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Abstract

We construct examples of 2-step Carnot groups related to quaternions and study their fine structure and
geometric properties. This involves the Hamiltonian formalism, which is used to obtain explicit equations
for geodesics and the computation of the number of geodesics joining two different points on these groups.
We are able to find the explicit lengths of geodesics. We present the fundamental solutions of the Heat
and sub-Laplace equations for these anisotropic groups and obtain some estimates for them, which may be
useful.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

This paper presents examples of Carnot groups and studies their fine structure, geometric
properties and basic differential operators attached to them. A Carnot group is a connected and
simply connected m-step nilpotent Lie group G whose Lie algebra G decomposes into the direct
sum of vector subspaces Vi @ V, @ - - - @ V), satisfying the following relations

Vi, Vil = Vg1, 1<k <m, [Vi, Vim]={0}.
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The simplest examples of the Carnot group are Euclidean space R", Heisenberg group H" and
H(eisenberg)-type groups introduced by Kaplan [18]. The Carnot groups form a natural habitat
for extensions of many of the objects studied in Euclidean space and find applications in the
study of strongly pseudoconvex domains in complex analysis, semiclassical analysis of quantum
mechanics, control theory, probability theory of degenerate diffusion processes and others. The
geometry of Carnot groups and differential operators related with them were studied extensively
by many mathematicians, for instance, in [3,4,8,9,14,16,19,20,22].

We construct examples of 2-step Carnot groups, related to the multidimensional space of
quaternion numbers. We will call these groups anisotropic quaternion groups and denote them
by Q". In [12] the quaternion H-type groups were studied. The results of [12] can be easily
extended to the multidimensional quaternion space. The examples of the present paper contain
the multidimensional quaternion H-type group as a particular case. We construct the Hamiltonian
function associated with the sub-Laplacian generated by left-invariant vector fields. Solving the
Hamiltonian system of differential equations we give exact solutions that describe geodesics on
the group. We study geodesic connectivity between any two points of the group. It is known that
every point of a Riemannian manifold is connected to every other point in a sufficiently small
neighborhood by one single, unique geodesic. But in this case, there will be points arbitrarily
near a point which are connected to this point by an infinite number of geodesics. Since we are
working on a group, we may simply assume that the point is the origin O = (0, 0). We prove the
following results

M If P=(x,0)=(x1,...,x,,0) with x # 0, then there is only one geodesic connecting the
origin O and the point P,

Q) If P=(x1,...,xp,2) With x; 20, I = 1,...,n, and z # 0, then there are finitely many
geodesics connecting the origin O and the point P

Q) IfP=(x1,....,xp,20) withx; ZOforl=1,...,p—land x; =0 forl=p,...,n, z#0,
then there are countably infinitely many geodesics connecting the point O and the point P

@) If P = (0, z) with z # 0, then there are uncountably infinitely many geodesics connecting the
point O and the point P.

We will discuss basic properties of geodesics in Sections 2—4. Then we will prove connectivity
theorems in Section 5 (see Theorems 5.1, 5.2, 5.4, and 5.6). Furthermore, parametric equations
and arc lengths of all these geodesics will be calculated explicitly.

We also consider complex geodesics and find a relation between the complex action func-
tion and the Carnot—Carathéodory metric. The complex action function allows us to deduce the
transport equation and its solution: the volume element. The fundamental solution of the Heat
equation is given in terms of the complex action function and volume element. More precisely,
the heat kernel at the origin is given by

C =
PO = s [T V@,
R3

where

Sy, w, t)__lztmwm+zu|fllc()th |r|1)
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is the modified complex action and

n 2
ITl;

vo=I1Grm

=1

is the volume element. (See Theorem 7.1.) Integrating the fundamental solution of the Heat
equation with respect to the time variable, we obtain the Green function for the sub-Laplacian
(see Theorem 7.2)

221 (2 )2n+3 V(t+ie?)

2n+ 1)! Ft+2(r 4 ie?)
R3

Gx,72)=—

The last section is devoted to some estimates of fundamental solutions, which may be useful.
2. Definitions

A quaternion is a mathematical concept (re)introduced by William Rowan Hamilton, in Ire-
land, 1843 [2]. (It has been said that when Hamilton discovered the quaternions, they stayed
discovered.) The idea captured the popular imagination for a time because it involved rela-
tively simple calculations that abandon the commutative law, one of the basic rules of arithmetic.
Specifically, a quaternion is a non-commutative extension of the complex numbers. As a vector
space over the real numbers, the quaternions have dimension 4, whereas the complex numbers
have dimension 2. While the complex numbers are obtained by adding the element i to the real
numbers which satisfies i = —1, the quaternions are obtained by adding the elements i, j, and k
to the real numbers which satisfy the following relations

Unlike real or complex numbers, multiplication of quaternions is not commutative, e.g.,
ij=—-ji=Kk, jk=-kj=i, ki = —ik =j. (2.1)

The quaternions are an example of a division ring, an algebraic structure similar to a field except
for commutativity of multiplication. In particular, multiplication is still associative and every
non-zero element has a unique inverse.

The quaternions can be written as a combination of a scalar and a vector in analogy with the
complex numbers being representable as a sum of real and imaginary parts, a - 1 + b - i. For a
quaternion i = a + bi + cj + dk we call the scalar a the real part and the 3-dimensional vector
u = bi + cj + dk is called the imaginary part of h and it is a pure quaternion. In R*, the basis of
quaternion numbers can be given by real matrices

(=Nl
[N e )
O = O O
- o O O
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01 0 0 00 0 —1
10 0 0 00 —1 0
Mi=l g 0 0 1" M=|o1 0 ol
0 0 -1 0 10 0 0
0 0 -1 0
0 0 0 1
M3[10 00]'
0 -1 0 0
‘We have
a b —d -—c
n=| "0 ¢ T D bMy + My +dM
| d c a b | =4 1Mz 3

c —d —-b a

Similarly to complex numbers, vectors, and matrices, the addition of two quaternions is equiva-
lent to summing up the coefficients. Set h =a +u,and ¢ =7 + xi+ yj+ zk=1¢ + v. Then

h+g=@+t)+@+v)=@+1)+ B+x)i+ (c+y)j+(d+2)k

Addition satisfies all the commutation and association rules of real and complex numbers. The
quaternion multiplication (the Grassmannian product) is defined by

hg=(at —u-v)+(av+tu+uxv),

where u - v is the scalar product and u x v is the vector product of u and v, both in R>. The
multiplication is not commutative because of the non-commutative vector product. The non-
commutativity of multiplication has some unexpected consequences, e.g., polynomial equations
over the quaternions may have more distinct solutions then the degree of a polynomial. The
equation 22 + 1 = 0, for instance, has infinitely many quaternion solutions 4 = a + bi + cj + dk
with b2 + ¢ + d? = 1. The conjugate of a quaternion h = a + bi + cj + dk, is defined as h* =
a — bi — cj — dk and the absolute value of h is defined as |h| = v/hh* = v/a? + b2 + ¢2 + d>.

Let us denote the space of quaternions by /. We consider n-tuples of quaternions: H =
(hi,ha, ..., hy), hiy € H,i=1,...,n. We may define addition between two of them in an obvi-
ous way

H+QO=0+q.ha+q,....,hn+qn)
for H = (h1,...,hy) and Q = (q1,...,qn). Multiplication by a scalar is defined as « H =

(ah1,ahy, ..., ahy,), where o may be real or complex number. Therefore, the n-dimensional
quaternions, " is a vector space. The norm is defined by

n 12
|Hlpgn = (vaz) :
i=1

In this article we will construct 2-step Carnot groups related to the multidimensional quater-
nion numbers. We will call these groups anisotropic quaternion groups Q™. To explain precisely
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the idea of their construction we first introduce the notion of H-type Carnot groups and then,
making some modifications, we arrive at our main example.

H-type homogeneous groups are simply connected 2-step Lie groups G whose Lie algebras
G are graded and carry an inner product such that

(i) G is the orthogonal direct sum of the generating subspace V; and the center V;
g=VieVy,, Va=[V, V] [Vi,V2]=0,
(ii) the homomorphisms Jz : V| — Vi, Z € V; defined by
(JzX, X")=(Z,[X,Xl), X.X eV,
satisfy the equation
JZ=—1ZP1, ZeV.

Here (-,-) is a positive definite non-degenerate quadratic form on G, [-,-] is a commutator and
is the identity. The group is generated from its algebra by exponentiation.

To construct the multidimensional quaternion H-type group we take the space of quaternions
‘H" as V] and generate the center V,. We consider the n-dimensional imaginary quaternions

le(ali,...,ali), Zg:(azj,...,azj), Z3:(a3k,...,a3k)
with positive constants a,,. They have the following representation as real matrices 4n x 4n

amMpm 0
Mm = s
0 am M

where there are n blocks on the diagonal of each matrix M,,, m = 1,2, 3. The matrices M,,,
m =1, 2, 3, are the matrices associated to the homomorphisms Jz.

Now we extend the construction, introducing anisotropy to this very symmetric setting. We
take an arbitrary n-dimensional imaginary quaternions

21 =(ai, ..., aii), 2y = (a2}, ..., am)), 23 = (az1k, ..., a3,k),

with ay; > 0forallm=1,2,3and/ =1, ..., n. The representation as real matrices 4n x 4n are
the following

an M 0 a; My 0
M; = , M; = ,
0 ay, M 0 ary My
M; = ,
0 az, Ms
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where there are n blocks on the diagonal of each matrix M,,,, m = 1,2,3. We construct and
make the principal calculations for the anisotropic quaternion group Q" with center V, of topo-
logical dimension 3. For the other examples see Remark 2.1. The corresponding algebra Q" is
the two-step algebra V| @ V,. The topological dimensions of the group is dim Q" = 4n + 3. The
homogeneous dimension defined by the formula v = dim V| + 2dim V; plays an important role
in analysis on homogeneous groups. We see that the homogeneous dimension is always greater
than the topological dimension and in our case equals v(Q") = 4n + 6. An isotropic case based
on the 1-dimensional space of quaternions was studied in [12] and the anisotropic Heisenberg
group was considered in [8].

We set the standard orthonormal systems {Xj;} € R*, k=1,2,3,4,1=1,...,n and
{Z1, 2>, Z3} € R3. We reserve the following indexes: [ = 1,...,n denotes the coordinate in-
dexin (hy,...,hy); k=1,2,3,4 denotes the index of coordinates inside of each quaternion /%,
and m =1, 2, 3 is related to the coordinate index in V> or the index of the matrices M,,,. The
matrices M, transform the basis vectors in the following way

M X1 = —auXo, M Xy = auXu, M X3 = —auXa, M X4y = auXs,

Mo Xy = anXa, My Xop = an X, My X3 = —an X, My Xy = —ay Xy,

Mz X1 = a3 Xs, M3 X2 = —az X, M3 X3 = —az X, Mz X4 = a3 Xo.
2.2)

‘We use the normal coordinates

q = (-x’ Z) = (x117x211x31’-x41’ .. ',xln,x2n7x3n,x4n: 21,22, Z3)

for the elements

eXp(Zxlekl + szzm> S Qn-
k,l m

The Baker—Campbell-Hausdorff formula
1
exp(X + Z)exp(X' + Z) = exp(X +X.,Z+7 + E[X’ X’]),

for X, X' € Vi, Z, Z' € V, defines the multiplication law on Q". Precisely, we have

Ly(@)=Lu (', 2)=(x,2)0(x,2)

1 1 1
= (x +xz1+2) + E(Mlx,x/), 242+ E(sz,x/), 3+ + §(M3x,X’)),

for g = (x,z) and ¢’ = (x’, Z’), where (M,,,x, x”) is the usual scalar product of the vector M,,,x €
R* by x’ € R*. The multiplication “o” defines the left translation L, of ¢’ = (x',Z') by the
element ¢ = (x, z) on the group Q".

