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Geometric Analysis on Quaternion H-Type
Groups

By Der-Chen Chang and Irina Markina

ABSTRACT.  We construct some examples of H-types Carnot groups related to quaternion numbers
and study their geometric properties. We involve the Hamiltonian formalism to obtain the equations of
geodesics and calculate the cardinality of geodesics joining two different points on these groups. We prove
Kepler’s law and give a nice geometric interpretation of the length of geodesics.

1. Introduction

Since their introduction by Kaplan [11] in 1980, generalized Heisenberg groups, also known
as groups of Heisenberg type or H-type groups, have provided a framework in which to construct
interesting examples in geometry and analysis [8, 12, 13, 17]. Analysis on homogeneous groups,
and in particular, on the H-type groups, is a good test ground for the study of general sub-elliptic

problems arising from vector fields X1, ... , Xk, satisfying the Chow’s bracket generating condi-
tion [7]. More precisely, vector fields X1, ... , Xj together with a finite number of Lie brackets
of X1,..., X\ generate the tangent bundle of the group. The information of H-type groups

can be also applied to the study of pseudoconvex domains in complex analysis, subRiemannian
geometry, control theory, and semiclassical analysis of quantum mechanics.

Recently, the real and complex Hamiltonian mechanics has been involved to study sub-
Riemannian manifolds [1, 2, 4, 5]. It is well known that the elliptic Laplace-Beltrami operator
induces the Riemannian geometry. In the same way the sub-elliptic Laplacian, the sum of squares
of vector fields, which jointly with their commutators generate the tangent bundle on the groups,
responds the geometry on subRiemannian manifolds. Thus, the study of the Hamiltonian function
associated with the sub-Laplacian plays a crucial role.

In this article we consider seven examples of H-type groups, which are related to the quater-
nion numbers. Three of them have a one-dimensional center, and actually, are isomorphic to the
H? Heisenberg group. Another three have a two-dimensional center and the last one has a three-
dimensional center which is isomorphic to imaginary quaternions. In each case we construct the
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Hamiltonian function associated with the sub-Laplacian. We solve the Hamiltonian system of
differential equations and give exact solutions that describe the geodesics on the groups. We con-
sider different positions of points and study a number of geodesics connecting these points. We
prove Kepler’s law, that gives a nice geometric interpretation of the length of a part of a horizontal
curve belonging to a center of the group and the area of certain surface. We also consider complex
geodesics and find a relation between the complex action function and the Carnot-Carathéodory
length of geodesics.

2. Definitions

A quaternion is a mathematical concept introduced by William Rowan Hamilton from Ireland
in 1843. The idea captured the popular imagination for a time because it involves relatively simple
calculations that abandon the commutative law, one of the basic rules of arithmetic. Specifically,
a quaternion is a noncommutative extension of the complex numbers. As a vector space over the
real numbers, the quaternions have dimension 4, whereas the complex numbers have dimension
2. While the complex numbers which satisfies i*> = —1, the quaternions are obtained by adding
the elements i, j, and k to the real numbers which satisfy the following relations

iP=P=K>=ijk=—1.
Unlike real or complex numbers, multiplication of quaternions is not commutative, e.g.,
ij=k, ji=-k jk=i, kj=-i, ki=j, ik=-j. 2.1)

The quaternions are an example of a division ring, an algebraic structure similar to a field except
for commutativity of multiplication. In particular, multiplication is still associative and every
nonzero element has a unique inverse.

Our discussion will involve a description of the quaternions in different forms. One of them
is a combination of a scalar and a vector in analogy with the complex numbers being representable
as a sum of real and imaginary parts, a - 1 + b - i. For a quaternion H = a + bi + cj + dk we call
a scalar a the real part and the three-dimensional vector u = bi + cj + dk is called the imaginary
part. The quaternions can be represented using complex 2 x 2 matrices

a+ib c+id

HZ[ —c+id a—ib

]:aU+bI+cJ+dK,
where
1 0 i 0 0 1 0 i
Uz[o 1]’ 12[0 —i]’ JZ[—1 0]’ Kz[i o]'

In R*, the basis of quaternion numbers can be given by real matrices

1 000 01 00
010 0 10 00

U=169 01 0| 1= 00 o0 1|
00 0 1 00 —1 0 |
f0 0 0 —1 0 0 —1 0]
00 —1 0 0 0 0 1

IJ=10o1 0o ol *=11 0o 0o
10 0 0 0 —1 0 0
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‘We have
a b —d —c
H=| 0 ¢ ¢ 4 T dK .
d c a b

c —d —-b a

Similarly to complex numbers, vectors, and matrices, the addition of two quaternions is equivalent
to summing up the elements. Set H =a +uand Q =¢ + xi+ yj+ zk =1+ v. Then

H+Q0=@+t)+@+v)=@+)+Ob+x)i+(c+y)j+d+2k.

Addition satisfies all the commutation and association rules of real and complex numbers. The
quaternion multiplication (the Grassmanian product) is defined by

HQO=(at—u-v)+ (@av+tu+uxv),

where u - v is the scalar product and u x v is the vector product of u and v. The multiplication is
not commutative because of the noncommutative vector product. The noncommutativity of mul-
tiplication has some unexpected consequences, e.g., polynomial equations over the quaternions
may have more distinct solutions then the degree of a polynomial. The equation H> + 1 = 0, for
instance, has infinitely many quaternion solutions H = a + bi + cj + dk with b> + ¢> + d*> = 1.
The conjugate of a quaternion H = a + bi + cj + dKk, is defined as H* = a — bi — ¢j — dk and
the absolute value of H is defined as |H| = vHH* = Va2 + b2 + 2 + d2.

In this article we will construct 2-step homogeneous groups of H-type related to quaternion
numbers. We will call these groups quaternion H-type groups, or, simply, quaternion groups.
Let us start with some definitions.

H-type homogeneous groups are simply connected 2-step Lie groups G whose algebras G
are graded and carry an inner product such that

(1) G is the orthogonal direct sum of the generating subspace V| and the center V,: G =
VieVy, Vo =[V1, V1], [VI, V2] =0,
(i) the homomorphisms Jz : Vi — Vi, Z € V,, defined by

(12X, X')=(Z,[X.X']), X, X' eV,

satisfy the equation
JP=—|ZP1, ZeV,.

Here (-, -) is a positively definite nondegenerating quadratic form on G, [-, -] is a commutator and
I is the identity. These groups are generated by their algebras by exponentiation.

To construct the quaternion H-type groups we take the space of quaternions or R* as V;
with the corresponding structures. The matrices Z, .7, and X define the homomorphisms Jz. We
construct the quaternion H-type groups with centers V; of different dimensions. The following
notations

Hzoo=Hz., Hogo=Hy.  Hoox=Hg

will stand for the groups with a one-dimensional center V5. In this case, only one of the matrices
T, J,or K, is involved. Essentially, these groups are isomorphic to H> Heisenberg groups which
were studied intensively (see, for instance, [2, 3, 12, 13, 17]). The groups

Hz 70=Hzyz, Hzox = Hzk, Ho,7.x =Hgk
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with a two-dimensional center V, are obtained by making use of two of the matrices Z, J, or
K. The group Hz 7xc (we will denote it simply by H) has a three-dimensional center. The
corresponding algebras

Mz, Hgy, Hrx, Hzg, Hix, Hgk, H
are the two-step algebras V1 @ V,. The topological dimensions of the groups are
nMHz) =nMHy) =nMHg) =5 nMHzy)=nMHgx)=nMHzx)=6 nH)=7.

The homogeneous dimension defined by the formula v = dim V; 4 2 dim V> plays an important
role in analysis on homogeneous groups. We see that the homogeneous dimensions are greater
than the topological dimensions and equal to

v(Hz) = v(Hy) = v(Hg) =6, v(Hzz) = v(Hgx) = v(Hzc) =8, v(H) =10.

We will give calculations for the group Hz 7xc = H. The results for other groups are obtained
by vanishing the corresponding index. We set the standard orthonormal systems {X, X3, X3,
X4} €e Vi, {Zz,Z 5, Zx} € V. Then the matrices Z, J, K transform the basis vectors in the
following form

X1 =-Xo, X, =X, IX3 = —Xa, IX4 = X3,
T X1 = Xy, J X2 = X3, JX3=—X>, JTXe=—-X4 (2.2)
KX, = X3, KXy = —Xy, KX; =-X;, KXs=Xo.

