GENERALIZED HAMILTON-JACOBI EQUATION AND HEAT KERNEL
ON STEP TWO NILPOTENT LIE GROUPS

OVIDIU CALIN, DER-CHEN CHANG, IRINA MARKINA

ABSTRACT. We study geometrically invariant formulas for heat kernels of sub-elliptic differ-
ential operators on two step nilpotent Lie groups and for the Grusin operator in R?. We
deduce a general form of the solution to the Hamilton-Jacobi equation and its generalized
form in R™ x R™. Using our results, we obtain explicit formulas of the heat kernels for these
differential operators.

1. Introduction

Let us start with the Laplace operator on R",

1 o 0?
j=1 T
It is well-known that the heat kernel for A is the Gaussian:
1 |xx—xq |2
Pi(x, %) = g o
(2mt)2

Given a general second order elliptic operator in n dimensional Euclidean space,

1 n
Ax = 3 Z X? + lower order term,
j=1
where the {X1,..., X, } is a linearly independent set of vector fields, the heat kernel takes the

form
1 _ d?(x,x)

—e” 2 (ag+ art + ast? + ).
(2rt)s (0 1 2 )

Here d(x,x0) stands for the Riemannian distance between x and x¢ if the metric is induced
by the orthonormal basis {X7,...,X,}. The a;’s are functions of x and xg. Note that

2 n 2
S35 () o

i.e., g—i is a solution of the Hamilton-Jacobi equation.

Pt(X, XO) =
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Now let us move to subelliptic operators. We first consider the famous example: Heisenberg
sub-Laplacian on H;

1,0 oN2 1,0 0\2
1.1 Ax == =— +2x9— = =2x1— ) .
(1.1) X 2(83:1 + $23y> * 2(83:2 xlay>
We shall try for a heat kernel in the form
1 s
—e t -
ta
where h = { is a solution of the Hamilton-Jacobi equation
oh 1/0h OhN\2 1/ 0h Oh\2
— + == 4+ 2x0— —=——-2x1—) =0.
ot +2(8x1+ xZ@y) +2(81‘2 xl@y) 0
In other words,
oh
1.2 —+H h) =
(1.2) 5 + H(x,Vh) =0,
where
1 2 2 1
(1.3) H= B [({1 + 21‘277) + (§2 - 295177) } = §[C12 +C22]

is the Hamilton function associated with the sub-elliptic operator (1.1) and &, & and 7 are
dual variable to x1, x2 and y respectively. Using the Lagrange-Chapit method, let us look at
the following equation:

F(x,y,t,h,&m,7) =~ + H(x,y,§n) =0.
We shall find the bicharacteristic curves which are solutions to the following Hamilton system:
iy =Fg, = &+ 2won = (1,
&g =Fg, = & — 2111 = (o,
Yy =1F, = 20119 — 21122,
t=F, =1,
€1 == Fuy — & Fy = 20,
b = — Fu, — &2F)y = —2niy,
n=—F,—~F, =0,
i == F = F, =0,
h=¢ VeF+nFy+yF, =¢-&+ny— H
since ¢ = 1 and v=—H. With 0 < s <, one has
v(s) =7y = constant,

n(s) =n = constant,

t(s) =s.
Here “constant” means “constant along the bicharacteristic curve”. Furthermore,
1 1
H = 5:1:% + 5:1:% = I/ = energy.

Another way to see that F is constant along the bicharacteristic, note that

iy =€) + 2Eg = +Aniy,
(1.4) oo
To =& — 2nz1 = —4niy.
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Therefore, #1241 + 249 = 0, and E =constant.
We need to find the classical action integral

¢
S(t) = / (¢ -%x+ny— H)ds.
0
Let find ¢ and x from the Hamilton system. We obtain
T 4 160%0; =0, To+ 16n%ds =0
from (1.4). Hence

#1(s) =%1(0) cos(4ns) + 1’1_57@ sin(4ns)
(1.5) =21(0) cos(4ns) + x2(0) sin(4ns)
=(1(0) cos(4ns) + (2(0) sin(4ns)
and
Z9(s) =x2(0) cos(4ns) + $§l—? sin(4ns)
(1.6)

=19(0) cos(4ns) — &1(0) sin(4ns)
= — (1(0) sin(4ns) + (2(0) cos(4ns),
which yields

(1.7) 21(s) = 21(0) + Cl(o)sinijl?ns) N @(0)1_#;(4778)
and
(1.8) w2(s) = 22(0) — 1 (0)1_%;(4778) 2(0) Smﬁns)

At s =t one has z1(t) = z1 and x5(t) = x2, so
%Cl(O) sin(4nt) + %Cg(O)(l — cos(477t)) = 277(3:1 — :1:1(0)),

—%Cl(O)(l — cos(477t)) + %CQ(O) sin(4nt) = 277(3:2 — :1:2(0)),

+¢1(0) cos(2nt) + (2(0) sin(2nt) = 277(23_11][1(_—2;1)(0))’
(1.9)
—(1(0) sin(2nt) + ¢2(0) cos(2nt) = W

Hamilton’s equations give
&2(s) = — 2na1(s) + (£2(0) + 2n21(0))
= — 2nx1(0) — %Cl(O) sin(4ns) — %Cg(O)(l — cos(4ns)) + (2(0) + 4nz1(0)
=2nx1(0) — % [Cl(O) sin(4ns) — Cg(O)(l + cos(4ns))} ,

and
&1(s) = —2nx2(0) + % [Cl(O)(l + cos(4ns)) + (2(0) sin(4ns)} )
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The above calculations imply

&1 + Eoxo = — 2na1(8)x2(0) + 2021 (0)22(s) + %(C%(O) + CQZ(O)) (1 + cos(4ns))
= —2n(41(s)22(0) — 21(0)d2(s)) + (1 + cos(4ns)) E,
and

sin(4nt)
4n?

t
/0 (- %+ny—H)ds = n[y — y(0) + 2(21(0)m2 — 2122(0)) + E}

To find F we square and add the two equations in (1.9),

_ 2|X—XO|2

_ 1o 1o
E = 2C1 (0) + 2C2 (0) - 277 sin2(27]t) :

Hence,

t
S(t) :/0 (§-x+ny—H)ds
—p [y — 4(0) + 2(1(0)a2 — 122(0)) + |x — x0|? cot(2nt) .