We associate the Lie algebra Q" of the group Q" with the set of all left-invariant vector fields
of the tangent bundle 7 Q". The tangent bundle contains a natural subbundle 7 Q" consisting
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of “horizontal” vectors. We call 7 Q" the horizontal bundle. The horizontal bundle is spanned
by the left-invariant vector fields X 11(x,2)),. )~(4n (x, z) with )kal 0,0) =Xy, k=1,. 4
l =1,...,n, (see, for example, [7,8,23]). In coordlnates of the standard Euclidean ba51s Wz
a these vector fields are expressed as

Xy, 2) = %1[ + %<+a”x2[8371 - azzx418— —az x| 8%)

Xo(x,2) = 9 + 1(— llxlli - asz31— +azxq i)
oxy 2 971 022 023

X3(x,2) = 9 + l<+alzx41i -I-azlxzz— +azixy i)
ox3y 2 d 022 0

Xu(x,2) = i + = ! (—alzxszi +azlezi —azx 2z—> (2.3)
axy 2 0z 972 023

for/ =1, ..., n. The left-invariant vector fields Zn (x, z) with Zn ©0,00=2,,,, m=1,2,3, are
the vector fields

~ d
Zn(x,2)= 3z (2.4)
m

We write simply Xy; and Z,, instead of Ykl(x,z) and 2m (x, 2), if no confusion may arise.
Note that if we restrict the values of m to 1,2 or 3 then the vector fields (2.3) are reduced
to the anisotropic vector fields of the anisotropic H>"* Heisenberg group and the group Q" is
isomorphic to the anisotropic H>" Heisenberg group, considered in [8]. We also use the notation
X=Xy, ..., Xq), [ =1,...,n. We call the next vector

3
1 0
:(Xlla~~~aX4n):<Vx+§ § M,,x >’

0Zm
m=1

where V, (3 T B ) the horizontal gradient. Any vector field Y belonging to 7 Q" is
called the horzzontal vector field. In particular, the horizontal gradient X is a horizontal vector
field, that justifies the name “horizontal” gradient.

The commutation relations are as follows

(X1, Xo] = —auzy, [ X1, X31] = a31Z3, (X1, Xa] = anZs,
(X2, X31] = anZs, (X2, X41] = —a31Z3, (X3, X4] = —auZy,
foranyl=1,...,n

A basis of one-forms dual to Xy, Z,,, is given by dxz;, ¥, with

1
Uy =dzy — E(me’ dx). (2.5)

Since the interior product ¥, (Xy;) vanishes for all m =1,2,3, k=1,...,4,1=1,...,n we
have the product %, (Y) vanishing on all horizontal vector fields Y.



352 D.-C. Chang, 1. Markina / Advances in Applied Mathematics 39 (2007) 345-394

Remark 2.1. If we formally put a;; =0,/ =1, ..., n, then we obtain another example of a
quaternion anisotropic group with 2-dimensional center. The case aj; =ay =0, =1,...,n,
corresponds to an anisotropic group with 1-dimensional center.

3. Horizontal curves and their geometric characteristics

Summarizing the results of the previous section we can say that Q" is a space of (4n + 3)-
tuples of real numbers R*"*+3 where the commutative group operation “+” is replaced by the non-
commutative law “o”. Respectively, the left translation L, (x") = x + x’ (that in the commutative
case coincides with the right translation) is substituted by the left translation L,(¢") =¢q o q’.
The corresponding Lie algebras are fundamentally different. The invariant vector fields X; = a%,
i=1,...,4n+ 3, of Euclidean space are replaced by the vector fields (2.3) and (2.4). Moreover,
since the group of vector fields (2.4) is completely generated by the group (2.3) by means of com-
mutation relations, the geometry of the group Q" is defined by the horizontal bundle 7 Q". The
velocity and the distance should respect the horizontal bundle 7" Q". Since [ Xy, 1> Xk, ,1¢7T0"
the horizontal bundle is not integrable, i.e., there is no surface locally tangent to it [1]. As we
say, the geometry is defined by the horizontal bundle, so it is sufficient to define the Riemannian
metric only on the horizontal bundle 7 Q" of the tangent bundle of Q". These kinds of mani-
folds have acquired the name sub-Riemannian manifolds. The definitions and basic notations of
sub-Riemannian geometry can be found in, e.g., [24].

A continuous map c(s) : [0, 1] — Q" is called a curve. We say that a curve c(s) is horizontal
if its tangent vector ¢(s) (if it exists) belongs to 7 Q" at each point c(s). In other words, there are
(measurable) functions a;(s) such that ¢(s) = Zk,l ar;(s) Xk (c(s)). We present some simple
propositions that describe the geometry of the group Q”.

Proposition 3.1. A curve c(s) = (x(s), z(s)) is horizontal if and only if

1
mZE(meJ'C)’ m=1,2,3, 3.1

Wherex = (x117x217x3l»x41s »xlnvx2nsx3nsx4n)-

Proof. We can write the tangent vector ¢(s) in the form

é(s) = (¥(s), 2(s)) Zsz(S)—+sz(S)—

<x(s) Vit = Zme )+Z<zm(s)— - mx,)‘c(S)))%
= (H(5), X)) + ;(zm (s) - %(me, )E(s))) ai

Zm

It is clear that ¢(s) is horizontal if and only if the coefficients in front of %N, m=1,2,3, vanish.
This proves Proposition 3.1. O
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Corollary 3.2. If a curve c(s) = (x(s), z(s)) is horizontal, then

é(s) = (x(5), X) Zxkl(S)Xkl

It is easy to see the following statement.

Proposition 3.3. The left translation L, of a horizontal curve c(s) = (x(s), z(s)) is a horizontal
curve ¢(s) = Lq(c(s)) with the velocity

) = (L)ut(s) = Y () Xu (€(9)) = (¥(5). X (8(5))). (3.2)
k,l

Proposition 3.4. The acceleration vector ¢(s) of a horizontal curve c(s) is horizontal.

Proof. Let c(s) be a horizontal curve. Then ¢(s) € TQg(S). Let us show that ¢(s) € TQ?(;)-

Differentiating equalities (3.1) of the horizontality condition and making use of (M,,x,x) =0
form=1,2,3 and any x € R* we deduce that

1 1
Im(s) = 5((Mm5€(S), X(9)) + (Mux(s), £(5))) = E(me(s)a ()

for m =1, 2, 3. Then the acceleration vector along c(s) is
é(s) = (¥(s), Vi) + (3(5), V)

= (xm, V. + % ;mm%) + ;('zmm - %(%(sx me(s>))ai

9/
= ()'c'(s), X(c(s))).
This means that the vector ¢(s) is horizontal. The proposition is proved. O

4. Hamiltonian formalism

In this section we study the geometry of the anisotropic quaternion group Q" by making use
of the Hamiltonian formalism. The geometry of the group is induced by the sub-Laplacian Ay =
Zk’ I X,%l. Operators of such type are studied, for instance, in [4,10]. Since the vector fields Xy,
satisfy the Chow’s condition, by a theorem of Hormander [17], the operator A is hypoelliptic.
Explicitly, the sub-Laplacian has the form

AO—ZZXk,_(A +- Z(Zamlml) +Z(me Voo — )

=1 k=1

where

3 3 0
Vx:(ﬁ,...,—)s AX:ZX_:8—2’ and |x1|2:Zx]%l'

0X4n
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To present the Hamiltonian function we introduce the formal variables & = (&1, ..., &4,,) With
= m and 6 = (01, 6>, 63) with 6,, = 0 ,m=1,2,3. The associated with sub -Laplacian
Ao Hamiltonian function H (&, 0, x, z) is the followmg

3
HE 0,x,2) =8+ 7 Z(Zamﬁxn )92 ((ZemMm>x,s), 4.1

m=1 m=1

where |£|> = Zl’ i skzl, and diagonal blocks of the matrix an: 1 OmM,, are of the form

0 ayfy  —azb; —ayd
—ay 01 0 —ayt, a3 03
a3  axyb 0 a6y
ayth —azt; —ayd 0
We use the following notation
a; U 0
Ay = . :
0 a2, U
0= ,3,[: 1 931 Afn, and M = Z?n:l 6,,M,,. We also introduce some different metrics for con-
venience:
3
017 =Y 02aZ,.  |xI} = (B%x.x)=(Bx, Bx),
m=1

where B is a diagonal matrix. In this notation we get ) ;_, arznl|xl|2 = |x|§1m. The Hamiltonian
function takes a new form in this notation

1
H(.0,x.2) =6 + Z| X3 02+ (Mx, &) = |57 + 4(@2x,x)+(Mx,§), 4.2)

and the corresponding Hamiltonian system obtains the form

=% xl}, + Mux,8), m=1,2,3,
E=-9 = 1o+ M,
6,

4.3)

The solutions y (s) = (x(s), z(s), E(s), O(s)) of the system (4.3) are called bicharacteristics.

Historically, in mechanics a length minimizing curve is called a geodesic. The extremal curve
for the length minimizing problem coincides with the projection of a solution of the Hamilton
system to the Riemann manifold. We keep the name geodesic for the sub-Riemannian setting.
Namely, we adapt the following definition.
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Definition 4.1. Let P (xg, z0), P2(x, z) € Q". A geodesic from P to P, is the projection of a
bicharacteristic y (s), s € [0, t], onto the (x, z)-space, that satisfies the boundary conditions

(x(0), 2(0)) = (x0, 20), (x(0),2(0)) = (x,2).

The next properties of the matrices M,,, m = 1,2, 3, are obvious

./\/l,%l =-U, m=1,2,3, where U is the unit (4 x 4)-matrix,
MMy = -MaMy = M;, MoMs = -M3My =My,
M3M1 = —M1M3 = /Vlz,

M;l =-M,,, where M;l is the inverse matrix of M,,, m=1,2, 3,
M,{, =—M,,, where M; is the transposed matrix for M,,, m = 1,2, 3,
Mpyx,x)=0, m=1,2,3, forany x € R*.

As a corollary we obtain some useful formulas.

Proposition 4.2. In the above-mentioned notations we have

n
(M, M) =0, Y agy|xi|> =0Onlx[3,  foranym=1,2,3.
=1

=-> A, =-0> M=-0M. M'=0'" MW=0'M

Proof.

3

3
mx,ZOijx> ZZQj(meanx)
j=1

j=1

M, x,Mx) =

[
M‘“ 2

'((alejxl, ) ajnijn), (amiMpx1, ... yamanxn))

~.
Il
—_

Il
T Mw

j=1 =1

n
2 2 2
=0n Y _ apylxi* = Onlx[3,

=1

by the properties (4.4), (4.5), (4.7), and (4.8) of matrix M,,.

