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This paper considers examples of two-step Carnot
groups related to the quaternions and studies their geo-
metric properties. We employ the Hamiltonian formal-
ism to obtain parametric equations of geodesics and
estimate the cardinality of the set of geodesic curves
joining two arbitrary points of the group. We also cal-
culate the length of geodesics and determine the geode-
sics coinciding with the shortest curves in the Carnot–
Carathéodory metric. Fundamental solutions of the
heat and Laplace equations are also given.

1. INTRODUCTION
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 be a system of linearly inde-
pendent vector fields on an 

 

n

 

-manifold 
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n
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≤

 

 

 

n

 

,
and let 

 

〈

 

·

 

, 

 

·

 

〉

 

 denote inner product on the tangent subbun-
dle generated by the system 

 

X

 

. Suppose that the system

 

X

 

 contains “horizontal” vector fields (or, in other
words, distinguished directions) which form an
orthonormal system with respect to 

 

〈

 

·
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·

 

〉

 

. If 

 

m

 

 = 

 

n

 

, then
the system 

 

X

 

 generates a Riemannian metric on 

 

�

 

n

 

. If

 

m

 

 < 

 

n

 

, then we assume in addition that finitely many Lie
brackets of the vector fields 

 

X

 

1

 

, 

 

X

 

2

 

, …, 

 

X

 

m

 

 generate the
tangent bundle 

 

T

 

�

 

n

 

 of the manifold 

 

�

 

n

 

. In the case
where only one bracket is sufficient, the system 

 

X

 

 is
said to be two-step. The condition that the tangent bun-
dle is generated by brackets means that any two points
of the manifold 

 

�

 

n

 

 can be joined by a so-called “hori-
zontal” curve, i.e., by a curve whose tangent vector (if
it exists) is a linear combination of the vector fields 

 

X

 

1

 

,

 

X

 

2

 

, …, 

 

X

 

m

 

 (see [1]). If 

 

γ

 

: [0, 1] 

 

→

 

 

 

�

 

n

 

 

 

is a horizontal

curve and 
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s

 

) = (

 

s

 

)

 

X

 

j

 

, then 

 

l

 

(

 

γ

 

) =

 

 

 

ds

 

is the length of this curve. Minimizing the lengths of the

γ̇ α j
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curves joining points 

 

P

 

, 

 

Q

 

 

 

∈

 

 

 

�

 

n

 

, we obtain the distance
between 

 

P

 

 and 

 

Q

 

. This method is known as the
Lagrangian formalism.

In this paper, we use the Hamiltonian formalism.

Introducing the notation 

 

X

 

j

 

 =

 

 

 

(

 

x

 

)

 

 for 

 

j

 

 = 1, 2,

…, 

 

m

 

, we come to the Hamiltonian function 

 

H

 

 =

(

 

x

 

)

 

ξ

 

k

 

 on the cotangent bundle 

 

T

 

*

 

�

 

n

 

. A

solution 
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x
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), 

 

ξ
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s
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∈

 

 

 

T
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n

 

 

 

to the Hamiltonian system

of differential equations 

 

(

 

s

 

) = , (

 

s

 

) = –

 

 with

boundary data 

 

x

 

j

 

(0) = 

 

 and 

 

x

 

j

 

(

 

τ

 

) = 

 

x

 

j

 

 for 

 

j

 

 = 1, 2, …, 

 

n

 

is called a bicharacteristic. The projection 

 

x

 

(

 

s

 

)

 

 of a
bicharacteristic (

 

x

 

(

 

s

 

), 

 

ξ

 

(

 

s

 

)

 

) on the manifold 

 

�

 

n

 

 is called
a geodesic. For 

 

m

 

 = 

 

n

 

, the geodesics thus defined coin-
cide with the usual Riemannian geodesics in Rieman-
nian geometry; for m < n, the geodesics, as well as the
geometry, are usually referred to as sub-Riemannian.
We emphasize the following difference between sub-
Riemannian and Riemannian geometry. Any point Q in
a Riemannian manifold can be joined with any point in
its sufficiently small neighborhood by a unique geode-
sic. In a sub-Riemannian manifold, there exist points
arbitrarily close to a point Q which are joined to it by
infinitely many geodesics. A detailed information about
geodesics on sub-Riemannian manifolds and their rela-
tionship to various types of shortest lines can be found
in Montgomery’s survey [2] (see also [3–8]).