We note that x, y, t, xo and n = 7(0) are free parameters while y(0) = y(0; x, %0, y, n; t) is not.
Therefore, we need to introduce one more free variable h(0) such that h(t) = h(0) + S(¢) is a
solution of the Hamilton-Jacobi equation (1.2).

It reduces to find h(0). To find it we shall substitute .S into (1.2). Straightforward compu-
tation shows that

4 H (o, €(0), (1)) = 0
where
(1.10) h(t) = n(0)y(0) + S(1), e h(0) = n(0)y(0).
This yields

oh

e H(x,y,Vxh, %‘) —0.

We have the following theorem.

Theorem 1.1. We have shown that

h =n(0)y(0) —I—/O (f "X+ ny— H)ds

=ny + 2n(1(0)22 — z122(0)) + 1[x — X0|* cot(2nt)

(1.11)

is a “complete integral” of (1.2) and (1.3), i.e., a solution of (1.2) and (1.3) which depends
on 3 free parameters x1(0), x2(0) and n.

Before we move further, let us consider a more general situation.
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2. Generalized Hamilton-Jacobi equations

In this section we study the Hamilton-Jacobi equation which is crucial in the construction
of the heat kernel associated with elliptic and sub-elliptic operators. We deduce a general
form of the solution to the Hamilton-Jacobi equation and its generalized form. We consider

an (n + m)-dimensional space R"” x R". The coordinates are denoted x = (z1,...,2,) € R"
andy = (y1,...,Ym) € R™ with dual variables (&1,...,&,) and (n1,...,n,) respectively. The
roman indices i, j, k, ... will vary from 1 to n and the Greek indices «, 3, ... will vary from 1

to m. As usual, the Hamiltonian function H(x,y,&,n) is a homogeneous polynomial of degree
2 in the variables (£,7) and has smooth coefficients in (x,y).
We have the following nice generalizaition of a result from [11].

Theorem 2.1. Set

m

(2.1) h(t;x,y,&,m) Z 0) + S(t;%,y,€1)

where

133:133(5’)(:}’75:77775)7 j:]-uana ya:ya(s;x7y7§777;t)7 azl,...,m

and
S(txy.&on) = [ (60 %G + () ¥0) = Hxu), ¥(0) ) n(w)) du

Then h satisfies the usual Hamilton-Jacobi equation:

oh
on H( Veh,V h)
ot + X,y
Proof. In order to prove the theorem, we first calculate the partial derivatives of the function
S with respect to all variables explicitly. For j =1,...,n

)

S
8:Cj( i %,y,6,m)
N (06 daj d dxi(5:%,¥,6m1)y | x= (Vo Yo d Oya(s;x, -+ ;1)
= [ [ GRS 4o PSRN 37 (Gl gy, A0
=1 a=1
O 0§ 0 on,
P 0, Ox; Ong Ox;
aHankSXy7§777a ) aHaya(SXana )
— — ds
Z 83% Ox; Z 8ya Ox;j ]
. al‘k 8§X>y’§>775t e 8ya(3§X,y’§,775 t)
_/0 %(Z&C Ox;j +Z"7a Ox; )ds
Ory(s;x,y,&,m;t) Oya(s;x,y, &, m;t) 5=
a ng l‘j + Zna l‘j 3:0'
It follows that
oS % 8ya (0;x,y,& m;t)
—(t;x,y,£,1) L
oz, z:: Iz
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Similarly, for 8 =1,...,m,

s - 0) a0y, 1)
tx,y,§n) =1 :
8%( & z:: dys
Moreover,
):ng(t;... +Zna )Ja(t; ) = H(x,y,&(t; -+ ),n(t; -
+Z§ amk( ..)s:t+zm: (8....)@ya(8;...)s:t
kRS ot s=0 1 Mok ot s:O‘
Differentiating 1 = xl(t;x,y,f,n;t) yields
_4d_ . R, dz1 (5%, 5,613 t)
0= dt$1(taX7Y7£7nat) _‘Tl(ta)—i_ ot s:t'
On the other hand, one has
axk(87) s=t .
P a2 ik R — &t beons k=1,
Er(s;-+) 9t o Ee(t; - )Tk(t; ), yeees T,
and
) aya(87) s=t . ) . . ) 8y0&(07 )
770((87“')T SZO__na(t’)ya(t7)_na(0’) at , a_l’
therefore,

ot ot

It follows that if we set as in the statement of the theorem

h(t;%,y,6m) =Y 1a(0)ya(0) + S(t;x,y, &),

§:—H(t;---)—zna(o;...)M'
-1

then it satisfies

oh

8—:fk(t§X,y’§,77§t)7 k=1,....n
Lk

oh

a3 — Ott;x7 'Sy at7 a:]-a"'umu
v Na(t; %, y,&,m5t)

and

T H(xy.e0n0) =0 = Dy (xy. Vah Vyh) =0

This completes the proof of the theorem.