(4.4)
(4.5)
(4.6)

4.7)
(4.8)

(4.9)

(4.10)

3 n
Z ajiap (M jx;, Mpx)) = Z 0; Zajlaml(_Mmijb x1)
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To prove (4.10) we note that M,, M; = —M;M,, by (4.5) and M2 = —A2 by the prop-
erty (4.4) for any j,m =1,2,3. Then

2299 MM,,,_ZQZ = 292A2 =

j=1m=1 m=1

The rest is obvious. O
Lemma 4.3. Any geodesic is a horizontal curve.

Proof. Let c(s) = (x(s), z(s)) be a geodesic. The system (4.3) implies

. 6, 1 6, 1 o1 )
b= IR, 5 M, 26) = Z2Ixl}, 4 5 My, ) + 5 (M, 26 = 5). - (411

Making use of the first line of the system (4.3), we write the last term of (4.11) as

1 . 1 Om 2
E(me,%—x):—E(me,Mx)=—7|x|Am. 4.12)

Here we used the formula (4.9). Combining (4.11) and (4.12) we deduce

. 6 1 .
tn =t xl, + Mx,§) = S (Mpx. 5). m=1,2.3. (4.13)
Therefore, c(s) is a horizontal curve by Proposition 3.1. O

Lemma 4.3 shows that the second equation of the system (4.3) is nothing more then the
horizontality condition (3.1).

Let us try to solve the Hamiltonian system explicitly. The last equation in (4.3) shows that the
function H (&, 6, x, z) does not depend on z. We obtain that 6,, are constants which can be used
as Lagrangian multipliers. Multiplying the first line of system (4.3) by M, we obtain

Mi = 2M¢ — ©°x. (4.14)
Expressing Mé from (4.14) and substituting it in the equation for £ from (4.3), we get

. Mx
= (4.15)

We differentiate the first equation of (4.3) and substitute the £ from (4.15). Finally, we deduce
¥ =2& + Mx = 2Mx. (4.16)

Let us solve Eq. (4.16). We substitute y(s) = x(s). The equation y(s) = 2My(s) has a solution
y(s) =exp(2sM)y(0). Therefore,

#(s) = exp(2sM) % (0). 4.17)
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Let us discuss the properties of the matrix exp(2sM). For simplicity of notation we write [ B],
for the /-block of a block diagonal matrix B.

Lemma 4.4. The exponent exp(2sM) is an antisymmetric block matrix that commutes with M
and which blocks can be written in the form

sin(2s]6];)
[exp(2sM) ], = cos(2s[6;)U + e [M];. (4.18)
I
Proof. We observe that
o0
(2s)"
[exp@sM)], =) — M7
n=0
00 4k 0 4k+1 & 4k+2
2510 M 2510 2510
:UZ( stlz‘) n [9]12( Zlklz)1 .Y ( ilkmzv
= @k 01 = 4k +1)! = 4k+2)!
[M]; i (25103
6l = (4k+3)!

by (4.10). We conclude that the matrices M and exp(2sM) commute. Note that
i Qsloln* N @sloln

@ @k +2) = cos(2s161)

k=0

and

20 Q2sl0l)%F S @slolptt
2 (4k + 1)! _kX_(:) (4k +3)! = sin(2s101;).

With this notation, exp(2sM) is a block diagonal matrix with the blocks

[exp(2sM) ],
cos(2s16|)) “lgﬁl sin(2s161;) —“ﬁéfﬁ sin(2s01;) —“lgﬁz sin(2s61;)
—“lgl‘jl sin(2s16;) cos(2s161) —“lgflz sin(2s10 1)) % sin(2s10|;)
N “lgff sin(2s01;) “lgl"lz sin(2s6];) cos(2s16|)) “lgﬁl sin(2s61;)
”lgflz sin(2s16;) —“lgl‘j* sin(2s16;) —”lgfll sin(2s101;) cos(2s16;)

The group structure allows to restrict our considerations to the curves issuing from the origin.
Hence, x(0) = 0. Equation (4.17) has the form

K1(s) = cos (25101 U (0) + Sin%ﬂ[M]m(O), I=1,...,n, (4.19)
1

by (4.18). Integrating from O to s we get



358 D.-C. Chang, 1. Markina / Advances in Applied Mathematics 39 (2007) 345-394

1= cos@s101) vy w0y + SO 00 =1 (4.20)

xi(s) =
21617 2161,

Let us describe the z-components of a geodesic curve. If a curve is geodesic, then it is horizontal
by Lemma 4.3, and we have

(Myux(s), %(s))

N =

Zm(s) =

(IM,, 1:[M1;5,(0), x7(0))

" (cos(2s|0|1)(1 —cos(2s]0[1))
- 4617

~

sin(2s161;)(1 — cos(2s161))
461}
sin(2s]6;) cos(2s16];)
4161
sin?(2s0];)
41617

+

(IM,,1:[M];5,(0), [M];5,(0))

(M 11%:(0), %,(0))
(M, 11%:(0), [M1 % (0))>,

form =1,2,3 by (4.19) and (4.20). The properties (4.8) and (4.9) imply

(M, 11%1(0), %7 (0)) = (IML ) [M;%;(0), [M];%,(0)) =0,

and

(IM,, 1i[M1;57 (0), £1(0)) = — (IM,, 11, (0), [M1,(0)) = —6,ma; |52 (0)|.

Finally, we see that

n Qm 2 0y 0 2
zm(s)=2(%|‘;)|(1—cos(2s|9|,))>, m=1,2,3. 421
=1

Integrating Egs. (4.21), we get

n 2 - 2 .
602, 151(0)] ( Sm(2S|9|z)>>
Zm(s) = m s — , m=1,2,3. 4.22)
! E( 4107 2001 (

Lemma 4.5. Not all of horizontal curves are geodesics.

Proof. To prove this proposition we present an example. The curve

2 2 3
c(s) = (%s %,s,O,-..,O, %Jh@)

is horizontal with ¢, ¢» constant. Indeed,
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2 2 2 2
. aps 1 oainf 5, s 2 S aps
= M D=t (P s ) =
z1(s) > 2( 1X, %) > (S 7t 2) >
L©=0, o=@ (—eo T2 2o
22(s) =0, 3 2X,X) = > s 7 s 5 ) =0
1 3 3
23(s) =0, E(Msx,)'c)z%<—%+s+%—s>=0.

From the other hand, the curve c(s) does not satisfy the system (4.16). Indeed, the system (4.16)
gets the form

1=2(a1161 — az103s — az162),
0=2(—a1161s — a2162s + az103),
1 =2(a3163s + a2102 +ap161),
0=2(a2102s — az103 — a1101s)

for the curve c(s). Summing up the first and the third equations, and then, the second and the
fourth ones, we write the latter system as follows

2=4%a10,,

0=—4a110;s,

1 =2(az3163s + a2162 + a1161),
0=2(az16rs — az163 — a1101s).

We see that the first and the second equations contradict each other. O

Lemma 4.6. A curve c is a geodesic for the group Q" if and only if

(1) c(s) is a horizontal curve, and
(i) c(s) satisfies ¢(s) = 2Mc(s).

Proof. If a curve is geodesic, then it is horizontal by Lemma 4.3. Proposition 3.4 implies that the
vector ¢ is also horizontal: ¢ = Z?:] X1 X;. Since X (s) = 2Mx by (4.16), we obtain the necessary
result.

Let the curve c(s) satisfies (i) and (ii) of Lemma 4.6. The horizontality condition (i) of
Lemma 4.6 can be written in the form

.1 o O OH
== Mpx, %) = — x5+ Mpx, &) =—, m=123, (4.23)
2 2 An 36

as in (4.13). We see that c(s) satisfies the equations of the second line of (4.3). The condition (ii)
of Lemma 4.6 admits the form X (s) = 2Mx (s) in the coordinate functions. Define the following
curve y(s) = (x(s), z(s), &£(s), 6) in the cotangent space, where

i) 1 .
£ = = - EMJC(S) with 6 = (81, 65, 63) constant. (4.24)
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The relations (4.24) imply the equations of the first and the last lines of (4.3). Differentiat-
ing (4.24), we get

A Mi 1 1
== — —Mi =Mi — — = ~M(2¢ + Mx) = M¢ — —-@%x,
§=5—5Mi=Mi—-—=-M@{+Mx) =M - -0°x

by the condition (ii) of Lemma 4.6, (4.24), and (4.10). Thus, y (s) satisfies the Hamilton sys-
tem (4.3). Then, the projection onto the (x, z)-space, that coincides with c(s), is a geodesic. O

5. Connectivity by geodesics

Let us ask the following question. Is it possible to join arbitrary two points of Q" by a hor-
izontal curve? A theorem by Chow [13] gives an affirmative answer. We present a direct proof
and calculate the number of geodesics connecting the origin with different points. We need the
following simple observation.

Proposition 5.1. The kinetic energies £ = %|)'c|2, Em = %l)'cl%m are preserved along geodesics.
Proof. In fact,

d&y, L. . .
—oh = (An, An) = 2(Api, MA,$) =0
S

by Lemma 4.6 and property (4.8) of the matrices M,,. The same is for £. O
5.2. Connectivity between (0, 0) and (x,0), x 0

Theorem 5.1. A smooth curve c(s) is horizontal with constant z-coordinates 21, 22, 23 if and
only if ¢(s) = (a115, ..., Q4nS, 21,22, 23) Withayy € Rand Y |, 22:1 “1%1 # 0. In other words,
there is only one geodesic joining the origin with a point (x,0) and it is a straight line.

Proof. Let c(s) be a horizontal curve with constant z-coordinates zi,zp,z3. Then z,, = 0
and (4.21) implies

noo2 . 2

. a 1xiO)°

0="tm="0n Y Wsm%sl@h), m=1,2,3.
=1 i

We define by continuity

2
sin“(s|0
LL“) =5 at|o]; =0.
1617
a2 1%(0))?
21017
m =1, 2, 3. The Hamiltonian system (4.3) is reduced to the following one

Since the sum Z;l:l sin® (s]@];) is not identically zero, we deduce that 8,, = 0 for all
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x=2¢,

0=M™M;,x,&), m=1,2,3,

£=0,

O, = 0.
We see that & is a constant vector. Taking into account that x(0) = 0, we get x(s) =
(o118, ..., @4,s) with ag; = 2§ This proves the statement.

Now, let us assume that c(s) = (x11S, ..., ®4,S, 21, 22, 23) With constant z-components. Set

as = (o118, ..., 04,s). Recall, that (M,,,r, @) = O for any vector o = (¢q1,...,04,) and m =
1,2,3. Then,

im=0= %(Mm(as), (a5)) = %(Mmoz,a), m=1,2,3.
The horizontal condition (3.1) holds for all three z-components. O
5.3. Connectivity between (0, 0) and (0, z), z #0
We need to solve Eq. (4.16) with the boundary conditions
x(0)=x(1)=1z(0) =0, z(1) =z.