We use the normal coordinates (x, z) = (x1, ... , X4, 27, 27, 2x) for the elements

4
exp (Z xXoeXo +2727 +292Z7 + ZICZ}C) €eHzgx =H.

a=1

If one or two indices of the corresponding algebra Hz 7 is equal to zero, then the corresponding
coordinates vanish. For example, we write ¢ = (x, z7, zxc) for coordinates ¢ € Hzyx. The
Baker-Campbell-Hausdorff formula

;o1
exp(X + Z)exp (X' + Z') = exp (X +X,Z24+27 + 5[X, X’]) ,

for X, X' € Vi, Z, Z' € V, defines the multiplication law on H. Precisely, we have
Ly(q') = Lao(x'. 7)) = (v, 22,27, 26) o (¥, 27, 27, )

1 1 1
= (x +x' 2+ Z/Z + E(Ix, x/), zZ7 + Z:7 + E(jx, x/), K + Zk + E(le, x/)) ,
for g = (x,z) and ¢’ = (x’, /), where x, x’ € R* and (Zx, x'), (Jx, x"), (Kx, x') are the usual
scalar product of the vectors Zx, Jx, Kx belonging to R* by x’ € R*. This scalar product (-, -)

defined on V| C G, can be continued up to the quadratic form (-, -) on G. The multiplication “o
defines the left translation L, of ¢’ by the element ¢ = (x, z) € H on the group H.

We associate the Lie algebra H of the group H with the set of all left invariant vector fields
of the tangent bundle TH. The tangent bundle contains a natural subbundle 7;H consisting of
“horizontal” vectors. We call T,H the horizontal bundle. The horizontal bundle is spanned by
the left-invariant vector fields X;(x, z), ..., X4(x, z) with X;,(0,0) = X, € Vi, a =1,... ,4
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(see, for example, [16]). In coordinates of the standard Euclidean basis %,a =1,...,4, %,
T 9 a , these vector fields are expressed as
zg7” 0z’
~ 0
Xa(x,Z)=——— (IXot’X)_+(x7Xa»X)_+(ICXa7X)_
0Xy ZK
where we set X = Z;;:l xg X . Explicitly,
?( ) 0 n 1<+ 0 0 0 )
X,7) =— + = Xp— —X4—— —x3— |,
! ox; 2 23ZI 48Zj 38Z/c
f( ) 0 +1 0 0 . 0
x, ) =—+ - —xj— —x3——+x4—— |,
R T N P i T
2.3)
S PN (I T .
X,27) =—+ = X4— +x2—+x1— |,
P s T2\ T Mz T e, T e
0

~ d 1 d d
Xa(x,2) =—+ | — 37— +x1——x2— | .
0x4 0z7 4

The left invariant vector fields Zg (x, z) with Zg 0,0)=Zpg € V», B =1,7, K, are simply the
vector fields

Zp(x,2) = —

We write simply X, and Zg instead of )?a (x,z) and 2,3 (x, 2), if no confusion may arise. Note
that in the case of the groups Hz, H 7, and Hy, the vector fields (2.3) are reduced to the standard
vector fields on H? Heisenberg group. We also use the notation X = (X1, ..., X4), and call it
the horizontal gradient. The horizontal gradient can be written in the form

d 9 a
X=V,+ - (Ix—+jx—+l€x—),
0z7 d9z7 dzK

with x = (x1,...,x4) and V, = (8x N T ) Any vector field Y belonging to T, H is called
the horizontal vector field. In partlcular the horlzontal gradient X is a horizontal vector field.

The commutation relations are as follows:

[X1, Xol=-Z7, [X1,X3]1=Z2k, [X1,X4]l=Z7,
[X2, X3]1=Z7, [X2,X4]l=-Zk, [X3,X4]l=-Z71.

A basis of one-forms dual to X1, ... , X4, Z7, Z 7, Z is given by dxy, ... ,dxs4, V1, 07,
Vi with

1 1

V1 =dz — §(+x2 dx; —x1dxy + xq4dx3 —x3dxg) =dzg — E(Ix, dx) ,
1 1

vy =dzg — 5(_x4dxl —x3dxy + x2dx3 +x1dxs) =dzg — z(]x, dx), 24
1 1

Vi =dzic — 5(—x3 dx; + x4dxy + x1dx3z —xpdxg) = dzyc — E(ICx, dx) .

Since the exterior product ¥g(Xy) vanishes forall B = Z, 7, K, @ = 1,...,4, we have the
product ¥4 (Y) vanishing on all horizontal vector fields Y.
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3. Horizontal curves and their geometric characteristics

The geometry of subRiemannian manifolds, examples of which are H-type quaternion
groups, is quite different from Riemannian manifolds. The definitions and basic notations of
subRiemanian geometry can be found in, e.g., [18]. The velocity and the distance should respect
the horizontal bundle 7, H. Since [X;, Xaj] ¢ Th,H fori,j = 1,...,4, hence the horizon-
tal bundle is not integrable, i.e., there is no surface locally tangent to it. A continuous map
c(s) : [0, 1] —> H s called a curve. We say that a curve c(s) is horizontal if its tangent vector
¢(s) belongs to T,H at each point c¢(s). In other words, there are (measurable) functions ag, (s)
such that ¢(s) = Zi: 10 (5) Xy (c(s)). We present some simple propositions that describe the
geometry of H-type quaternion groups.

Proposition 3.1. A curvec(s) = (x1(5), ... , x4(5), z27(s), 2.7(8), zx (s)) is horizontal if and
only if

T =%(+X25€1 — X1X2 4+ X4X3 — X3X4) = %(Ix, X),
7 Z%(—Mfcl — X3X2 + x2X3 + X1 %4) = %(jx,fé) , 3.D
K =%(—x35€1 + Xx4%p + X1X3 — x2X4) = %(’Cx, x),
where x = (X1, ..., X4).
Proof. We can write the tangent vector ¢(s) in the form
é(s) = (561(S) . X4(s), Z27(5), 2J(S), 2xc(s))

—Zxa(s) +ZI(S) +Zj(s)—+ZIC(S)—K

1 0
=(%(s).V Tx—2 2 2
(X(S), x+2( x8 —i—Jxa . + Kx 3ZIC)>

1
- E(J'C(S),IX% + jxi + /Cxi>
. 0 . Gl . 0
+zz(8)— +tzg)— +z(s)—
0zT 0z7 a9z
. . 1 ) 9
= (£, %) + (220 = 3Tx. 1)) 5—
+ (370 - 3T 9) 2+ (500) - 5 (K x))i
S Iy 2 )z

— 2 and—vamsh
9zg7

This proves Proposition 3.1. L]

Itis clear that ¢(s) is horizontal if and only if the coefficients in front of T

Corollary 3.2. Ifacurvec(s) = (x1(s), ..., xa(s), zz(s), 27(s), 2xc(s)) is horizontal, then

é(s) = (%), X) = Zxa(s)X
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Proposition 3.3. Left translation L, of a horizontal curve c(s) is a horizontal curve ¢(s) =
L, (c(s)) with the velocity

4
E(s) = (L#l(s) = Y _ la(®) Xy (8(5)) = (Cals). X (8(9))) - (3.2)

a=I

Proof. Since the left translation L, (p) by an element ¢ € H is a conformal mapping, it
preserves the horizontality [14, 15]. Let us show this by the direct calculation. Let c(s) =
(x1(5), ..., x4(s5), z7(s), 27 (s), zxc(s)) be a horizontal curve and

&) = (X1(5), ..., Xa(s), Z2(5), Z7 (), Zxc(8)) = Lg(c(s))
be its left translation by an element ¢ € H. Let
qg=(P1s---, P4, WL, W7, WK) = (P, W, W7, WK) -
Since Xy (s) = pg + X (s), we have
Xo(5) = ku(s)  for a=1,2,3,4. (3.3)

Differentiating z7(s) = wz+z7(s)+ % (Zp, x(s)), making use of the horizontality condition (3.1)
for c(s), and (3.3), we deduce

. 1 1 1
Z7(s) = z7(s) + E(Ip, x(s)) = E(Ix(S), x(s)) + E(Ip, x(s))

| | ) (34
= E(I(p +x(5)), x(s)) = E(Ii(S),i(S)) :
Similarly, we obtain
. 1 . . 1 .
Z7(s) = E(ji(s),i(s)), Zi(s) = E(IC)?(S),)Z(S)) , (3.5)
from what it follows that the curve ¢(s) is horizontal.
Let us show (3.2). Since ¢(s) is horizontal, we get
&(s) = Z Co(5) X (8(5)) = Z Co(9) X (8(5)) = Z Ca () (Lg)sXa(c(s))
a=1 a=1 a=1
4
= (M,)*(Z C'a(S)Xa(C(S))> = (Lg)«¢(s) .
a=1
This completes the proof of the proposition. L]

The next properties of the matrices Z, 7, K are obvious:

(i) I?=J>=K*=-U>
) ZJ=-JI =K, JK=-KJ=I, KI=-IK=UJ,
(iii) Il = -7, 9V = -7, K ! = =K, where Z~!, 7!, K1 are the inverse matrices
of Z, 7, IC, respectively.
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vy I7T = -7, J" = -7, KT = =K, where Z¥, 7T, KT are the transpose matrices of
Z,J, K, respectively.
V) @x,x)=0,(TJx,x) =0, (Kx, x) =0 for any x e R4

Let us study the osculator plane. Let c(s) be a curve. The osculator plane at c(s) is defined
as T = span{c(s), ¢(s)}.