))

O

We note that the derivation that (2.1) satisfies the Hamilton-Jacobi equation was complete

general, not restriction to H (x,y,Vxh, Vyh> being (1.3). In particular we did not assume

that 7,(s) =constant for « = 1,..., m. The action integral S is not a solution of the Hamilton-
Jacobi equation because some of our free parameters are dual variables 7,(0) instead of y,(0).
For the Heisenberg sub-Laplacian or the Grusin operator, 7(0) = n cannot be switched to y(0).

As we know, § = 2(&1x9 — x142). From (1.5) — (1.8), one has

1 — cos(4ns) ] ’

y:g[@@m)—xl( )io + (<1<)+<§(0>) o
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and

y(s) = 2(3:1(5)3:2(0) — :1:1(0):1:2(8)) + %(4775 — sin(4n5)) +C.

At s =t, one has x1(t) = z1, x2(t) = x5 and

y = 2(z122(0) — 21(0)22) + %(4?715 — sin(4nt)) + C.

Hence, one has
y(s) =y — 2| (21 = 21(5))a2(0) = 21(0) (w2 — wa(5))|

_ % [4n(t — s) — (sin(4nt) — sin(4ns))].

At s =0,
y(0) =y + 2(1‘1(0)1‘2 — J:lxg(O)) +|x - x0|2,u(277t),

where we set

(@) = =5 — cot o,

sin? ¢
To replace i by y(0), one needs to invert p,

y — y(0) + 2(x1(0)zg — z122(0))
|x — xq|? '

p(2nt) =

This is impossible since for most of the values on the right hand side x~! is a many valued
function [2]. Therefore we must leave 7 as one of the free parameters which does not permit S
to be a solution of the Hamilton-Jacobi equation.
Before we go further, we present a scaling property of the solution to the Hamiltonian system
dl‘j . OH dya . OH d&j . OH dT]a . OH

ds — 0& ds  One ds  Ox;’ ds Oy
s € [0,t] with the boundary conditions

x(0) =xo, x(t)=x, y(t)=y, n(0)=n(0).

Lemma 2.1. One has the following scaling property

0 .
xj(S;X7X07y7§777(0);t) :l‘j()\ﬁxaxoay,f, Q;/\t)’ J= 17~ ..,
. ) — . n(0) _
( ) ya(SaX7X07y7§7T/(0)at)_ya(ASaX7X07y7§7T7At)7 a—l,...,m
2.2
0 .
fj(SSXaXO,%g,ﬁ(O)?t) :)\fj()\S;X,X(),y,g, Qa)\t)a J=1....n
n(0)

na(S;X7X07y7§7T/(O);t) :)\na()‘S;X7XO7y7§7 Ta)‘t)7 a = ]-7 , M

for X > 0, if the two sides of (2.2) stays in the domain of unique solvability of the Hamiltonian
system.
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Proof. Denote the curve on the right-hand side of (2.2) by {X(s),¥(s),&(s),7(s)}. Note that
s € (0,t). Then for j=1,...,n

0z; . n(0)
8—8] :AJ:] ()‘S;X7X07y7§7 Ta )‘t)
H
:)\8—(3}1 ()‘S;X>X07y7£7 @7 )\t),l‘g()\S;X,Xo,y,f, @7 )‘t)v s )
0&; A A
OH ,_ - = -
= 8—6'(}((8)’},(8)’6(8)’”(8))’
J
since g—g, j = 1...,n, are homogeneous of degree 1 in &,...,&, and ny,...,7y,. Similar
calculations and homogeneity of degree 2 of gTh; and gTh; in&p,...,& and ny,...,n, yield
O _OH 95 _ OH o _ OH
ds  Ong’ ds  Ozj’ Js Oy
Clearly,
- 0 - 0
1‘](0) = Ty (0;X7X07y7£7 Qa )\t) = .1‘](0), x](t) =Ty ()\t7X, X07y7£7 Qa )\t) = Ty,
forj=1,...,n and
- 0
ya(t) :ya()‘t;xa)(Ouy:gu Qa At) = Yo,
_ n(0 Mo (0
7a(0) :/\na(OQXaXO7Y7§7%§)\t) = A A( ) 1a(0)
for « = 1,...,m. The bicharacteristic curves are unique, so the two sides of (2.2) agree. [
Corollary 2.2. One has
0
h(X,Xo,y,g,T](O);t) = )‘h(X>X07y7£7 Q7)‘t)

Proof. In the case of Heisenberg group, the corollary is a direct consequence of the explicit
formula (1.11) and in this case, 7(0) = n is a constant. Here we would like to give a proof

which applies in more general case. We know that for j =1,...,m,
. d.l‘j
1‘](87 X,X0,Y, ga 77(0)7 t) = % (8; X, X0,Y, ga 77(0)7 t)
drs
= % (AS, X,X0,Y, 67 n()f)) ; )‘t)

= )\.1‘] ()‘S;Xa X0,Y,6, Qa )\t)
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Similar result holds for 3, for &« = 1,...,m. Therefore,
t
/0 [€(s) - %(s) + n(s) - y(s) — H(x(s:...), ...)]ds
t
_ . n(0)
- /0' [)\f()‘S7X>X07y7£7 T ) + Z)\na )\ya()\ )

— M H(x(Xs;...),.. .)]ds
t n Ui
- % /0 (A2 " Ge(Asio Ddr(As; ) + XD na(Asi.. Dga(As;. o) = N H(x(As;....),...)]d(Xs)
k=1 o=1

t
:)\/0 [f(s';x,xo,y, @,)\t) x(s )+ ) y(s ) = Hx(s L), .)]ds'

—/\S(x X0,¥,&, — ( ) /\t)

Also,
0

ZT]O& ya(OXXOann _)‘Zna ya XO»Y?&) ( ) )\t)

a=1
and the proof of the corollary is therefore complete. O

Set
F0x,5%0,3,€1(0)) = h(x, X0, ¥:&,m(0). )| _ .