We also need to know the initial velocity x(0) since we do not have enough information about

the behavior of x-coordinates. In the following theorem we use the notations n = (n1, ..., n,),
neN,forl=1,...,n,and
1
N = . (5.1)
1
0 Ty

Theorem 5.2. There are infinitely many geodesics joining the origin with a point (0, z). The

corresponding equations for eachn = (ny, ..., ny,) are
1 —cos(2smn sin(2sTn
™ (s) = 2#[2},)&,(0) 4SS 0) =1, (5.2)
(wnp) 2mwny

where Z is a block diagonal matrix with the blocks

0 21411 z3azl 22a2]

KOR, —— FOR. — ROR,,
_ Zlﬂzll 0 _ ZZ“%I 23031
HOI RO, — FOR,
[Z]l = Z3a3lNAl Zoay] 0 Nz Zlallvl 3 s (53)
RORa, KOy, RO F4,
20ay __z3a3 __ziay 0
014, KON, KOy,
and
n 2 - 2 .
z a-,1x(0 sin(2smtn
W (s) = —= mt! (2)| ( _ sl 1)), m=1,2,3. (5.4)
1XO)ya, 1= 7wl 2mny
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The lengths of corresponding geodesics are

3 2
1 1
—162: Zi (|) =16 i)
m= IZI 1 (IN)Z]()Z m=1 |xl(0)|NAm

Proof. Substituting s = 1 in (4.20), we calculate

2|6 0
— Jx )] —Z| () —Z(%([Mm(m,[M]m(m) %| ()!)
1

ol

— \X(O)\

Since the kinetic energy £ = does not vanish, there are indexes /, such that |x; (O)|2 #0.

‘We deduce in this case that

101 = \/Qza” +603a3 + 63a3, =mn;, n eN.

If |x;(0)|=0, then the corresponding |0|; are arbitrary. Equalities (4.22) give for s = 1

0 Om | .
Zm(1) = Z Z’(';“’())z' _T|x(0)ﬁVAm, m=1,23. (5.5)

We find the unknown constants 6,, = W. Substituting 6, in (4.20), (4.22), we obtain
Egs. (5.2) and (5.4) for geodesics. NAm

To calculate the length of geodesics, we observe that Z 92 2 2

262, = n’n? and deduce

3 n a2
O 151(0)[2 % (0)?
mg e ZZ (771111)2 _Z (wnp)? Ot = |x(0)|

mlll m=1

from (5.5). The lengths of geodesics are

1
‘ Zm(l)
) </|"(S)|ds> =0’ —4sz "1—162 2l O
0

m=t X1 5 ~
3

=16Zﬂ, n=@....ny). meN. 0O (5.6)
OB,

m=1
Remark 5.3. Let us discuss the cardinality of the set of geodesics. In the general case in
Theorem 5.2, when a,,; are different we obtain the countably many geodesics connecting the
origin with a point P = (0, z). If the multiindex n = (ny,...,n,) increases, then the geo-
desic rotates more frequently around a straight line, connecting the origin with P = (0, z)
approaching to the line and in the limit we obtain a limit curve of Hausdorff dimension 2.
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V.

7
~

Fig. 1. The graphs of geodesics where the vertical axis represents the z coordinate and horizontal axes are x1 and x7.

We present a graphic of three geodesic curves (5.2), (5.4) with the initial velocity x(0) =
(%11,0,0,0,x21,0,0,0,0,...,0) and the end point P = (0, z1, 0, 0), where x;1, X21, z1 are dif-
ferent from zero. The corresponding multiindexes are n =1, n =2 and n = 5. (See Fig. 1.)

The projection of geodesics into the horizontal subspace belongs to an ellipsoid passing
through the origin.

If, in particular, ay; = ay; = az; = a; then rearranging the indexes, we can assume that
ay <ay <---<ap=dpy| =---=a,. Applying the rotation to the geodesics in the subspace
©,...,0,xp, xps1,...,%2,0,0,0), we get uncountably many geodesics. In this case we have
the following estimate of their lengths

o 16D
n— 20 2"
n ajl%0)]
2= Gn)?
If a1 = amp = - -+ = amn = ay, then the multiindex n reduces to the index k € N. Equa-

tion (5.6) implies

2

1
Z’"g ) keN
am

3
=30 =dnk Y
m=1

Let U be a neighborhood of the origin O. From Theorem 5.2, we know that no matter how
small U is, we can always find points in U which are connected to O by an infinite number of
geodesics. This is totally different from the Riemannian geometry. It is known that every point
of a Riemannian manifold is connected to every other point in a sufficiently small neighborhood
by one single, unique geodesic.

5.4. Connectivity between (0,0) and (x,z), x #0, z#0
Now, we will look for a solution of Eq. (4.16) with the boundary conditions

x(0)=0, z(0)=0, x(H=x, z(l)=z.
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U
60
50
40
30
20
421
‘1'1|2 10 U U
o]
s 27 3 47 57 6 7T
Fig. 2. The graph of «(6) and solutions of the equation w(|6]) = ‘t‘f](;‘)z‘ .
Let us make some preliminary calculations. We obtain
2
C 2 6] 2
|4 0)]" = —L—|x(1 I=1,...,n, (5.7)
S

in” |0,

from (4.20) for s = 1. Putting s = 1 in (4.22) and making use of (5.7) we obtain

Om D
(1) = 2 Z ’""f;"( ) w(0), m=1,2,3. (5.8)
=1

1611
sin(|0)7)
studied in detail by Beals, Gaveau, Greiner in [5-7]. By the following lemma, one finds some

basic properties of the function .

where w(|60];) = — cot(|0];). The function w1 (0), introduced by Gaveau in [16], was first

Lemma 5.5. The function (1(0) = 9

(—m,m) onto R. On each interval (mn (m+ D), m=1,2,..., the function u has a unique
critical point c,,. On this interval the function u strictly decreases from 400 to u(cm), and then,
strictly increases from |u(cy) to +00. Moreover,

wlem) +m < pulcme1), m=1,2,....
The graph of (£(0) is given in Fig. 2.

Theorem 5.4. Given a point P(x,z) with x; #0, l =1,...,n, z # 0, there are finitely many

geodesics joining the point O(0,0) with a point P. Let ¥y = (161]1,...,16011n), ..., %) =
(10N 11, - .-, |ON1n) be solutions of the system

: 16z31(1)a21 )

Z m =107, I=1,...,n. (5.9)

s,,.\xra)m(\e\r))z
=t (X1 [01r
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We fix one of the solutions O = (|0|1, ..., |0|n). Then the equations of the geodesics are

x™ (s) = (4cot(161;) sin®(s]61;) — ZSin(2s|0|1))%xl(l)

1
+ <§ cot |0]; sin(2s|0[;) + sinz(s|9|1))Z/lxl(l), l=1,...,n,n=1,2,...,N,

(5.10)

n a;,\x(l)\%( _sin(2s\9\1))

=1 216
2™ (5) = 2 (1) sin” (910 o m=1.23,n=12....N, (5.1

aZ, lx(H)?
Yoy gt (161

where Z is a block diagonal matrix with blocks (5.16). The lengths of these geodesics are

n 2 2 3 2 n
1017 |x(1)] Z (D) 2
12=§ —L 16 m D79 cot(16);).  (5.12
=2 e~ O s et O Pleot(é). 612
=1 m=1 Zl:l Tlubﬂ@h) =1

Proof. We have

4z,,1
6, = Zm (1)  om=1,2.3, (5.13)

a2 lx ()2
Zz] ]‘Jg‘l (|9|1)

from (5.8). Then

) 3 2 2 3 16z2a21

_ _ mm _

017 =D bt = D s Dl )2 P=loom G149
m=1 m=1 ( r=1 101, )

that proves (5.9).

Let us fix one of the solutions of Eq. (5.9), & = (|0]1, ..., |8]x), for a given point P(x, 7).
Putting (5.7) and (5.13) into (4.22), we obtain (5.11).

Setting s = 1 in (4.20), we find %™ (0) for 9 = (1611, ..., 10],)

n M) !
™) = 2|9|1|:51n(2|9|1)l/{ + (1 —cos(2101;)) [IHI]I] xi(1) = [(101; cot|01,)U — [M]; ] (D).

This and (4.20) imply

n 1 : . M
x™(s) = 5[(2cot|e|, sin®(s161;) — s1n(2s|9|1))%

+ (cot 6], sin(2s161;) + 2sin2(s|9|,))u}xl(1), I=1,...,n.  (5.15)

Taking into account (5.13), we deduce that each block [M]; of the matrix M takes the form 4[Z];
with block [Z]; written as
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_ 0 212(1)0211 _ 132(1)0231 _ 22(1)a21 -
e o S e S, e
_ z1(Day 0 _ 22(Day z3(Daz
> afj b i? gl n gl
=1 "] n(101) Zl:] 101 n(161) Z[:l n w(161)
z3(Day 22(Day 0 z1(Day
n a%l i ‘2 n a%[ ‘xllz n alzl 1x; \2
py WM(W\I) )3y Wwem ) W”(W“)
22(May _ z3(Daz; _ z1(Day 0
n Gl n gl n aylul
L Y w6l il S nel) -1 g 61 §
(5.16)
Finally, (5.16) and (5.15) give (5.10).
To obtain the length of the geodesics we make the following calculations.
(D8l <
Z an (D = 5 Z Z Oty = 7 Z|XI(1)| 101114(1611)
m=1 16 4T
IXI(l)I2|9|1 1 2
=— = =) |x)|716]; cot(|6];
|fc<0)|2 I .
= Z;m 1611 cot(1611). (5.17)
On the other hand (5.13) implies
3 3 2
Z, (1)
Y 216y = Z . (5.18)
m,\Xz(l)I
The formula (5.12) follows from (5.17) and (5.18). O
Remark 5.5. Let us consider the particular case ay; = ay = az = a; > 0. We have
- 2
41zl =Y larl|xi (D] (arl6]) (5.19)

=1

from (5.14). Here |0]*> = 67 + 63 + 67. We denote by |0]1, ..., |0y the solutions of (5.19) and
let |0| be one of the solutlons Then (5 13) implies

AnDIO] 2w

9, =
"N LalaPuale)) Izl

To obtain the formula for the length of geodesics we write (5.19) as

n
lx; 121017 2

1 n
4zl = — > ———L - allxl*cot(10]) = lag|1x1% cot(161;
6] ; sin?(|61;) Z ( 101 Z (101)

=1 =1
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and get
. 2
2= <4|z(1)| + ) arx ()] cot(a1|9|)>.
=1

Simplifying more the situation and supposing that a; =a > O foralll =1, ..., n, we get that
|60]; = a|60|. This implies that |6] is a solution of the equation (see Fig. 2)

412(D)
wlalfl) = e

(5.20)

In this case in order to calculate the length of geodesics joining (0,0) to (x,z), x; #0, [ =
1,...,n, we use the homogeneous norm |(x, z)|* = |x|* + 4|z|. It gives for a solution |0y, @ =
1,...,N, of (5.20)

2
sin“(a|f|q)
X2 +4lz] = x| +alxPr(alfle) = (1 +au(a|9|a))W|2°‘l§
[03
by (5.20) and (5.7). Then
2 2
0
l(%: : : a | |o( - (|x|2+4|Z|)
sin(alf]o) (sin(@lfq) — cos(@lf]a)) + a2|61q

In the last simplest case it is easy to observe that if z is fixed, and |x| tends to zero, then the
ratio ‘Izllz increases and the number of solutions of the equation I|ZI‘2 u(alf]) also increases

(see Fig. 2). In this case, the function

n(alfle) =

alf|y — cos(alf|y) sin(al6]q)
sin (a|9|a)

tends to infinity as |x| — 0, and we obtain that sin(a|0|) =0 and a|0| = n, n € N. One sees
that Theorem 5.2 is the limiting case of Theorem 5.4 as the ratio 4“2"2 tends to oo. If we fix x

and let |z| tend to O, then the equation 4|‘Z||2 = u(alf|) says that u(al@|) — 0. This implies that

|6] — 0 and we obtain Theorem 5.1 as another limit case of Theorem 5.4.
The last particular case is when a;;1 = am2 = -+ = amn = a,. We denote |9|12 = a%@f +
92 + a%@z |9|2 The equation to find 6], is

4 zm(l)
(10la) = Ix(D)|? ‘

The value of 6, and the lengths of geodesics are

(D161
= 0% o) ot (3 e o))

() m

m 2
Ay
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In the following theorem we consider the connection between the origin and a point P(x, z)
when some of the coordinates x; vanish.