Our interest in sub-Riemannian geometry arose
from the work on constructing fundamental solutions to
the heat and wave equations and other equations asso-
ciated with the subelliptic second-order differential

operator ∆0 = . These fundamental solutions can

be specified in exact form in terms of sub-Riemannian
invariants induced by the horizontal vector fields of the
system X. If m = n and  denotes the operator dual to

a jk
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L2 (in Xj) with respect to the induced Riemannian met-

ric, then ∆ = – Xj is an elliptic operator being a

usual Laplace–Beltrami operator. If m < n and the vec-
tor fields Xj, together with their Lie brackets, generate
the entire tangent bundle T�n, then the operator ∆0 is
subelliptic [9].

To illustrate sub-Riemannian geometry, we consider
in detail the geometry of a family of quaternion aniso-
tropic Carnot groups being an example of a two-step
sub-Riemannian manifold. These groups, which are
related to the quaternionic n-space, are denoted by Qn.
We construct the Hamiltonian function associated with
the operator ∆0 and solve the corresponding Hamilto-
nian system of differential equations. The boundary
conditions for the Hamiltonian system are the values of
the initial and final points of the geodesic. We obtain
parametric equations of the geodesics and estimate the
cardinality of the set of geodesics joining two arbitrary
points. We also study complex geodesics and the rela-
tionship between the complex action function and the
shortest curves in the Carnot–Carathéodory metric.
Using the complex action, we can derive the transport
equation and obtain its solution, that is, a volume ele-
ment. The fundamental solution to the heat equation is
given in terms of the complex action function and the
volume element. Integrating the fundamental solution
with respect to the time variable, we obtain the Green
function for the operator ∆0. The geometry of two-step
Carnot groups and the related differential operators
were studied in, e.g., [5, 10–14].

2. DEFINITIONS

The quaternions can be obtained by augmenting the
real numbers by three imaginary elements, i, j, and k,
satisfying the relations i2 = j2 = k2 = ijk = –1, ij = –ji =
k, jk = –kj = i, and ki = −ik = j. A quaternion h can be
written as a linear combination h = a + bi + cj + dk of
its scalar real part and vector imaginary part. The basis
quaternions are represented by real 4 × 4 matrices, the
identity matrix � and the three matrices

which represent the imaginary elements i, j, and k.

X j*
j 1=

n

∑

�1

0 1 0 0

1– 0 0 0

0 0 0 1

0 0 1– 0

, �2

0 0 0 1–

0 0 1– 0

0 1 0 0

1 0 0 0

,= =

�3

0 0 1– 0

0 0 0 1

1 0 0 0

0 1– 0 0

,=

We denote the quaternionic space by � and con-
sider the n-quaternions H = (h1, h2, …, hn), where hi ∈
� for i = 1, 2, …, n. We define the sum of H + Q = (h1 +
q1, h2 + q2, …, hn + qn) and H = (h1, h2, …, hn) as Q =
(q1, q2, …, qn) and the product of H by a real or imagi-
nary scalar α as αH = (αh1, αh2, …, αhn). The n-dimen-
sional quaternions form a linear space �n with norm

 = hi|2 .

To construct a quaternion anisotropic Carnot group,
we take �n for the horizontal space V1 and build a cen-
ter of missing directions V2 isomorphic to the space of
imaginary quaternions. Take the imaginary n-quater-
nions �1 = (a11i, a12i, …, a1ni), �2 = (a21j, a22j, … a2nj),
and �3 = (a31k, a32k, …, a3nk) with positive aml for all
m = 1, 2, 3 and l = 1, 2, …, n. They can be represented
in the form of diagonal 4n × 4n matrices Mm, m = 1,
2, 3, with n four-dimensional blocks aml�m (l = 1,
2, …, n) on the diagonal. The topological dimension of
the group equals 4n + 3, and the homogeneous dimen-
sion, which is defined by dimV1 + 2dimV2, is 4n + 6.
The isotropic group based on the one-dimensional
quaternionic space was considered in [4]. The noncom-
mutative group multiplication law is defined by

for q = (x, z) and q' = (x', z') ∈ �n × �3, where (Mmx, x')
is the usual inner product of the vector Mmx ∈ �4n and
the vector x' ∈ �4n.

