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Abstract. The unit sphere S® can be identified with the unitary group SU(2).
Under this identification the unit sphere can be considered as a non-com-
mutative Lie group. The commutation relations for the vector fields of the
corresponding Lie algebra define a 2-step sub-Riemannian manifold. We study
sub-Riemannian geodesics on this sub-Riemannian manifold making use of the
Hamiltonian formalism and solving the corresponding Hamiltonian system.
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1. Introduction
The unit 3-sphere centered on the origin is the set of R* defined by
S? = {(21,22,23,24) €R*: 2} + 23 + 2 +2]=1}.

It is often convenient to regard R* as the two complex dimensional space C? or
the space of quaternions H. The unit 3-sphere is then given by

S ={(21,22) €C*: |z1>+|22)* =1} or S*={geH: |¢f =1}.

The latter description represents the sphere S? as a set of unit quaternions and it
can be considered as a group Sp(1), where the group operation is just a multiplica-
tion of quaternions. The group Sp(1) is a three-dimensional Lie group, isomorphic
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to SU(2) by the isomorphism C? 3 (21,22) — ¢ € H. The unitary group SU(2) is
the group of matrices

( Zl Z2>, 21,29 € C, ‘21|2+|22|2:17
—Z2 21

where the group law is given by the multiplication of matrices. Let us identify
R3 with pure imaginary quaternions. The conjugation ghg of a pure imaginary
quaternion h by a unit quaternion ¢ defines rotation in R3, and since |ghq| = |h|,
the map h — ¢hq defines a two-to-one homomorphism Sp(1) — SO(3). The Hopf
map 7 : S — S? can be defined by

S* 5 g qig=7(q) € S*.

The Hopf map defines a principle circle bundle also known as the Hopf bundle.
Topologically S? is a compact, simply-connected, 3-dimensional manifold without
boundary.

Even a small part of properties of the unit 3-sphere finds numerous appli-
cations in complex geometry, topology, group theory, mathematical physics and
others fields of mathematics. In the present paper we give a Hamiltonian ap-
proach to the unit 3-sphere, considering it as a sub-Riemannian manifold. The sub-
Riemannian structure comes naturally from the non-commutative group structure
of the sphere in a sense that two vector fields span the smoothly varying distribu-
tion of the tangent bundle and their commutator generates the missing direction.
The sub-Riemannian metric is defined as the restriction of the euclidean inner
product from R* to the distribution. The present paper devoted to the descrip-
tion of sub-Riemannian geodesics on the sphere. The sub-Riemannian geodesics
are defined as a projection of the solution to the corresponding Hamiltonian sys-
tem onto the manifold. We give explicit formulas using different parametrizations
and discuss the number of geodesics starting from the unity of the group. While
working on this paper the authors became aware on the results in [3] where the
Lagrangian approach was developed and the minimizers were found (in our termi-
nology geodesics are solutions to a Hamiltonian system so a minimizer is one of
them).

2. Left-invariant vector fields and the horizontal distribution

In order to calculate left-invariant vector fields we use the definition of S? as a set
of unit quaternions equipped with the following noncommutative multiplication

[1PRIIN

ot if @ = (z1, 22,73, 24) and y = (y1,Y2, Y3, ya), then
roy = (x1,22,73,24) 0 (Y1,Y2,Y3,Ya) = ((1?13/1 — ToYs — T3Y3 — TaYa)
(T2y1 + T1y2 — Tays + T3ya) ,
(z3y1 + Tays + T1y3 — T2ys), (2.1)
(Tay1 — T3y2 + Tayz + 361?/4)) .
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The rule (2.1) gives us the left translation L, (y) of an element y = (y1, Y2, ys, y4) by
the element x = (z1,x2, 23, x4). The left-invariant basis vector fields are defined as
X (z) = (Ly(y))«X(0), where X (0) are basis vectors at the unity of the group. The
matrix corresponding to the tangent map (L, (y)). calculated by (2.1) becomes

1 —T2 —T3 —I4

_ | T2 1 —T4 T3
(Lz(y))* I 2 Ty  —T2
Tq —XI3 Zo X1

Calculating the action of (L.(y)). in the basis of unit vectors of R* we get four
vector fields

Xi(x) = 2105, + ©205, + 305, + 2404, ,
Xg(l‘) = 7I28$1 + 1:16962 + 17483;3 - 1‘38334 5 (22)
Xs(z) = =230y, — ©40y, + 2105, + 20,4, ,