Theorem 5.6. Given a point P(x,z) with x; 20, l=1,...,p—1, and x; =0, l = p,...,n,
7 # 0, there are infinitely many geodesics joining the point O (0, 0) with a point P. Let

o 51(0)1?
S2m - Z ml ’

”1

n(101),

Z m1|xl(1)|
101;

ng = (np,...,n,) be a multiindex with positive integer-valued components for each g € N, and
B =(01,...,10|p—1), k =1, ..., N be solutions of the system
3. 1672 (D)a?
|9|12=Z”‘4"”2, =1,....,p—1. (5.21)
m—=1 (Slm + S2m)
Then the equations of geodesics are
() = (4cot(|9|l)sin2(s|9|1)—25in(25|9|1))%x1(1)
1
+ (5 cot|0|; sin(2s10];) + sinz(s|9|;)>l/lxl(l), l=1,....,n, k=1,2,...,N,
(5.22)
1 —cos(2smn sin(2swn
X" (s) = 2#[2],5@(0) L SInGsTn) ). I=1.....n. BeN,
(tny) 2mwny
(5.23)
where
0 ziay; __z3ay __2ay
S11+521 S13+523 S12+82
__ziau 0 ___zaj 2343]
[Z), = S1i+821 Si2+822 S13+523 (5.24)
Z34a3; 22a2] 0 z1ay] ’ .
S13+523 S12+822 S11+521
22ay] __z3a3 __zay 0
S12+82 S13+823 S11+521
and
. Zm(1 lx(1)|? sin(2s|6
Z;(:nﬂ)(s)z m (1) Z m12 1 . (2s1617)
Stm + S2m sin®(|0];) 2101
2 15%(0))? ( sin(2snnl))
5 Gt s — , 5.25
ZI; n2n? 2y (4:2)

withm=1,2, 3.
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The lengths of these geodesics are

1 o
Knﬁ = Z|x,(0)\ =16 Z 5 Z’"Ji; + Zyxl(1)|2|9|,cot(|e|,). (5.26)
2m =1
Proof. If x;(1) =0, then the formula
0
}x1(1)|2 (| |1)| ( )|

| ]
implies that |x;(0)| =0 or sin?(|6];) = 0. If |%;(0)| = 0, then the corresponding x;(s) = 0. The

more interesting case is [X;(0)| #0 for/ = p,...,n. Then |0|;=nwn;,n; €N, I=p,...,n. We
deduce from (4.22) for s = 1

1 O\ O
m(1) == (Z ’"lll);lf o) Z ’”lm( ! >=T<Slm+szm>, (5.27)
=1

where the number 7; can have any positive integer value. We conclude that the sum

2 13%,(0)]?
Som = Z "117

”1
admits countably many values. To define |6|; we find 6,, = %, m=1,2,3, from (5.27) and
then argue as in Theorem 5.4
) s, e 1622(1)d2,
0l = 07 a — e oml I =1,...,p—1. 5.28
1l 2 mmt = ; (Stm + Som)? b 628
Conclude, that for each multiindex with positive integer-valued components ng = (np, ..., n,),
B € N, Eq. (5.28) defines the multiindex ¢, = (|0|1,...,10|p-1),k =1, ..., N. Let us fix one of
the solutions (¥, ng) = (10|1,...,10|p—1,np, ..., ny). The relations (4.20) for s =1 give
x1(0) = ((|9|lcot|9|l)l/l — [M]l)xl(l), I=1,...,p—1. (5.29)

Substituting (5.29) into (4.20) and (4.22), we obtain (5.22), (5.23), and (5.25). We get the form
of (5.24) from 6, % m =1, 2, 3, and the definition of the matrix M.
To calculate the length of the geodesic we argue as follows

23:1 0 _1<Z azlglw(l)lzu(lelz) Z le|x,(0)|2>
T4 " 61 m
m=1

m=1 m=1 T[nl

1p—1 o
= 2 Y on(on) + 32 2
=1 =
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p—1 2 no. 2
1]~10
1= (D Pler? 1Z| 316l cot(16h) Z'xl(f)|
l:p

)
4= sid(lol) 45
—1
O 1% 2
= —Z;|x1(l)| 161, cot(101;). (5.30)
On the other hand, since 6,, = % m=1,2,3, we deduce

: 2(1)
6 —m 5.31
mg “m®m Z Slm + S2m ( )

The formula (5.26) follows from (5.30) and (5.31). O

Remark 5.7. Let make some simulations for the anisotropic group Q2. Set

x1(1) = (x11,x12,0,0), x2(1) =0, %2(0) = (%21 (0), £22(0), 0, 0),
zi(1) #0, z2(1) =2z3(1) =0.

In this case Eq. (5.21) can be written in the form

4|z 1011a3,1%2(0)]?

anlxi(DP  72n2a2|xi (D2

w(lonh) =

(5.32)

We present the solutions for different values of n: n =1, 2, 50, in Fig. 3. We see that for a suffi-
ciently big value of n the second term in the right-hand side of (5.32) goes to 0, and we obtain a
finite number of solutions for |0];.

Moreover, we obtain countably many geodesics, because of the second part of the multiindex,
corresponding to the positive integer values is countably infinite. Nevertheless, since the sums
Som tends to 0 and the sums Sy, are strictly positive as n — oo, we conclude that the lengths of
these geodesics are bounded from above. The projection in each subspace x; are still ellipsoids.
In Figs. 4 and 5 we present the projection of a geodesic into spaces (x1,z1) and (x2,z1). We
can see that the number of loops is different and increases in the subspace corresponding to
a vanishing value of x;(1).

50

4

o

3

o

20

10

2.5 5 7.5 10 12.5 15 17.5 o

Fig. 3. Solutions of Eq. (5.32).
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0rz0.2
X220 0
1 -0. 0.2
X132 1.5
0
1.5 1
1 Z1
Z
0.5
0.5
0
-Q 0
Q%?lo
X11
Fig. 4. Projection of a geodesic to the space Fig. 5. Projection of a geodesic to the space

(x1,21). (x2,21)-
6. Complex Hamiltonian mechanics

Our aim now is to study the complex action which may be used to obtain the length of real
geodesics.

Definition 6.1. A complex geodesic is the projection of a solution of the Hamiltonian sys-
tem (4.3) with the non-standard boundary conditions

x(0)=0, x(1)=x, z(0)=0, z(1)=z, and
O =—ity, m=1,2,3,
on the (x, z)-space.

Let us introduce the notation —it for the vector (—ity, —itp, —it3). We write |T|; =
2.2, 2.2 3.2 202 202 2092
JahT? + @y T3 + 3T Then |0l = \Ja67 +a363 + 303 = iz,
Notice, that we should treat the missing directions apart from the directions in the underlying
space.

Definition 6.2. The modifying complex action is defined as

1
f2 D) ==Y Twzm+ /((x, £) — H(x,z,£,1))ds. (6.1)
0

m

We present some useful calculations following from the system (4.3).

. 2 .o 1 .
(&, %) =2|¢| +(Mx,§)=§|x| —E(Mx,X),

.2 212
21Xl 1 . 1 | x| 1 ) 1, 5
€] =T—E(Mx,x)+Z(Mx,Mx)=T—E(Mx,x)+é—1(@ x,x),
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1 o1,
(Mx,§)=§(Mx,x)—§(@ x,Xx). 6.2)

Making use of the formulas (4.2), (6.2), and (5.7), we deduce

Oz ==Y tzn+ [ (4,8 — H(x,2,£,7))ds

(2
Z—iZTmZm"f‘/(@_%(an)‘c))ds
" 0

O\_

" O |
=—iZTmZm+Z 14 /cosh(2s|t|1)ds
m

=1 0

n 2 . 2 .
. lx;1  (ltl®  sinh2|z])
= —1 § TmZm"f‘ § 4
m =1

sin®(—i|t);)  2ITh
) )2
=—i Ztmzm + Z T|r|1coth |T];.
m I=1

The complex action function satisfies the Hamilton—Jacobi equation

3 af
Dty +H LV V)= (6.3)
m=1

Tm

Indeed, we have

af mzlsz
T, T =1,2,3,
3‘1,'m —izm —1 mZ 47|, | |l) m

2 2
H(x,z, 8f 8f> H(x,z,§,71)= M I7l;

x’ 0z P 4 sinh?|z|;

from (4.2), (6.2), and (4.19). Then,

: 0 of 9 2
mgm%+ <,Z, f —f)——zzrmzm+z'x" |T|z< (e + T )

sinh?|7|;

n 2
Z Z |1
= —1 Tle/n—’_ T|‘C|ZC0th|T|l:f
m =1
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In the critical points t., where =0, we have from (5.17)

E P
f(xa 2, TC) = H(x, <, fo’ sz) = 5 = Z(y)v
where a geodesic curve y connects the origin with (x, z).
7. Green function for the Schrodinger operator

Consider the Schrodinger operator

L=A 9
i
0 ou

We are looking for a distribution P = P(x, z,u) on Rin X R? x R satisfying the following
conditions

(1) LP=AgP — il ;=0 foru >0,
(2) lim,_,o+ P(x, z,u) =8(x)3(z), where § stands for the Dirac distribution.

The next propositions are easily verified.
Proposition 7.1. For any smooth function ¢ and any smooth vector fields X1, ..., X, we have
Ae? = e‘p(Acp + IV(/)|2),
where A =3""_ X? and |Vo|* = Z?ZI(X.,'go)z.
We recall that X denotes the horizontal gradient X1, ..., X4,.
Proposition 7.2.