We associate the Lie algebra �n with the set of left-
invariant vector fields in the tangent bundle TQn. The
tangent bundle contains a natural subbundle �Qn,
called the horizontal subbundle, which is the linear
span of the left-invariant vector fields

(1)

The commutators [Xαl, Xβl] are equal to aml , where

m = 1, 2, 3, for α, β = 1, 2, 3, 4, α ≠ β, and l = 1, 2, …, n.

H
�n |

i 1=

n

∑⎝
⎜
⎛

⎠
⎟
⎞

1/2

q ° q' x x'+ z1 z1'
1
2
--- M1x x',( ),+ +,⎝

⎛=

z2 z2'
1
2
--- M2x x',( ), z3 z3'

1
2
--- M3x x',( )+ + + + ⎠

⎞

Xkl x z,( ) ∂
∂xkl

---------
1
2
--- Mmxkl

∂
∂zm

--------,
m 1=

3

∑+=

k 1 2 3 4; l, , , 1 2 … n., , ,= =

∂
∂zm

--------
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All of the remaining commutators are trivial. A curve
γ(s) = (x(s), z(s)) is horizontal if and only if

(2)

3. GEODESICS

In this section, we employ the Hamiltonian formal-
ism to study geodesics on the quaternion anisotropic
groups Qn. The geometry of such a group is determined

by the sub-Laplacian ∆0 = , which is a subelliptic

operator [9]. Recall that a geodesic joining points P(x0,
z0), Q(x, z) ∈ Qn is defined as the projection γ(s) (s ∈ [0,
1]) of a solution to the Hamiltonian system on the (x, z)
space with boundary conditions (x(0), z(0)) = (x0,  z0)
and (x(1), z(1)) = (x, z). The Hamiltonian system can be
reduced to

(3)

where the θm are constants depending on the boundary
conditions, which can be used as Lagrange multipliers.

Our goal is to find a solution of system (3) with
given initial and final points and derive parametric
equations for geodesics on Qn. The presence of the
group structure allows us to consider only curves start-
ing at the origin, for which x(0) = 0. A general solution
to system (3) for a given initial velocity (0) is

(4)

where  =  and [M]l is the lth block of the

matrix M.

To describe the z-components of the geodesic curve,
we employ the horizontality condition (2) and come to
the expression

(5)

Any geodesic is a horizontal curve, but not all horizon-
tal curves are geodesics. For example, the curve

2żm Mmx ẋ,( ), m 1 2 3, ẋ, , ẋ11 … ẋ4n, ,( ).= = =

Xkl
2

k l,
∑

ẋ̇ 2M ẋ, M θmMm, m
m 1=

3

∑ 1 2 3,, ,= = =

ẋ

xl s( ) = 
1 2s θ l( )cos–

2 θ l
2

------------------------------------ M[ ]l ẋl 0( )
2s θ l( )sin

2 θ l

--------------------------� ẋl 0( ),+

l 1 2 … n,, , ,=

θ l
2 aml

2 θm
2

m 1=

3

∑

zm s( )
θmaml

2 ẋl 0( ) 2

4 θ l
2

------------------------------- s
2s θ l( )sin

2 θ l

--------------------------–⎝ ⎠
⎛ ⎞

⎝ ⎠
⎜ ⎟
⎛ ⎞

l 1=

n

∑ ,=

m 1 2 3., ,=

c s( ) s2

2
---- s

s
2

2
---- s 0 … 0

a11s3

6
----------- c1 c2, , , , , , , , ,⎝ ⎠

⎛ ⎞ ,=

where c1 and c2 are constants, is horizontal, but it is not
geodesic. However, any horizontal curve c(s) satisfying
the additional condition (s) = 2M (s) is geodesic.

The problem setting based on the Hamiltonian for-
malism is equivalent to minimizing the action func-
tional

where  is the energy and the θm are Lagrange

multipliers, subject to the nonholonomic constraints
imposed by the horizontality requirement. A solution to
the Euler–Lagrange system for this functional is a geo-
desic if and only if it is a horizontal curve. A theorem
of Chow [1] implies that any two points in Qn can be
joined by a horizontal curve. In the further sections, we
give equations for horizontal curves joining the unit of
the group to various points.

