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Abstract. In this article we study the sub-Riemannian geometry of the
spheres S2n+1 and S4n+3, arising from the principal S1−bundle structure
defined by the Hopf map and the principal S3−bundle structure given
by the quaternionic Hopf map respectively. The S1 action leads to the
classical contact geometry of S2n+1, while the S

3 action gives another
type of sub-Riemannian structure, with a distribution of corank 3. In
both cases the metric is given as the restriction of the usual Riemannian
metric on the respective horizontal distributions. For the contact S7

case, we give an explicit form of the intrinsic sub-Laplacian and obtain
a commutation relation between the sub-Riemannian heat operator and
the heat operator in the vertical direction.

1. Introduction

One of the main objectives of classical sub-Riemannian geometry is to
study manifolds which are path-connected by curves admissible in a certain
sense. Admissibility refers to a constraint on the velocity vector of an ab-
solutely continuous curve γ : [0, 1] → M , where M is a smooth connected
manifold. More precisely, if H ⊂ TM is a smooth distribution, then γ is
admissible or horizontal if γ̇(t) ∈ H a.e. The distribution H is often called
horizontal distribution in the literature.

The idea of studying sub-Riemannian geometry arising from well-behaved
fiber bundles was introduced by R. Montgomery in [22], although the Rie-
mannian analogue had been studied many decades before. The idea is the
following: given a submersion π : Q → M between two Riemannian man-
ifolds Q and M , where dimM < dimQ, define a “horizontal” distribution
over Q by the pull-back bundle π∗(TM) of the tangent bundle of M via π.
In the case when we have a principal G−action over Q preserving the fibers
of the submersion, the manifold M can be identified with the orbits of the
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action and, after some technical assumptions, it is possible to obtain an
explicit characterization of sub-Riemannian geodesics.

The aim of the present article is to describe the sub-Riemannian geom-
etry of two sub-Riemannian structures for odd-dimensional spheres. More
specifically, we study the sub-Riemannian geometry arising from the con-
tact distribution for the spheres S2n+1 with metric given as a restriction
of the usual Riemannian metric, and the one arising from the quaternionic
Hopf fibration for the spheres S4n+3. Both distributions are strongly bracket
generating, as mentioned in [22, Chapter 5].

This article is organized as follows. In Section 2, we give some standard
definitions of sub-Riemannian geometry which will be needed in the rest of
the paper. In Section 3 we give an explicit description of sub-Riemannian
geodesics in spheres S2n+1 endowed with the standard contact distribution
and we study some of their geometric properties. In Section 4 we use the
obtained form of geodesics in the case of S3 to give another interpretation to
a result by Hurtado and Rosales in [17]. With this new point of view, we are
able to extend their result to contact spheres of an arbitrary odd dimension.
Section 5 is the analogue to Sections 3 and 4 for the case of spheres of the
form S4n+3 endowed with a distribution of corank 3. Section 6 is somewhat
different technically, but it is in spirit related to the core of this article.
It deals with a geodesic differential equation for the quaternionic H−type
group studied in [9], obtained generalizing the techniques in [24]. The reason
for studying this equation here is to pose the question of a similar equation
for the case of S7 and a distribution of rank 4. Section 7 consists of the
construction of the intrinsic sub-Laplacian for S7. The main result states
that it is the sum of the squares of an orthonormal basis of the horizontal
distribution. Finally, Section 8 employs the previous construction to obtain
a simple form of the heat operator for S7 in a similar way as obtained in [4].

2. Preliminaries and notations

2.1. Sub-Riemannian geometry. Let us first give some general defini-
tions, which will be adapted to our purposes when it will be necessary. Let
M be a smooth connected manifold of dimension n, together with a smooth
distribution H ⊂ TM of rank k, 2 ≤ k < n. The manifolds of our interest
are endowed with distributions satisfying the bracket generating condition,
i.e. distributions whose Lie hull equals the full tangent bundle of M . To be
more precise, define inductively the vector bundles

H1 = H, Hr+1 = [Hr,H] +Hr for r ≥ 1,

which naturally induce the flag

H = H1 ⊆ H2 ⊆ H3 ⊆ . . . .
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We say that H is bracket generating if for all x ∈ M there is an r(x) ∈ Z+

such that

(1) Hr(x)
x = TxM.

If the dimensions dimHr
x do not depend on x for any r ≥ 1, we say that H

is a regular distribution. The least r such that (1) is satisfied is called the
step of H. In this paper we will focus on regular distributions of step 2.

A natural question to pose is, given M and H, whether one can join any
two points of M via a horizontal curve, i.e. an absolutely continuous curve
γ : [0, 1] → M which satisfies γ̇(t) ∈ H almost everywhere. A complete
answer to this question was given in [27], which shows a deep generalization
the celebrated Chow-Rashevskĭı theorem, see [13, 23], that gives a sufficient
condition and can be stated as follows:

Theorem 1. Let M be a connected manifold and H ⊂ TM be a bracket

generating distribution, then the set of points that can be connected to p ∈M
by a horizontal path coincides with M .

Remark: A slightly more general version of Theorem 1 states that, if M is
not connected, then the set of points that can be connected to p ∈ M by a
horizontal path is the connected component containing p. Since we assumed
the manifold to be connected, the general formulation is unnecessary.

After these preliminaries, we are ready to specify the class of manifolds
of our interest.

Definition 1. A sub-Riemannian structure over a manifold M is a pair

(H, 〈·, ·〉sR), where H is a bracket generating distribution and 〈·, ·〉sR is a

fiber inner product defined on H. The triple (M,H, 〈·, ·〉sR) is called sub-

Riemannian manifold.

In this context, the length of a horizontal curve γ : [0, 1] → M is defined

to be

(2) ℓ(γ) :=

∫ 1

0

‖γ̇(t)‖dt,

where ‖γ̇(t)‖2 = 〈γ̇(t), γ̇(t)〉sR whenever γ̇(t) exists.

This notion of length gives rise to the Carnot-Carathéodory distance
d(p, q) between two points p, q ∈ M , given by d(p, q) := inf ℓ(γ), where
the infimum is taken over all absolutely continuous horizontal curves joining
p to q. An absolutely continuous horizontal curve that realizes the distance
between two points is called a horizontal length minimizer. It is clear that
if H is bracket generating then d(p, q) is a finite nonnegative number.

Considering a trivializing neighborhood Up around p ∈ M for the sub-
bundle H, one can find a local orthonormal basis X1, . . . , Xk with respect
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to 〈·, ·〉sR. The associated sub-Riemannian Hamiltonian is given by

H(q, λ) =
1

2

k∑

m=1

λ(Xm(q))
2,

where (q, λ) ∈ T ∗Up. A normal geodesic corresponds to the projection to
Up ⊂M of the solution of the Hamiltonian system

q̇i =
∂H

∂λi

λ̇i = −∂H
∂qi

,

where (qi, λi) are the coordinates in the cotangent bundle of M .
It is possible to define sub-Riemannian geodesics in a more general con-

text. There are many interesting problems related to the classification of
such curves, their analytic and geometric properties. In [19] the problem
for the case of rank two distributions is studied and essentially solved. Nev-
ertheless, in the case of strongly bracketgenerating distributions, the sub-
Riemannian geodesics are either normal geodesics or constant curves, see [19,
Proposition 4]. Since all distributions in this article are strongly bracket
generating, normal geodesics are the only interesting case for our purposes.
Note that in this case normal geodesics are local length minimizers, in the
sense that any sufficiently small arc of a normal geodesic minimizes the
length functional. On the other hand, one of the particular features of sub-
Riemannian geometry is that it is possible to find arbitrarily close points
that can be joined by normal geodesics with different lengths. For exam-
ple, in the case of the sub-Riemannian Heisenberg group, any point on the
vertical axis can be connected with the origin by uncountably many normal
geodesics of countably many possible lengths. This result, together with
generalities on the Heisenberg group, can be found in [5, 8]. Extensions of
these results to some H-type groups can be found in [7, 9].