)

It is easy to see that the vector Xj(z) is the unit normal to S* at x with respect
to the usual inner product (-, -) in R*, hence, we denote Xi(x) by N. Moreover,

(N, Xs(x)) = (N, Xs(x)) = (N, Xa(2)) = 0,
and | Xi(2)]* = (Xp(2), Xi(z)) =1,

for k = 2,3,4, and for any x € S3. The matrix

—x2 € T4 —I3
—Tr3 T4 € €2
—T4 €3 —I2 x1

has rank three, and we conclude that the vector fields Xo(x), X3(x), X4(z) form
an orthonormal basis of the tangent space T,S® with respect to (-, -) at any point
x € S3. Let us denote the vector fields by

Xs=X, Xyu=Y, Xo=727.
The vector fields possess the following commutation relations
(X,)Y]=XY-YX=2Z, [Z,X]|=2Y, [V,Z]=2X.

Let D = span{X, Y} be the distribution generated by the vector fields X and Y.
Since [X,Y] = 2Z ¢ D, it follows that D is not involutive. The distribution D will
be called horizontal. Any curve on the sphere with the velocity vector contained in
the distribution D will be called a horizontal curve. Since T,,S® = span{X,Y, Z =
1/2[X,Y]}, the distribution is bracket generating. We define the metric on the
distribution D as the restriction of the metric (-, - ) onto D, and the same notation
(-, ) will be used. The manifold (S*,D, (-, -)) is a step two sub-Riemannian
manifold.
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Remark 1. Notice that the choice of the horizontal distribution is not unique. The
relations [Z, X] = 2Y and [Y, Z] = 2X imply possible choices D = span{X, Z} or
D = span{Y, Z}. The geometries defined by different horizontal distributions are
cyclically symmetric, so we restrict our attention to the D = span{X,Y}.

We also can define the distribution as a kernel of the following one form
w = —xodry + x1dTe + T4dr3 — T3dX4
on R*. One can easily check that
wX)=0, wl¥)=0, w(Z)=1#0, w(N)=0.
Hence, ker w = span{X,Y, N}, and the horizontal distribution can be written as
S* 52— D, =kerwnT,S3.

Let v(s) = (21(s),22(s),23(s),z4(s)) be a curve on S®. Then the velocity
vector, written in the left-invariant basis, is

¥(s) = a(s)X (v(s)) + 0(s)Y (1(s)) + c(s)Z(7(5)) »

where
a=(¥,X) = —x381 — T4B2 + 2123 + T2y,
b= (1,Y) = —wai1 + x382 — X283 + 2184, (2.3)
c=(V,Y) = —wody + 2182 + T4d3 — T304 .

The following proposition holds.
Proposition 1. Let v(s) = (x1(s), z2(5),y1(8),y2(s)) be a curve on S®. The curve v
is horizontal, if and only if,
c=(y,2) = (},X) = —xai1 + 2182 + 243 — 2334 = 0. (2.4)
The manifold S? is connected and it satisfies the bracket generating condition.
By the Chow theorem [2], there exists piecewise C! horizontal curves connecting

two arbitrary points on S3. In fact, smooth horizontal curves connecting two arbi-
trary points on S® were constructed in [1].

Proposition 2. The horizontality property is invariant under the left translation.

Proof. It can be shown that (2.3) does not change under the left translation. This
implies the conclusion of the proposition. O

3. Hamiltonian system

Once we have a system of horizontal curves, in our case the system of horizontal
curves, we can define the length as in the Riemannian geometry. Let « : [0,1] — S3
be a horizontal curve such that v(0) = x, v(1) = y, then the length I(y) of « is
defined as the following

l(’y):/o w,w/?dt:/() (2(t) + ()2 dt (3.1)
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Now we are able to define the distance between the points z and y by minimizing
the integral (3.1) or the corresponding energy integral fol (a?(t)+b%(t)) dt under the
non-holonomic constraint (2.4). This is a Lagrangian approach. The Lagrangian
formalism was applied to study the sub-Riemannian geometry of S* in [1,3]. In the
Riemannian geometry the minimizing curve locally coinsides with the geodesic,
but it is not the case for the sub-Riemannian manifolds. Interesting examples
and discussions can be found, for instance in [4,6-9]. Given the sub-Riemannian
metric we can form a Hamiltonian function defined on the cotangent bundle of S3.
The geodesics in the sub-Riemannian manifolds are defined as a projection of the
solution to the corresponding Hamiltonian system onto the manifold. It is a good
generalization of the Riemannian case in the following sense. The Riemannian
geodesics (that are defined as curves with vanishing acceleration) can be lifted to
the solutions of the Hamilton system on the cotangent bundle.