Then

Theorem 2.2. f is a solution of the generalized Hamilton-Jacobi equation
(2:3) Z 1a(0)5, 5y + H (69, VxS VoS ) = .

Proof. By homogeneity property of the function h, one has

h(X7X07y7£7n(0)7t) = %h(xa XO)Y?&atn(0)7 1) = %f(xa XOvyvé.vtT/(O))’

S0,

oh 1 1 — of
a=1

on one hand. On the other hand,

oh
(2.5) i —H(x,y, Vh, Vyh)
from Theorem 2.1. Since (2.4) agrees with (2.5) for all ¢ so we may set ¢ = 1 which yields the
proposition. O

At the rest of the sectionwe present some examples that revealthe geometrical nature of
functions h and f.
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2.3. Laplace operator. We start from the Laplace operator A = Y} | % in R®. The
k

Hamiltonian function H () is
1 n
H(E) =5 &
k=1

and hence we need to deal with F'(§,7) = H + v = 0. The Hamilton’s system is

x=¢ =0, 4=0.
with initial-boundary conditions x(0) = xg, x(t) = x. Since £ = 0, it follows that £(s) = £(0) =
constants, is a constant vector. Then

x=£(=0 = x(s)=¢&0)s+ xo.

Moreover,
x=x(t) =§Ot+x0 = €0) =
and
oh _ 1i§2 _zn: (wk—x,(go))Q x = xo]?
ot 24"k 22 22
k=1 k=1
or,
B, %0, 1) = h(0) + =204 ) 4 X=Xl
X, X - —_—1 = -
o 212 2
Since this is a translation invariant case, we may assume that h(0) = 0. Therefore,
|x — xol|?
=h t = —
f(X> XO) (X7X07 ) =1 92

gives us the Euclidean action function.

2.4. Grusin operator. We are in R? now and the horizontal vector fields X;, X, are given
by
0 0
X1 =— d Xo=z—.
L= 5 2 x@y

2 2
The Grusin operator is given as follows: Ax = %(%) + %132(8%) . It is obvious that

Ax is elliptic away from the y-axis but degenerate on the y-axis. Since [Xi, Xs] = 8%,
hence {X1, Xa,[X1, X2]} spanned the tangent bundle of R? everywhere. By Hérmander’s
theorem [12], Ax is hypoelliptic.

The Hamiltonian function H for the Ax is

(2.6) Hz,y,&n) = 36+ ga°r”
The Hamilton system can be obtained as follows;
T =H¢=¢,
j = Hy = nz?,
{=—H, =z,
n=—Hy=0,

S =¢&i+ny— H.
With 0 < s <t
n(s) = n(0) = no = constant,
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“constant” means “constant along the bicharacteristic curve”’. Next,

= é‘ = —.’E7’]2,
SO
i+n*x=0.
It follows that
_ - _ £0) . _ £(0) .
x(s) = Acos(ns) + Bsin(ns) = z(0) cos(ns) + == sin(ns) = xg cos(ns) + == sin(ns).
n n
Hence,
§(s) = a(s)
yields

We also have

x = x(t) = xgcos(nt) + % sin(nt),

and
£(0)  x —mgcos(nt)
27) n  sin(nt)
Consequently,
x(s) = 2(0) cos(ns) + %ﬁg(m sin(ns).
The singularities occur at n = ng = kT“ when x = +xq; they are n = (%%l)ﬁ if x = g and
Ny = %Tﬂ if x = —x(. Next,
y(s) =naz*(s)

= [xo(% + %cos(2ns)) + 2x0$ sin(ns) cos(ns) + (%)2(% - %cos(?ﬂs))]

o d x3 sin(2ns) zo€(0) . o 1,£(0)\2 sin(2ns)

_E{ [7(84— o )+ p sin (ns)—|—§( ; ) (s — o )]}

d 0 1 0 . 0
:E{g [ac% + (%)2} s+ 1 [ac% — (%)2} sin(2ns) + %%(1 — cos(2n5))}.

We replace @ by (2.7) and collect terms with z3:

x cos?(nt) 1 cos?(nt)

L . cos(nt)
{778 + 3 sin(2ns) + ns sm2(nt) 2 sin(ni) sin(2nt) — S D) (1- cos(2ns))}

_r ns 1 cos?(nt) — sin(nt) cos(nt)
_E{SiDQ(nt) BT L ey cos(21s)) }

x? 1
:%Tg(nt){ns ~3 [ cos(2nt) sin(2ns) + sin(2nt) (1 — cos(2ns)) ] }

22 | |
:m{Qns — [sin(2nt) — sin (2n(t — s))] }

The terms containing 22 are:

on

|

on

1 a2

Isn2(nt) (215 — sin(2ns)),
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and the terms with xgz are the following:

%%{% [sin (n(2s —t)) + sin(nt)] —ns cos(nt)}.
So,
d 3
y(s) = E{m;(nt) |:2’I78 — [(sin(2nt) — sin (2n(t — s))])Big]
x? .
+ m (27]8 — 5111(2775))
ﬁ% [% (sin (n(2s —t)) +sin(nt)) —n s cos(nt)} }

The action function has the form
t t
5= [ (o4~ Hyds =ty o)) + [ (€ - H)is.
0 0
We find £? as follows
2
52(8) f ;0)
[€2(0) + 1a3] +5 [€2(0) — 23] cos(2n5) — nog(0) sin(2ns).