2.2. Sub-Riemannian principal bundles. Our first goal is to recall a full
characterization of normal geodesics in the case of sub-Riemannian princi-
pal bundles. As a direct application we obtain an explicit formula for the
sub-Riemannian geodesics on odd-dimensional spheres, with respect to dis-
tributions of corank 1 and 3 in Sections 3 and 5 respectively. For the sake
of completeness we recall some definitions and notations given in [22].

For a submersion π : Q → M with fiber Qm = π−1(m) through m ∈ M ,
the vertical space at q ∈ Q is given by TqQπ(q) and it is denoted by Vq. In
this context, an Ehresmann connection for π : Q → M is a distribution
H ⊂ TQ which is everywhere transversal to the vertical space, that is:

Vq ⊕Hq = TqQ for every q ∈ Q.
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Let us assume that a Lie group G acts on Q in such a way that π : Q→M
becomes a fiber bundle with fiber G. We say that the submersion π is
a principal G−bundle with connection H if G acts freely and transitively
on each fiber and the G−action on Q preserves the connection H. This
conditions implies that M is isomorphic to Q/G and π is the canonical
projection onto the quotient space. We will refer to the connection H as the
horizontal distribution.

For the rest of this section, let us denote the Lie algebra of G by g, and
the corresponding exponential map by expG : g → G.

Definition 2. For the principal G−bundle π : Q → M , the infinitesimal

generator for the group action is the map σq : g → TqQ defined by

σq(ξ) =
d

dǫ

∣∣∣∣
ǫ=0

q expG(ǫξ)

for q ∈ Q and ξ ∈ g. If the metric 〈·, ·〉 in Q is G−invariant, we have a

well-defined bilinear form

Iq(ξ, η) = 〈σqξ, σqη〉 , ξ, η ∈ g,

which is called the moment of inertia tensor at q.

A G−invariant Riemannian metric on Q is said to be of constant bi-
invariant type if its moment of inertia tensor Iq is independent of q ∈ Q. For
a principal G−bundle π : Q → M , the infinitesimal generator σq at q ∈ Q
is an isomorphism between the vertical space Vq and g. If p : TqQ → Vq
denotes the orthogonal projection induced by the Riemannian metric on Q,
then we have a map A defined by the diagram

g

σq

∼=
++ Vq

σ−1
q

kk TqQ

A

{{ p
oo .

This composite is called the g valued connection one form, see [18, 26].
With all of these at hand, we can state the main tool required in this

section. This will imply almost immediately Corollaries 1 and 7 which are
of core importance in the present paper. The proof of the following theorem
can be found in [22].

Theorem 2 (Horizontal Geodesics for Principal Bundles). Let π : Q → M
be a principal G−bundle with a Riemannian metric of constant bi-invariant

type. Let H be the induced connection, with g valued connection one form A.
Let expR be the Riemannian exponential map, so that γR(t) = expR(tv) is

the Riemannian geodesic through q with velocity vector v ∈ TqQ. Then any
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horizontal lift γ of the projection π◦γR is a normal sub-Riemannian geodesic

and is given by

γ(t) = expR(tv) expG(−tA(v))
where expG : g → G is the exponential map of G. Moreover, all normal

sub-Riemannian geodesics can be obtained in this way.

Remark: In Theorem 2, the sub-Riemannian geodesics are considered with
respect to the metric induced by restricting 〈·, ·〉 to H. Recall that constant
bi-invariant metrics must be G−invariant.

3. Sub-Riemannian Geodesics on S2n+1

In the case of odd dimensional spheres S2n+1, embedded as the boundary
of the unit ball in Cn+1, there is a natural action of S1 ∼= U(1) on it, via
componentwise multiplication by a complex number of norm 1. This action
induces the well known Hopf fibration S1 → S2n+1 → CP n, which forms a
principal S1−bundle with connectionH given by the orthogonal complement
to the vector field

(3) Vn+1(p) = −y0∂x0
+ x0∂y0 − . . .− yn∂xn

+ xn∂yn

at each p = (x0, y0, . . . , xn, yn) ∈ S2n+1, with respect to the usual Riemann-
ian metric of S2n+1 as embedded in R2(n+1) ∼= Cn+1. In [15] it is shown that
this distribution coincides with the holomorphic tangent space HS2n+1 of
S2n+1 thought as an embedded CR manifold and that it also coincides with
the contact distribution given by kerω with respect to the contact form

ω = −y0dx0 + x0dy0 − . . .− yndxn + xndyn.

Note that the components of the vector Vn+1(p) are the same as in the u(1)
action i · p.

As a consequence of Theorem 2, it is possible to write parametric formulas
for all sub-Riemannian geodesics for the sphere S2n+1 as a sub-Riemannian
manifold equipped with connectionH and with metric restricted fromR2(n+1).
This result is formulated in the following proposition.

Proposition 1. Let p ∈ S2n+1 = {(z0, . . . , zn) ∈ Cn+1 : |z0|2+. . .+|zn|2 = 1}
and v ∈ TpS

2n+1. If γR(t) = (z0(t), . . . , zn(t)) is the great circle satisfying

γR(0) = p and γ̇R(0) = v, then the sub-Riemannian geodesic determined by

p and v is given by

(4) γ(t) =
(
z0(t)e

−it〈v,Vn+1〉, . . . , zn(t)e
−it〈v,Vn+1〉

)
.

Proof. The holomorphic tangent space for S2n+1 is the distribution induced
by the principal S1−bundle given by the Hopf fibration S1 → S2n+1 → CP n

with u(1)−valued connection form A(v) = i〈v, Vn+1〉, v ∈ TpS
2n+1, Vn+1

denotes Vn+1(p) and 〈·, ·〉 stands for the standard inner product in R2(n+1),
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see [15]. Moreover, the usual Riemannian structure on S2n+1 is of constant
bi-invariant type, since we have

d

dǫ

∣∣∣∣
ǫ=0

q expU(1)(ǫξ) = αi · q = αVn+1(q),

for any q ∈ S2n+1 and ξ = iα ∈ u(1). Therefore, the inertia tensor is given
by

Iq(iα, iα̃) = 〈αVn+1(q), α̃Vn+1(q)〉 = αα̃,

which does not depend of the point.
The result follows from Theorem 2. �

It is important to notice that, with the notations of Proposition 1, the
vector γ̇(0) ∈ TpS

2n+1 is just the orthogonal projection of the vector v to
the horizontal space Hp. Also note that the choice of the point p and the
initial velocity vector for the great circle do not determine uniquely the
sub-Riemannian geodesic. Examples of this phenomenon are well-known in
the case of the Heisenberg group [5] and in the case of contact spheres was
studied in [11].