In the present paper we are interested in the construction of sub-Riemannian
geodesics on (S?,D, (-, -)). Let us write the left-invariant vector fields X,Y, Z,
using the matrices

0 0 -1 0 0 0 0 -1
0 0 0 -1 0 0 1 0
h=1190 0o of 2=l0o 10 ol
| 0 1 0 0 | 1 0 0 0
[0 -1 0 0]
1 0 0 0
I3 = 0 0 01 (3.2)
| 0 0 -1 0 |
Then
X = (hiz,Vz), Y = (lx,Vz), Z = (I3z,Vx).
The Hamiltonian function is defined as
1 1
H= §<X2 + YQ) = §(<le7§>2 + <IQ$,§>2) )
where £ = V. Then the Hamiltonian system follows as
. OH .
T T (Lia,§) - (L) + (I2x,§) - (I22)
(3.3)
. oOH .
§= 0w §=(Liz,§) (Li§) + (L22,§) - (126) -

As it was mentioned, a geodesic is the projection of a solution to the Hamiltonian
system onto the x-space. We obtain the following properties.
1. Since (I1x, x) = (Izz,x) = (I3z,z) = 0, multiplying the first equation of (3.3)
by x we get
(#,x) =0 = |z|* = const.
We conclude that any solution to the Hamiltonian system belongs to the
sphere. Taking the constant equal to 1 we get geodesics on S3.
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2. Multiplying the first equation of (3.3) by Isx, we get
(i, Isz) =0, (3.4)
by the rule of multiplication for I, I, and I3. The reader easily recognizes
the horizontality condition (&, Z) = 0 in (3.4). It means that any solution to
the Hamiltonian system is a horizontal curve.
3. Multiplying the first equation of (3.3) by Iz, and then by >z, we get
(€ ha) = (&, Lhx), (§alz)=(izl).

From the other side, we know that (&, [1z) = a and (&, zI3) = b. The Hamil-
tonian function can be written in the form

H= %(<hx,€>2 + (I, 6)%) = %((hx,j:}? + (L, #)?) = %(az ).

Thus, the Hamiltonian function gives the kinetic energy H = @ and it is a
constant along the geodesics.
4. If we multiply the first equation of (3.3) by &, then we get

|22 = (I12,8)? + (12, €)? = (Liw,2)% + (Ipw, #)* = a® + b = 2H .

Therefore
|£]? = a® + b2 (3.5)

4. Velocity vector with constant coordinates

We know that the length of the velocity vector is constant along geodesics. Let
us start from the simplest case, when the coordinates of the velocity vector are
constant. Suppose that @ = b = 0. The first line of system (3.3) can be written as
1 = —ax3 — bxy I3 = +ax, — bxo (4.1)
To = —axy + bxs T4 = +axg + bry .
Differentiation of system (4.1) yields
I = —axsz — biy T3 = +ax, — bdg (4.2)
o = —ady + bis Iy = tadq + biy .
We substitute the first derivatives from (4.1) in (4.2), and get
= —rz,, r*=d*+0*, k=1,2,34. (4.3)
Theorem 1. The set of geodesics with constant velocity coordinates form a unit

sphere S? in R3

Proof. We are looking for horizontal geodesics parametrized by the arc length and
starting from the point z(0) = z(. So, we set r = 1 and a = cos®, b = sin,
where v is a constant from [0, 27). Solving the equation (4.3) we get the general
solution x(s) = Acoss+ Bsins. We conclude that A = z from the initial data.
To find B let us substitute the general solution in equations (4.1) and get B =
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(aly + bl3)xo. Thus, the horizontal geodesics with constant horizontal coordinates
are

x(8) = xgcos s + (costly + sinpls)xgsin s
Since the geodesics are invariant under the left translation it is sufficient to describe

the situation at the unity element, e.g., o = (1,0,0,0) of S®. In this case the
geodesics are

1 =COSS, x3 =cosysins, (4.4)

zo =0, T4 =sinysins.

