere {¢’ € H"'| 14| =R, R? <
Re g} transitively, we see that S;((¢1, ¢’), 0) is constant on the sphere. Applying the
maximum principle to each component of S, ((g1, ¢”), 0) as a harmonic function in ¢/,
we conclude that S;((g1, ¢’), 0) is constant on the ball {g’ € H"~! | |¢/| < Req},
and so S((q1,¢"),0) = Sp((g1, 0), 0). Denote s(q1) := Sp((q1,0), 0) an H-valued
function defined on the half-space ]Ri ={gq1 € H| Regq; > 0}.

By the third identity in (5.6) we have o S,((o¢10,0), 0)o = Sp((¢1, 0), 0). More
precisely,

s(cqio) =os(q1)o, (5.11)

for any o0 € H with |o| = 1, and similarly

2 Ls(q). (5.12)

s(rq1) =r
by the fourth identity in (5.6) and 8, : (g1, 0) — (r2g1, 0).

Take g1 = x1 € Rin (5.11) to get s(x1) = os(x1)o. Write s(x1) = & + &i +
£3j + &k and choose o = i. Then &1 + &i + &) + &k = i(&§) + &1 + & + &4K)i =
& + &1 — &3 — &4k, and s0 &3 = & = 0. Similarly, & = 0 by choosing o = j.
Thus, (5.11) implies that s(x) must be real.

Note that

F(x1 +ix)o = x1 +x[(2y3 — Di + 2y2y3§ + 2y2y4k], (5.13)

if 0 = yi + y3j + y4k with |o| = 1. It easily follows from (5.13) that the orbit of
x1 + ixo under the adjoint action of unit quaternions is the two-dimensional sphere

{1+ &+ Ej+ ek | & +£F + & =x3).

Hence s(q1) is determined by its values on Ri_ ={(x1,x2) € R? | x; > 0} by (5.11).
The homogeneous degree of s in (5.12) implies that the function s as a function of
the variable g; is determined by its values in the semicircle {(x1, x2) € R2: x; >
0| xl2 + x% = 1}. At last, the Cauchy—Fueter equations for s gives four ordinary
differential equations for four components of s along the semicircle. These ODEs
together with the value s(1) uniquely determine the function s.



On the Cauchy—Szego Kernel for Quaternion Siegel Upper Half-Space

Proposition 5.2 On the half-space R* = {gq; € H | Re g1 > 0}, there exists a unique
regular function up to a real constant satisfying (5.11)—(5.12).

Proof Since the conjugation action of unit quaternions leaves the function s invariant,
see (5.11), its infinitesimal action coincides. From one side, choose o; = cost 4+ sin )
for small ¢. Then

G1q101 = q1 — tj(x1 + x2i + x3j + x4K) + 1(x1 + x2i + x35 + x4K)j + O(1?)
= q1 + 21 (—x4i + 02K) + O(1?),

where g1 = x1 + x2i + x3j + x4k, from which we get

d _
7 $(01q101) = —2x40x,5(q1) + 2x20x,5(q1).
t=0

From the other side, taking derivatives of o;s(g1)o; with respect to ¢ at 0 we get

— 2x40x,5(q1) + 2x20x,5(q1) = —js(q1) + s(q1)]. (5.14)
Similarly, choosing o; = cost + sin rk, we find that

2x30x,5(q1) — 2x20x35(q1) = —Ks(q1) + s(gDk. (5.15)

The homogeneity of degree —2n — 1 of the function s in (5.12) implies the Euler
equation for s:

x10x,8(q1) +x20x,5(q1) + X30x35(q1) +x40x,5(q1) = —(2n + Ds(q1).  (5.16)
Restricting to g1 = x1 + x2i € Ri, i.e. x3 = x4 = 0, we obtain
2x20x,5(q1) = —js(q1) +s(g1)j,  —2x20x,5(q1) = —Ks(q1) + s(gDk.
Substitute it into the Cauchy—Fueter equation
0x;5(q1) +10x,5(q1) + jOx35(q1) + kdyys(q1) =0
to deduce
2x20x,5(q1) + 2x2i0x,5(q1) = —2is(q1) + js(q)k — ks(g1)j. (5.17)

Write s(x1 + ixp) = f1 + foi + f3j + fak on Ri. Then, the Eq. (5.17) is equivalent
to

x2(0y, f1 — 0x, f2) =2 2,
x2(0x, f2 + 0x, f1) =0,
X2(0x; f3 — Oxy f4) = fa,
x2(0x; fa + 0x, f3) = — f3.