In order to analyze in more details formula (4), let us introduce some
notations and the necessary setup. Recall that the Riemannian geodesic
starting at p ∈ Sn with velocity v ∈ TpS

n of any sphere Sn as a submanifold
of Rn+1, with the standard Riemannian structure, is given by:

(5) γR(t) = p cos(‖v‖t) + v

‖v‖ sin(‖v‖t),

where ‖v‖2 = 〈v, v〉. In the case of our interest, a great circle γR(t) in S
2n+1

as a submanifold of R2(n+1) ∼= Cn+1 will be written in complex notation as
γR(t) = (z0(t), . . . , zn(t)). For notational simplicity, the action of λ ∈ S1

over (p0, . . . , pn) ∈ S2n+1 is denoted by λ · p = (λp0, . . . , λpn). Let us write
γ(0) = γR(0) = p = (a0 + ib0, . . . , an + ibn) ∈ S2n+1 and γ̇R(0) = v =
(α0 + iβ0, . . . , αn + iβn) ∈ TpS

2n+1. Observe that Vn+1(γ(t)) = i · γ(t). As
above, Vn+1 = Vn+1(γ(0)).
Remark: In the subsequent calculations, the notation 〈·, ·〉H will denote
the standard Hermitian product in Cn+1. We recall that the standard inner
product 〈·, ·〉 in R2(n+1) satisfies

Re 〈·, ·〉H = 〈·, ·〉.

Theorem 2 assures that γ is a horizontal curve, i.e. 〈γ̇(t), Vn+1(γ(t))〉 = 0,
nevertheless it is possible to check directly this by straightforward calcula-
tions. Since some of the computations will appear later, it is convenient to
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write them down. First notice that

〈γ̇(t), Vn+1(γ(t))〉H = 〈(−i〈v, Vn+1〉γR(t) + γ̇R(t))e
−i〈v,Vn+1〉t,

ie−i〈v,Vn+1〉tγR(t)〉H
= −〈v, Vn+1〉〈γR(t), γR(t)〉H − i〈γ̇R(t), γR(t)〉H
= −〈v, Vn+1〉 − i〈γ̇R(t), γR(t)〉H .

Thus the problem is now to determine the value of

〈γ̇R(t), γR(t)〉H =

n∑

k=0

żk(t)zk(t).

By straightforward calculations, it is easy to see that
n∑

k=0

żk(t)zk(t) = (cos2(‖v‖t)− sin2(‖v‖t))
n∑

k=0

(akαk + bkβk) +

+i

n∑

k=0

(akβk − bkαk)

= 〈p, v〉 cos(2‖v‖t) + i〈v, Vn+1〉
= i〈v, Vn+1〉,(6)

yielding to 〈γ̇(t), Vn+1(γ(t))〉H = 0, which implies the horizontality of the
curve γ(t).

We know by Theorem 1 that it is possible to find a horizontal curve
Γ : [0, T ] → S2n+1 such that

(7) Γ(0) = p and Γ(T ) = q,

for any pair p, q ∈ S2n+1 and all fixed time parameter T > 0. A natural
question to ask is whether Γ can be taken as a geodesic in (7). The answer
to the question is affirmative by compactness arguments see [2, Chapter 10].
To find a complete description of the set of all geodesics is rather difficult
problem. Recently, the authors in [11] did it for some particular cases. In
this direction, we have the following result which is a direct generalization
of the result obtained in [10, Theorem 1] in the particular case of n = 1, i.e.
for the three dimensional sphere.

Proposition 2. The set of sub-Riemannian geodesics arising from great

circles γR(t) such that γ̇R(0) ∈ H = kerω is diffeomorphic to CP n.

Proof. In this case any sub-Riemannian geodesic starting at p ∈ S2n+1 with
initial velocity v ∈ H ⊂ TpS

2n+1 coincides with the corresponding great
circle, since the condition γ̇R(0) ∈ H = kerω is equivalent to 〈v, Vn+1〉 = 0,
thus

γ(t) = p cos(‖v‖t) + v

‖v‖ sin(‖v‖t)
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whose loci is uniquely determined by the point [v] ∈ CP n. �

Observe that this CP n can be seen as a submanifold of S2n+1 which is
transverse to Vn+1 along the fiber containing p. As remarked in [10] for S3,
this can be seen as a sophisticated analogue of the horizontal space at the
identity in the (2n+1)−dimensional Heisenberg group, in the sense that the
projection of the sub-Riemannian geodesics in Proposition 2 via the Hopf
fibration give Riemannian geodesics in CP n.

Since the geodesics γ(t) are normal, they are the projections of solutions
of the Hamiltonian system determined by the sub-Riemannian structure,
as presented in Subsection 2.1. This implies that the norm of the velocity
vector γ̇(t) does not depend on t. Let us conclude this discussion with a
sort of Pythagoras theorem for contact spheres which will be of importance
in the next section.

Proposition 3. For a sub-Riemannian geodesic of the form

γ(t) =
(
z0(t)e

−it〈v,Vn+1〉, . . . , zn(t)e
−it〈v,Vn+1〉

)

the following equation holds

‖γ̇(t)‖2 + 〈v, Vn+1〉2 = ‖v‖2.
Thus, the sub-Riemannian length of γ(t) for t ∈ [a, b] is

ℓ(γ) = (b− a)
√

‖v‖2 − 〈v, Vn+1〉2.
Proof. By straightforward calculations, we have

〈γ̇(t), γ̇(t)〉H = 〈(−i〈v, Vn+1〉γR(t) + γ̇R(t))e
−i〈v,Vn+1〉t,

(−i〈v, Vn+1〉γR(t) + γ̇R(t))e
−i〈v,Vn+1〉t〉H

= 〈v, Vn+1〉2〈γR(t), γR(t)〉H + 〈γ̇R(t), γ̇R(t)〉H
+〈v, Vn+1〉(i〈γ̇R, γR〉H − i〈γR, γ̇R〉H)

= 〈v, Vn+1〉2 + ‖v‖2 − 2〈v, Vn+1〉2.
Here we have used equation (6). The proposition follows. �

Remark: According to Proposition 3, the condition that a curve γ(t) =
γR(t)e

−it〈v,Vn+1〉 is parameterized by arclength is equivalent to require that
‖v‖2 = 1 + 〈v, Vn+1〉2.

4. Curvature of sub-Riemannian geodesics on S3

In [17], the authors described the critical points of the length functional (2)
on the three dimensional sphere with respect to its contact distribution.
Founded by them explicit expressions for these curves coincide with solutions
of the Hamiltonian system from Subsection 2.1, that is not surprising due to
discussions in the same Subsection, see also [19]. The variational equation
for critical point is presented in the following proposition.
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Proposition 4. Let γ : I → S3 be a C2 horizontal curve parameterized by

arc-length. Then γ is a critical point of length for any admissible variation

if and only if there is λ ∈ R such that γ satisfies the second order ordinary

differential equation

(8) ∇γ̇ γ̇ + 2λJ(γ̇) = 0,

where ∇ is the Levi-Civita connection and J is the almost complex structure

on H ⊂ TS3 induced from the standard almost complex structure on C2.

The authors call the parameter λ above the curvature of γ, since after
projecting it via the Hopf fibration, λ becomes precisely the curvature of
the projected curve in S2, see also [6]. Note that the curves with zero
curvature are precisely the horizontal great circles. It is our purpose to
find an explicit expression for λ in terms of known parameters of the sub-
Riemannian geodesics of S3, as presented in Corollary 1.
Remark: Some authors call the parameter λ the charge, and equation (8)
Wong’s equation for the principal G-bundle with abelian group G. For more
details on this point of view, see [22, Chapter 12].