We see that the set of geodesics with constant velocity coordinates form the unit
sphere S? in R3 = {(1,0,23,24)}. The parameter ¢ € [0,27) corresponds to the
initial velocity. [l

The sphere (4.4) is a direct analogue of the horizontal plane in the Heisenberg
group H! at the unity. We remark that this result was obtained independently
in [3], see also references therein.

Let us calculate the analogue of the vertical axis in S*. We wish to find an
integral curve for the vector field Z. In other words, we solve the system

= (¥, X) = —x381 — T4do + X183 + 2Eg =0,
=(V,Y) = —x4%1 + w389 — xod3 + X184 =0, (4.5)
= (¥,Z) = —xod1 + X189 + x4 — x384 = 1,

= (¥, N) = +x1i1 + Todo + 1383 + 2444 = 0.

The determinant of the system is 1 and it is redused to

& = —xg, T3 = +q,
Ty =421, Ty = —I3.
Differentiating again, we get the equation & = —z. The initial point is z(0) = z.

System (4.5) gives the value of the initial velocity #(0) = I3z,. Taking into account
this initial data we get the equation of the vertical line as

x(s) = xgcos s+ Izxgsins.
In particular, at the point (1,0,0,0) the equation of the vertical line is

xp =coss, xy=sins, x23=0, x4=0, s€][0,27]. (4.6)

5. Velocity vector with non-constant coordinates

Cartesian coordinates
Fix the initial point z(®) = (1,0,0,0). It is convenient to introduce complex
coordinates z = x1 +iTo, W = T3 + x4, ¢ = & + &2, and Y = &3 +i&,4. Hence, the
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Hamiltonian admits the form 2H = |wy — 21)|?. The corresponding Hamiltonian
system becomes

2 = w(wy — 21)), 2(0) =1,
w=—z(wp — zY), w(0) =0,
¢ =h(wp — 2), ¢(0)=A—-iB,
Y =@y — 29), ¥(0) =C —iD.

Here the constants B,C, and D have the following dynamical meaning: w(0) =
C +iD, and B = —iw(0)/2w(0). So C, D is the velocity and B/v/C? + D? is the
curvature of a geodesic at the initial point. This complex Hamiltonian system has
the first integrals

zp —wp =C+1iD,

2@ +wp = A—iB,

and we have |z|? + |w|?> = 1 and 2H = C? 4+ D? = 1 as an additional normaliza-
tion. The latter means that we parametrize geodesics by the natural parameter.
Therefore,

= 2(A+iB) — w(C +iD),

¥
b = 2(C +iD) + w(A +iB).

Let us introduce an auxiliary function p = w/z. Then substituting ¢ and v in the
Hamiltonian system we get the equation for p as

p=(C+iD)p*> —2iBp+ (C —iD), p(0)=0.
The solution is

o(s) (C —iD)sin(sv1+ B?)

~ V1+ B2cos(sV1+ B?) +iBsin(sv1+ B?)

Taking into account that 2z = —ww, we get the solution

2(s) = (cos (sV1+B?) +i sin (sv/1+ B2)) e” s (5.1)

B
v1+ B?
and

C+iD |, ——
w(S) = \/ﬁ SIH(S 1 =+ BQ)G/B . (52)

If B =0 we get the solutions with constant horizontal velocity coordinates
z(s) =coss, w(s)= (#3(0) + ii4(0))sins

from the previous section.
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Theorem 2. Let A be a point of the wvertical line, i.e. A = (cosw,sinw,0,0),
w € [0,2), then there are countably many geometrically different geodesics ~yp
connecting O = (1,0,0,0) with A. They have the following parametric equations

zZn(s)=|cos | s————= | —i—sin | s—————= ] | eV*»*—*> | (5.3)
/7202 — 2 ™m /7202 — 2
2,2 2 —isw
Vrin? —w? | ™ i
sin <s ) eVrin?-w?
™ R /7r2n2 _ UJ2

n € Z\{0,+£1}, s € [0, s,], where l,, = \%sn = \%\/71’2712 — w? is the length of the
geodesic Yp,.

wy(s) = (23(0) + id4(0))

)

Proof. Since we use the condition 2H = |2|2 + |@|?> = 1 we conclude that the
geodesics are parametrized proportionally to the arc length, and the length of
a geodesic at the value of the parameter s = [v/2 is equal to . If the point
A = (2(s),w(s)) belongs to the vertical line starting at O = (1,0,0,0), then
|z(s)] = 1 and |w(s)| = 0 provided that —Bs = w. It implies

2

cos? (svV1+ B2)+1 T sin? (svV14+B?)=1, sin(sV/1+B?)=0, —-Bs=uw.