Proposition 3.4. A curve c(s) is horizontal if and only if the osculator plane T at c(s) belongs
to the horizontal space T,H_(5) at the point c(s).

Proof.  Obviously, if T = span{¢(s), &(s)} € ThyHe(s), then ¢(s) € TpHe(s), and the curve ¢(s)
is horizontal.

Let c(s) be a horizontal curve. Then ¢(s) € T,H). Let us show that ¢(s) € T,He ().
Differentiating equalities (3.1) of horizontality condition and making use of the property (v), we

deduce that
1

2
1 1
g(s) = E(JX(S),)'C(S)) + E(JX(S), () =

N =

—~

77(s) = (Ix(s),x(s)) + E(Zx(s), x(s)) = Ix(s),x(s)) ,

(Tx(), (5)) ,

N|’—‘[\)|>—A

Z(s) = l(/cye(s),fc(s)) + l(lcx(s), () = = (Kx(s), X(s)) .
2 2

The acceleration vector along c(s) is
4
i) =) ¥ (s)i Jr'z'z(s)i +7 (s)i +2,<(s)i
L, A I dzx

= (¥(s), Vi) + (3(s), V)

. 1 0 0] 0
= (x(s), Vy + E(Ix(s)@ + jx(s)@ + /Cx(s)%))

| 9 ] 9
n ('Z'I(s) -5 (), Ix(s)))@ n ('z'j(s) - 5 (), jx(s)))@

1 d
+ ('Z'lc(s) - E(X(s), Kx(s)))a

4
= (¥(9). X(c(9)) = Y Eu(s)Xa -
a=1
This means that the vector ¢(s) is horizontal. The proposition is proved. L]

Let us use the hyperspherical coordinates (r, 8, &1, &) to obtain a geometric interpretation
of z-coordinates. To do this we introduce the complex coordinates (w1, w2) € Cz=R* by

. ; 0 . e
w] = x1 +ix3 = re'¥! cos > and @y = x3 +ixq = re'2 sin 5

Here r € [0, 00), 0 € [0, 7], &1, & € [0, 2m]. Note that for any fixed values r and 0, the pair
(&1, &) parameterizes a two-dimensional torus, except for the degenerate cases = 0 or 6 = 7,
that describe a circle. The round metric on the three-dimensional unite sphere in these coordinates
is given by

dl, = \/% d6? + cos? (g) dE? + sin? (%) dg2 ds .
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The volume form on a 3-sphere is

4
dv, = %sin@d@ A dE A dEs .

The horizontality condition (3.1) has the form
. 1 - —
7 = E(Rea)za)l —Re a)la)z) ,
1 — _
7 = z(—Ima)zd)l —Ima)ld)z) , 3.6)
K = 5( — Ima)151 + Ima)zzz) s
in coordinates (w1, wy). We calculate

B 2 & 21
wrdor = L el®@—6) ging _ i%ei@z—sn Ging — %85(52—&) sin2 ‘_; ’

2
. 2' 20
60152 — %ei(—éz+§1) sin@ — iﬁei(—éﬁ-fl) sin@ + %ei(—é’z+§1) cos? Q ,
- 0 . 6  r?
wiw] =TT cos? — — irzél cos> 3 + e sind ,
bl ) 9 . 2%‘_ .2 9 + 1"29 . 9
wrwy = rrsin® — —ir<é sin“ — + —sin 6 .
22 2 2Ty

The conditions (3.6) become

r2 . . .
iz = ((b + &) sine2 — &) sin6 — feose — £1))
2
2y = 7 (6 + &) cose — &) sin6 +dsiner — &) (3.7)
2
= %(251 cos® g — 2, sin? %) .

Then,

4 /42
. . . rv (0 AW ) o\ .
z% + Z\27 + z,zc = Z(Z + cos? (5)512 + sin’ <§>§22> .

This means that the element of length dz = | /Z% + 1'%7 + ZIZC ds of z-components is equal to the
round metric on the three-dimensional sphere multiplied by %

We rewrite conditions (3.7) in the differential form as

r2
dzr = Z((dgl + d&) sin(& — &) sin@ — d6 cos(&, — 51)) ,
2
dzg = rZ<(dsl + d&) cos(§ — £1) sin 6 + d6 sin(&, — sn) , (3-8)
2
dzk = rz(dfl — d& + (d&| + d&) cosb) ,

and calculate the element of volume in z-components as dv, = dzz A dz 7 A dzic, that yields

6 2
dv. = dzz A dzg A dzgc = %(ZSinQ)dQ A dE| A dEy = %dvx.
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Let r = r(0(s), &1(s), & (s)) be the equation in the hyperspherical coordinates of the
projection of a horizontal curve on the x-space. Let us consider the surface swept by the
radius-vector if a point runs along the projection r. The area dA of an infinitesimal trian-
gle lying on this surface with the vertices at the origin, at (r (s0), 6(s0), £1(s0), & (so)), and at
(r(so + ds), 0(so + ds), E1(so + ds), Ex(sg + ds)) is approximately equal to % dl,. Integrat-
ing, we obtain the area of a conic surface swept by the vectorial radius between the initial point

(7(50), 8(s50), £1(50), €2(50)) and a point (r(s), 6(s), §1(5), &2(5)):

2 . . .
We see that dI; = % dl, = dA. Integrating this equality we can say that the part of the length of
a horizontal curve [, in z-space is equal to the area of a conic surface swept by the radius-vector
of the projection of this curve onto the x-space.

The rate of the area change Aisdefinedas A = %. We proved the following theorem which
can be considered as a generalization of Kepler’s law.

Theorem 3.5. If a curve c is horizontal, then the rate of change of its z-components is equal
to the absolute value of the rate of the area change |A|, i.e., |z| = |A].

Theorem 3.6. A smooth curve c(s) is horizontal with constant z-coordinates if and only if
c(s) = (a1s, ... ,ass,21,22,23) withay, ... ,as € Randa? + ... + a2 # 0.

Proof. Letc(s) be ahorizontal curve with constant z-components zz = 7y, z J =22,2K = 23
Then the equation |22 = 0 = ﬁ(ﬁ + cos? (§)é2 + sin® (%)£2) implies
q m=V=73 2)51 )55 ) Imp

6 = 0, cos (%)51 =0, and sin (%)52 =0.

From the first equation we conclude that 6 = 09 is constant. In the case 6° # 7w + 2nk, and
09 £ 27n, k,n € Z, we see that & = 5? ,and & = ég . The parameterization of the curve c(s)
has the form

0

o (9 0 (0°) o0 0N . (0
c(s)= (s cos & cos (7>, s cos &, sin (?), ssin&; cos <7>, ssin&, sin (71)), 21,22, z3) .
If0° = 7w + 27k, k € Z, then
c(s) = (0, £scos &7, 0, £ssin &), 21, 22, 23)
by the formulas of hyperspherical coordinates. If 80 = 27n, n € Z, then

c(s) = (£ scos&l, 0, £ssin&), 0,21, 22, 23) -

Now, let us assume that c(s) = (ays, ... , ass, 21, 22, 23) With constant z-components. Set
as = (a1s, ... ,ass). Observe that (Za,a) = (Ja,a) = (Ka,a) = 0 for any vector a =
(a, ... ,aq). Then,

. 1 . s . 1 . s

i7=0= E(I(aS), (as)) = sTaa),  i7=0= E(J(aS), (as)) = 5WJa.a),

1 . N

zk=0= E(K(as), (as)) = E(ICa, a).