—H(0)

(1+ cos(2778)) — £(0)nxo sin(2ns) + %7]2%‘(2)(1 — cos(2ns))

1
2

Since H is constant along the bicharacteristic, one has

H = H(0) = 5[€(0) + 3],

Continuing, we obtain the action function

S =nfy ~ y(0)) + /0 (€0~ a2) ) e(0) sin(29s)] s
=y = y(0) + 3(€0) ~ ) ZE g0y ==L,
We simplify this
S =nly —y(0))
2 1w — xqcos sin sin T — X Cos cos -
(28) 5 ( sir(l)(nt)(nt))Z ;nt) - %”2”33 ;im) +ao sir?(nt)(nt) (2;7;) :
=2 (F= o) inanr) — afsin(znt) — 200”20 (1~ cos(ane) }.

In the bracket {---} of (2.8), terms involved z3 are

cos?(nt) . cos(nt)

z [<sin2(nt) - 1) sin(2nt) + QSIH(Ut) (1-— cos(2nt))]
_ 2 cos(2nt) sin(2nt) cos(nt)  cos(2nt)sin(2nt)
0 ( sin?(nt) 2 sin(nt) sin?(nt) )
=222 cot(nt),
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terms involved z? are
o Sin(2nt) 2
r°———= = 2z cot(nt),
sin®(nt)

and terms containing xgx are
cos(nt)
sin?(nt)
2 cos?(nt)
B il
sin(nt)

sin(2nt) — 1- cos(277t)>

20 -
oo sin(nt)
+2 sin(nt))
dxxg
sin(nt)

Hence,

dxx
{--} =2(2* + 23) cot(nt) — m
(z + 20)* — (x — x0)”

sin(nt)

= [(x +20)* + (z — 330)2] cot(nt) —

= (x + wO)Q(COt(Ut) - m) + (z — x0)2<cot(nt) + Sinint))
— (4 gcos(nt) — 1 v gcos(nt) + 1
=@+ o) sin(nt) a 0) sin(nt)

= — (z + x0)*tan (%t) + (2 — 20)? cot (%t)

Thus S has the following form:
S =ny—y(0)) -

By Theorem 2.1, we know that

h(t; z, o, y,m) =ny(0) + S(t; 2, y,1)
=ny(0) +n(y —y(0)) -

n nt nt
—ny — 1[4 tan () = B2 cot (T)]

[(:1: + 20)% tan (%t) — (z — 0)? cot (%t)}

=~

=~

|:(l‘ + 20)? tan (g) — (2 — 0)? cot (g)]

is a solution of the Hamilton-Jacobi equation. Here A = z + 29 and B = = — z¢g. Now by
Theorem 2.2, the function

1
Pz, 9.m) = hlts v, w0,y m)| = 5 H{ay - A% tan (3) + Beot (3) )
t=

is a solution of the generalized Hamilton-Jacobi equation

0
W5+ (020,0.0.£.0,5) = f
We set
o
2 b

where 7 € R yields the domain of integration and 7 is a fixed complex number.
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Lemma 2.5. Suppose f is a smooth function of T € R and

lim Re(f)(1) =00

T—300
off the canonical curve z3 + x*> = 0. Then 7 is pure imaginary.
Proof. Let 7 =m1 +in2. An elementary calculation yields
sin(2n;7) [(B? — A?) cosh(2ne7) + (B? + A?) cos(2m17)]

1
f 2 ("71 15772)7—{ y COShZ(QT]QT) _ COS2(2T]17—)
) [(B 1 A coshonyr) + (B Aeosmr)]
(3

cosh?(2my7) — cos2(2m,7)

(7). ;m =0, i.e., n € iR. When 7 = +o0,

1
f 52'7727{@ — i2(z2 + 2?) tanh(27727)}7
and

Re(f) = = (a3 + 2%)2ne7 tanh(2n27) — o0

| =

as T — 400 as long as z2 + 22 # 0.
(ii). mo = 0, that is n € R. Then
1 2
f=2mry+ i/ [BQ — A%+ (B% + A% cos(27717)]
4 sin(2m7)
is singular in 7 € R when 23 + 22 # 0, otherwise

Re(f) = f=2mry — =+(sgn(y))oo.

T—+00

(#i). m # 0, no # 0. Here
1 , .
f= 3 (771 + ’4772)7{4y - ’L(A2 + B2) tanh(2n27)}

as 7 — +oo, and

Re(f) = 2m7y + (2§ + 2%)|ner|

=[7|[2(sgn(T))my + (x5 + 2%)|n2]]
and choosing xg, x,y so that
2my > (x5 + 2°) ||

we have

lim Re(f)=+o0

T—F00

which we do not want. This complete the proof of Lemma (2.5).

Following the tradition, we shall choose
o
=3

Then
: L o 2
f=—ity+ 5(:5‘0 + z%)7 coth 7 —

T

sinh 7°
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2.6. Sub-Laplace operator on step 2 nilpotent Lie groups. Let M be a simply connected
2-step nilpotent Lie group G equipped with a left invariant metric. Let G be its Lie algebra
and it is identified with the group G by the exponential map:

exp: G — G.
We assume
G=16,61e(6,6F =Ca[4,GF =CaH,
where H and C are vector spaces over R with an skew-symmetric bilinear form
B: HxH —C
such that B(H,H) = C. The group law is given by
(HeC)x(HeC) — HaC
with
(3)* (¥) = (x4 X,y +¥ + 5B x)
and then the exponential map is the identity map. Let {X1,..., X, } be a basis of H and let
{Y1,...,Y,,} be abasis of the center [G,G] = C. We assume {X7,..., X, } and {Y1,...,Y,,} are
orthonormal, and introduce a left invariant Riemannian metric on the group G in an obvious

way.
We write the vector fields X, j = 1,...,n by:

0 0
X = g0+ 22 2 Gy
k=1a=1
« M 3 « N [0 «
where the a i, are real numbers and form skew-symmetric matrices [ajk]j7 o b€y G = —ag;.