4 n
H(e, 2, Vi,V ) = IXFP =)0 (Xu )

k=1 1=1

Proposition 7.3. Let V and f be smooth functions of x, z, t, and X1, ..., X, smooth vector
fields. Then for any number p, we have the following identity

AVFP)=(AV) P = pf P HALV +2(VFHVV)]
+(=p)(=p—DfPEVIVFIA (7.1)

Proof. The formula (7.1) is obtained by the direct calculation. O

if
Before we go further, let us make some calculations. We apply Proposition 7.1 to e~ « and
system (2.3) of horizontal vector fields Xz, k=1,...,4,1=1,...,n. Introducing the notation
¢ =—"L weget Agp=—LA0f. |Xgl>=—5|Xf% and



374 D.-C. Chang, 1. Markina / Advances in Applied Mathematics 39 (2007) 345-394

B i 1 2\ eVt 1 5
Aoew—e(p(—;AOf—ﬁU(ﬂ )_uz”H—V(r)(_lef_;'Xf' ) (7.2)

Hamilton—Jacobi equation (6.3), Proposition 7.2, and the equality (7.2) imply

3
e?V(t) e*’V(r) . f 1 af
Do~y = e (A0S =+ D). (7.3)
m=1
Differentiating e:;i? with respect to u, we obtain
.0 (e?V () eV (f .
ﬂ@( 4 2n+3 >= preel +i2n+3)|. (7.4)

Summing (7.3) and (7.4), we have

L9\ eV(T)  e*V(7) i~ Of
<A0—15> T =3 ((2n+3)—Aof—;Zth>. (1.5)

m
m=1

We express —£ 33 7, 0 a L from the formula

3

3 .3
2:: 8i e‘”V(r)tm) =e’V(r) (—;— X::l rm%> +e* Z T a;/T(T) +3e?V (1)

m
m=1

and put it into (7.5). Finally, we deduce

3

.9\ e?V(r) _;¢ v
(Ao_la_u> 23 2n+4<(2” ANV — meam)

. 3
0
g 2 5 (¢ V@T). (7.6)
m=1 m

The equation

. av
(2n—Af)V—Zth=O (1.7)
m=1 mn

is called the transport equation. We show that the function

n

2
Vo =[]

2
=1 sinh” | 7|,
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is a solution of transport equation. Indeed, since

2
f=rxz, t)——zZtmzm-I-Zilfllcoth (ITh).

we have

d 32
—f— Ty, —{:0, m=1,2,3.
0Zm 0z,

of 1 2f Il
—— = —xy|t|;coth(|t|;), —= = —-coth(|t|;), k=1,...,4,1=1,...,n.
g 2 kTl (I7l:) T (Itl:)
Finally,
n
Af=2)"|tlicoth(|z];)
=1
and
n
(2n—Af)V(r)=2V(r)(n—erhcoth(lrll)). (7.8)
=1

On the other hand the equalities

LD N e
T r:11:1,l;érsinh2(|7:|l) 9T, \sinh?(|7])
n n .[2 2 2
:Z l_[ ; |2|l . .amzrfm (1_|‘[|rCOth(|T|r))’ m=1’2’3’
r=11=1,1#r sinh“(|t;) sinh” 7|,
imply
3 0 o ) X
IV . 5
Y tw—=) , |2|1 - |2T|r (1 =zl coth(|zl,))
et 0T 21 121,12 SiBZ ([Tl sinh*(Jz],)

n

ki
=2||——"- 1 —|z|, coth(|z|,
nsinh2(|t|l) Z( |T], cot (|r| ))

=1 r=1
=2V (1) (n = Il coth(|t|r)>,
r=1

that shows that V (7) is a solution of the transport equation (7.7). The function V (7) is called the
volume element.
If the volume element V (7) satisfies Eq. (7.7) then Eq. (7.6) is reduced to the next one
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. 3
0\ e?V(r) i 0
<A() — la) W = W E E(e(pV(‘c)rm). (79)
m=1

We note that the expression ¢V (7)1, vanishes as |t| — oo. Integrating over R> with respect to
dt =dtdt) dt3, we obtain

a e?V(r)
<A0_15>/Wd1—:0 foru > 0.

R3
Thus, the function
C —if
P(x,z,u)= T /eT V(t)dt
R3

satisfies the first condition of the characterization of the Green function at the origin of the
Schrddinger operator.

7.4. The heat kernel on Q"

In this section we denote the time variable by ¢ and we will consider the heat operator
b= =i -

where Y = (Y11,..., Yan) = Vy + 130, Mmy%) with y = (y11, ..., y4n). The fundamen-

tal solution at the origin is the function P(y, w, ) defined on Q" x RL such that the following
conditions

(1) AgP —i2L 5 =0 forz >0,
(2) lim,_ o+ P(y, w, 1) =8(y)8(w)

hold. With the change of variables
u=it, Xg=IiYk, Wm=2zm, m=1,23k=1,...,4,1=1,...,n,

the heat operator transforms to the Schrodinger operator
Ao — 12 S OXp—i—
du o ki

Indeed, under this change of variables we obtain

| 0 .
——=— and X=-iY.
ou 0t

The calculus of the previous subsection gives us the following statement.
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Theorem 7.1. The heat kernel at the origin is given by
C =f
P(y,w,t)= 2n+3/e  V(t)dr,
R3

where

SO, w, T)—_lztmwm+zu|f|lcoth (Itl:)

is the modified complex action and

V(t) = ﬁ i
sinh?(|7|;)

=1

is the volume element.
7.5. Green function for the sub-Laplace operator

Let us integrate the kernel P (x, z, u) with respect to the time variable u on (0, co). That is

o0
/P(x z,u)du = / 2n+3/ e 1"V (v)dr du
0 R3
o0
fV(r)(/u_Z” 3 _’f/”du>d
R3 0

We first look at the inner integral

o0
/ u2n 3 gy,
0

Changing variable v = L—f, ==, ylelds dv= izf duand du =—=% d v. Hence, we have
r 1 T 2n+2)
i I'2n+
—2n-3 _—if/u _ —v, 2n+3-2 _
/” ¢ du = {202 (22 /e v dv = 202 (22
0

Let us introduce the following notation

oo

r2n+2) V()
—G(x,z)=/P(x,z,u)du:C j2n+2 /f2”+2(x zZ, r)

0
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The aim of this section is to show that the function —G (x, z) is the Green function for the sub-
Laplacian operator. Firstly, we need some auxiliary results.

Proposition 7.6. Denote

n 3 3

1
Feezowy =3 clalPlwhcoth(jwly) =i Y S wmzm =y (6. w) =i Y wnzm,

=1 m=1 m=1

where w = T + iez. Then there exist positive constants cy, ¢z, and o such that for all real T,
all 0 < & < &9, and all x e RM, 7 = (z1, 22, z3) € R3 we have the estimates

[Im(y)(x, T +ie?)| < crelx]?, (7.10)
Re(y)(x, T +ie?) > calx|?, (7.11)
Re(f)(x,z. T +ie2) = ca(|x* + elz]). (7.12)

HereZ= 5 ifz#0and2=0ifz=0.

Proof. If 7 = 0, then Im(y)(x,7) = 0 and since |t|;coth(|t];) > 1,1 =1,...,n, we have

Re(y)(x. 1) > L.
Suppose that 7 # 0. We denote |w|; = (Zm 1a (tm +ieZm))'2 =0y + if;, where

2e Zm arznl TinZm )

174 arctan( PR
o = <(|T|1 — £22})° <2gzamﬂmzm> ) cos 2’ —+4nd, d=0,1,

and

26 ufn,r,,, Zm )

1/4 arctan( P2
B = ((|T|l —¢ |Z|l (ZSZamlrmzm> ) sin 21 ! +7d, d=0,1.

We consider the case d = 0, another one can be treated similarly. Since

. sinh 2« . sin2f
coth(a +if) = —1i ,
cosh2a — cos2p cosh2a — cos2p
we have
2
Re(y)(x, T +ieZ) +ilm(y)(x, T +isZ) = Z %(al +ify) coth(y + i)

=1

Z Ix; ]2 (oq sinh oy cosh oy + By sin B; cos ,3;)

sinh? o) =+ sin ,31

- |)c1|2 B sinh oy cosh oy — o sin B cos B;
+i Z
=1

sinh? o] + sin ,3[
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Denote by v; the angle between non-zero vectors (a1;T1, ax T2, a3 13) and (ay;21, axa, a3123).

We consider two cases, when cosy; =0 forall/ =1,...,n, and cosy; = ¥ # 0 for some in-
dex [.

Case 1. If cosyy =0 forall [ =1,...,n, then Y5 _| a2, TwZm = 0. We have

- 1/2
=(eF—&2z)"* and g =

It gives

n 2 . .
s |x] (ﬁl sinh oy coshoy — «; sin B cos /31>
Im X, T+1ie7) = =0,
) ) ; 4 sinh? o + sin® B;
|2 x|
R , je7) = E —_— th —, Vo eR,
e(y)(x,t+iez) 2- 1 oy coth(oy) > 7 (o7,

because «; coth(ay) > 1
Case 2. If cosy; = #0 forsome [ =1, ..., n, then
3
> T =V1lTl1IZ]1.
m=1

2
‘We can suppose that ¢ satisfies 0 < g2 < minlzlw,n{%}. ‘We obtain
1

2e71zl;  2eVq|TiIZli 4edlzl

Izl; 717 — e2|3)? Izl;
I NG 2\ 1/4
kiltl < (T+(281‘/‘1|t|1|2|1) ) ((|r|l — e22?)? (2sZam,rmzm> )
< A2y 174
< (Ielf + @evlzilzl)?) ™ < k@)l (7.13)
Now, we put one more restriction to ¢ assuming that ¢ < minj=;,__ {3z 1|91 ‘lé m }. Then
2e9|Z 1 2e9|zZ 1 2et|t|11Z 40|z 29|z
112l < L arctan 1121 < Laret 1] |12 < L arctan 112l < 11 |l’
mltl 2 Izl 2 [Tl —e?zI? 2 ITl It
and we get
2e|Tlilzl
/2 (25191|5|1) arctan (5057 5) (2em|2|1)
— <cos| ——— | <cos——— <cos| —— | < 1,
2 It 2 mlTl
2ety|T)il2h . B
devil (2ol L MG 2emian | 2emiEl
— b — "1 —sin < . (7.14)
ATl Tl 2 It Izl
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We observe that

3
|Z|1—Zaml 5 <D am <&
— -
= m=
where a = max,, ;{a l} On the other hand, if we denote a = min,,, l{a ~11> then
3 Z2
2 =12
a<) ap =z}

From (7.13) and (7.14) we estimate the value of «; and B; as follows

kiltl <o <kzltlr, (7.15)
k3(a)e < B < kq(a)e. (7.16)

If |7]; < 1 we use the Taylor decomposition and obtain

B sinhay coshay — oy sinfrcos | ‘ —%011,31(0512 —BH + O}t — B} <
sinh? o + sin? B; al + P — Oe} + B h
If |7]; > 1 we argue as follows
sinh oy cosh oy — o sin ; cos o
firsinhen coshan = ai sin i cos <|ﬁz|<}coth(oez)}+ %)@68,
sinh” o7 + sin“ §; sinh” (ct;)

because «; is bounded from below, the functions |coth(c;)| and | sinﬁé

" | are bounded from above.
The last two estimates imply !

=1 2
- x|
m(y)(x, 7 +ie2)| <= Fhre <crelal?,

n

ay (x,w)

To obtain (7.11) we change the arguments. Let us focus on the value of the derivatives =5+

at wy, =iy, ¢n € R for m = 1,2, 3. The equality

ay (x, w)

Z |x|1202[wm [wl;
—Z— UL ( — —coth(|w|1)>
4 |wl; \sinh*(Jw|;)

w=ig =1

e P ek
Z T (1<)

=1

dwpy w=i¢

implies Whﬂ —ir =0 and we conclude that w = i¢{ is a critical point for Re(y (x, w)).

