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ABSTRACT. We define the extremal length of horizontal vector measures on
the Heisenberg group and study capacities associated with a linear sub-elliptic
equation. The coincidence between the definition of the module of horizontal
vector measure system and two different definitions of the capacity is proved.
We show the continuity property of the module of a family curve generated by
a module of horizontal vector measure.

1. Introduction

The concept of the extremal length and the module of a family of curves goes
back to H. Grétzsch, A. Beurling, L. V. Ahlfors [1, 16]. In 1957, B. Fuglede [14]
introduced the module of a measure system. These notions play an important role
and have numerous applications in analysis and potential theory. The interest in
non-linear elliptic equations has inspired a more general notion of the module of a
family of curves and the capacity associated with this type of equation [2, 19, 20,
21, 25].

Recently, analysis on homogeneous groups (the simplest example of which is
the Heisenberg group) has been developed intensively. The fundamental role of
such groups in analysis was pointed out by E. M. Stein [35] in his address to the
International Congress of Mathematicians in 1970; see also his monograph [36].
Briefly, a homogeneous group is a simply connected nilpotent Lie group whose Lie
algebra admits a grading. There is a natural family of dilations on the group,
under which the metric behaves like the Euclidean metric under the Euclidean
dilation [7, 13]. Analysis on homogeneous groups is a testing ground for the study
of general sub-elliptic problems arising from vector fields X1, ... , Xy satisfying the
Hormander hypoellipticity condition [22]. An important motivation for the study
of quasilinear sub-elliptic equations of the second order comes from the theory of
quasiconformal and quasiregular mappings on stratified nilpotent groups [8, 15, 18,
31, 38]. Quasilinear sub-elliptic equations generate interest in a concept of capacity
and extremal length associated with this type of equation. The foundation of the
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theory of quasilinear sub-elliptic equations and non-linear potential theory can be
found in the papers [3, 4, 5, 9, 12, 17, 28, 29| (see also the references therein).
In the present work, based on ideas of [2], we define a horizontal vector measure
on the Heisenberg group. The non-Riemannian geometry of the group and proper-
ties of sub-elliptic equations force us to introduce some natural modifications. We
prove the continuity property of the module of a family of curves related to the
module of horizontal vector measures. The coincidence between the definitions of
the module of a measure system and two definitions of the capacity associated with
a linear sub-elliptic equation is established. We emphasize that the present article
can be considered as model example for the studying relations between the module
and the capacity on an arbitrary homogeneous group. In the next paragraph, the
reader finds explicit definitions and detailed formulations of the main results.

2. Definitions and statements of main results

In our model of the Heisenberg group H", we take R?"*! as the underlying
space and provide it with the non-commutative multiplication

n
pq = (I,t)(x/,t/) = (I’ + $/7t+ t/ _ 2Z(I7I;+z — In+7x;)> ,

i=1
where = (z1,... ,79,), ' = (2},... ,75,) € R?" t,# € R; hence the left transla-
tion L,(q) = pq is defined. The left-invariant vector fields
0 0 0 0 0
Xi:_ 2ni_7 an:—_QZ_u b:17"‘7 ) T:_u
R T T n ot
form a basis of the Lie algebra of the Heisenberg group. There exist non-trivial
relations [X;, X,4i] = —4T, i = 1,... ,n, and all other Poisson brackets vanish.

Thus, the Heisenberg algebra G is of dimension 2n + 1 and splits into the direct
sum G = V; @ V. The vector space V; is generated by the vector fields X;, i =
1,...,2n, and is called the horizontal space. The space V5 is the one-dimensional
center spanned by the vector field T. By definition, the horizontal tangent space at
g € H" is the subspace HT, of the tangent space Tj spanned by the vector fields
XI(Q)? ce 7X2n(q) at g.

We use the Carnot-Carathéodory metric based on the length of horizontal
curves. An absolutely continuous curve 7 : [0,b] — H" is said to be horizontal
if its tangent vector 7'(t) lies in the horizontal tangent space HT ), i.e., there
exist functions a;(s), s € [0,b], such that

Za?(s) <1 and A/(s)= Zaj(s)Xj(7(s)).

The results in [6] imply that one can connect two arbitrary points p, ¢ € H” by a
horizontal curve. We fix a quadratic form (-,-) on HT with respect to which the
vector fields X1(q),. .., Xon(g) are orthonormal at every point ¢ € H". Actually,
we take the Euclidean quadratic form. Then the lengths of the curve {() is defined
by the formula

(y) = / (7 (5),7/ () /2 ds = / (Z |aj<s>|2)1/2 ds.
0 0

j=1
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The Carnot-Carathéodory distance d.(p, ¢) is the infimum of the lengths over all
horizontal curves connecting p and ¢ € H". Since the vector fields are left-invariant,
the quadratic form is also left-invariant, and so is the Carnot-Carathéodory metric.
We write the norm of a vector &€ € V; as |€] = (€, €)1/

On the Heisenberg group, the natural dilation 6xqg = 6x(z,t) = (Az, A%t) is
defined. One easily checks that the Jacobian determinant of the dilation 6y is A%,
where @@ = 2n + 2 is the homogeneous dimension of the Heisenberg group. The
metric space (H",d.(-,-)) has Hausdorff dimension @ = 2n + 2, which is greater
than the topological dimension N = 2n + 1. We also use the homogeneous metric

2n 2 1
d(p,q) = |p~'q| generated by the homogeneous norm |q| = (( > x2> + t2) 4,

i=1

16xg| = Mlg|, p,q € H™. The metrics d.(-,-) and d(-,-) are equivalent [23]. The
metric d(-,-) is preferred, since it satisfies the triangle inequality: [p~tq| < |p| + |¢|
[24], while the Carnot—Carathéodory metric d.(-,-) satisfies only the generalized
triangle inequality: d.(p,q) < K(d.(p,w) + dc(w, q)) with a constant K > 1.