We are interested in the sub-Laplacian Ax which can be defined as follows:

1 n
_ 2
Ax =5 > X;
j=1
It is easy to see that
n m 8
(2.9) (X, X] = 222“5‘3@3—'
k=1a=1 Yo

Lemma 2.7. The operator Ax is hypoelliptic if and only if the rectangular matriz of order

@ x m with element [a?k]{(j<k),a} is of rank m (which implies that m < W)

Proof. The operator Ax is hypoelliptic when the vector fields {X;}7_, satisfy the “first”

bracket generating condition. This implies that we can recover all the % from the %
relations (2.9). If we consider [a?‘k] as a matrix with indices a« = 1,..., m and the couples
(4, k) where j < k, this means that this matrix should have rank m. O

We may define a Lie group structure on R™ x R™ with the following group law:
(2.10)

n n
(X,Y) o (X,ay,) = (.1‘1 + xlla ceey Tyt 33;1,91 + yll + Z a;kx;xkv sy Ym T y1/n + Z a’grllcx;xk)
Jk=1 Jk=1
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It is easy to see that the X; are left invariant vector fields such that

(X,f)(x,y) = %(f ° Lixy)) (x,y")

J

x'=0,y'=0
where
Liy)(®,¥) = (xy) o (x.y)
is the left translation by the element (x,y). In particular, Ay is a left invariant operator for
this group structure (see [1] and [16]).
Let &1, ...,&, be the dual variables of x and 71, . .., 7, be the dual variables of y. We define
the symbols (; of the vector field X; by

n m
= gj + Z Z a(])'[kxkna-

k=1a=1
We shall try to find a solution of the following equation'

n

oh 1
5+§jzl< +3 Y an ~) o

k=1a=1

Thus we start with

0z
(2.11) 5+ H(V2) =0,

where H(x,y;&,n) is the Hamiltonian function as the full symbol of Ay,

(2.12) H(x,y;&n) = Z &+ Z Z A% ina)” = % D&+ Ari(n) - ax
= k=1

=1la=1

Here
Ak] Z a’k] Na-

We shall find the bicharacteristic curves Whlch are solutions to the corresponding Hamilton’s
system. The solutions define a one parameter family of symplectic isomorphism of the (punc-
tures) cotangent bundle 7*(R"™ x R™)\ {0}. Since A!(n) = —.A(n), the Hamilton’s system can
be written explicitly as follows:

ij = He, :fj—ZAjk(Tl)'ik =¢, for j=1,...,n

n n
Yo = Hy, :ZZa?kkaj, for a=1,...,m

(2.13) it

5]: - ZA]k Ck_ZAk] Cka forjzl,...,n

No = — ya—O, for a—l,...,m

with the initial-boundary conditions such that

x(0) =0
x(t) =x=(z1,...,%n)
(2.14) y(t) =y =1 Um)
77(0) IT = 2(7'1, . ,Tm)
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where t € R, x and y are arbitrarily given. With 0 < s <,
Na(s) = N = constant, for a=1,...,m

“constant” means “constant along the bicharacteristic curve’. Also

H:§;l‘j :E;C = E = energy.

Another way to see that F is constant along the bicharacteristic, note that
n
By =C =& — ZAjk(U) &
(2.15) = - Z Aje(n) - G — Z Aji(n

= -2 Z Ajr(n)
k=1

for j =1,...,n. Hence
(2.16) % =(=E6+ Ak = —2A(n)C.
Therefore,

X-x=-2An)¢-¢=0

since A is skew-symmetric. It follows that
1
523;«5 = SX X = I = energy.
=1

Since x(s) = e 2%AM¢(0), by integrating the equation
A(m)k(s) = A(m)e?A¢(0),

one has
Alnpx(s) = 3 (4@ ~ 1) (0)

where I is the n x n identity matrix. Since 7, = n(0) = i7, is pure imaginary, the matrix
1 A(7) is self-adjoint. It follows that the matrix

s A(T . _
ity = 25 sy (V- #A0)

is well defined and invertible for any t € R and 7 € R™. Here 7 is a suitable contour surrounding
the spectrum of the matrix it.A(7). The matrix

s A ﬁ (A itA() " ax

L A Sinim (A—itA(T)yldA

211

has an inverse:

We write it as
Qk

s1nh i A
= 2k: —l— 1
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Then for any fixed t € R, we have one-to-one correspondence between the initial condition £(0)
and boundary condition x:

1 A(T) x
sinh(itA(t))

Now we may solve the initial value problem:
j(s) = ag] =&+ 12 o1 Damt CeThTa = § 11 24—y Akj(T) Tk,
§(s) = —9E = —iTpy (& +1 500 Au(r)e) - Aju()

with the initial conditions

£(0) = ™A t40.

(0)=0
6(0) — eit.A(T) . ZA(T) X.

sinh(it.A(T))
Straightforward computations show that

i(t—s)A(r) Sinh(isA(7))

x(s) =x(s;x,7,t) =€ sinh (it A(7)) ¥

§(s) =&(six,m1)
AW k) () ek s
= Sy ¢ (1 A sinb(isA(r))) - x
_ (efisA(T) Cosh(isA(7))> . (amt(ﬂ%)x

- (e_iSA(T) cosh(isA(ﬂ)) -£(0).