3.1. A Connection between (0, 0) and (x, 0) for x ≠ 0

Theorem 1. A smooth curve c(s) is horizontal with
constant coordinates z1, z2, and z3 if and only if c(s) =
(α11s, …, α4ns, z1, z2, z3), where αkl ∈ � and

 ≠ 0.

3.2. A Connection between (0, 0) and (0, z) for z ≠ 0

Let us solve system (3) with boundary conditions
x(0) = x(1) = z(0) = 0 and z(1) = z. The knowledge of the
initial velocity (0) is also required, because there is no
sufficient information about the behavior of the x-coor-
dinates. Below, n = (n1, n2, …, nn), where nl ∈ �, and
N and Am are block diagonal 4n × 4n matrices with

blocks � and aml�, where m = 1, 2, 3 and l = 1, 2,

…, n, respectively.

Theorem 2. There exist infinitely many geodesics
joining the origin to the point (0, z). The corresponding
parametric equations for each multi-index n = (n1,
n2, …, nn), where nl ∈ �, are

(6)

ċ̇ ċ

ẋ s( ) 2

4
--------------- θm ż s( ) 1

2
--- Mmx s( ) ẋ s( ),( )–⎝ ⎠

⎛ ⎞
m 1=

3

∑+ s,d

0

1

∫

ẋ s( ) 2

4
---------------

αkl
2

k 1=

4

∑
l 1=

n

∑

ẋ

1
πnl

-------

xl
n( ) s( ) = 2

1 2sπnl( )cos–

πnl( )2
------------------------------------ Z[ ]l ẋl 0( )

+
2sπnl( )sin

2πnl

--------------------------� ẋl 0( ),

l 1 2 … n,, , ,=
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(7)

where

(8)

The lengths of the corresponding geodesics are

Remark 1. In the general case of Theorem 2, where
the constants aml are different, there are countably many
geodesics joining the unit of the group O(0, 0) to the
point Q(0, z). As the multi-index n = (n1, n2, …, nn)
increases, the frequency of the rotation of the geodesics
about the straight line joining the point to Q increases,
while its radius decreases; in the limit, a curve of Haus-
dorff dimension 2 is obtained. Formulas (6) and (7) are
illustrated by Fig. 1, which shows the graphs of geode-
sics for the multi-indices n = 1, n = 2, and n = 5. In the
special case of a1l = a2l = a3l = al, we renumerate the al

so that a1 < a2 < … < ap = ap + 1 = … = an. Applying a
rotation in the subspace (0, …, 0, xp, xp + 1, …, xn, 0, 0, 0),
we obtain an uncountable set of geodesics. Their

lengths equal  = 16|z(1)|2 . If am1 =

am2 = … = amn = am, then the multi-index n reduces to a
positive integer index k ∈ �, and the geodesic length is

 = 4πk (1)  for k ∈ �. The lengths of geode-

sics grow unboundedly with increasing the multi-index.

zm
n( ) s( ) = 

zm

ẋ 0( ) N Am

2
---------------------

aml
2 ẋ 0( ) 2

πnl
2

----------------------- s
2sπnl( )
2πnl

------------------sin–⎝ ⎠
⎛ ⎞ ,

l 1=

n

∑
m 1 2 3,, ,=

Z[ ]l = 

0
z1a1l

ẋ 0( ) N A1

2
--------------------

z3a3l

ẋ 0( ) N A3

2
--------------------–

z2a2l

ẋ 0( ) N A2

2
--------------------–

z1a1l

ẋ 0( ) N A1

2
--------------------– 0

z2a2l

ẋ 0( ) N A2

2
--------------------–

z3a3l

ẋ 0( ) N A3

2
--------------------

z3a3l

ẋ 0( ) N A3

2
--------------------

z2a2l

ẋ 0( ) N A2

2
-------------------- 0

z1a1l

ẋ 0( ) N A1

2
--------------------

z2a2l

ẋ 0( ) N A2

2
--------------------

z3a3l

ẋ 0( ) N A3

2
--------------------–

z1a1l

ẋ 0( ) N A1

2
--------------------– 0

,

ẋ 0( ) N Am

2 N Amẋ 0( ) N Amẋ 0( ),( ).=

ln
2 16

zm
2 1( )

aml
2 ẋl 0( ) 2

πnl( )2
-------------------------

l 1=

n

∑
---------------------------------

m 1=

3

∑ 16
zm

2 1( )
ẋl 0( ) N Am

2
-----------------------.