The horizontal condition (3.1) holds for all three z-components. L]
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4. Hamiltonian formalism

In this section we study the geometry of quaternion H-type groups making use of the Hamil-
tonian formalism. The geometry of the group is induced by the sub-Laplacian A;, = 2221 X 5
Since the vector fields X1, ..., X4 satisfying the Chow’s condition, by a theorem of Hérman-
der [10], the operator Ay, is hypoelliptic. Explicitly,

iXZ_ 82 +82+82 +82
« Bx% 2 8x32 Bxf

= dx3

1,5 5 5 oy d? 32 32
+4(x1~|—x2 + x3 +x4)(az%+azf7 az,zc)

ad 0

(xza—xl— 8x2 + X 48_x3_x E) Py

a a ad a
<_x43_xl_ 3@4‘ 28—)634-761@)@

Rl ad 0 0 ad
+<—x3a—1+ 4E+xla—x E>ﬂ

3 9 3
= A, + Z|x|2AZ + (Zx, V")a_ + (Tx, Vx)a_ + (Kx, v,c)ﬂ

d 4 9
whererz(B—XI,...,aM) Ay=>",_ laxz’A = 2 iz +3Z;<

The associated Hamiltonian function H (&, 0, x, z) is of the form
4

2
H(,0,x,2) = Z (ga - %((OII+ 07T +9;CIC)Xa,x)>

a=1

.1
1
= [ + JIxP101 + (622 + 65T +6cK)x.§) .

whereéa:%,a:l,...,4,0:(91,9j,9;<) (3ZI Bj] aj}c) and

0 0z -0 —07
—07 0 —-67 O
Oxc 07 0 (2
67 -0k —61 0

For simplicity, we introduce the notation M = 677 + 6 77 + 6xcK. The corresponding Hamil-
tonian system is

01+ 07T + 6K =

oH
X T E—i—/\/lx
oH
T = & Z
i =g = IXI 7+ (Zx,§)
. oH 1
7 =—:—|x|293+(Jx,é)
007 2 4.2)
o0H 1,
e = —— = —|x 20k + (Kx,
=g 51l i+ (Kx, §)
. oH 1
S ——— T
& o 2| [“x + M§&
. oH
f =—=0
0z
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The solutions y (s) = (x(s), z(s), £(s), 6(s)) of the system (4.2) are called bicharacteristics.

Definition 4.1. Let P(xo, z0), Q(x1, z1) € H. A geodesic between P and Q is the projection
of a bicharacteristic y (s), s € [0, 7], onto the (x, z)-space, that satisfies the boundary conditions

(x(0),2(0)) = (x0,20),  (x(1),2(7)) = (x7.27).
Lemma 4.2. Any geodesic is a horizontal curve.

Proof.  Letc(s) = (x1(s), ..., x4(s), z7(5), 27(s), zxc(s)) be a geodesic. The second equa-
tion of the system (4.2) implies

. 91 2 1 91' 2 1 . 1 .
ZI=7|X| +§(IX,2E)=7|X| +§(IX,)C)+§(I)C,2%'—X) (43)
Substituting the first equation of (4.2) in the last term of (4.3) we obtain

1 0 0 %
—(Tx, 26 — §) = —2=(Tx, Tx) — =L (Tx, Tx) — =(Tx, Kx)
’ 92 0 ’ 0 ’ 0 @4
= —F P + LI Lr. ) + 5 (KIxox) = ==
Here we use the properties (iv) and (v) of matrices Z, 7, K. Combining (4.3) and (4.4) we deduce
0 1 1
Z’I = EZ|_X|2 + E(Ix, 25) = E(Ix,)&) .
Similar calculations show that
07 . . .
7 = —|x| + = (Jx 25) (Jx,x), 2K = —| >+ = (ICx 25) (/Cx,x).

Therefore, c(s) is a horizontal curve by Proposition 3.1. L]

Properties (i) and (ii) of the matrices Z, 7, K give us the following identities for the matrix

M
M?=—197, M =—0PM, M*=191*, M’ =|0*M,.... 4.5)

Lemma 4.3.  The exponent exp (2s.M) is a rotation by the angle 4s|0| about the unit vector

© 0z 07 Ok

R RRTIE |9|) in the x-space.

Proof. We observe that

@) (2s|9|)4k N (250]) ¥+
exp (25M) = Xg . UZ @ el gm
(2s|9|>4’<+2 o (2s]0])H+3

P 4k +2)! |9| = (4k + 3)!

by (4.5). We conclude that the matrices M and exp (ZSM) commute. Note that

o]

3 250D o (2510
p (4k)! — (4 +2)!

= cos(2s|60])



Geometric Analysis on Quaternion H-Type Groups 277

and

=, @2sloHrl & @2slopHt
2(:) @k + D) _§ @k 43y e

With this notation, the matrix exp (2sM) has the form

cos(2s6]) |9\ Z sin(2s|0]) |9| K sin(2s|0]) |9| sm(2s|9|)
‘9‘ Z sin(2s|0|) cos(2s|0]) ‘9‘ 7 sin(2s|0]) ‘9‘ K sin(2s|0|)
|9| “K sin(2s|0|) ‘9‘ = sin(2s|0]) cos(2s16]) ‘9‘ Z sin(2s|0])
i ‘9‘ 7 sin(2s|0]) —T’C sin(2s]6]) |0| L sin(2s|0]) cos(2s]6])

It is an orthogonal matrix that represents the quaternions

0 0 0
H = cos(2s]6]) + é sin(2s|0))i + ﬁ sin(2s16))j + |9_IC| sin(2s|0])k

with |H| = 1. We can use also the form

6r. 0 0
H = ™1 = cos(2510]) + T sin(2s|0]), 1= @ i+ ﬁ j+ W]C'k

to say that H describes rotation about t by the angle 4s5|6|. L]

Let us try to solve the Hamiltonian system explicitly. The last equation in (4.2) shows that
the function H (£, 6, x, z) does not depend on z. We obtain that 67, 67, Oxc are constants which
can be used as Lagrangian multipliers. Multiplying the first equation of system (4.2) by M we
obtain

Mk =2MéE — |0x . (4.6)
Expressing Mé from (4.6) and substituting it in the equation for & from (4.2), we get
. Mx
f= @.7)

We differentiate the first equation of (4.2) and substitute it in the S from (4.7). Finally, we deduce

¥ =2 + Mx =2Mx . (4.8)

Let us solve the Equation (4.8). We substitute y(s) = x(s). The equation y(s) = 2My(s)
has a solution y(s) = exp(2s.,M)y(0). Therefore, X (s) = exp(2s.M)y(0). Integrating, we obtain

N

x(s) = x(0) + / exp(2tM)y(0)dt = x(0) + %(./\/l)_1 exp(2t M)y(0) :)
0

= x(0) -

M M
E exp(2s M) y(0) + 2|9|2y(0) =exp(2sM)K + C,

where K = 3 0|2M y(0) and C = x(0) — K. We know that the matrices M and exp(2s.M)

commute and M~ = WM' The Equation (4.8) gives the projection of the geodesics on the
x-space. Since exp(2s.M) is a rotation, we get

|x(s) = C| = [exp2s M)K| = |K] .
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One concludes that x (s) describes rotation about the vector T = (|00_I|’ %Jl, %).
Let us describe the z-components of a geodesic curve. We observe that the group structure
allows us to restrict our considerations to the curves emerging from the origin. Hence, x(0) = 0.

We have

exp(2s M) = cos(2s|0])U + %M .
Then,
£(5) = cos(2s|0 UL (0) + %Mm) , (4.9)
and
1 —cos(2sl0]) , . sin(2s10]) . .
X6 = M)+ S ERURO), (4.10)

from Lemma 4.3. If the curve is geodesic, then it is horizontal by Lemma 4.2, and we have
cos(2s]0])(1 — cos(2s|0]))
4160|?

(ZM(0), M (0))

1
iz = E(Ix(S),X(S)) =
sin(2s]6])(1 — cos(2s]6]))
41013
sin(2s1]6]) cos(2s|6])
410|

sin?(2s6])

41012
by (4.9) and (4.10). The properties (ii) and (v) of matrices Z, J, K imply

(I)'c(O), )'c(O)) = (IM)'C(O), M}&(O)) =0,

(ZMx(0), x(0))

(Zx(0), 2(0))

(Zx(0), Mi(0)) ,

and
(IM}Z(O), )&(0)) = —(Z)Z(O), MJ‘C(O)) = (I(HZI+ 07T + 0 K)x(0), fc(O)) = —Gzlfc(O)l2 .