Hence we obtain solutions for the initial-boundary problem (2.13) under the condition (2.14).
We also have the following solutions for y(s):

ya A 72iuA(T)§(0))k . Z a?kl‘[(u))duu o = ]_, oo, M.
/=1

k= 1

Again by Theorem 2.2, the function

foxy,7) = hixy.mt)|

is a solution of the generalized Hamilton-Jacobi equation. In our case, the function f can be
calculated explicitly.

f(xy,7) = ,ymt)(t

h(x
m 1

= > Oa0)+ [ (€% 4005~ H)ds
a=1 0

_UOZTaya / £-x— )8

Here 7 is a pure imaginary number. This choice can be motivated by Lemma 2.5.
Since

£%— H = 1(C.0) — (¢, Ax),
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then
28.A

A(7)
7 X> - (¢ AT IX>
1 2A(T)e2sA(T> A(7)
=50 - < 2AT) ] O g2l _ 1X>

(¢, Ax) <

It follows that

J2A(r)e 25 A(T) A(T) _ /2A(7) cosh(2s.A(T)) A(T)
f'X_H_< e2A(T) — T X’eQA(T)—IX>_< e2A(T) — [ X’eQA(T)_IX>

The second equality due to A is skew-symmetric. Now we can integrate from s = 0 to s = 1

to obtain . )
/0 (- x—H)ds = §<(.A(T) coth(A(T)))x,x>.

It follows that
(2.17) fxy. 7 ——ZZTaya —< Alr )coth(A(T)))x,x>.

Using equation (2.17), we may complete the discuss in Section 2.

Example 2.8. When

a1 0 0
0 ) '

A= “ € Maopxon, with aj =aj4n, j=1,...,n,
0 0 - ag,

i.e., the group is an anisotropic Heisenberg group. In this case, m =1 and

n
fx,y,7)=—ity+ 71 Z ay coth(2ay7) (aci + a:thk)
k=1

Ezample 2.9. In R*, the basis of quaternion numbers H = {a + bi + ¢j + dk : a,b,c,d € R}
can be given by real matrices

1000 01 00
0100 -1 0 00
Mo=1¢9 g1 0| M= 00 01}
000 1 00 —1 0
00 0 —1 0 0 -1 0
00 -1 0 0 0 01
Ma=1491 o ol Ms=149 0o 00|
10 0 0 0 -1 00
We have
a b —d -—c
—b a —c d
q= d c a b :aMo—l-le-l-CMz-l-dMg.
¢c —d =b «a

The number a is called the real part and denoted by a = Re(q). The vector u = (b, ¢, d) is the
imaginary part of q. We use the notations

b=1Imi(q), c=1Ims(q), d=1Ims(q), and Im(q)=u= (b,cd).
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We introduce the quaternionic H-type group denoted by Q. This group consists of the set

H x R3 ={[x,y]: xeH, y=(y1,92,93) ER3}

with the multiplication law defined in (2.10) with [a$}] = Ma, @ = 1,2,3. The horizontal
vector fields X = (X3, X9, X3, X4) of the group Q can be written as follows:

0 0 0
X V + = (Mlxﬁy + ngay + M3X8—y3>
with x = (21,22, 23,24) and
o o0 0 0
vx - (8—$17 8—.%2’ 8—1‘37 8—$4)

In this case, the solution for the generalized Hamilton-Jacobi equation is

2
. X
FX Y1, Y2, Y3, 71,72, T3) = =1 > Tala + %M coth(2|7|)

a=1

See details in [6] In general multidimensional case, the matrix A can be defined as follows:

S8 e M, 0 0
A 0 S agM, ... 0
0 0 o 2 ad M,

In this case we obtain the so called anisotropic quaternion Carnot group considered in [7]. The
complex action is given by

. I,
f(.l‘,y,T) = —1 Za:Taya + B} ; ‘xl‘ ‘T|l COth(2‘7—|l)a

where |2;|? = Z?:o xilfj, |7, = (Zizl(af)272)1/2. If all a*, | = 1,...,n are equal, we get

the example of multidimensional quaternion H-type group. More information about H-type
groups can be found in [5, 13, 14, 15].

3. Heat kernel and transport equation
Let us return to the heat kernel. We consider the sub-Laplacian

1 n
AX:§;X,? with Xk—axk—i—ZZaijja

j=1la=1

Assume that {Xi,...,X,} is an orthonormal basis of the “horizontal subbundle” on a simply
connected nilpotent 2 step Lie group. The Hamiltonian of the operator Ay is

H(x,y,&n) = Z (§k + Z Z ak]xma) :

j=1a=1

By Theorem 2.2, the function f associated with H is a solution of the generalized Hamilton-
Jacobi equation:

m
0
H(x,y,Vxf,Vyf) + Zm% = f(X ¥, 5 Tm)-
a=1 «



HAMILTON-JACOBI EQUATION AND HEAT KERNEL 21

As we know, the function f depends on free variables 7., a = 1,...,m. To this end we shall
sum over 7),, or for convenience 7, = tn,, o = 1,...,m; an extra ¢t can always be absorbed in
the power ¢ which can be determined after we solve the generalized Hamilton-Jacobi equation.
Thus we write heat kernel of Ax — 8_ as following

1 X,y, T
(3.1) K(eyit) = Ki(xy) = o / Dy (Har

Here V is the volume element. To see whether (3.1) is a representation of the heat kernel we
apply the heat operator to K and take it across the integral.

I\ e f(X-,ty-,T) o f(X-,ty-,T) o f(x-,tyﬂ')
(AX_a) 14 = 1q+2 (H(X>Y>VXf7vyf)_f) _th(AX(f)_Q)a
and the eiconal equation (2.3) implies that
(ax - 2) V()
Y ta

_fxyT) m _fxyT)

t 10 t
— Y (- 1 V) - S (AxS - V()

_f(xy,7)

et 1% 0 e i V()
o= o=
Assuming
_ i
e~ t 1V (7) 0
g+l -
as 7, — the ends of an appropriate contour I'y, for a = 1,...,m, one has
0
(AX - a)-’ﬁ(xd’)
0 1 f(xy'r)
—(AX‘a){—/Um e (r)dr}
1 feoy.r) ov
:_tﬁ/umlpf [ZTQ—JF(AXf—qum)V( )}dT:o
if ¢t # 0 and
(3.2) iTaa—V(T)—l—(Axf—q-i-m)V(T) =0.
= O0Ta

The equation (3.2) is called the first order transport equation.