m 1=

3

∑= =

ln
2 al

2 ẋl 0( ) 2

πnl( )2
----------------------

l 1=

n

∑⎝ ⎠
⎜ ⎟
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1–

lk
2 zm

2

m 1=

3

∑ am
2–

3.3. A Connection between (0, 0) and (x, z) for x ≠ 0 and 
z ≠ 0

In this section, we solve Eq. (3) with boundary condi-
tions x(0) = 0, z(0) = 0, x(1) = x, and z(1) = z. The follow-
ing theorem uses the function µ(|θ|l) = |θ|lsin–2(|θ|l) –

|θ|l), which was studied in, e.g., [3].
Theorem 3. For a given point Q(x, z) with xl ≠ 0 for

l = 1, 2, …, p – 1; xl = 0 for l = p, p + 1, …, n; and z ≠ 0,
there exist infinitely many geodesics joining O(0, 0) to

Q. Suppose that S1m = µ(|θ|l), S2m =

, nβ = (np, np + 1, …, nn) is a multi-index

with positive integer components for each β ∈ �, and
ϑκ = (|θ|1, |θ|2, …, |θ|p – 1), where κ = 1, 2, …, N, is a
solution of the system

(9)

Then, the equations of geodesics are

(10)

(11)

(cot

aml
2 xl 1( ) 2

θ l

-------------------------
l 1=

p 1–

∑
aml

2 ẋl 0( ) 2

π2nl
2

-------------------------
l p=

n

∑

θ l
2 16zm

2 1( )aml
2

S1m S2m+( )2
-----------------------------, l

m 1=

3

∑ 1 2 … p 1.–, , ,= =

xl
κ( ) s( ) = 4 θ l( ) s θ l( )sin

2
cot 2 2s θ l( )sin–( )

Z[ ]l

θ l

----------xl 1( )

+
1
2
--- θ l 2s θ l( )sincot s θ l( )sin

2
+⎝ ⎠

⎛ ⎞ �xl 1( ),

l 1 2 … n; κ, , , 1 2 … N ;, , ,= =

xl
nβ( )

s( ) = 2
1 2sπnl( )cos–

πnl( )2
------------------------------------ Z[ ]l ẋl 0( )

+
2sπnl( )sin

2πnl

--------------------------� ẋl 1( ),

l 1 2 … n, β �;∈, , ,=

1.00
0.75
0.50
0.25

z1

0
0

0.5
1.0

1.5
2.0

–1.5

–1.0

–0.5

0

x21

x11

Fig. 1. Graphs of geodesics with vertical axis z1 and hori-
zontal axes x11 and x21.
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(12)

where m = 1, 2, 3. Here,

(13)

The lengths of geodesics are calculated by

(14)

Remark 2. If p < n + 1 and all of the aml are different
for l = p, p + 1, …, n, then there are countably many
geodesics. If some of the aml coincide, then the set of
geodesics is uncountable. This can be obtained from
considerations similar to those after Theorem 2. How-
ever, the lengths of geodesics are bounded, because the
sums S2m approach zero, while the sums S1m are strictly
positive and bounded away from zero, as n tends to
infinity.

Remark 3. If p = n + 1, then S2m = 0 and nβ ≡ 0. In
this case, there are only finitely many geodesics joining
O(0, 0) to Q(x, z) with xl ≠ 0 for l = 1, 2, …, n.

Remark 4. In the isotropic case, where al = a > 0
and xl ≠ 0 for l = 1, 2, …, n, Eq. (9) can be written as

µ(a|θ|) = . Each solution of this equation deter-

mines the relation l2 = [sin(a|θ|)(sin(a|θ|) – cos(a|θ|)) +
a2|θ|]–1a2|θ|2(|x|2 + 4|z|) between the homogeneous norm
|(x, z)|2 = |x|2 + 4|z| of the final point and the length of the
geodesic.