Finally, we see that

o1 . 071x(0)]?

i = 3 (Tx(s), X)) = =g (1 —cos(slo) (4.11)
Similarly, we deduce that

1 . 6.7%(0)2

iy = E(jx(s),x(s)) = W(l — cos(2s10|)) (4.12)
and

1 . Oxc | (0)]?

i = 3 (Kx(s). £(5)) = =5 (1 = cos2s16) . (4.13)

Integrating Equations (4.11), (4.12), and (4.13) we get

) = PTEOP (0 sin(2s|9|))
T TR A
_ 0718 [ sin(2s]6])
z7(s) = 20 (s T ) , (4.14)
(s) = 9;C|5c(0)|2( _ sin(2s|9|))
RFTTERN CTTIA
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Lemma 4.4. Not all of horizontal curves are geodesics.

Proof. To prove this proposition we present an example. The curve

( ) S2 S2 3
cs) = 8 =S, Cc1,C2
2 2

is horizontal with ¢, ¢ constant. Indeed,

. S2 1 . . . . 1 2 N 2 S2 S2
ZI(S)=? E(xz)q—X1Xz+X4x3—X3x4)=§<s —3+s —?)=3,

. 1 . . . . 1 2 52 2 2
z7(s) =0, 5(—x4x1—X3xz+x2x3+x1x4)=§(—s -5t +?)=0,
. 1 . . . . 1, s° 53

Zxc(s) =0, 5(—X3X1+X4XZ+X1)C3—)62)C4)=z(—?-i—s—ki—s):().

From the other hand, the curve c(s) does not satisfy the system (4.8). The system (4.8) has the
form

1 =207 — Oks —07)
0 =2(—bzs — 675 + )
1 =2(bs + 67 +67)
0=2(07s — 0 — 015)

for the curve c(s). Summing up the first and the third equation, and then, the second and the forth
ones, we write the latter system in the form

2 =401

0= —40zs

1 =20ks +065+67)
0=207s — 0 — 075) .

We see that the first and the second equations contradict each other. L]

Lemma 4.5. A curve c is a geodesic for the group H if and only if

(i) c(s) is a horizontal curve and
(i1) c(s) satisfies ¢(s) = 2Mc(s).

Proof. 1f a curve is geodesic, then it is horizontal by Lemma 4.2. Proposition 3.4 implies that
the vector ¢ is also horizontal. Then, by (4.8) and (2.2),

4
E(s) = ) KaXa(c(s) =207(h2X1 — %1 X2 + i4 X3 — £3X4)

a=1
+ 29j( —x4X1 — x3X2 + 12 X3 +)'61X4)
+ 29/C( —x3X 1+ x4 X2 + X1 X3 —)'62X4)
= 207(52Z(X2) — 11Z(—X1) + X4Z(X4) — 13Z(—X3))
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+207(— 14T (X4) — 53T (= X3) + 62T (X2) + 51T (X))
+ 29}(:( — 3K (—X3) + x4 K (Xq) + X1 (X)) — )'CQIC(—XQ))

_ 291(1<gxaxa>> + 293(J(§xaxa>> + 26k (K(ixaxa»

a=1
=2Mec¢.

Let the curve c(s) satisfy (i) and (ii) of Lemma 4.5. The horizontality condition (i) of
Lemma 4.5 can be written in the form

. OH 1, ) 0H 1, ,
= —_-——= - 6 I . . = —-—— = - 9 , .
=g 2|x| 7+ (Ix.§), zig T 2|x| 7+ (Tx,§)
dH 1,
e = — = —|x|%0 Kx, &) . 4.15
e = 5o 51| K+ (Kx, §) (4.15)

We see that c¢(s) satisfies the second, third, and fourth equation of (4.2). The condition (ii) of
Lemma 4.5 admits the form X (s) = 2Mux(s) in the coordinate functions. Define the following
curve y (s) = (x(s), z(s), £(s), 0) in the cotangent space, where

x(s) 1

£= - - E/\/1x(s) with 6 = (6, 6,,63) constant . (4.16)

The relations (4.16) imply the first and the last equation of (4.2). Differentiating (4.16) we get

.xX 1. . Mx 1 1,
3 > 2/\/lx Mx > 2/\/l( &+ Mx) = Mé& 2| [“x
by (4.5) and the condition (ii) of Lemma4.5. Thus, y (s) satisfies the bicharacteristics system (4.2).

Then, the projection onto the (x, z)-space that coincides with c(s) is a geodesic. L]

5. Connectivity by geodesics

Let us ask in the following question. Would it be possible to join arbitrary two points of H by
a horizontal curve? A theorem by Chow [7] gives an affirmative answer. We present a direct proof
and calculate the number of geodesics connecting the origin with different points. Theorem 3.6
states that any two points (xg, zo) and (x1, zo) can be connected by a part of a straight line. Now
we move to the general situation.

Proposition 5.1.  The kinetic energy £ = % (47 +%3 +)'c32 +12) is preserved along the geodesics.

Proof. 1In fact,

% = (&, %) = 2(6r(i. Td) + 07 (&, T %) + (i, ki) ) = 0
by Lemma 4.5 and the property (v) of the matrices Z, 7, K. L]

5.1. Connectivity between (0, 0) and (0, z),z # 0

We need to solve the Equation (4.8) with the boundary conditions

x(0) = x(1) = z(0) =0, () =z".
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Theorem 5.2.  The geodesics joining the origin with a point (0, z') have lengths Iy, >, . . .,
where l,2n =4mm|z'|,m € N, and the corresponding equations are

1 —cos(2mms) _ . sin2mwms) .
Xp(s) = ———2Zx(0) + ————Ux(0), meN, 6.
2mm|z!| 2rm
where
1 1 1
0 ZI _Z’C ZJ
1 1 1
-z 0 —z z
Z= o A I (5.2)
Y 0 zz
z\17 —Z}C —ZIZ 0
and
in(2
() =2' (5 - M) meN. (5.3)
2nm
Proof.  Substituting s = 1 in (4.10), we calculate
0=l = COHO=D7 ), i) + S 20 oy = SO 2
= |Xx = — X y X X = X .
41014 41612 1012
Since the kinetic energy £ = M does not vanish, we deduce that
0| = /07 + 07 + 0 =mm, me N,
Equalities (4.14) give
L GROP 67RO, 6O 5.4)
L7 4mm)?> T 4@m)? K™ 4my? '
Thus, |z!| = %. The length of a geodesic y between the origin and (0, 2 is l(y) =

fo] |X(s)|ds = ~/2&. Therefore, 1,2,,()/) = 47rm|z'|. Each number m € N defines the length of a
geodesic joining (0, 0) with (0, z'). The Equations (5.4) define

Z1

2!

_4@m)*zt wme!
1x(0)? |1

= 16|

’

where we used |x(0)|2 = 47m|z!|. Substituting 6 in (4.10), (4.14) we obtain the Equations (5.1)
and (5.3) for geodesics. L]

Let U be a neighborhood of the origin O. From Theorem 5.2, we know that no matter how
small U is, we can always find points in U which are connected to O by an infinite number of
geodesics. This is totally different from the Riemannian geometry. It is known that every point
of a Riemannian manifold is connected to every other point in a sufficiently small neighborhood
by one single, unique geodesic.
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5.2. Connectivity between (0, 0) and (x,z),x #0,z # 0

Now, we will look for a solution of the Equation (4.8) with the boundary conditions

x(0)=0, z(0)=0, xH=x", z()=7".

Let us make some previous calculations. We obtain

.2
2 _sin?jol
= =g P (5.3)

from (4.10). Putting s = 1 in (4.14) and making use of (5.5) we obtain

|)'c(0)|2(1 B sin2|9|)

=y +Gm+ o =T 200

(5.6)

_ \x1|2< o1 _ cot|9|) = —|XI|2M(9)
4 \sin? 6| 4 '
where u(6) = Sirjﬁ |‘9| —cot |8|. The function p(0), introduced by Gaveau in [9], was first studied

in detailed by Beals, Gaveau, and Greiner in [1, 2, 4]. In the following lemma, one finds some
basic properties of the function .

Lemma5.3. The function () = ﬁ —cot 0 is an increasing diffeomorphism of the interval
(—m, ) onto R. On each interval (mmw, (m + 1)7), m = 1,2, ..., the function  has a unique
critical point c,,. On this interval the function p strictly decreases from +oo to jt(cy,), and then,
strictly increases from j(c,,) to +00. Moreover,

ulem) +m < pulemat), m=1,2,....