Let us look at the Hessian at w = i¢Z. We have
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|x[? ml[u(l§|1)< a?n,;,,%) 2a2,¢2 ]
— 1— + , 1—[¢licot(1¢1h)) |-
weit ; T e ) eEsinegy C Klreotlien)

82
w2

m

2 #2
Since 1 — al’”;fz’” >0and 1 —|¢];cot(]Z];) = 0 we see that
1}

82

w2,

=0 for07é|§|l<%, m=1,2,3.

w=i{

The mixed second derivatives are

%y _ @ailail:mck[cot(m_2|c|zcot(|§|z> 1 }
dwmdwiclymie = 4 KI} i sin?(g]) - sin®(1¢1)
| m[ k[é'mfk
= 12 11).
; T s(i¢h)
where
e(ich) = cot(1Zl)  2lglicot(g 1) 1
1211 sin?(1¢]7) sin?(|¢ ;)

We observe that since all second derivatives of y (x, w) are real at the critical point, the Hessian

a2
for y (x, w) coincides with the Hessian H for Re(y (x, w)) at w = i{. We write gTZ as

82
w2

" |x|%[ailu<|;|z) at e ]
= paals + .
2L 1w o S0

m lw=i¢ 1=1

Then the Hessian can be written in the form H =) ;" H;, where
1#(‘“1)

11“2[(1(2 a11a31§1§’5

[ IC\Z g(¢ln mz g(¢1n
x| a0 G | e a2ad 6ot
H — 11 21 21 2152 217315255
1= it T T e 8 i
ISt [o%s 2 DS
”ng” azh) “Z’j‘;jz“ acly S+ “f;ls gzl

To show that H is positive definite we need to show that each H; is positive definite. It was shown
that

2 4 .2
appr(SlD  ajg 4
+ 0, f —.
T P g(l¢l) >0, for #[¢l < 3

Then we have
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2 4 .2 2 4.2 5 5 s
+ + _(ufasicz
( 1< li 17 (izl) il e g(I¢l) P g(I¢lr)

_ aflagluz(lé“lz) (1 _ a%l§12 +a§1§22) 2“%1“%1“('('1)(‘1%1(12 +a§l§22)
<17 <17 <1 sin®(1£10)

(1 =12l cot(Iz 7))

>0

for 0 # [¢]; < 7. Finally, we calculate det H;

¥ [} afjadiaqn> (1) (u(lélz) ) ayazad |xI® 2u2(¢))
il N _ . t

>0

T

for 0 # |¢|; < 5. We conclude that the Hessian is positive definite and Re(y (z, w)) has a local
minimum at w = i¢. Thus

n

Re(y(x, w)) > Re(y(x, w)) |w:i; = Z

=1

2
|x|]

. T
L lelicot(iz ) > alx? if g < =

4

Put ¢ = ¢z, then ||; < ea and (7.11) holds with gy = f—ﬁ.
Estimate (7.12) is a consequence of estimates (7.10) and (7.11) since

3
. .~ . . Z
fx,z,t4+ie)=yx,z, Tt +ie7) —i Z(tm—i—zs—m)zm

— |z|

3
=y z T +ied) felal =i ) wime O

m=1
Proposition 7.6 for an arbitrary Hermitian matrix M was proved in [4].

Lemma 7.7. If x is a non-zero vector in R*", the integral

~ Vv
G(X,Z)Z/mdf (717)
R3

is absolutely convergent and one has for x # 0
AoG(x,2) =0.

Proof. Since the function V(r) does not depend on x and z, we have AoV =0, X3V =0,
k=1,2,3,4,1=1,...,n,and Eq. (7.1) is reduced to the following one

Ao(VIfP)==p(f P 'VALf +(=p— DVFP2H(XS)). (7.18)
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Here H(Xf) = |Xf|? by Proposition 7.2. Moreover, taking into account that the complex action
function f(x, z, 7) satisfies the Hamilton—Jacobi equation (6.3) and p =2n + 2, we get

AO(Vf72n72)
3 of
=(=2n —2)(f—2" VA + (=20 =3V @n 3Vt Y Ty )
m=1 Tm
(7.19)
Substituting the last term in the right-hand side of (7.19) from the formula
3., 3 3 of
Z P (.L.mvf72n73) :3V‘f72n73 _i_ffzn Z — (2}’1 +3)Vf 2n—4 Z maT ,
P m m—1 _ m
we deduce
AO(Vfizniz)
v s
—2n—3 —2n-3
=(— 2n—2)<f " (V(Aof 2n)+mzlrma ) 2_: arm (tn V21~ ))

Since the volume element V (7) is a solution of the transport equation (7.7), finally, we obtain

AoG(x,2) Z/AO(Vf_zn 2) dt=(2n +2)/ Z thf—Zn—3) dr.

R3 R3 "= 1
We observe that
n 2
ITl;
V(‘L’):H#—)O as one of the |t,,| = R — o0, (7.20)
1 sinh” [z ];
and
x| |x|*
>y ——|r|;coth(|T — 7.21
|f|22||1 (I7h) > = (7.21)

=1

because of |t|;coth(|t|;) = 1 forl=1,...,n. The estimates (7.20) and (7.21) show

)

li — (V3 =0. 7.22

dm o g @ V) 722
|Tm|<R
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The last equality implies

Ao(V =2~ 2)—(2n+2)/za (tnVf2 ) dr =0,

R3 M= 1
that terminates the proof of Lemma 7.7. 0O

The argument of Lemma 7.7 is not valid for x = 0. In fact, the integral (7.17) is divergent be-
cause the denominator of the integrand contains — Z;Zl T, Zm Which is zero along a hyperplane
of R3. We will treat the case by changing the contour adding a small imaginary part to the 7,,’s.
We shall prove that for x # 0 we can change the contour in (7.17) and when x will be zero the
integral (7.17) will still be convergent on the new contour. In order to achieve this goal, we need
to use Proposition 7.6.

Proposition 7.8. For x # 0, the integral G (x, z) defined in (7.17) is given by

~ V(t+iez)

G(x,2) = —d 7.23

(x.2) /f2"+2(x,z,t+i8z) ‘ (7.23)
R3

Jor 0 < e < &g sufficiently small. The integral (7.23) makes sense even for x =0 and z # 0, so
the function G (x, z) is well defined (in fact, real analytic) except at the origin in R*" x R3 and
satisfies
MG (x,2) =0 for (x,2) # (0,0).
Proof. We may prove this proposition by imitating the idea [4]. Set
Qke={t=1+inz el 71| <K, 0<n<e}cC’.
Assume that |x| # 0. By Theorem 7.1 the differential form

= (V(©)/f*" 2 (x,2,0)) dE1 AdEr A dEs

is a homomorphic form of type (3, 0) in 2k .. It is easy to see that its differential is zero. Hence,
by Stokes’s Theorem
/ o =0.

082k ¢
The boundary can be written as 02k , = 0§21 U 082, U 9£23.

(1) The set 3521 = {r € R3: |7| < K, = 0} which is such that

. Vo =
|[T|<K
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since the integral (7.17) converges absolutely.

(2) The set 982, = {t +iez: |t| < K, n = ¢}. The integral (7.23) converges absolutely by
Proposition 7.6 in this case.

(3) Theset 9823 ={& =t +iez: |t| =K, 0 < n < e}. Again, by Proposition 7.6, one has

. f V(t+inz)
lim =
K—oo ) f2F2(x,z,T+in2)
0823

By the discussion above, one may conclude that for x # 0, G (x, z) is given by the integral
(7.23) on a shifted contour. Moreover, this integral is absolutely convergent even when x = 0 and
z # 0 by Proposition 7.6. We have completed the proof of this proposition. O

Theorem 7.2. The kernel G (x, z) of the Green function for the sub-Laplacian Ay is given by the
formula

221 (2gr)2n+3 V(t +ie2)

G(x,z)=— =
(x.2) en+ ) ) P rien)
R3

Proof. For any K > 0, denote

K

~ 1
G , - - Vv ie3)d l2n+2_1 _tfdt.
k(x,2) F(2n+2)/ (t+iez) r/ e
3 0

The function G k (x, z) is smooth everywhere and for (x, z) # (0, 0), one has

lim Gg(x,z)=G(x, 7).
K—o0

Using Proposition 7.6, we know that

|éK(x,Z)| / /1_[ |T|1 —01(|x|2+|z|)t 2n+1 gy <C(|x| tlz |) 2n—2.

sinh? |7|;

But the function (|x|> + |z|)"2* 2 € L}OC(R“"H) since the homogeneous degree is 4n + 6 in this
case. It follows that

lim Gg(x,2)=G(x,2) inLj (R"*3)
K—o0

by the Dominated Convergence Theorem. We first calculate AoGR(x,7) for x # 0. We need to
compute Ag(Ve™'/) which is

Ao(Ve ™)==tV - Ag(fe™ + 1 H(x,z,Vf)Ve

But the Hamilton—Jacobi equation (6.3) yields
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3
Ao(Ve™ )=~V - Do(f)e™ +1? (f - rmaan> ve !l
m=1 m

3 3
9 9
=—te VA § —(tnV t2e vy t§ — (e V).
e ( o(f)4—m:18rm(rm )>-+ e f+ m:]aﬂw(rme )

‘We also know that

K K
f t2n+3e—lffdt — —K2n+3€_Kf 4 (2}1 4 3) / t2l‘l+26—lf dt
0 0

This implies that

K K
/dr/t2"+le_lft2det=—K2”+3/Ve_Kf d'l:+(2n+3)/t2"+2dtfe_’der.
R3 0 R3 0 R3

(7.24)
Hence,
3

/eff|: Z 8(;:1‘/) + (Aof —2n —3)V] dt

R3 m=1

K
. ~1
AoG )= ——— t2"+2dt
oG (. 2) r<2n+2>/
0

K2n+3

- Ve_Kf dt,
r(2n+2)
R3

where we used (7.22) and (7.24). The first integral vanishes since V satisfies the generalized
transport equation (7.7). Therefore, for x # 0,

2n+3

T T@2n+2)
R3

A()GK(x, 7)) = V(T)e—Kf(x,z,r) dz.

However, we may also change the contour in the above integral and obtain

K2n+3 .
) V(t+iez)e Kt gr o forx £0.  (7.25)

R3

AoGk(x,2) =—

Since G g (x, z) is smooth everywhere, the integral (7.25) provides the value of AoGk(x,z) at
every point where the integral is convergent. It follows that AgG g (x, z) is equal to

K2n+3

_m / V(z +l'82)e*Kf(X.,z,r+igg) dr
n .

R3
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2n+3
everywhere and to —(lz(n—:l)! fR3 V(1)e K/ g1 almost everywhere. Furthermore, for (x, z)

in a compact set U with U disjoint from the origin,
Re(f)(x,z, T +iez) =« > 0.

Hence AgGg (x,z) — 0 uniformly as K — oo on compact subsets of R** x R3 which is dis-
joint from the origin. Now we need to compute the L!-norm of AoGk (x,z). Since the integral
fRs V(r)e™/ 20 dr coincides with the integral of the right-hand side of (7.25) almost every-
where, we can just compute the following

K2n+3
=0 +1>v‘ ///Vme 50~ Doy tnin) g dz dix|.
n

R4 R3 R3

Since the integral converges absolutely, we may interchange the order of the integration by Fu-
bini’s Theorem. Let us integrate the z-variable first.

/efk[wx,r)fizf,,:l rmszdZZ/e% Sy eIl coth(el+i K S5 tem]
R3 R3
s Sy |x|,2\r|,coth(\r|,)/eiKzfnzlrmzm dz
R3
= —e~ ¥ Tt lflrhicoth(lth) gr=3 (27 y3 -1 (1)
=K302r)’s0).