Proposition 5. The curvature of the sub-Riemannian geodesic

γ(t) = e−i〈v,V2〉tγR(t)

in S3, parameterized by arc-length, equals 〈v, V2〉.
Proof. The Lie group structure of S3 as the set of unit quaternions, induces
the globally defined vector fields

(9)
V (p) = −y1∂x1

+ x1∂y1 − y2∂x2
+ x2∂y2 ,

X(p) = −x2∂x1
+ y2∂y1 + x1∂x2

− y1∂y2 ,
Y (p) = −y2∂x1

− x2∂y1 + y1∂x2
+ x1∂y2 ,

at p = (x1, y1, x2, y2) ∈ S3, which are orthonormal with respect to the usual
Riemannian structure of R3. Observe that V (p) = V2(p) as defined in (3).

Let p = (x1, y1, x2, y2) = γ(0) ∈ S3 be the initial point of γ and let v =
(vx1

, vy1, vx2
, vy2) = γ̇R(0) ∈ TpS

3 be the initial velocity of the corresponding
great circle. By direct calculation, we have

(10) γ̇(t) = fX(t)X(γ(t)) + fY (t)Y (γ(t)),

where, denoting α = 〈v,X〉, β = 〈v, Y 〉, we have

fX(t) = α cos(2t〈v, V 〉) + β sin(2t〈v, V 〉),
fY (t) = β cos(2t〈v, V 〉)− α sin(2t〈v, V 〉).

It follows from this decomposition that

(11) J(γ̇(t)) = −fY (t)X(γ(t)) + fX(t)Y (γ(t)).

It remains to determine the term ∇γ̇ γ̇. It is well-known that for sub-
manifolds of Rn, the vector field ∇γ̇ γ̇ corresponds to the projection of the
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second derivative γ̈ to the tangent space of the submanifold. In this case,
differentiating (10) we obtain

∇γ̇ γ̇ = 2〈v, V 〉(fY (t)X(γ(t))− fX(t)Y (γ(t)))− 2〈v, V 〉 J(γ̇(t)).

The proposition follows. �

Remark: Note that in case p = (1, 0, 0, 0) ∈ S3, a great circle starting at p
with velocity vector v = (0, vy1, vx2

, vy2) ∈ TpS
3 is given by

γR(t) =

(
cos(‖v‖t), vy1‖v‖ sin(‖v‖t), vx2

‖v‖ sin(‖v‖t), vy2‖v‖ sin(‖v‖t)
)
.

Then, the corresponding sub-Riemannian geodesic is

(12) γ(t) = e−ivy1tγR(t),

where v2x2
+v2y2 = 1, since the curve is parameterized by arc-length. It follows

that the curvature is given by 〈v, V2〉 = vy1 .
In [17] the problem of existence of closed sub-Riemannian geodesics is also

discussed. Their result is that a complete geodesic γ in S3 parameterized
by arc-length, with curvature λ is closed if and only if λ/

√
1 + λ2 ∈ Q. This

result can be generalized to any odd dimensional sphere.

Proposition 6. Let γ : R → S2n+1 be an arbitrary complete sub-Riemannian

geodesic parameterized by arc-length, with initial velocity v ∈ TpS
2n+1. Then

γ is closed if and only if

〈v, Vn+1〉√
1 + 〈v, Vn+1〉2

∈ Q.

Proof. The curve γ : R → S2n+1 is closed if and only if for some T > 0

p = e−i〈v,Vn+1〉T

(
p cos(‖v‖T ) + v

‖v‖ sin(‖v‖T )
)
.

Since v ∈ TpS
2n+1, we know that v is orthogonal to the vector joining

0 ∈ R2n+2 to p, with respect to the usual Riemannian structure of R2n+2.
This means that sin(‖v‖T ) = 0, which forces T = kπ/‖v‖, k ∈ Z.

To complete the argument, we only need to see that

±e−ik(〈v,Vn+1〉/‖v‖)πp = p

if and only if

〈v, Vn+1〉
‖v‖ =

〈v, Vn+1〉√
1 + 〈v, Vn+1〉2

∈ Q,

where we have used the remark after Proposition 3. �
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5. Sub-Riemannian Geodesics on S4n+3

Let us consider the sphere S4n+3 embedded as the boundary of the unit
ball in (n+1)−dimensional quaternionic space Hn+1. As usual, let us denote
the quaternionic units as i, j, and k. There is a natural right action of
Sp(1) ∼= S3 on Hn+1, via componentwise multiplication by a quaternion of
norm one. This action induces a quaternionic Hopf fibrations S3 → S4n+3 →
HP n, given by

H : S4n+3 → HP n

(q0, . . . , qn) 7→ [q0 : . . . : qn].

This submersion forms a principal S3−bundle with connection given by
the orthogonal complement to the vector fields

V 1
n+1(p) = −y0∂x0

+x0∂y0+w0∂z0−z0∂w0
−. . .−yn∂xn

+xn∂yn+wn∂zn−zn∂wn
,

V 2
n+1(p) = −z0∂x0

−w0∂y0+x0∂z0+y0∂w0
−. . .−zn∂xn

−wn∂yn+xn∂zn+yn∂wn
,

V 3
n+1(p) = −w0∂x0

+z0∂y0−y0∂z0+x0∂w0
−. . .−wn∂xn

−zn∂yn+yn∂zn+xn∂wn
,

at each p = (x0, y0, z0, w0 . . . , xn, yn, zn, wn) ∈ S4n+3, with respect to the
usual Riemannian metric of S4n+3 as embedded in R4(n+1) ∼= Hn+1. It is easy
to see that the following commutation relations hold for V 1

n+1, V
2
n+1, V

3
n+1

[V 1
n+1, V

2
n+1] = 2V 3

n+1, [V 2
n+1, V

3
n+1] = 2V 1

n+1, [V 3
n+1, V

1
n+1] = 2V 2

n+1.

Thus one recovers the fact that span{V 1
n+1(p), V

2
n+1(p), V

3
n+1(p)} is isomor-

phic as Lie algebra to sp(1), the Lie algebra associated to S3.
It is a well established fact that this distribution is bracket generating.

In fact, the geometry of this spheres S4n+3 is known to be a quaternionic
analogue of CR-geometry, see [3]. Note that the components of the vector
V 1
n+1(p) are the same as in the sp(1) action p · i. Similar statements hold for
V 2
n+1(p), V

3
n+1(p) and p · j, p · k respectively.

In a similar fashion to Proposition 1, we have the following consequence
of Theorem 2.

Proposition 7. Let p ∈ S4n+3 = {(q0, . . . , qn) ∈ Hn+1 : |q0|2+. . .+|qn|2 = 1}
and v ∈ TpS

4n+3. If γR(t) = (q0(t), . . . , qn(t)) is the great circle satisfying

γR(0) = p and γ̇R(0) = v, then the corresponding sub-Riemannian geodesic

is given by

(13) γ(t) =
(
q0(t) · e−tA(v), . . . , qn(t) · e−tA(v)

)
.

Proof. In this case, the connection form is given by

A(v) = i〈v, V 1
n+1〉+ j〈v, V 2

n+1〉+ k〈v, V 3
n+1〉

where v ∈ TpS
2n+1, V α

n+1 denotes V α
n+1(p) (α = 1, 2, 3) and 〈·, ·〉 stands for

the standard inner product in R4(n+1). Moreover, the usual Riemannian
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structure on S4n+3 is of constant bi-invariant type, since for any q ∈ S4n+3

and ξ = iα + jβ + kγ ∈ sp(1), α, β, γ ∈ R we have

d

dǫ

∣∣∣∣
ǫ=0

q expSp(1)(ǫξ) = αq · i+ βq · j + γq · k

= αV 1
n+1(q) + βV 2

n+1(q) + γV 3
n+1(q).