The graph of () is given in Figure 1.

607
507

40r

30

20+
4]z

et o] U U/

Tt 271 3T 4 77 5 6 7T

101

FIGURE 1  The graph of u(6).
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Theorem 5.4. Given apoint Q(x', z') withx! # 0, z! # 0, there are finitely many geodesics

Jjoining the point O (0, 0) with a point Q. Let |0|1,10]2, ... , |6|n be solutions of the equation
42|
— =u(f]) . (5.7
']

Then the equations of the geodesics are

. [4(sin(2|9|m) sin2(s]0 ) — sin(2s|0 ) sin? |9|m)Z
Xm(s) =
€' [* (2101 — sin(21601m))

(5.8)
+ (cot [0 ] sin(s]0]m) cos(s]]m) + sinz(s|9|m))Ui|x1 ,
l .
2! (25161, — sin(2s]61m))
m = =1,2,...,N, 59
) = oL, — sin2161m) " 6

where Z is the matrix (5.2) The lengths of these geodesics are

12 = (0l (x| +4[2')) ,

where

x2

v(x) = — - .
sinx(sinx — cosx) + x

The graph of v(x) is given in Figure 2.

10

FIGURE 2  The graph of v(x).

Proof.  Let us fix |0],,, which is one of the solutions of the Equation (5.7) for a given point
0(x', z"). Puts = 1 in (4.14) and obtain

o 8z'1o13, _
1% (0)12(216|m — sin(2/01m))

(5.10)
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Substituting 6 in (4.14) we get (5.9).
Setting s = 1 in (4.10), we find x,, (0) for |6],:

Xm(0) = 2|9|m[sin(2|9|m)u + (1 — cos(2|9|m))|9£|] xl = [(|9|m cot |6‘|,,,)L{ - M]xl .

This and (4.10) imply

X (8) = %[(2 cot |0 sinz(s|0|m) — sin(2s|9|m))ﬂ

161m
+ (cot |01, sin(2s|0],m) + 2sin2(s|9|m))u]x1 . (5.11)
Combining (5.5) and (5.10) we get 6 = M. The last equation yields
12 (206 —sin(216]) )

8101 sin® |0

= 5 - (5.12)
|17 (2161 — sin(2161)
as a consequence, where Z is the matrix (5.2). Finally, (5.12) and (5.11) give (5.8).
The length of a geodesic y (s) connecting (0, 0) and (x!, z!) is
1 0 xl
I(y) = / |X(s)|ds = vV2E = M . (5.13)
0 [ sin [0]]

To calculate all lengths of geodesics joining (0, 0) to (x!, z!) we use the homogeneous norm
|(x, 2)|* = |x|? + 4|z| and deduce that

: 2
P! = [ P Pre6ln) = (1 + a8l 2l 2

o "
by (5.6) and (5.13). Then
|9m|2 112 1 112 1
12 = 4 = (|0 4 .
" = S oo ] — cos D 1o F |+ 4D =8 (] 4lT])
This completes the proof of the theorem. L]
Remark 5.5. Observe that if we fix z!, and if |x!| tends to zero, then the ratio % increases

1
and the number of solutions of the equation % = (]0]) also increases (see Figure 1). In

0s(]0]) sin(10])

this case, the function p(|6]) = 1o1=c tends to infinity as |x!| — 0, and we obtain

sin?(16])
that sin?(|6]) = 0 and |#| = 7wm, m € Z. One sees that Theorem 5.2 is the limiting case of
1
Theorem 5.4 as the ratio % tends to oo.

If H=Hz, H=H7 or H = Hg, our result coincides with a description of geodesics on
Heisenberg group (see [2, 6]).
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6. The Lagrangian formalism on H

The Lagrangian L : TR'* — R can be obtained from the Hamiltonian (4.1) using the
Legendre transform in (x, z). The Lagrangian is given by the maximal distance between the
hyperplane (£, %) + (6, z) and the convex surface given by the Hamiltonian in R'#:

L(x,z,%,%) = max((g X)+(0.2) — |s|2—f—t|x|2|9|2—(Mx,s)>

= F(x,z,X,2,£,0).
rr;%X (x,z,%,2,§,0)

The necessary condition for reaching the maximum is vanishing of partial derivatives %g =0
and %—g = 0. The last conditions can be written in the form
oH oH
X = = 2§ + Mx, I=—".
0E 5 a0

The first four equations of the Hamiltonian system (4.2) are easily recognized. Expressing & from
the first equation leads to § = %()'c — Mx); that implies

1,1 .
(s,x>=—|x|2—5<Mx,x),
21 %]

1 1
|s|2=T——<M B+ (MxM 0= - M)+ ZxPle, 6D

(Mx, §) = E(Mx,J&) - 5|x| 2lo)* .
Substituting (6.1) in the Lagrangian yields

1 1
L(x,z,%,2) = Z|)e|2 +@0,z2) — E(Mx,fc). (6.2)

The action integral

S, 1) = /T L(c,¢)ds
0

is to be minimized. It splits in two terms: the kinetic energy IT and the nonholomorphic
constrain (0, z) — %(./\/lx, x). The constants 67, 6 7, Oxc are called the Lagrangian multipliers.
The minimum of the action is attained at the critical curve c(s) satisfying to the Euler-Lagrange
system

d (BL) oL

— = —. 6.3
ds \ d¢ ac ©.3)

Lemma 6.1. A solution of the Euler-Lagrange system (6.3) is geodesic, if and only if, it is a
horizontal curve.

Proof.  If the solution of the Euler-Lagrange system is geodesic, then it is a horizontal curve
by Lemma 4.2. Let us show that if a horizontal curve c(s) is a solution of system (6.3), then this
curve is geodesic. We calculate

d(E)L) i@__Mx):f_lM;c, O _ Ly,

ds ds 2 2 0x 2
d <8L) . d P oL _
8z/) ds ' 9z
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Finally, the system (6.3) admits the form
X =2Mx, 6 =0. (6.4)

The horizontal curve c(s) satisfying (6.4) is geodesic by Lemma 4.5. L]

6.1. Lagrangian symmetries

Lemma 6.2. The LagrangianL(c, ¢) = 4—1‘ X248, 2)— %(Mx, X) is left invariant with respect
to the left translation L, by an elementa € H, i.e., L(c, ¢) = L(c, ¢), where ¢ = L,(c).

Proof. Putc(s) = (x(s), z(s)) and a = (g, p). Since

1 1 1
5(S)=La(C(S))=<x +q,z27+ p1 +§(IQ,X), 27+ pg +§(Jq, x),zKc + pc + g(iCq,x))
we have |

X(s)=x(s),  Z7(s) = z7(s) + 5 @4, %)

212
We see that the kinetic energy % is preserved. Then

ez(z} — %(zyz, ﬁc)) - 91(21 + %(Iq, i) - %(I(x +q), x>> - 91(21 - %(Ix, x)) .
By analogy, we have
67(7 - %(Jf,fc)) =07(27 - %(Jx,fc)) :
e,c(z}z - %(/@z,f)) - G;C(z';c - %(ICx, x)) .

It shows that the nonholomorphic constrain (0, z) — %(Mx, x) is left-invariant. Hence, the
Lagrangian is invariant under the left translation on the group H. L]

Corollary 6.3. The solution of the Euler-Lagrange system (6.3) is invariant under the left
translation on the group H.

Let us find the fist integral of the motion equation. The existence of the first integral is a
consequence of the Noether’s theorem. We give the necessary definition and the statement of the
Noether’s theorem. Let M be a smooth manifold, and let L : TM — R be a smooth function on
its tangent bundle T M. Let g : M — M be a smooth map.

Definition 6.4. A manifold M with the Lagrangian L admits the mapping g if for any tangent
vector U € T M, the equality L(gU) = L(U) holds.