These equations are satisfied when

w
/m2n2 — o2
We conclude, that for n(s) € Z\ {0} there is a constant B, (s) = — T

that the corresponding geodesic v,,(s), s € [0, s,], satisfying equation (5.3) joins
the points O and A and the length of the geodesic is equal to s, = vV72n2 — w2. 0O

2,2

Sp=Vmn? —w?, B,=-—

n e Z\ {0}.

such

Remark 2. In the formulation of the theorem the words ‘geometrically different’
mean that due to the change of the argument of C' + ¢D in w(s), there exist
uncountably many geodesics.

So far we have had a clear picture of trivial geodesics whose velocity has
constant coordinates. They are essentially unique (up to periodicity). The situation
with geodesics joining the point (1,0,0,0) with the points of the vertical line A
has been described in the preceding theorem. Let us consider the general position
of points on S3.

Theorem 3. Given an arbitrary point (z1,w;) € S® which neither belongs to the
vertical line A nor to the horizontal sphere S?, there is a finite number of geo-
metrically different geodesics joining the initial point (zo,wo) € S* with (21, w1),
20 = 1, Wo = 0.

Proof. Let us denote

wy = pe¥, z =re’®, CH+iD=e".
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Then from (5.1) and (5.2) we have that

1
r2:1—ﬁsin2(sv1+32), and ¢ =DBs+0, (5.4)

where s is the value of the length arc parameter when the point (21, w) is reached.
We want to exclude the parameter s and rewrite the equations (5.1) and (5.2) in
terms of the parameter B and the given dates 7, p # 0, a # 0, and . We suppose
for the moment that the angles sv/1+ B? and sB are from the first quadrant.
Other cases are treated similarly. Then we have

z=(v1—-(1+B?)p*+ in)ei(O*W) ,

and
Bp
V1-(1+B2)p?

The first expression in (5.4) leads to the value of the length parameter s at (21, ws)

0 =0(B) = a+ ¢ — arctan

s = ﬁarcsin (pV1+ B?),

and the second to

=10+ arcsin (pv/1+ B?).

B
V1+ B?

Substituting 6(B) in the latter equation we obtain

B 1
sin((oz—arctan(rz_%pz>)\/1+32> =pV1+ B2, (5.5)

as an equation for the parameter B. Observe that ¢ —0(B) = a—arctan(ﬂfi]gp?) is
a bounded function and limp_,¢ 6(B) # 0. Indeed, if the latter limit were vanishing,
then the value of given ¢ would be zero and the solution of the problem would be
only B = 0 which is the trivial case excluded from the theorem. So the left-hand
side of equation (5.5) is a function of B which is bounded by 1 in absolute value
and fast oscillating about the point B = 0. Observe, that o = 0 corresponds to
the horizontal sphere which also was excluded from the theorem. The right-hand
side of (5.5) is an even function increasing for B > 0, see Figure (1). Therefore,
there exists a countable number of non-vanishing different solutions {B,,} of the

equation (5.5) within the interval |B| < ,/p% -1= % with a limit point at the
origin.

However, in order do define the parameters B, we need to solve the equa-
tions (5.4), (5.5), and not all B,, satisfy all three equations. Let us consider positive
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FIGURE 1. Solutions to the equation (5.5).

B,,. We calculate the argument of z as

Bn
a = —By,s + arctan lQ tan (s\/B% + 1)

B2 +1
B,
= —B,,s + arctan p
1— (14 B})p?

Bnp
VI-(1+B2)p?

On the other hand, we have

< —Bps+

arcsin(py/1 + B2) P
s\/1+ B2 s’

Observe that due to the remark before this theorem, o > 0 and 0 < p < 1.
Therefore, we deduce the inequality

1— /1= p2(1+ B?2)

a < Bpp = =

)

or
1—p*(1+ B7)
1—/1-p2(1+B2)

The right-hand side of the inequality (5.6) decreases with respect to By, > 0.