Therefore, the inertia tensor is given by

Iq(iα + jβ + kγ, iα̃ + jβ̃ + kγ̃) =

= 〈αVn+1(q)βV
2
n+1(q) + γV 3

n+1(q), α̃Vn+1(q)β̃V
2
n+1(q) + γ̃V 3

n+1(q)〉 =
= αα̃+ ββ̃ + γγ̃,

which does not depend of the point.
The result follows from Theorem 2. �

In Corollary 7, the quaternionic exponential is defined by

eai+bj+ck = cos
√
a2 + b2 + c2 + sin

√
a2 + b2 + c2 · ai+ bj + ck√

a2 + b2 + c2
,

for a, b, c ∈ R. Note that the curve e−tA(v) is simply the Riemannian geodesic
in S3 starting at the identity of the group e = (1, 0, 0, 0), with initial velocity
vector (0,−〈v, V 1

n+1〉,−〈v, V 2
n+1〉,−〈v, V 3

n+1〉).
Corollary 7 implies immediate analogues to Proposition 2 and to Proposi-

tion 6, which we state for the sake of completeness. Proofs are adaptations
of the aforementioned Propositions.

Proposition 8. The set of sub-Riemannian geodesics in S4n+3 arising from

great circles γR(t) such that γ̇R(0) is orthogonal to V 1
n+1, V

2
n+1 and V 3

n+1 is

diffeomorphic to HP n.

Proposition 9. Let γ : R → S4n+3 be a complete sub-Riemannian geodesic

parameterized by arc-length, with initial velocity v ∈ TpS
2n+1. Then γ is

closed if and only if

〈v, V 1
n+1〉

‖v‖2 ,
〈v, V 2

n+1〉
‖v‖2 ,

〈v, V 3
n+1〉

‖v‖2 ∈ Q.

In analogy with Proposition 3, let us consider a similar statement in the
case of the spheres S4n+3.

Proposition 10. For a horizontal sub-Riemannian geodesic of the form

γ(t) =
(
q0(t) · e−tA(v), . . . , qn(t) · e−tA(v)

)

the following equation holds

‖γ̇(t)‖2 + ‖A(v)‖2 = ‖v‖2,
where ‖A(v)‖2 = 〈v, V 1

n+1〉2 + 〈v, V 2
n+1〉2 + 〈v, V 3

n+1〉2.
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Proof. Recall that if γ is a sub-Riemannian geodesic, then the length of the
velocity vector ‖γ̇(t)‖ does not depend on t. Thus without loss of generality
we can assume t = 0. Let us introduce the following notation

p = γ(0) = (x0, y0, z0, w0, . . . , xn, yn, zn, wn) ∈ S4n+3,

v = γ̇R(0) = (vx0
, vy0 , vz0, vw0

, . . . , vxn
, vyn , vzn, vwn

) ∈ TpS
4n+3.

Differentiating equation (13) and evaluating at t = 0, we have

γ̇(0) = v − 〈v, V 1
n+1〉V 1

n+1 − 〈v, V 2
n+1〉V 2

n+1 − 〈v, V 3
n+1〉V 3

n+1.

The orthogonality of the vector fields V 1
n+1, V

2
n+1, V

3
n+1 implies the desired

relation. �

6. Curvature of sub-Riemannian geodesics on H1

The proof of Proposition 4 is given in [24] for the case of the three di-
mensional Heisenberg group. As mentioned in [17], the proof for the case
of the sub-Riemannian three dimensional sphere is basically the same. The
authors have pointed out, in private communication, that the same result
holds for all three Sasakian pseudo-Hermitian manifolds.

Note that if M is either the Heisenberg group of topological dimension 3
or the sphere S3, with Reeb vector field R = V2, then the quotient vector
bundle

TM/span{R} → M

is trivial. We have not been able to show that the corresponding vector
bundle

TS7/span{V 1
2 , V

2
2 , V

3
3 } → S7

is trivial, which makes difficult to find an analogous argument to the one
employed in [17].

The main goal of this section is to find an analogue to Proposition 4
for the Gromov-Margulis-Mitchell-Mostow tangent cone of S7, see [16, 20,
21, 22], which corresponds to the first quaternionic H−type group H1, as
presented in [9]. Observe that the idea of studying the tangent cone before
the sub-Riemannian manifold S7 corresponds to the case in [24], since the
first Heisenberg group is the tangent cone to the sub-Riemannian S3. We
will study whether this method extends to S7 in a future paper.

6.1. The quaternionic H−type group H1. Let us consider the 4 × 4
matrices I,J and K, given by

I =




0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


 , J =




0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0


 ,
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K =




0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0


 .

Note that I,J and K are a fixed representation of the quaternion units, i.e.
if U denotes the identity matrix of size 4× 4, then span{U , I,J ,K} ∼= H as
algebras via the isomorphism

ϕ : span{U , I,J ,K} → H

given by ϕ(U) = 1, ϕ(I) = i, ϕ(J ) = j, ϕ(K) = k and extended by linearity.
The seven dimensional quaternionic H−type group H1 corresponds to the

manifold R4 ⊕ R3 with the group operation ◦ defined by

(x, z) ◦ (x′, z′) =
(
x+ x′, zI + z′I +

1

2
x′TIx,

zJ + z′J +
1

2
x′TJ x, zK + z′K +

1

2
x′TKx

)

where x, y, z are column vectors and x′T , y′T , z′T are row vectors in R4.
The Lie algebra h1 corresponding to H1 is spanned by the left invariant

vector fields

X1(x, z) =
∂

∂x1
+

1

2

(
+x2

∂

∂zI
− x4

∂

∂zJ
− x3

∂

∂zK

)
,

X2(x, z) =
∂

∂x2
+

1

2

(
−x1

∂

∂zI
− x3

∂

∂zJ
+ x4

∂

∂zK

)
,

X3(x, z) =
∂

∂x3
+

1

2

(
+x4

∂

∂zI
+ x2

∂

∂zJ
+ x1

∂

∂zK

)
,

X4(x, z) =
∂

∂x4
+

1

2

(
−x3

∂

∂zI
+ x1

∂

∂zJ
− x2

∂

∂zK

)
,

ZI(x, z) =
∂

∂zI
, ZJ (x, z) =

∂

∂zJ
, ZK(x, z) =

∂

∂zK
.

at a point (x, z) = (x1, x2, x3, x4, zI , zJ , zK) ∈ H1. A Riemannian metric
〈·, ·〉 inH1 is declared so thatX1, . . . , X4, ZI , . . . , ZK is an orthonormal frame
at each (x, z) ∈ H1. The sub-Riemannian structure on H1 we are interested
in is defined by the left invariant distribution D = span{X1, X2, X3, X4} and
the restriction of the metric previously defined.

Observe that D is bracket generating of step two. In fact, we have the
commutator relations

(14)
[X1, X2] = [X3, X4] = −ZI ,
[X2, X3] = [X1, X4] = ZJ ,
[X1, X3] = [X4, X2] = ZK.
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All the remaining commutators between the chosen basis of h1 vanish. It
is easy to see that the distribution D is strongly bracket generating, since
each of the vector fields X1, X2, X3, X4 are bracket generators of step 2. As
a consequence, the only abnormal geodesics are constant curves, which are
of no interest to us.