(5.18)
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Euler’s Eq. (5.16) implies
x]a)tlfk +x28)62fk =_(2n+1)fkv k: 17273745 (5'19)

on Ri. Now we have four real functions fi, f>, f3, fa ontheupper half-plane ]Ri satis-
fying eight Egs. in (5.18)—(5.19) with conditions f>(x1, 0) = f3(x1,0) = fa(x1,0) =
0 and f1(x1,0) is real.

Take the sum of the first identity in (5.18), multiplying by x;, and the second one
multiplying by —x to get

X2(X20x, — X10x,) f1 = x2(2f2 + x10x) 2 + X20x, f2) = —(2n — Dx2 f2. (5.20)

Now set x; = cosf), xo = sin0, 0 € (—m, ), and g;(0) := fj(cosO,sin0,0,0).
The equality (5.20) implies

21(0) = 2n — g (5.21)
Similarly, we have

x2(X20y, — X10x,) fo = 2x1 o + 2n + Dxa fi,
X2(X20y; — X10x,) f3 = X1 f3 — 2nx3 f4,
X2(X20x; — X10x,) fa = x1 f4 + 2nx2 f3,

and so

sin0gh(0) = —2g2cos® — (2n + 1)g; sin6,
sin0g5(0) = —gz cos 6 + 2nga sin6, (5.22)
sin0gy(0) = —gacosf — 2ng3sin 6.

We obtain four real functions g1, g2, g3, g4 on (—m, ) satisfying four ordinary dif-
ferential Eqs. (5.21)—(5.22) under the condition

g1(0) € R, g2(0) = g3(0) = g4(0) = 0. (5.23)

To see that g3 and g4 vanishing, note that s is real analytic since it is harmonic.
So the functions g;, j = 3,4, are real analytic in 6. Inductively, we can assume
gj(0) = SN a,(,{ )9’", j = 3,4. Compare the coefficients of term 6% in the third
and fourth equations in (5.22), we see that

(3) 3) 4) 4)
NaN = —ay’, NaN =—ay’,

and so aﬁ) = al(é) = 0. Therefore, g3 = g4 = 0. The uniqueness of g and g» follows
from vanishing of the solutions g1, g» to (5.21) and the first equation in (5.22) with
the initial conditions g1(0) = g2(0) = 0 by the same arguments as above. The result
follows. O
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Corollary 5.1 The function s(q) is given by

920=D g,
Chel—5——— (5.24)
2D i
for some real constant c,_1.
Proof In the proof of Theorem 5.1, we have seen that h(g1) = 9, ﬁ = —é% is

a regular function on H\ {0}, which obviously satisfies the invariance (5.11), and so
is the function (5.24). The conjugation action o¢;0, fixing x; for any o € H with
lo| = 1, implies

52(1—=1) 5201—1) 52(1—=1)
—oh |Ea10) = ——1hEq10)] = ——[5h(g1)0]
2220 220D 2220

52(n—1)
=0 ——h(q1)o,
2(n—1)
0x)

i.e., (5.24) satisfies the invariance (5.11). The function, defined by (5.24), is homo-
geneous of degree —2n — 1. So, the function s equals to expression (5.24) by the
uniqueness in Proposition 5.2.

We verify now that s(x| + ixp) satisfies (5.18). Write s(x| + ix2) = f1 + foi +
f3i + fak on R . Then, f3 =0, f4 = 0 and

220-D 92=D
fi= - . h= — . (5.25)
320D (T 12 320D (T 4 12
up to a constant. Functions f;’s satisfy (5.18)—(5.19). Note that
2 al (5.26)

+9 =
X1 (x12+x22)2 X2 (x%+x%)2

Taking derivatives 83 2((,, 1 and multiplying by x; both sides of (5.26), one obtains the
second equation in (5 18). Note that

3 X1 5 —X? _ -2
B

(5.27)

Taking derivatives 03 2= 1) and multiplying by x> on both sides of (5.27), we get the
first equation in (5. 18) O
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5.4 Calculation of the Constant for the Cauchy—Szeg6 Kernel

To simplify the notation we write # instead of n — 1 for function s given by (5.24) and
proof the following statement.