B.p >« (5.6)
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Set e = #. If e < p?(14 B2) < 1, then immediately we have the inequality
B; > 3(5 —1) > 0.1f 0 < p*(1 + B}) < ¢, then the inequality (5.6) implies that

e . i@

B, >« =

P1-VI—8) (V- 1- )

>0.

Finally, we obtain

min ¢ Sl LY. =
b= {pw—ﬂ)’ 2 (7 1)}‘“&’9)”'

This proves that all positive solutions to the equation (5.5) must belong to the

interval (b(&1,p), 4/ p% — 1), hence there are only finite number of such B,,. The

same arguments are applied for negative values of B,,.

Let us discuss the limiting cases. If p — 0 then the endpoint aproaches
the vertical line. In this case the graph of the right hand side function in (5.5)
approaches the horizontal axis and the range of |B| increases. If & — 0 then the
end point aproaches the horizontal sphere S?, the number of geodesics is finite for
any value o # 0, and decreases. O

This theorem reveals similarity of sub-Riemannian geodesics on the sphere
with those for the Heisenberg group. The number of geodesics joining the origin
with a point neither from the vertical axis nor from the horizontal plane is finite
and approaching the vertical line becomes infinite.

Hyperspherical coordinates

Let us use the hyperspherical coordinates to find geodesics with non-constant
velocity coordinates.

x1 + iz = e cos, (5.7)
x3 + 1%y :ezfz sing, ne€ [07W/2)7 §1,62 € [_ﬂ-vﬂ—)'
The horizontal coordinates are written as

a=1jcos(§ — &) + (& + &) sin(& — &)
b= —nsin(& — &) + (&1 + &) cos(é1 — &)

c:élcosznfﬁ'gsinzn.

sin 27

2 )

sin 27
2 )

The horizontality condition in hyperspherical coordinates becomes
élcOSQn—égsinzn =0.

The horizontal sphere (4.4) is obtained from the parametrization (5.7), if we
set & =0, & =1, n =s. We get

A+ =1=9> = a=costyp, b=siny.

The vertical line is obtained from the parametrization (5.7) setting n =0, & = s.
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Writing the vector fields N, Z, X, Y in the hyperspherical coordinates we get

N = —2cotan2n0,, Z =0 —O¢,,

X =sin(&§ — &) tannde, + sin(&r — &2) cotannde, + 2 cos(&r — &€2)0,,

Y = cos(§1 — &) tannde, + cos(& — &2) cotannOe, — 2sin(&y — £2)0, .
In this parametrization the similarity with the Heisenberg group can be shown. The
commutator of two horizontal vector fields X, Y gives the constant vector field Z
which is orthogonal to the horizontal vector fields at each point of the manifold. In

hyperspherical coordinates it is easy to see that the form w = cos? nd¢; —sin? ndés,
that defines the horizontal distribution is contact because

wAdw = sin(2n)dn A d&y A déy = 2dV
where dV is the volume form. The sub-Laplacian is defined as
1
2

The Hamiltonian becomes

1
(X2 +Y?) = §(tan2 77821 + cotan? 778?2 + 48,2, + 20¢,0¢, ) -

1
H(gla 52, , 1/}13 77[12, 0) = 5(1]8112 777/)% + COtan2 77¢§ + 402 + 2¢1¢2) )

and the corresponding Hamiltonian system is given as

& = STZ = 1 tan® 1 + o
&= 3752 = 15 cotan®  + 1y
i= 20 =0
. oOH
= “og 0
. OH
o = To6 0
I - A
Let us solve this Hamiltonian system for the following initial data: n(0) = 0,

€1(0) =0, &(0) = 0, ¥1(0) = 1, (0) = ¥a, 0(0) = L = 6y

We see that ¢; and 19 are constant. The horizontality condition at (0,0,0)
gives & (0) = 0 and the first equation of Hamiltonian system implies that 1y = 0. If
Y1 =0, then & = & = 0, 1) = 46, and we get the variety of trivial geodesics (4.4)
up to the reparametrization s — 46gps. To find other geodesics we suppose that
11 # 0 and 1(0) > 0. This condition ensures us that the trajectory starting at the
point (0,0,0,) remains in the domain of parametrizaition locally in time. From
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the third and from the last equations of the Hamiltonian system we have

ij = —dap? —L sin = fdyp= 4} Smndn = P*=C-4 vi
Lcos3n ! cos3n cos?n’
We observe that C' = 92(0) + 4¢? > 0.
Continue to solve the Hamiltonian system finding 7(s)
cosndn _ds
\/C cos?n — 42