From the well-known Koszul formula for the Levi-Civita connection asso-
ciated to the metric 〈·, ·〉

〈Z,∇YX〉 = 1

2
(X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X, Y 〉−

−〈[X,Z], Y 〉 − 〈[Y, Z], X〉 − 〈[X, Y ], Z〉),
see for example [14], the orthonormality of the basis {X1, . . . , X4, ZI , . . . , ZK},
and equations (14) we get that

〈Xb,∇Xa
Zr〉 = −1

2
〈[Xa, Xb], Zr〉, 〈Zs,∇Xa

Zr〉 = 0,

for any a, b = 1, . . . , 4, r, s = I,J ,K. This translates to the equation

(15) ∇Xa
Zr = −1

2

4∑

b=1

〈[Xa, Xb], Zr〉Xb,

which reduces to the following identities

∇X1
ZI =

1

2
X2, ∇X2

ZI = −1

2
X1, ∇X3

ZI =
1

2
X4, ∇X4

ZI = −1

2
X3,

∇X1
ZJ = −1

2
X4, ∇X2

ZJ = −1

2
X3, ∇X3

ZJ =
1

2
X2, ∇X4

ZJ =
1

2
X1,

∇X1
ZK = −1

2
X3, ∇X2

ZK =
1

2
X4, ∇X3

ZK =
1

2
X1, ∇X4

ZK = −1

2
X2.

Therefore, it follows that the maps Jr : D → D defined by

Jr(X) = 2∇XZr, r = I,J ,K,
are almost complex structures. Note that the equation

(16) 〈Jr(U1), U2〉+ 〈U1, Jr(U2)〉 = 0

holds for every r = I,J ,K and every U1, U2 ∈ D, and it implies that
〈U, Jr(U)〉 = 0 for all U ∈ D.

6.2. A variational argument. Consider a manifold M and let H ⊂ TM
be a distribution. A variation of a curve γ : [a, b] → M is a C2-map γ̃ :
I1 × I2 → M , where I1, I2 are open intervals, 0 ∈ I2 and γ̃(s, 0) = γ(s). In
what follows, we will denote γ̃(s, ε) = γε(s).

Let Wε be the vector field along γε given by

Wε(s) =
∂γτ (s)

∂τ

∣∣∣∣
τ=ε

=
∂γ

∂τ
(s, ε).
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Note that the vector fields Wε and γ̇ε commute

[Wε, γ̇ε] =

[
∂γ

∂ε
(s, ε),

∂γ

∂s
(s, ε)

]
=

[
∂

∂ε
,
∂

∂s

]
γ(s, ε) = 0.

A variation γε of a horizontal curve γ is called admissible if all curves
γε : I1 → M are horizontal, γε(a) = γ(a) and γε(b) = γ(b) for all ε ∈ I2.
Observe that for an admissible variation of γ, the vector field W0 vanishes
at the endpoints of γ: W0(γ(a)) =W0(γ(b)) = 0.

Let us study an admissible variation γε of a horizontal curve γ in the case
ofH1, with the Riemannian metric defined in the previous Subsection. Since
the variation is admissible, we have

〈γ̇ε, ZI〉 = 〈γ̇ε, ZJ 〉 = 〈γ̇ε, ZK〉 = 0.

In what follows, for an arbitrary vector field X on H1, we will denote by
XH and XV the orthogonal projections of X to the horizontal distribution
D ⊂ TH1 and the vertical bundle span{ZI , ZJ , ZK} respectively.

The horizontality conditions 〈γ̇ε, Zr〉 = 0, for r = I,J ,K, yield

0 =
d

dε

∣∣∣∣
ε=0

〈γ̇ε, Zr〉 = 〈∇W0
γ̇, Zr〉+ 〈γ̇,∇W0

Zr〉

= 〈∇γ̇W0, Zr〉+ 〈γ̇,∇W0H
Zr〉

= γ̇〈W0, Zr〉 − 〈W0,∇γ̇Zr〉+ 〈γ̇, Jr(W0H )〉
= γ̇〈W0, Zr〉 − 〈W0H , Jr(γ̇)〉 − 〈Jr(γ̇),W0H 〉
= γ̇〈W0, Zr〉 − 2〈W0H , Jr(γ̇)〉,

where we have used equation (16) and ∇Zs
Zr = 0.

In fact the converse statement also holds.

Lemma 1. Let W be any C1 vector field along γ such that W (γ(a)) =
W (γ(b)) = 0 and that satisfies

0 = γ̇〈W,Zr〉 − 2〈WH , Jr(γ̇)〉.
Then there exists an admissible variation γε of γ such that

∂

∂ε

∣∣∣∣
ε=0

γ(s, ε) = W.

Proof. Let us decompose W = fγ̇+W̃ , with W̃⊥γ̇ and f(γ(a)) = f(γ(b)) =
0. With this definition, we have

〈W, γ̇〉 = f, 〈W,Jr(γ̇)〉 = 〈W̃ , Jr(γ̇)〉, 〈W,Zr〉 = 〈W̃ , Zr〉.
Observe that the term fγ̇ will not contribute to any admissible variation,
therefore we can assume that W⊥γ̇. Let s ∈ I1 and ε > 0 be sufficiently
small. Define the mapping

F (s, ε) = expγ(s)(εW (s)),
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where exp is the exponential map associated to the metric 〈·, ·〉 of H1.
If W is horizontal in some nonempty interval I ⊂ I1, then W = WH and

also 〈WH , Jr(γ̇)〉 = 1
2
γ̇〈WH , Zr〉 = 0. This implies WH = λ(p)γ̇, but since

WH⊥γ̇, then WH = 0.
If W (s0) is not horizontal, then F (s, ε) defines locally a surface which is

foliated by horizontal curves and it is transversal to the horizontal distribu-
tion, since it contains curves in nonhorizontal directions. This implies that
there exists a C2-function g(s, ε) such that the curve

γε(s) = expγ(s)(g(s, ε)W (s))

is horizontal. Choosing g such that
∂

∂ε

∣∣∣∣
ε=0

g(s0, ε) = 1, we obtain an admis-

sible variation γε of γ with associated vector field W . �

With this result at hand, we can formulate the main theorem of this
section.

Theorem 3. Let γ : [a, b] → H1 be a horizontal curve, parameterized by arc

length. Then γ is a critical point of the length functional (2) if and only if

there exist λI , λJ , λK ∈ R satisfying the second order differential equation

(17) ∇γ̇ γ̇ − 2
∑

r=I,J ,K

λrJr(γ̇) = 0.

Proof. Let γ : I = [a, b] → H1 be a horizontal curve, parameterized by arc
length, and let γε be an admissible variation of γ, with vector field U . The
first variation of the length functional, see [12], is given by

(18)
d

dε

∣∣∣∣
ε=0

L(γε) = −
∫

I

〈∇γ̇ γ̇, U〉.

Suppose γ is a critical point of the first variation, that is∫

I

〈∇γ̇ γ̇, U〉 = 0.

The condition ‖γ̇‖ = 1 implies 〈∇γ̇ γ̇, γ̇〉 = 0. Since 〈γ̇, Zr〉 = 0 for
r = I,J ,K, we have

0 = γ̇〈γ̇, Zr〉 = 〈∇γ̇ γ̇, Zr〉+ 〈γ̇,∇γ̇Zr〉
= 〈∇γ̇ γ̇, Zr〉+ 〈γ̇, Jr(γ̇)〉 = 〈∇γ̇ γ̇, Zr〉.

Therefore, counting dimensions

(19) ∇γ̇ γ̇ =
∑

r=I,J ,K

gr(γ)Jr(γ̇).