Theorem 5.2 The constant c,, in the function

@) = ey + X004 x3) + xak
s =c——, =x1+x20 +x X
q1 "ax%" PAE q1 1 2 3J 4
is given by
1 4n — 1 (5.28)
ch = , .
" 22n+5 7 2n+1 ((Zn)!)zK(n) n+2)2n+3)
where the constant
2n k l
K@) =D o D CF > (=pftmep
k=0 =0 m=0
"‘sz‘" Ci (—1*(2(k —2m — 5 + 1))! 5.20)
= 2k=2m=s+l (k —2m —s 4+ DI(@n +5+k —2m — 5)! >

depends only on n, and ay = (2"+1_k)(2"+62_k) @nt3+k)

Proof To calculate the constant ¢,, we choose
F(q)=F((q1.¢)) =¢,'Se,q), e=(1,0,...,0), q1 €H, ¢ eH".
Then

P 1441 —-20.q) 9" 1+q
oy I+ —200,¢) 1% ayP 11+ qul*

F(q) with y; =14 x;.

First we calculate the value F (e). We obtain

aZn 1+q1 B aZn 1+ x; B 82n 1
BX%" [T+ g1]* lxi=1,x234=0 N 3x12" 14+ x|4 =1 8x12" (14 x1)3 lxy=1

F(e) =
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since x; > 0 in U,. We continue

ER 1
Fle) = — — |, _
© axim (14 x1)3 =
(=2)
= (=3)(=4)...(=3—2n— 1)1 +x) >~
(-2) xy=1
(_1)2(n+1) Con3 (2n +2)!
On the other hand,

F(e) = / S(e, QF*(Q)dB(Q) = ¢, / S(e, 0)SP(e, Q)dB(Q)

Uy +1 U1
3211 1+C]l ‘
dq’ dxrdxsdxy,
//‘8x2"|1+61|4 e
H" R3

where g1 = |¢'|? + x2i + x3j + x4k, since Q is in 3l 1.
2
We start from calculating the derivative PR ;n | pl 7. We have

Thus
%, 2n R =
3 12,,17 p =k=0 Z"Bx{‘p 8x12n,kp (5.30)
Since
0" p! R - # kpy=—1—k
ot P = CDED 1= = D) = DR
and
52n—k

—axf"—k P =(=2)(=3)---(=2—Qn—k — 1)) p~ 22tk

— (_1)2n—k(2n _ k + 1)!p—2—2n+k’
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substituting them in (5.30), we get

92" ~_1 -2 < @m! kpy=—1—k 2n—k —2-2n+k
i sz(_l) kKp K=" 2n —k + 1)1p7 ="
1 k=0 ’

2n

= (2n)! Z(zn — ket 1)k 2tk
k=0
2n —k k

=@ > 2n—k+ n2_r T b=t
k=0

Taking the absolute value, we get

(2n)1)> i

|p|4n+6

2
2n
0 ——1 -2

o P
oxy"

, p=1+q.

Z(Zn—k+1)(| B )

Now we concentrate in calculating the absolute value of the latter sum. Observe
that it is square of the length of the sum of quaternions obtained by rotation on the

U+qD* _ s = Res +isy + js3 + ks4, where

same angle. We denote by T =

(1+x1)% — (83 +x2 +x3)
a2+ xd +ad
2(1 + x1) (x2i + x3j + x4k)

(I+x)2+x3 +x3+x7

isy 4 js3 + ksg =

Note that for any quaternion s, written as s = Re(s) + v, we have Re(s) Is]| - cos &
and v = ||s||- W sin @, because of Re(s)2+ |7]12 = ||l (cos 0+ || I || sin 9)
[Is]1%. (See e.g. [12].) Since s is a unit quaternion it can be also written as

s = ™, with cosf® = Re(s), (5.31)

[2(T+x1) (x2,x3,x4)]?

R3. Moreover, s¥ = ¢ Thus

and the unite vector n = where (x2, x3, x4) denotes the vector in
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2n 2

Z(Zn —k+ 1)e;‘k0

k=0

- ‘(2n 1) + 206" 4 2n — 1)

4o 2= 4 A200 2

2n

- Z(En +1—k)?>+2(2n+12n
k=0
+2n2n—1)4---4+3-242-1)cosé

+2(@2n+1D)2n—1)+2n2n —2)
4+ ---4+4-243-1)cos(260)

+2(2n+ 1)2+2n-1)cos((2n — 1)0)
+2(2n+1)-1)cos(2nb).

We calculate by using the auxiliary formulas

2n 2n+1
) . m+1DR2n+1)4n+3)
(){022(21’14-1—])2:2]2: ,
j=0 j=1 3
2n
o = 2Zj(j L= 2(n + 1)(2;1 + 1)(4n)’
j=1
2n—1
o (n)2n — 1)(4n + 5)
w=2 j(j+2=2 3 :

j=1
......... , o1 =26n+2), oy, =202n+1).