Denote by sinn = p. Then,

d,

P s (5.8)

V-CpP +C—1%
Integrating (5.8) from 0 to s we get

1 : [ C
marcsm < a7 sinn(s )) ,

\/Ila arcsin 0 = 0. We calculate

s+ K=

where K is found setting s =0 as K =

— )2
sin? 5(s) = % sin?(vVCs). (5.9)
From the Hamiltonian system we find
52(8) = ’1/1187 (510)
and
: sin (s sin?(v/C's c
& =1 .772() =1 ,(2 ) ;0= s
1 —sin“n(s) a +sin?(v/Cs) C — 47
It gives

&(s) = —1s + 212} | arctan [ng tan(\/as)} . (5.11)

Let us suppose for the moment that the geodesics are parametrized on the
interval [0,1]. If the initial point and the finite point are on the vertical line:

7(0) = n(1) = 0, then
C -

C
Since the value of £ on the vertical line is arbitrary, the values of C' and & (1)

give us the value of &(1). Setting C' = 72n? in the equation for &;(1), we find
1[)1 = 751(1) Then

0 =sin®n(1) = 7/11 sin?(VO) = C=n%n?,

&(1) = =&(1).
The finite point on the vertical line corresponds to the value of &(1),7(1) = 0,
and § = —&1(1).
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We also note that the square of the velocity |v]> = 7%(s) + (£1(s) +
£5(s))? sz%(q) is constant along geodesics. Applying the initial condition 7(0) = 0,
we get

o] =7(0) = C' — 497
In the case when a geodesic ends at the vertical line at £; (1), its lengths is expressed

as
Val, = \JC — 4y = \[x2n? — 4g2(1).

We see that this result coincides with the result given by Theorem 2 and we state
it as follows.

Theorem 4. Let A be a point of the wvertical line, i.e. & is given and n = 0.
There are countably many geodesics vy, connecting O = (0,0,0) and A, given
parametrically as

&(s) =&s+ %arctan (ii tan(wns)) ,
a(s) = —&is,

sinn(s) = 7%1 sin(mns) ,

where %sn = %\/71’2712 — 42 is the length of the geodesic v, n € N.

6. Hopf fibration

There is a close relation between the sub-Riemannian structure of the sphere S3
and the Hopf fibration. Let S? and S* be unit 2-dimensional and 3-dimensional
sphere respectively. We remind that the Hopf fibration is a principal circle bundle
over two-sphere given by the map h : S* — S
h(xy, T, x3,24) = ((a:% +3) — (23 + 23), 2(2124 + T273), 2(T27y — .131.733)) .
Another way to define the Hopf fibration is to write
h(q) = qig" €S*, q€S®, i=(0,1,0,0).

The fiber passing through the unity of the group (1,0,0,0) has equation
(cosd,sin6,0,0), which as we see, coincides with the equation of the vertical line

at this point. The sphere S? represents the horizontal “plane” sweep out by the
geodesics with constant horizontal coordinates.

Definition 1. Let Q — M be a principle G-bundle with the horizontal distribution
D on Q. A sub-Riemannian metric on @ that has distribution D and it is invariant
under the action of G is called a metric of bundle type.

In our situation S® — S? is a principle S'-bundle given by the Hopf map. The
sub-Riemannian metric on the distribution D = span{X,Y} was defined as the
restriction of the euclidean metric (-, -) from R* and we used the same notation
(-, -) for sub-Riemannian metric.
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Proposition 3. The sub-Riemannian metric (-, -) on S* is a metric of bundle type.

Proof. The action of the group S* on ¢ = (21, 22,23, 74) € S® can be written as qo
e’ et = (cost+isint) € St, ¢ € [0,27), where o is the quaternion multiplication. If
we write ¢ = (e cosn, €2 sinn), § = goe®, then § = (e!€111) cosn, e'(&271) sinp).
In order to show that the metric (-, -) is of bundle type, we have to prove that
the metric is invariant under the action of the group S*. The metric (-, -) at any

q is given by the matrix

1 0 0
0 cos?n 0
0 0 sin’p
and it is easy to see that it is invariant under the action § = g o e. O