In order to prove that the functions gr are constant, fix three C1 functions

fI , fJ , fK : I → R such that fr(a) = fr(b) = 0 and

∫

I

fr = 0 for r = I,J ,K.
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Consider a vector field Ũ such that ŨH =
∑

r=I,J ,K frJr(γ̇) and 〈Ũ , Zr〉(s) =
2
∫ s

a
fr(t)dt. We claim that Ũ satisfies

γ̇〈Ũ , Zr〉 = 2〈ŨH , Jr(γ̇)〉,
for r = I,J ,K. To see this, observe that

γ̇〈Ũ , Zr〉 =
d

ds

(
2

∫ s

a

fr(t)dt

)
= 2fr(s)

and also

2〈ŨH , Jr(γ̇)〉 = 2

〈
∑

s=I,J ,K

fsJs(γ̇), Jr(γ̇)

〉
= 2fr(s).

Thus, by Lemma 1, we can conclude that Ũ is a vector field for an admis-
sible variation of γ. By the variational identity (18), we obtain the equality

0 =

∫

I

〈∇γ̇ γ̇, Ũ〉 =
∑

r=I,J ,K

∫

I

fr〈∇γ̇ γ̇, Jr(γ̇)〉,

which is valid for any three functions with mean zero. This implies that the
functions 〈∇γ̇ γ̇, Jr(γ̇)〉 are constant, and thus we obtain equation (17), for
suitable constants λI , λJ , λK ∈ R.

Conversely, let us assume that γ is a horizontal curve, such that ‖γ̇‖ = 1
and it satisfies the differential equation (17), for some λI , λJ , λK ∈ R. We
need to show that ∫

I

〈∇γ̇ γ̇, U〉 = 0

for any C1-smooth vector field U , vanishing at the endpoints of γ and sa-
tisfying

γ̇〈U,Zr〉 = 2〈UH , Jr(γ̇)〉,
where r = I,J ,K.

Let us write U = UH + UV = UH +
∑

r=I,J ,K

grZr, where gr(γ(a)) =

gr(γ(b)) = 0, then
∫

I

〈∇γ̇ γ̇, U〉 = −2
∑

r=I,J ,K

λr

∫

I

〈Jr(γ̇), U〉 = −2
∑

r=I,J ,K

λr

∫

I

〈Jr(γ̇), UH〉

= −
∑

r=I,J ,K

λr

∫

I

γ̇〈U,Zr〉 = −
∑

r=I,J ,K

λr

∫

I

γ̇〈UV , Zr〉

= −
∑

r=I,J ,K

λr

∫

I

γ̇(gr) = −
∑

r=I,J ,K

λr

∫ b

a

d

dt
(gr(γ(t))) = 0.

�
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Any solution of (17) coincides with the projection of the solution of the
Hamiltonian system on H1 and therefore the solutions of (17) can also be
called geodesics in this case, see also discussions in [19].

7. The intrinsic sub-Laplacian and heat operator for S7 with

growth vector (6, 1)

In [1] the authors presented an intrinsic form of the sub-Laplacian, by
means of Popp’s measure µsR, introduced in [22]. The aim of this section is
to construct this differential operator for the case of S7 endowed with the
contact distribution, introduced in Section 3.

7.1. Construction of the intrinsic sub-Laplacian. Let (M,H, 〈·, ·〉sR)
be a sub-Riemannian manifold, where H is a regular distribution. The basic
idea is to define the intrinsic sub-Laplacian ∆sRf of a function f : M → R

of class C2, in analogy to the Riemannian case. To do this, let us define the
horizontal gradient ∇sRf by the equation

(20) 〈∇sRf(p), v〉sR = dpf(v),

and the sub-Riemannian divergence divsRX of a horizontal vector field X
by

(21) divsRXµsR = LXµsR,

where µsR ∈
∧n(T ∗M) is a fixed non-vanishing n−form, known as Popp’s

volume form, and LX denotes the Lie derivative in the direction of X . The
intrinsic sub-Laplacian is given by

(22) ∆sRf = divsR(∇sRf).

For full details about its construction, see [1, 22].
Remark: In the Riemannian case this definition coincides with the classical
definition of the Laplacian, see for example [25]. As pointed out in [1],
the regularity hypothesis over the distribution cannot be avoided since for
example, in the case of the Martinet distribution on R3, the operator (22)
has a singularity along the Martinet surface.

Let {X1, . . . , Xk} be a local orthonormal basis of H ⊂ TM and consider
the corresponding dual basis {dX1, . . . , dXk}. It is possible to find vector
fields {Xk+1, . . . , Xn} such that span{X1, . . . , Xn} = TM and such that
Popp’s volume form is locally given by

(23) µsR = dX1 ∧ . . . ∧ dXk ∧ dXk+1 ∧ . . . ∧ dXn.

In this setting, the sub-Laplacian ∆sRf can be written explicitly as

(24) ∆sRf =

k∑

r=1

(
L2
Xr
f + LXr

f

n∑

s=1

dXs([Xr, Xs])

)
.
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For example, the case of the intrinsic sub-Laplacian for S3 is implied by
the following result, characterizing Popp’s volume form for contact manifolds
of dimension 3.

Proposition 11 ([1, 22]). Let M be a three dimensional orientable contact

manifold with a sub-Riemannian metric defined on its contact distribution.

Let {X1, X2} be a local orthonormal frame for its contact distribution. Let

X3 = [X1, X2] and {dX1, dX2, dX3} be the dual basis to {X1, X2, X3}. Then
the form dX1 ∧ dX2 ∧ dX3 is an intrinsic volume form.

In particular, for the sphere S3 endowed with the contact distribution
generated by the globally defined vector fields (9), with commutator

[X, Y ](x) = 2V (x) = 2(−x1∂x0
+ x0∂x1

− x3∂x2
+ x2∂x3

),

Popp’s volume form, as constructed above, is 2dX ∧ dY ∧ dV , and the
intrinsic sub-Laplacian is given by

∆sRf = (X2 + Y 2)f.

In the case of the contact structure of S7, let us consider the vector fields
X1, . . . , X7 presented in the Appendix. Since the vector fields X1 and V4
from equation (3) coincide, the contact distribution on S7 introduced in
Section 3 corresponds to

H = kerω = span{X2, . . . , X7}.
In this context we have the following

Theorem 4. Let H be the contact distribution for S7 and 〈·, ·〉sR be a re-

striction of the usual Riemannian metric in R8 to H. Then the intrinsic

sub-Laplacian of (S7,H, 〈·, ·〉sR) is given by the sum of squares

∆sR =

7∑

a=2

X2
a .

Proof. We can extend the result of Proposition 11 to construct locally Popp’s
volume form over contact manifolds of an arbitrary dimension. Let M be
a contact manifold of dimension 2n + 1, with contact form ω and contact
distribution ξ = kerω. The distribution ξ is bracket generating of step two,
see [15]. Assume thatM has a Riemannian metric g such that, in a neighbor-
hood of each p ∈ M , there is an orthonormal basis B = {v1, . . . , v2n, v2n+1}
for TpM satisfying ξp = span{v1, . . . , v2n}. Following the construction in [22]
we have that Popp’s volume form in this case is given locally by

(25) µsR = π1 ∧ . . . ∧ π2n+1,

where B∗ = {π1, . . . , π2n+1} is the dual basis for B.
Let X1, . . . , X7 be a tangent vector fields for S7 as presented in the Ap-

pendix. Let the sub-Riemannian structure on S7 be as it is described before
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Theorem 4. Since in this case the sub-Riemannian manifold S7 is a contact
manifold, the construction of Popp’s measure leads to the globally defined
n form

µsR = dX1 ∧ . . . ∧ dX7

from (25), which is precisely the Riemannian volume form of S7. Simple
calculations show that

(26) dXb([Xa, Xb]) = 〈Xb, [Xa, Xb]〉sR = 0, a = 2, . . . , 7 b = 1, . . . 7.