Remark 5. Theorem 2 is the limit case of Theorem 3
as the coordinate x of the final point tends to zero at z
fixed. In this case, the number of solutions to system (9)
unboundedly increases, as well as the lengths of geode-
sics, with increasing the multi-index n.

zm
κ nβ,( )

s( ) = 
zm 1( )

S1m S2m+
----------------------

aml
2 x 1( ) l

2
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2

---------------------- s
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S11 S21+
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--------------------
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--------------------–
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--------------------– 0
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lκ nβ,
2 ẋl 0( ) 2

l 1=

n

∑ 16
zm

2 1( )
S1m S2m+
----------------------

m 1=

3

∑= =

+ xl 1( ) 2 θ l θ l( ).cot
l 1=

p 1–

∑

4 z 1( )
a x 1( ) 2
-------------------

4. HAMILTONIAN COMPLEX MECHANICS
AND KERNELS OF DIFFERENTIAL OPERATORS

A complex geodesic is the projection on the (x, z)
space of a solution to the Hamiltonian system with non-
standard boundary conditions x(0) = 0, x(1) = x, z(0) = 0,
z(1) = z, and θm = –iτm for m = 1, 2, 3. We set –iτ = (–iτ1,

–iτ2, –iτ3) and |τ|l = ; then, |θ|l = i|τ|l. The

modified complex action is defined by

(15)

Note that the missing and horizontal directions are
studied by different methods. Substituting the Hamilto-
nian function corresponding to the sub-Laplacian ∆0
into (15), we obtain

The modified complex action satisfies the Hamilton–
Jacobi equation

At the critical points τc, at which  = 0, we obtain

f(x, z, τc) =  for a geodesic γ joining the unit of the

group to P(x, z). The critical point τc with i|τc|l = |θ|l cor-
responds to the least solution of system (9). The value of
f (x, z, τc) is proportional to the squared length l2(γ) of
the shortest geodesic γ between the unit of the group O
and the point P and equals the squared Carnot–Car-
athéodory distance between O and P [8]. Thus, the geo-
desic corresponding to the least solution of system (9)
coincides with the shortest curve in the Carnot–Car-
athéodory metric.

Consider the heat operator ∆0 –  =  – . A

fundamental solution with a singularity at zero is a

function P(x, z, t) defined on Qn ×  and satisfying the
conditions

Below, we give fundamental solutions to the heat
equation and the sub-Laplacian in terms of sub-Rie-

aml
2 τm

2

m 1=

3

∑⎝ ⎠
⎜ ⎟
⎛ ⎞

1/2

f x z τ, ,( ) = i τmzm ẋ ξ,( ) H x z ξ τ, , ,( )–( ) s.d

0

1

∫+
m

∑–

f x z τ, ,( ) i τmzm

xl
2

4
--------- τ l τ l.coth

l 1=

n

∑+
m

∑–=

τm
∂f

∂τm

--------
m 1=

3

∑ f– H x z ∇x f ∇z f, , ,( ).–=

∂f
∂τm

--------

l2γ
4

-------

∂
∂t
----- Xkl

2

k l,
∑ ∂

∂t
-----

�+
1

i( ) ∆0P i
∂P
∂t
------– 0 for t 0,>=

ii( ) P x z t, ,( )
t 0+→
lim δ x( )δ y( ).=
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mannian invariants induced by the horizontal vector
fields (1), namely, of the modified complex action f (x,
z, τ) and the volume element

which is obtained by solving the transport equation

Theorem 4. The function

is a fundamental solution to the heat equation with a
singularity at zero.

Integrating the fundamental solution P(x, z, t) with
respect to the variable t on the interval (0, ∞), we obtain
the following theorem.

Theorem 5. The Green function G(x, z) of the oper-
ator ∆0 is given by

V τ( )
τ l

2

τ l( )sinh
2

------------------------,
l 1=

n

∏=

2n ∆f–( )V τ( ) τm
∂V
∂τm

--------
m 1=

3

∑– 0.=

P x z t, ,( ) C

t2n 3+
----------- f x z τ, ,( )–

t
-------------------------⎝ ⎠

⎛ ⎞ V τ( )exp τd

�
3

∫=

G x z,( ) 22n 2π( )2n 3+

2n 1+( )!
----------------------------- V τ iεz̃+( )

f 2n 2+ τ iεz̃+( )
----------------------------------- τd

�
3

∫–=

for sufficiently small ε > 0. Here,  =  if z ≠ 0 and

 = 0 if z = 0.
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