Remark 3.1. Here we have made a crucial assumption on the volume element, i.e., V does
not depend on the space variables x and y. That simplify the transport equation significantly.
Under a more general situation a function V' will found among co-dimension one form

Vdr =3 (=) Wedry Ao Adrg A+ Adr,
/=1
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which satisfies a so-called “generalized transport equation”:
df NAx(V)+ > Xe(£)Xe(dV) + D(dV) — (Ax f +n—m —1)dV =0,
(=1

where D(V) is defined by

DV) = Zmi(v) = ZZ(—l)é‘lmg—Zdn Ao Ny A N dTy,

Detailed discussion can be found in Furutani [9] and Greiner [11].

With f given by (2.17), one has

(33) Axf= %tr(.A(T) coth(A(r))) = %m«(% /C A:ﬁ&) (A~ iA(r) ' dr).

Then (3.2) becomes

D Tag(M+(Bxf—q+mV() =0 &

(3.4) o -
2 = (1 Shcroihn)y
a=1 «

Fix 7 and define for 0 < A <1

Hence, (3.4) reduces to
aw 1
)\ﬁ = [q —m— §tr(/\A(7') COth(/\.A(T))):| w.

Here we are using the fact that A(7) is linear in 7. It follows that
dw g—m 1
= (T — 5tr(A() coth(AA(v-))))d)\.

Hence,
log W = (g —m)(log A+ log C) — % log(sinh(A(A7))).

Therefore,

(det A())™
/ (det sinh(A())

If we propose the volume element V' is real analytic and non-vanish at 0, then we have ¢ = §+m.
Consequently,

V(r) =

A _fxy,T)
(3.5) P= @nt)7 /me ¢ V(r)dr,
where f is given by (3.3) and
Vi) = (det A(T))2
\/(det sinh(A(7)))

where the branch is taken to be V(0) = 1. Finally we can write down the second main results
on this paper.
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Theorem 3.2. The equation

A _fxy,7)
RY) = g [ e TV,

represents the heat kernel for Ax if and only if ¢ = § +m, in which case A = 1.

We clearly have

OP
& _AxP=0 t>0
ot X ’ -

and
lim P(x,y,1) = (x)3(y).

The calculation is long but straightforward. Readers can find the proof of this theorem in many
places, see e.g., [1, 2, 3, 4, 8, 10]. We skip the proof here. Instead, we list some examples.

Oxo
is defined as (1.1). The action function is f(x,y) = —iTy + (22 + 23)7 coth(27). The volume
is V(1) = Sinﬁ&ﬂ. In this case n =2, m = 1 and (3.5) has the following expression:

2 T jewn T
3.6 P, = — - —drT.
(36) 1(x,y) (27t)? /_Oo ¢ ' sinh(27) g

2 2
Ezxample 3.1. The Heisenberg sub-Laplacian: Ax = % (8%1 +2x28%> + % (i —2x7 8%) which

2 2
Ezample 3.2. The Grusin operator: Ag = %(%) + %:1:2 (8%) . There is no group structure in

this case. However, this operator has connection with the Heisenberg sub-Laplacian. Let H;
be the Heisenberg group whose Lie algebra has a basis { X1, X2, T’} with the bracket relation
[X1, Xo] = —4T. Asin (1.1),
1
Ax = _§(X12 + X3)

is the sub-Laplacian on H;. Let Nx, = (X2) = [{aX2}qer] be a subgroup generated by the
element X5. The map p : H; — R? defined by
p:H; — R? 2hsg=01X] +22Xo+ 27
=(x1, 29, 2) — (u,v) € R?
where )
U = T, V=2Z+ =122

2
realizes the projection map

H, 2R> - Ny, \ H = R%
In fact, this is a principal bundle and the trivialization is given by the map
Ny, x (Nx, \ Hi) 2R x R? 5 (a;u,v) — (21,20,2) € R® 2 H;
where
(a;u,v) — (u, a,v — %au).
So the sub-Laplacian Ax on H; and Grusin operator Ag commutes each other through the

map p:
Apgop*=p olg.
The heat kernel P;(x,y) € C*°(R4 x Hy) is given by (3.6). Hence,

too 1 1
| P (. = Jua)) = P+ g+ praa), (u.0)
—00



24

that

OVIDIU CALIN, DER-CHEN CHANG, IRINA MARKINA

is, the fiber integration of the function P;(g, h) along the fiber of the map p gives the heat

kernel of the Grusin operator.

1 T o)
PE((20,0), (.y)) = —— / N
(2mt)2 J—oo

Ezample 3.3. Step 2 nilpotent Lie group: Ax = —% 2?21 ij where

with A'Y) = [a2;]

a n m N a

ik is a skew-symmetric and orthogonal matrix. The heat kernel is

]_ _ 2iy-7—(A(7) coth(A(1))x,x)
Pt(x,y)zm/me 2t

Here Ajp(t) = >0, ajTa- In particular, if A;‘z) satisfies further assumption: .Aﬁ)Agz) +

A(’Y)

J

Aﬁ) =0, ¢.e., the group in a H-type group. Then the heat kernel has the following form:
1 _ 2iy-7+|x|?|r| coth(|7]) Tl \%
T S — ey ()5,
1) (271-t)5+m /m © ' sinh |7| T
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