Noether’s theorem. If the manifold M with the Lagrangian L admits a one -parametric
group of diffeomorphisms g* : M — M, s € R, then the Euler-Lagrange system (6.3) has the
first integral I : TM — R. In local coordinates q € M the integral I is written in the form

L dg’(q)
g’ ds

1(q,9) = ( S:o) . (6.5)
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In our settings M = H, g = (x, z), and

9L (L oL Lt~ ). 6006
==\ ) =56 -Mx),01,07, :
3G \ox’ 3z 2 ACAAG

Corollary 6.3 implies that the left translation L, is admissible for the group H with the La-
grangian (6.2). Set g(x,z) = Ly4(x, z). There are seven independent one-parameter groups of
diffeomorphisms gf = Lg,(s)(x, z) generated by

al(s) = (s? O’ 07 Os Os 07 0)7 aZ(S) = (O,S,O, 07 Os Oa O)s
as(s) 0,0,s,0,0,0,0), as(s) =(0,0,0,s,0,0,0),

and
az =(0,0,0,0,5,0,0), ay=1(0,0,0,0,0,5,0), ax =1(0,0,0,0,0,0,5).

The associated vector fields are

(1709 0’ 07 _%x29 %x47 %x3) for ai,
(07 19 0’ 07 %xla %x% _%x4) for a ,
1 1 1

dg;(x,z) (0,0,1,0, 1‘?‘4’ 1‘2’“21’ —3x1)  for as ,

a5 lseo — | (00,01, 535, =331, 3x2) for as

(07 Os 01 07 11 07 O) fOr art ,
(07 09 0’ 07 09 17 O) fOI‘ aj ,
0,0,0,0,0,0,1) for arg .

Making use of (6.5), we obtain seven functional independent first integrals. Set I, = (11, ... , I1)

and I, = (Iz, 1 7, Ixc) for the simplicity of notations. Then,

I,
I, = Ex — Mx = constant I, = 60 = constant .

Differentiating, we get the Euler-Lagrange system (6.4).
Let R(x) be arotation in R*. We define a rotation R on the group Hby R(x, z) = (R(x), z).

Lemma 6.5. The one parametric group g°(x,z) = R*(x,z) = (exp(sM)x, z) leaves the
Lagrangian invariant.

Proof. In fact, the kinetic energy %|fc|2 = %| exp(s./\/l))'c|2 is preserved. The part (6, z) does
not change and

(Mx, %) = (Mexp(sM)x, exp(sM)x) ,

because the matrices M and exp(s M) commute. L]

Since the rotation is admissible for H with the Lagrangian (6.2), we can calculate the first
integral. The vector fields, generated by the one parametric group of rotations are

g'(x,2)
ds

= (Mexp(sM)x, O)’ 0= (Mx,0) .

s=0 s=
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The first integral associated with the rotation vector field is
. L. 1 1. I 5 »
I.(q,q) = E(x, Mx) — E(Mx, Mx) = E(x, Mx) — §|9| |x|“ = constant
by (6.5).
Lemma 6.6. If a curve c is geodesic, then for any a € H

(i) the left translation ¢ = L,c also is geodesic,
(ii) the geodesics c and ¢ are of the same length.

Proof.

(1) If ¢ is geodesic, then it is horizontal by Lemma 4.2, and it is a solution of system (6.3) by
Lemma 6.1. The left translation of horizontal curve is horizontal by Proposition 3.3 and the
solution of the Lagrangian system (6.3) is invariant under the left translation by Corollary 6.3.
We conclude that ¢ is horizontal and solve the system (6.3). Applying Lemma 6.1 we get that the
left translation ¢ of a curve c is geodesic.

(i) We have |¢| = |é| by (3.3). We get

1 1
l(c):/ |é|ds=/ |é|ds = 1(¢) . 0
0 0

7. Complex Hamiltonian mechanics

Our aim now is to study the complex action which may be used to obtain the length of real
geodesics.

Definition 7.1. A complex geodesic is the projection of a solution of the Hamiltonian sys-
tem (4.2) with the nonstandard boundary conditions

x(0)=0, x()=x' z(0)=0, z(1)=z', and
07z = —it;, 07 =—in, Og=-—it,

on the (x, z)-space.

Let us introduce the notation —it for the vector (—ity, —iTp, —it3). We write |T| =
VT + 1 + 15, and —i(t, 2) = —itizz —itazgy —itszk. Then |0] = /07 4+ 6% + 68 =ilz].

Notice, that we should treat the missing directions apart from the directions in the underlying
space.

Definition 7.2. The modifying complex action is defined as

1
f(xl,zl,t):—irlzlz—itzzg—imz}ch/ ((4,6) —H(x,z,&,))ds. (1.1
0

Making use of the formulas (4.1), (6.1), and then of the value of the energy £ = W =
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%#, we deduce
1
fll 2l t) = —inzyp — iz —itazg +/ ((+,8) — H(x,z,&,1))ds
0
1 . 2
x(s 1
—-iea)+ [ (B0 - Soma)as
0 4 2
=—i(r.z") +

= —i(r,zl)+

X0

1
/ cosh(2s|t]|) ds
0

X' @lth?  sinh(2lt))
4 sin®(—ilz]) 27l
!

4

=—i(r,2') + |t|coth || .

The complex action function satisfies the Hamilton—Jacobi equation

S o af of
];Tka—m‘}‘H(x,Z,a—x,a—Z):f.

Indeed, we have

2
d x!
—f = —izé — i| 4| t—ku(ilrl), k=1,2,3, and B=7Z,7,K, respectively.

o 7]
2
of of & X7 e
H(X7Z7_7_):HX,Z, VI)=—= ———F— .
dx 9z ( =0 2 4 sinh? 7|
Then
23 af““H( z af) ( 1)+|xl|2( Jeludle) + —7 )
T_ x’Z7_’_ =_l f’z T _lf lT
P “om dx " 9z 4 a sinh? |7|
ooy,
=—i(r,2') + |z|coth|z] = f .
In the critical points 7., where % = 0 we have
E P
11
, , Te :H:—:— s
flxh 2 ) 5 =7»

where a geodesic curve y connects the origin with (x!, z!).

8. The connection form

A contact form « on a (2n + 1)-dimensional manifold M is a (local) 1-form with the property
that (2n 4+ 1)-form o A (da)” does not vanish.

Let us consider five-dimensional manifolds Hz, H7, Hx. The 1-forms 97, 7, Uk
from (2.4) are contact forms on the groups Hz, H 7, Hx, respectively. We have

97 A (dO7)* =2dzz A dxi A dxa A dxz Adxs
97 AdV7)* =2dzg A dxi A dxp A dxs Adxy
O A (dOx)? = 2dzic A dxy A dxa A dxy Adxy
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which are the volume forms on R?.
The 2-forms dd¥g, 8 =1, J, K are called the curvature forms:

dd7 =dxi N dxy +dxz AN dxy, dOg =dxs N dxy +dxz A dxy,
ddx =dxz A dxy+dxa A dxg .

On the group H which is a seven-dimensional manifold we consider the 1-form ¢ = 6797+
07V 7 + OV and the curvature 2-form
Q=dv =07(dx) A dxy +dx3 A dxg) +057(dxs A dx1 +dxz A dxz)
+ Oxc(dx3z A dxy +dxy A dxyg) .

Observe that in the case of the group H the topological dimension is equalto 7 =2 -2 + 3 and
9 A (dD)? =210|(07dzr + Ordzg +0cdzc) A dxi A dxa A dxz A dxy

does not vanish if 07 dzz + 6.7 dz 7 + Oxc dzxc # 0.

Let us consider the horizontal distribution 7, H; = span{X(q), ..., X4(q)} on H. The
dual 1-form ¥ is such that ker, ¢ = T,H,.

Definition 8.1. A nondegenerate, positively definite bilinear form g, : T,H, x T,H; — R*
at any point ¢ = (x, z) € H, is called a subRiemannian metric.

Since 7?2 = J2 = K2 = (/‘\9/1—‘)2 = —U, the matrices Z, 7, K or ﬁ/\/l can be considered as

complex structures J on the horizontal distribution 7, H.

Definition 8.2. A Hermitian metric on a real vector space V with the complex structure J
is a nondegenerating, positively definite inner product 4, such that h(J X, JY) = h(X,Y) for
X,YeV.

Definition 8.3. The fundamental 2-form @ is defined by ®(X, Y) = h(X, JY) for all vector
fields X and Y. An Hermitian metric on a vector space V with the complex structure J is called
the Kéhler metric if its fundamental 2-form is closed.

‘We consider the horizontal distribution 7, H as a vector space V, and take ﬁ./\/l as a complex
structure J.

Lemma 8.4. The subRiemannian metric g in which X1, ... , X4 are orthonormal is a Kih-
ler metric on T,H. The fundamental 2-form is ® = Q. Hence, Q(U,V) = g(U, MV) =
|01g(U, JV) for all horizontal vectors U and V.

Proof. We note that 2-form Q is closed, because it is exact Q = d.