We can formulate the results of Theorems 2 and 4 as an isoholonomic problem.
First let us give some definitions, see [8]. Let ¢ : [0,1] — S? be a curve in S? For
a given point x of the fiber Qo) at c(0), let v be a horizontal lift of ¢ that starts
at ¢ (it means that the projection of v under the Hopf map h : S® — S? coincides
with ¢). The map ®(c) : Q.0) — Q) sending x = (0) to the endpoint (1)
of the horizontal lift is called parallel transport along c. The action of S' takes
horizontal curves to horizontal curves, so any two horizontal curves y; and ~s of ¢
are related by 71 = 2¢ for some g € S'. It follows that the action of S! commutes
with ®(c), that is, ®(c)(zg) = (®(c)(x))g-

If ¢ is a closed loop, parallel transport ®(c) maps the fiber Qo) onto itself.
Fix a point 29 € Q. (o). Since S! acts transitively on Qc(0y we have ¢(c)(zo) = zol
for some I € S'. If we choose another point yy = zog € Qc(0y, we get

D(c)(yo) = (®(c)(0))(9) = zolg = yo(g~'lg) .

The curve c therefore, determines a conjugacy class in S', called the holonomy
class of c. The element [ € S for which ®(c)(xg) = wol is called the representative
holonomy of ¢ with respect to zg. The set of all such [ € S! for ¢ running over
all closed loops with ¢(0) = ¢(1) = h(zo) is a subgroup of S! called the holonomy
group of the distribution D at xg.

Let us fix a representative holonomy [ € S' and a point zg € S?, or equiva-
lently the initial and the finite points xg and x1 = xgl. The set of horizontal curves
that join zg to x1 is in one-to-one correspondence with the set of all closed loops
on S%, based at h(xg), whose holonomy with respect to xg is I. Recall that the Rie-
mannian length of a loop on S? equals the sub-Riemannian length of its horizontal
lift. Thus, the sub-Riemannian geodesic problem for geodesics with endpoints at
the same fiber is equivalent to the following isoholonomic problem: Among all loops
with a given holonomy, find the shortest.
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If we take 79 = (1,0,0,0), [ = €™, 2y = 29l = (cosw,sinw,0,0), then
Theorem 2 says

if w € [0, 7)then the shortest loop has length $1 = 22 — w2,

if w € [m,2m)then the shortest loop has length so = V4m2n2 — w2,

References

[1] O. Calin, D.-Ch. Chang, 1. Markina, Sub-Riemannian geometry of the sphere S3,
arXiv 0809.4571, to appear in Canadian J. Math. 2009.

[2] W.L. Chow. Uber Systeme von linearen partiellen Differentialgleichungen erster Ord-
nung, Math. Ann., 117 (1939), 98-105.

[3] A. Hurtado, C. Rosales, Area-stationary surfaces inside the sub-Riemannian three-
sphere, Math. Ann. 340 (2008), 675-708.

[4] W. Liu, H.J. Sussman, Shortest paths for sub-Riemannian metrics on rank-two dis-
tributions. Mem. Amer. Math. Soc. 118 (1995), no. 564, pp. 104.

[5] D.W. Lyons. An elementary introduction to the Hopf fibration. Math. Mag. 76
(2003), no. 2, 87-98.

[6] R. Montgomery, Abnormal minimizers. SIAM J. Control Optim. 32 (1994), no. 6,
1605-1620.

[7] R. Montgomery, Survey of singular geodesics. Sub-Riemannian geometry, 325-339,
Progr. Math., 144, Birkhauser, Basel, 1996.

[8] R. Montgomery, A tour of subriemannian geometries, their geodesics and applica-
tions. Mathematical Surveys and Monographs, 91. American Mathematical Society,
Providence, RI, 2002. pp. 259.

[9] R.S. Strichartz, Sub-Riemannian geometry, J. Differential Geom. 24 (1986) 221-263;
Correction, ibid. 30 (1989) 595-596.

Der-Chen Chang

Department of Mathematics
Georgetown University
Washington D.C. 20057

USA

e-mail: chang@georgetown.edu

Irina Markina and Alexander Vasil’ev

Department of Mathematics

University of Bergen

Johannes Brunsgate 12

N-5008 Bergen

Norway

e-mail: irina.markina@uib.no
alexander.vasiliev@uib.no

Submitted: June 3, 2008.
Accepted: July 12, 2008.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00417
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