In general
2n+1—-k
. Cn+1—-kQ@2n+2—-k)y(dn+3+k)
= D jli+k= . . (532
j=1

Conclude that

2n . 2 2n
2n —k+ D™ =" ay cos(k0).
>

k=0 k=0
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Summarizing all that we did, we come to calculation of the following integral

rzcos(ké)
F(e)=c,((2n)!) Zak/dq / sinyr dyr d¢/((1 n |q/|2)2+r2)4n+6dr’

k=0 H [0,7]1x[0,27]

=4

(I+1g" %) —r?

T P Recall the formula

where r2 = x% + x32 + xi and cosf =

k I
cos(k) = Z (C,%l (Z(—l)mClm cosk—2m 9)) ,

=0 m=0

where C} = S,([ S),, s,t € {0,1,2,...} and it is vanish otherwise. That leads to

calculations of

2 k—2m 0

m r=cos
F(e)=cpdm (2n))) ZakZC%ZZ( n"ey / J IS

k=0 =0 Hn

Substituting the value of cos 8 and using the notation d = k — 2m, we concentrate on
the calculations of the integrals of type

w?r—r

o0
In.a(w) = - ) dr with w? =g P2
md W= [ ymre \ 2 2) ¢ VS ar)
0

. . 2 . . .
Changing variable b = t, we write the integral in the form

o0
(-1 b
Lia(w) = 2w8n+9/t1/2(1 + 0y~ d — 1) ar.
0

Now we can apply the formula (see [11])

o]

/zHa + OV + B) VA = B — Ay M) Fy (v, o — Ay 13 1 — B), (5.33)
0

where Re u > Re A > 0, with
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Then

T'(4n +9/2)T'(3/2)

Blu =4 2) = B(4n+6-3/2,3/2) = — -~

@n+8)'nm

= , 5.34
28119 (4n + 4)1(4n + 5)! (5-34)

where we used

T'(a)T(b)

B(d, b):m,

r(1/2)=+v7, Tm)=@m-1), F(%+n)—(2n)!ﬁ_

© 4np)
For hypergeometric function
2Fi(v,u— A, u; 1 = B) =2F1(—d,4n +9/2,4n + 6; 2)

we apply the formula

JFi(—d,a+1+4+b+d,a+1;x) = PYP(1 = 2x),
d

d!
(a+1)
where

if d=0
(a)d={ .
aa+1)...(a+d—-1) if d>0

witha + 1 =4n + 6 and b = —d — 3/2, and obtain

d! 4n+5,—-d—3/2
Fi(—d,4n+9/2,4n4+6,2) = —— ' =3).
2Fi( n+9/2,4n + 6;2) @n 16, d (=3)
. .1 pAnt5,—d—3/2
To calculate the value of the Jacobi polynomial P, (—3), we use the formula
b e (d+a\(d—+b\ x—I\d=s /x4 1ys
Pt =3 (TG ) ()
s=0
where s > 0 and d — s > 0, and for integer s
r 1
(¥)= (et 1) with (£) =0 for 5 <0.
s s+ D (z—s+1) s
Observe that the terms
(d +b) _ (—3/2)
d—s)  \d—s
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vanish for d — s < 0, that allows to conclude that the series in the Jacobi polynomial
P;"+5’_d_3/ ? has only finite number of terms and reduces to the sum from s = 0 to

s = d. Now we calculate each term in the sum

s=d
N5 —d— 4 -3/2 —s
ey B (I s
s=0
We deduce
(4n+5+d) _ (@Gn+5+a)!
s T osl@n+54+d—s)!
(_3/2) _ r'(=1/2)
d—s) —)IM(—=1/2 —d +s)

(=D RE —s+ 1))
©22d=)F(d — ) d — s+ 1)

where we used the formula

1 (4!
: (5 _") = am V"

Substituting all terms into (5.35), we get

4n+5,—d—3/2 5 —
Py TITR 3 = @n+ 5+ a) D 2d—s+1
s=0
2(d — s + 1))!

A=) d—s+ D@ +5+d -5

We finish to calculate the hypergeometric function

=d
di(4n +5+d)! < (—1)°
Fi(—d, 4 9/2,4 6;2) =
2Fi( n+9/2,4n +6;2) @n 1 6); §2d_5+1
(2(d —s+ D)!
X
sid—s)!d—s+D!'@n+5+d—s)!
s=d
Ca
s=0

y (=D*(2(d — s + 1)!
d—s+D@n+5+d—s)"

(5.36)



On the Cauchy—Szego Kernel for Quaternion Siegel Upper Half-Space

Collecting (5.36) and (5.34), we obtain the value of the integral

s=d

(w)= (-Dix (8n+8)'Z C (=D*(2(d = s+D)!
fn.a(w 2809 (4 + 4)] = 20=FT (d — 5 + DI(dn +5+d —5)!