Let us verify that g, is an Hermitian metric. Let U = Zizl UyXyand V = Zi:l Vo Xo
be two horizontal vector fields. Then

0 6z —6c -0y U, 07Uz — OcUs — 0;Us
—67 0 -6y O Uy —07zU1 — 07Uz + O0cUs

MU = . —
Ox 07 0 (s Us OcUr + 07U + 67U,

07 —Ok —01 0 Us 07U —0xUz — 67U3
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Making use of bilinearity of g and orthonormality of X1, ... , X4, we obtain
| 4
Wg(MU,MV) =) UyVa=2gU.V). (8.1)
a=1

The values of €2 on the basic vector fields are

Q(X1, X2) =07, QX1,X3)=-0k, QXi,X4)=-075

(8.2)
Q(X3, X3) =—-07, QX2,X4)=0c, QX3,X4)=07.

Then

QU. V)= Y UiV —UjV)QUXi, X;) = 07(U1Va — UaVi + Uz Vi — Us V)

I<i<j<4

+07(UsVy — U1 Va+UzVo — UaV3) + 0xc(Us VI — U1 V3 + UaVay — Us V) .

On the other hand, we deduce

gU, MV)=060,U1 Vo — U1 V3 —0;U1Vy — 07UV — 07U V3 + OxcUs Vy
+O0cUsVi +07U3Vo 4+ 07U3Va + 07U V1 — OxcUs Vo — 07U4 V3
=07 (U1V2 — U2V + UsVy — Uy V3)
+07UsVy — U1 Va+ UV — Uy V3)
+ 0 (UsVi = U V3 + UaVa — UsVp) .

The equality Q(U, V) = g(U, MV) concludes the proof. L]
Corollary 8.5. g(U, MU) = 0 for any horizontal vector U.
Proof. g(U, MU) = Q(U, U) = 0 by skew symmetry of . L]

Set w : T,H — R* for the projection from the horizontal distribution onto the x-space:
T(Xy) = 2 o= 1,...,4. Weobserve that dx; A dx;(U, V) = U;V; — U;V; which is equal

0xy°
to the oriented area of projection of the parallelogram generated by 7, (U) and m.(V) onto the

lane x;x ;. The expression
j

QUU,V)=0z(U1Va — U Vi + UsVy — Us V3)
+O07UsV1 = U1 Vs +U3Vo — UaV3) +0ic(Uz V) — U1 V3 + UaVa — Us V)

shows us that a suitable linear combination of oriented areas of projections is equal to Q (U, V).

Proposition 8.6. Let c¢(s) be a geodesic curve on H. Then, 2Q(U, ¢) = g(U, ¢) for any
horizontal vector field U .

Proof. Q(U,¢) = g(U, Mé) = 3g(U, &) by Lemmas 4.5 and 8.4. ]
Lemma 8.7. Letc(s) be a geodesic. Then,

(1) the vectors ¢ and ¢ are orthogonal in the subRiemannian metric,
(ii) the length of ¢ in the subRiemannian metric is constant along the geodesic,
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(iii) the length of ¢ in the subRiemannian metric is constant along the geodesic.

Proof.

(i) Since the vectors ¢ and ¢ are horizontal, we have g(¢, ¢) = 2g(¢, M¢) = 0 by Corollary 8.5.
(i) Differentiating gives %g(c', ¢) = g(c,¢) + g(c, ¢) =0by ().

(iii) g (¢, &) = 4g(Mé, Mé) = 410)%g (¢, ¢) = const by (8.1) and (). L]

We can consider geodesics as curves in R”. The value x(s) = |% ﬁ| is called the curvature
of the curve c(s). If s is the arc-length parameter, then |¢(s)| = 1, and x(s) = |¢|. Replacing the
Euclidean metric by the subRiemannian metric we have x(s)> = g(¢, &) = 410|>g(¢, ¢) = 4/0)?,
where s is the arc-length parameter. We proved the following corollary.

Corollary 8.8. The curvature of any geodesic curve is constant, x(s) = 2|0|.

Lemma8.9. LetJ = ﬁ/\/l be a complex structure on the horizontal distribution T,H. Then,

1
JU = W(Q(Xl, U)X1 + Q(X2, D) X2+ Q(X3, U)X3 + Q(X4, U)Xy) . (83)

Proof.  For the horizontal vector fields of the basis we have

MX1 = -07Xo + 60 X3 +07X4

= Q(X1, XD X1+ Q(X2, X1) X2 + Q(X3, X)) X3 + Q(Xg, X)Xy,
MXy) =07X1 +607X3 — 0 X4

= Q(X1, X2) X1 + Q (X2, X2) X2 + Q(X3, X2) X3 + Q(X4, X2) X4,
MX3 = -0 X1 —07X2 —07X4

= Q(X1, X3) X1 + Q(X2, X3) X2 + Q(X3, X3) X3 + Q(X4, X3) X4,
MXy=—-07X1 + 60X +607X3

= Q (X1, X4) X1 + Q(X2, X4) X2 + Q(X3, X4) X3 + Q (X4, X4) X4,

8.4)

by equalities (8.2). Since both sides of (8.3) are linear, we deduce (8.3) from equalities (8.4). [

8.1. Computing the Carnot-Carathéodory metric

Recall that a curve y (s) = (x(s), z(s)) is called horizontal if y (s) € T;H, (), i.e.,
Ir() = dzr() — 5 (Tx, dx(7)) =0,
97(7) = d2gG7) — 3 (Tx,dx () = 0.
I = dexc(7) — 3 (Kx, dx(7) = 0.

By Chow’s theorem [7] any two points P (xg, zo) and Q (x I z!) can be connected by a horizontal
curve. Theorems 3.6, 5.2, and 5.4 show that these curves may be chosen smooth. The set of
horizontal curves S = {y : y is horizontal , y(0) = P, y (1) = Q} is not empty. The length of
a horizontal curve y is [(y) = fol (g()}(s), )'/(s)))l/2 ds, where g is the subRiemannian metric.
The Carnot-Carathéodory distance dc_c (P, Q) between P and Q is defined by

dc—c(P, Q) =inf{l(y): y € §}.
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The following theorem can be found in [18]:
Theorem 8.10. Let M be a connected step 2 subRiemannian manifold.

(1) If the metric space (M,dc—c) is complete, then any two points can be joined by a
geodesic.

(2) Ifthereexists apoint P such that every geodesic starting at P can be indefinitely extended,
then (M, dc_c) is complete.

(3) Every nonconstant geodesic is locally a unique length minimizing curve.

(4) Every length minimizing curve is a geodesic.

As Theorems 3.6, 5.2, and 5.4 show, the geodesics, starting from the origin, are infinitely
extendable. Then the assertions (2) and (4) of Theorem 8.10 imply the following corollary.

Corollary 8.11. The metric space (H, dc—¢) is complete and every length minimizing curve
is a geodesic.

We can say that the Carnot-Carathéodory distance dc_c (P, Q) is
dc—c(P, Q) ={l(y) : y is the shortest geodesic joining P and Q}.
If we have points P(0,0) and Q(0, z1), then the square of the Carnot-Carathéodory distance
d(z;_c(P, Q) = 4n|zl| is proportional to the Euclidean distance in the z-space. If P (0, 0) and
Q(x', z!), then
d2_c (P, Q) = v(81) (]! + 42! I)

where |0|1 is the least solution to the equation ‘— wn(8)) =

There is another way to obtain the Carnot-Carathéodory distance. Let us consider the com-
plex action function.

—cot |9].
g cot 16|

<!

f(xl,zl,t)=—ir1z11—it1z£7—irlz,1c+ |t|coth || .

The critical point 7, can be found as a solution of the system

4z} th
| ITZ =it (CO| ||T| —sinh*2|r|), k=1,2,3, and B=7,7,K, respectively . (8.5)
X T

The latter system implies 1|2| = u(i|t|). We choose the solution i|t|. = |0, where |0]; is the

least solution of the equation 4z w(]8]). Then we find ., = (71, 172, 73) from (8.5).
q lx 1|2

The complex action function satisfies the Hamilton-Jacobi equation

3
af af of
— 4+ H .
Zrkazk+ <x’z’a 82) /
k=1
We have
11 E_r 2
f(-x,Z 7rC):H:E:_(y):dC7C(P’Q)7
at the critical points 7., where 9 = 0. The geodesic curve y connects P (0, zo) with o@x', zh

and the critical value 7. defined by (8.5) is such that i|z.| = |0];.
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