A complete list of the commutators [Xa, Xb], for a < b, can be found in [15,
Section 8] that can help to check equation (26) directly.

The theorem follows from formula (24). �

7.2. Heat operator for the intrinsic sub-Laplacian. The aim of this
section is to show that the above constructed operator ∆sR commutes with
the operator X2

1 . A similar observation was exploited to study the heat
operator for the sub-Riemannian structure of SU(2) ∼= S3 in [4].

The main result of this Section is formulated as follows.

Theorem 5. The operators ∆sR and X2
1 commute.

Proof. Let us introduce the following change of coordinates for S7:

(27)

x0 + ix1 = eiξ1 cos η1 cosψ
x2 + ix3 = eiξ2 sin η1 cosψ
x4 + ix5 = eiξ3 cos η2 sinψ
x6 + ix7 = eiξ4 sin η2 sinψ

By the chain rule, the symbol of the sub-Laplacian ∆sR = X2
2 + . . .+X2

7

from Lemma 4 is a quadratic form with matrix



h1(η1, ψ) −1 −1 −1 0 0 0
−1 h2(η1, ψ) −1 −1 0 0 0
−1 −1 h3(η2, ψ) −1 0 0 0
−1 −1 −1 h4(η2, ψ) 0 0 0
0 0 0 0 sec2 ψ 0 0
0 0 0 0 0 csc2 ψ 0
0 0 0 0 0 0 1




,

where the coefficient functions h1, h2, h3 and h4 are given by

h1(η1, ψ) = −sec2(η1) sec
2(ψ)

8

(
− 6 + 2 cos(2η1) + cos(2(η1 − ψ))+

+2 cos(2ψ) + cos(2(η1 + ψ))
)
,

h2(η1, ψ) =
csc2(η1) sec

2(ψ)

8

(
6 + 2 cos(2η1) + cos(2(η1 − ψ))−
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−2 cos(2ψ) + cos(2(η1 + ψ))
)
,

h3(η2, ψ) =
sec2(η2) csc

2(ψ)

8

(
6− 2 cos(2η2) + cos(2(η2 − ψ))+

+2 cos(2ψ) + cos(2(η2 + ψ))
)
,

h4(η2, ψ) = −csc2(η2) csc
2(ψ)

8

(
− 6− 2 cos(2η2) + cos(2(η2 − ψ))−

−2 cos(2ψ) + cos(2(η2 + ψ))
)
.

Observe that h1, . . . , h4 are independent of ξ1, . . . , ξ4. On the other hand,
the vector field X1, written in the new coordinates, becomes

X1 = ∂ξ1 + ∂ξ2 + ∂ξ3 + ∂ξ4 .

Since the coefficients of ∆sR are independent of the variables ξ1, ξ2, ξ3
and ξ4, it is clear that the operators ∆sR and X1 commute. The Theorem
follows. �

Let us denote by e−t∆sR the semigroup of operators acting on L2
µsR

, with

infinitesimal generator ∆sR. The operator e−t∆sR is known as the sub-
Riemannian heat operator. As a consequence of Theorem 5, we get the
announced result.

Corollary 1. Denoting by ∆S7 the Laplace-Beltrami operator in S7 with

respect to the usual Riemannian structure, we have that

e−t∆
S7 = e−t(∆sR+X2

1
) = e−t∆sRe−tX2

1 .

Proof. Since ∆S7 = ∆sR+X
2
1 , we have by the commutativity of the operators

(28) e−t∆
S7 = e−t(∆sR+X2

1
) = e−t∆sRe−tX2

1 ,

yielding to the stated result. �

The theory of unbounded operators allows us to rephrase the result in
Corollary 1 as:

Corollary 2. The sub-Riemannian heat operator e−t∆sR is given by

e−t∆sR = e−t∆
S7etX

2
1 .
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8. Appendix: Tangent vector fields to S7

Consider the sphere S7 as a set of unite octonions in R8. Then octonion
multiplication induces the following orthonormal basis of TS7 with respect
to the restriction of the inner product 〈·, ·〉 from R8 to the tangent space
TpS

7 at each p ∈ S7.

X1(x) = −x1∂x0
+ x0∂x1

− x3∂x2
+ x2∂x3

− x5∂x4
+ x4∂x5

− x7∂x6
+ x6∂x7

X2(x) = −x2∂x0
+ x3∂x1

+ x0∂x2
− x1∂x3

− x6∂x4
+ x7∂x5

+ x4∂x6
− x5∂x7

X3(x) = −x3∂x0
− x2∂x1

+ x1∂x2
+ x0∂x3

+ x7∂x4
+ x6∂x5

− x5∂x6
− x4∂x7

X4(x) = −x4∂x0
+ x5∂x1

+ x6∂x2
− x7∂x3

+ x0∂x4
− x1∂x5

− x2∂x6
+ x3∂x7

X5(x) = −x5∂x0
− x4∂x1

− x7∂x2
− x6∂x3

+ x1∂x4
+ x0∂x5

+ x3∂x6
+ x2∂x7

X6(x) = −x6∂x0
+ x7∂x1

− x4∂x2
+ x5∂x3

+ x2∂x4
− x3∂x5

+ x0∂x6
− x1∂x7

X7(x) = −x7∂x0
− x6∂x1

+ x5∂x2
+ x4∂x3

− x3∂x4
− x2∂x5

+ x1∂x6
+ x0∂x7

.

References

[1] A. Agrachev, U. Boscain, J.-P. Gauthier, F. Rossi, The intrinsic hypoelliptic

Laplacian and its heat kernel on unimodular Lie groups. J. Funct. Anal. 256 (2009),
no. 8, 2621–2655.

[2] A. Agrachev, Y. Sachkov, Control Theory from the Geometric Viewpoint,
Springer, 2004.

[3] D. Alekseevsky, Y. Kamishima, Pseudo-conformal quaternionic CR structure

on (4n + 3)− dimensional manifolds. Ann. Mat. Pura Appl. (4) 187 (2008), no. 3,
487–529.

[4] F. Baudoin, M. Bonnefont, The subelliptic heat kernel on SU(2): representa-

tions, asymptotics and gradient bounds. Math. Z. 263 (2009), no. 3, 647–672.
[5] O. Calin, D.-C. Chang, P. Greiner, Geometric analysis on the Heisenberg group

and its generalizations. AMS/IP Studies in Advanced Mathematics, 40. American
Mathematical Society, Providence, RI; International Press, Somerville, MA, 2007.

[6] O. Calin, D.-C. Chang, I. Markina, SubRiemannian geometry on the sphere S3.
Canad. J. Math. 61 (2009), no. 4, 721–739.

[7] O. Calin, D.-C. Chang, I. Markina, Geometric analysis on H-type groups related

to division algebras. Math. Nachr. 282 (2009), no. 1, 44?68.
[8] L. Capogna, D. Danielli, S.D. Pauls, J. Tyson, An introduction to the Heisen-

berg group and the sub-Riemannian isoperimetric problem. Progress in Mathematics,
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