(5.37)

Replacing d by k — 2m and substituting the value of 1, k2, (w) into F(e), we get

cnm2(2m))’8n + 8)! ! o
Fe) = 28n+8(4n +4)! Z ZC Z(_l)k Cl

k—2m
> z Ck 2m
2k 2m—s+1

(=D (2(k —2m — s + 1))! /
X
k—2m—s+D@n+5+k—-2m—s)!) (1+|q |2)4”+9/2

In order to finish the calculations, we need to evaluate the integral

4n 2
dr
4n 1
/(1+|q |2)4n+9/2 / dv /(1 r2)4n+9/2

S4n -

It is well known that the volume of the sphere S*'~! is

2n—1/2
T
dvint= _—
/ F2n+1/2)

S4n—l
Making use the substitution = r> we obtain
oo o
/ rn=2dr 1 ?"32dt  T@2n—1/9T2n+5)
(1+ P2y t972 = (1 + )92 = 2M(4n+9/2)
0 0

Multiplying two latter expressions, we find

dq’ _ p8n+8_ 2n-1 n+4)! (4n +4)!

Y _ ) 5.38
(1 + |g'|>)*n+9/2 4n—1 (8n+8)! (5.38)
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!
% to the expression for F(e) we

Substituting the value of the integral [y, (I+1q']

get

72 ((2n)1)* 2n + 4)!

F(e) = pr— K(n),
where the constant K (n) is given by (1.12).
. ! . .
Remind that from the other hand F(e) = (222,;&24) Comparing two expressions for
F (e) we finish proof of the theorem. O

The constants (1.11) and (1.12) in Theorem 1.1 are obtained from the con-
stants (1.11) and (1.12) found in Theorem 5.2 by substituting n +— n — 1.

Corollary 5.2 Particularly, the constant in the Cauchy - Szego kernel for low dimen-

sions are equal to c1 = 8672237173 and ¢, = 1191;1‘%76;77155

Proof CASE n = 1. From one hand F(e) = % From the other hand we have to
calculate the integral

o0

5 1 (172
F(e) = c14m(2)) /(l+|q D= 5/ GEnLP > g cos(kb) dt
0 0

We know that

216776181
/ (I+1g'P*2 = 316!
H!

by (5.38), and

Zak cos(kf) = 14 4+ 8cosH + 3cos(20) = 11 + 8cos b + 6cos 6.
k=0

by (5.32). Then

M(]MH(O 17/2,10; 2)

SIS
[\S][9%}

/12
/ — Zak cos(k6) dt
1+ =

—8,F(—1,17/2,10; 2)
+6,F(=2,17/2,10;2))
716! 7 59 716! 218

= (1148 6 — .
2188!9!( + 10+ 110) 2188191 11
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It gives
,2'076!8! w16l 218 5 109
F(e) = c14n2 =cim’——
3.16! 2188191 11 2079
and, finally, c¢; = 8672231173

CASE n = 2. Again, from one hand we get F'(e) = %. From the other hand we get

2247381121
/(1+Iq/|2)8+9/2_ 7-241 7
H2

ag =155, a1 =40, ar =26, az=14, a4 =35,

cos(20) = 2cos20—1, cos(30) = 4cos> 0 —3cos b, cos(40)=8 cos* 6—8 cos? 6+1,

2
Zak cos(kf) =34 —2cos6 + 12 cos” 6 + 56 cos® 0 + 40 cos* 6,
k=0

112 B(25/2,3/2
/(1 )14 Zak cos(kf) dt = #(3421?1(0, 25/2,14;2)

+2,Fi(—1,25/2, 114; 2)
+12,F1(=2,25/2,14: 2)
—56,F1(—3,25/2, 14;2)
+40, Fy (—4,25/2, 14; 2))

241 119 121 1763
T (3 D 12— +56— +4 0—)

22612113! 147 714 7224 3808
w24l 3023
© 220121131 34
Thus
227381121 724! 3023 5 12092
F(e) = c4m(4)) = —,
7-241 22612113! 34 255255

11486475
1934727

that leads to ¢; = and the proof of the corollary is therefore complete. O
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