Here F(g)(&) = fR3 g(x)e27*€ g is the Fourier transform of the function g (x). We know that

i 1 5 1,
,h_%y(xvf)=}%Z§|x|l|f|100th(|7|1)=Z|x|

and

n 2
|f|[
hm V(t) = lim — =
t=0,_| sinh”[7];
It follows that
2 3
K—3(2n)3/ V('L’)e_Ky(x’T)5(‘L') dt = %g‘%ﬂz

in the sense of distributions. Finally, one has

F(QJT) /e 4 dXZTZ"KZn

R4n
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It gives us

B K2n+3 (27.[)3 n 7'[2" o (27[)2114-3
Qn+ 1! K3 K?2n @2n+ D!

This proves that AoGk(x,2) = 0 uniformly on compact sets on R*" x R disjoint from the
origin with a constant integral over R*" x R3. This means that when K — oo,

(271,)2n+3

AoGk (x, 2 50.0)
0Gk(x,2) — 2n+ 1) (0,0)

On the other hand, Gk (x,z) — G(x,z) in L1 _(R*13) as K — oc0. Hence,

loc
AoGk (x.2) — AoG(x,2)
in the sense of distributions. Therefore,

5 22n(27.[)2n+3
AoG(x,2) =——"—"" 80,0
0G(x,2) 2n+ (0,0)

The proof of the theorem is therefore completed. O

The symmetry of homogeneous H-type groups allows us to deduce another form of the Green
function related to the homogeneous norm (see, for instance [10]).

8. Estimates of the fundamental solution

In this section, we discuss sharp estimates for the integral operator induced by the fundamental
solution G (x, z)

G(@)(x,2)=G*g(x,2) = f Gy, wig((y,w)™ - (x,2))dydw
Qn
in L,f(Q") Sobolev spaces, Hardy—Sobolev spaces Hkp(Q”) forkeZ,,0 < p < oo, and Lip-
schitz spaces Ag, I's with > 0. We consider here the sub-Laplacian Ay. It is easy to see from
the group law that the operator is homogeneous of degree —2 under the non-isotropic dilation

81 (x,2) = (Ax, )»22).

Hence, in general, the homogeneous degree of Q" is 4n + 6. As in Folland—Stein [14] and Ko-
ranyi [20], we may define a homogeneous norm

wol=((xa) +x4)

j=lk=1
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Then we may define a pseudometric by p(x,y) = |x-y~!| where x = (x, z) and y = (y, w). Then
it is easy to see that p is equivalent to the Carnot—Carathéodory metric. Using this metric, one
may obtain estimates of G(x, z) in various function spaces. From the discussion in Section 7,
we know that the fundamental solution G (x, z) with singularity at the origin is a homogeneous
kernel of degree —4n — 4. In fact, the fundamental solution G (x, z) satisfies the following size
estimates

Cal(x, 2)|> el
S B((x, 2), |(x, 2D

3 G(x, 2)
axyyt - dxgy

Cil(x,2)?
|B((x,2), |(x, 2)D|’

|G(x,2)| <

and
8ﬂ1+ﬂ2+ﬂ3G(x, 2)
azllgl 8152 3Z§3

C3l(x, 2) |2 2Bit+Patps)
|B((x, 2), |(x, 2)])|

AN

Therefore, it is a locally integrable function. From classical results, it is easy to see that the
operator G, originally defined on the Schwartz space S(Q"), can be extended to a bounded
operator from LI (Q") into L{ (Q™) for 1 < p < 0o (see [4] and [14]). Moreover, G is a
smoothing operator. Hence, we may allow to differentiate the kernel G (x, z). Moreover, for any
[=1,...,nand k=1,...,4, X};G originally defined on S(Q") can be extended to a bounded
operator from Lf:)C(Q”) into Lf;c( Q") for 1 < p < oo. The problem now reduces to looking at
the second derivatives (in the horizontal directions) of G (x, z). Before we go further, let us recall

some basic definitions and properties of several functions spaces.

Lipschitz spaces. ~ As in [14], we define the space I'g(Q") as the set of all bounded functions g
with compact support on Q" such that

ﬁ, 0<pB<l.

sup |g((x, ) - (o w) ) — g, )| < C - |y, w)
(x,2),(y,w)eQ"

Whenk < B <k+1withk=1,2,..., we may define g € I'5(Q") as the set of all C* functions
g with compact support on Q" such that P(X, X")g € I's(Q"), where P(X, X’) is a monomial
of degree k in vector fields X, X’ € V. For integral value k, one may define the space I5(Q")
by interpolation. Furthermore, since |(x, z)| < A||(x, z)||'/? for |(x, z)| small, one may conclude
that I'g(Q") C Ag/2(Q™"). Here ||(x, z)|| is the Euclidean distance between the point (x, z) and
the origin, and A, (Q") is the isotropic Lipschitz space on Q". As usual, the space A, (Q") is
defined as the collection of all bounded functions g with compact support on Q" such that

a, O<a<l.

sup [g(G - ow) ) =g )| <C- (v w)]
(x,2),(y,w)eQ”

Fork <o <k+1withk=1,2,..., we may define g € A, (Q") as the set of all C* functions g
with compact support on Q" such that V¥g € A, (Q").

Sobolev spaces. One may define the non-isotropic Sobolev spaces S,f (Q") with k € Z4 and
1 < p < o0 as follows

SP(Q") ={f:0"—>C: feLP(Q"), P(X.X)feL’(Q")}.
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where P(X, X') is a monomial of degree k in vector fields X, X" € V. Here L?(Q") is the L?
Lebesgue space.

Hardy spaces. The Hardy space H” (Q") with 0 < p < oo is originally defined by the maximal
function as follows: a distribution f defined on Q" belongs H? (Q") if and only if the maximal
function

M(f)(x,2) =sup| f * ¢el(x,2) € LP(Q").

e>0

Here ¢ € S(Q") with f on ¢(x,z)dxdz =1 and is polyradial (see Chapter 4 in Folland-Stein
[15]). As usual,

¢£(x Z)_E (4n+6)¢( X, 872Z)~
The space H”(Q") can be defined by atomic decomposition and maximal functions.

Definition 8.1. An H”(Q") p-atom (0 < p < 1) is a compactly supported function a(x, z) such
that the following conditions hold

(1) (size condition): there is a Q"-ball By, = B(x),z0)(r) = {x = (x,2) € Q": p(Xp,X) <1}

whose closure contains supp(a) such that [a (X)L~ < |Byx, |_1/ P
(2) (moment condition):

/a(x, 2)P(x,z2)dxdz=0

Q}‘l
for all monomials P(x) = P(x, z) such that P(x) = (1—11;:1 xjf{l B 'xjff)z,flzzﬂzz’f% and
4 n ]
S a2+ Ba+ ) < [(4n +6)(; - 1)}
k=1 j=1

Here [s] is the integral part of s.

Using the idea of atomic decomposition, we give the definition of H? (Q") as follows

HP(Q ) fe S/(Q” Zkkak, where a; are p-atoms, Z AP < oo}

k=1 k=1

and we define

n
£ 150 om) inf{ pr},
k=1
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where the infimum is taken over all possible atomic decompositions of f. Then “norm”
||f||1;1p(Q,l) is comparable to the £7-norm of the sequence {1} and the L?(Q")-norm of the
maximal function M(f).

Now, following notations in [4], for g € S(Q"), one has

XjeXjeG(@)(x,2) = EE}I& / (XjxG) (v, w)(X ) ((x, 2) - (v, w) ') dydw

p(y,w)=¢

~ lim / (XX 130Gy, g (6. 2) - (v, w) ") dy dw.

e—01
p(y,w)=e

The second term above is a generalized Calderon—Zygmund operator in the sense of [14] and
Kordnyi—Vagi [21] because X j X /1 G is a kernel homogeneous of degree 0 satisfying the mean
value zero property. An operator K is said to be a generalized Calder6n—Zygmund operator if the
following two conditions are satisfied

(i) K can be extended as a bounded operator on L2(Q™),
(ii) there is a sequence of positive constant numbers {C;} such that for each j € N,

1

( / ’K(Xl,Xz)—K(X17X3)’qu1>q

27 p(x2.%3) <p(X1.X2) <2/ T p(x2,%3)

_4n+6

<Cj- (27 p(x2,x3)) " 7 (8.1)

and

1

( / ’K(Xz,Xl)—K(X3,X1)’qu1>q

2J p(x2.%3) <P (X1,X2) <2/ p(x2,%3)
4n46

<Cj-(Vptxa,x3)” 7, 8.2)

here (g, ¢q’) is a fixed pair of positive numbers with é + % =1and I < ¢’ <2. We need the
following theorem to complete our discussion on the estimates for G. The proof can be found in
[14] and [15].

Theorem 8.1. Let K be a generalized Calderon—Zygmund operator. Assume that the kernel sat-
isfies conditions (8.1) and (8.2) with {C;} € 2L, Then

||K(f) ||Lp(Qn) < Cp”f”Lp(Q”)v 1 < p < 00;

and

C
l{xe 0" |[K(fH®)|>Ar}| < x”f”Ll(Q")’ A >0.
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When 0 < p < 1, we may consider the boundedness of a generalized Calderén—Zygmund
operator acting on Hardy spaces H”(Q"). We have the following theorem (see [11]).

Theorem 8.2. Let K be a generalized Calderon—Zygmund operator. Suppose the following two
conditions hold

(i) (kernel assumption): there exist s > [(4n + 6)(% —1)] and ¢ > % —1 such that
. 1
[26nr0i@ =Dyt e d! withy =1— — +e,
p

(ii) (adjoint operator assumption): K* (x]}" - - xg zf ! z§2z§3) =0 with

4 n

3
> Y at g [@nto( 1)),
m=1

k=1 I=1
where K* is the adjoint operator of K.

Then K can be extended as a bounded operator from HP (Q") into HP (Q") for0 < p < 1.

We first make the following observation. For any polynomial P(X) of degree k in the hori-
zontal vector fields Xy, ..., X4 with [ =1, ..., n, there exists another polynomial P(X) such
that the following identity holds

P(X)G = GP(X). (8.3)
Now we may apply the above theorems and (8.3) to conclude the following result.

Theorem 8.3. The fundamental solution G(x,z) for the operator Ao defines an operator G
which satisfies the following sharp estimates

(i) XX'G defines a bounded operator from the Sobolev space S,f (Q™) into Sobolev space

SP(Q") fork € Z, 1 < p < oo, and forall X, X' € Vi;

(i) ZG defines a bounded operator from the non-isotropic Sobolev space S,f (Q") into S,f Q"
forkeZ,, 1 <p <oo,andforall Z € Vy;

(iii) X X'G defines a bounded operator from H,é"(Q”) into Hkp(Q”)for keZy, 0<p<1,and
forall X, X" e Vy;

(iv) ZG defines a bounded operator from Hkp(Q”) into H,f(Q")for keZy,0< p<1,andfor
all Z € Vs,

(v) G defines a bounded operator from Ag(Q") into I'g2(Q") N Agy1(Q") for 0 < B < 0.

In conclusion, G gains two derivatives in horizontal directions and gains only one derivative in
missing directions.
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