Lebesgue measure is the Haar measure on the Heisenberg group. We see that
m(B(r)) = r9m(B(1)), where m(-) denotes the Lebesque measure and B(r) is a
ball of radius 7. It is convenient to choose the normalization m(B(1)) = 1, so that
balls of radius » have measure precisely r<.

P
A curve v : [0,1] — H" is rectifiable if Sup{ > dc(v(sk)ﬁ(sk,l))} is finite,
k=1

where the supremum ranges over all partitions 0 = 59 < 59 < ... < 5, =1 of
the segment [0,!]. Note that the definition of a rectifiable curve is based on the
Carnot-Carathéodory metric. For this reason, only horizontal curves are rectifiable
(see [23]). Thus, henceforth we work only with horizontal curves.

We define an absolutely continuous function on curves of the horizontal fibra-
tion. For this, we consider a family of horizontal curves X that form a smooth
fibration of an open set U C H"™. Usually, one can think of a curve v € X as an
orbit of a smooth horizontal vector field X € V;. If we denote by ¢, the flow associ-
ated with this vector field, then the fiber is of the form v(s) = ¢, (p). Here the point
p belongs to the surface S which is transversal to the vector field X. The parameter
s ranges over an open interval J € R. One can assume that there is a measure dy
on the fibration & of the set U C H". The measure dy on X is equal to the inner
product of the vector field X € V; and a biinvariant volume form dz (for more
information, see, for instance, [11, 24]). The measure d7 satisfies the inequality

koR% < LexanBeryz0 ¥ < k’lR% for sufficiently small balls B(z, R) C U
with constants ko, k1 which do not depend on the ball B(z, R) [24, 37].

We use the symbol Q2 to denote a domain (open connected set) on the Heisen-
berg group.

DEFINITION 2.1. A function v : Q@ — R, Q@ C H", is said to be absolutely
continuous on lines (u € ACL(R)) if for any domain U, U C (, and for any
fibration X defined by a left-invariant vector field X;, j = 1,...,2n, the function
u is absolutely continuous on v N U with respect to H!'-Hausdorff measure for dy-

almost all curves v € X.

The derivatives Xju, j = 1,...,2n, exist almost everywhere in Q for such
functions u [24]. If they belong to L,(2), p > 1, for all X; € V4, then u is said to
belong to ACL,(Q).
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A function u :  — R is said to belong to the Sobolev space L;(Q) if its distri-
butional derivatives X;u along horizontal vector fields X; exist forall j = 1,... ,2n,
e, [oXjupdr = [juXjpdr for all ¢ € C§°(2), and have finite semi-norm
||U||Lll)(Q) = (Jo IVoul?(z) dz)'/?. Here Vou = (X1u, ..., Xonu) is the horizontal

2n 1/2
gradient of u and |Vou| = (Z |Xju\2) . Ifu € ACL,(Q), then the derivatives
j=1

Xju, j = 1,...,2n coincide with the distributional derivatives of u. Conversely,
for any u € L1(€2), there exists a function v € ACL,(Q) such that u = v almost
everywhere in the domain Q [32, 39].

Let A(z) = (a;j(z)), = € Q, be a positive definite symmetric (2n x 2n)-matrix
with measurable components a;;(x) such that

(2.1) a”lE] < |AE] = (AL, A < al¢]

for any horizontal vector £ = (&1,...,&2,) and some constant « > 1. We denote
by B(z) = (bij(z)) the inverse matrix to A(x). The matrix B(xz) also satisfies
inequality (2.1).

2n
With A one can associate a second order sub-elliptic operator (— > XjAQ(x)Vo) ,
j=1

where Vou = (Xju, ..., Xopu) for any smooth function w. If A is the identity ma-
trix then we obtain the sub-Laplacian operator on the Heisenberg group.

Recall the definition of the module of a system of measures [14]. Let (X, N, m)
be a measure space with a non-negative measure m. Denote by £ the system of
measures y in X whose domains contain the domain N of m. The quantity

M(€) = inf{/ f2dm: f >0 an m-measurable function, /fd,u > 1forallpe 5}

is called the module of the measure system &.

In the present paper we deal with the module of a system of vector measures
related to the stratified structure of the Lie algebra of the Heisenberg group. Let
w= (u1,...,p2,) be a vector measure whose components p; are signed measures
defined for Borel sets in H". The dimension of the vector measure coincides with the
dimension of the horizontal space V7, so we call this measure the horizontal vector

2n 1/2
measure. Define the total variation |u| of p by |u|(E) = sup)_ ( > uf(EJ)) ,
7 Vi=1

where the supremum is taken over all finite partitions of F into Borel sets E;. The
total variation |u| is a non-negative measure.

Example 1. If T' is a family of horizontal curves, then we have a family of
horizontal vector measures {d’y =dyi,... ,dYyon: Y E I‘}.

Example 2. The horizontal gradient of an ACL-function is another example of
a horizontal vector measure {Vou: ue ACL(Q)}.

DEFINITION 2.2. Let M be a set of vector measures p. Set
M| = {|p| : p € M}. If M(JM]) = 0, then we say that M is exceptional. If
a statement with respect to vector measures fails only for an exceptional system,
then we say that it holds almost everywhere.

Let €2 be a domain on H" and K and K; closed non-empty disjoint sets such
that Ko N Q # 0 and K; NQ # 0. We call the triple (Ko, K1;) a condenser.

Let |a,b| be an interval of one of the following types: [a, b], [a,b), (a,b], or (a,b).
From now on, we suppose that a horizontal curve v : |a,b] — H" is parametrized
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by its length element. We let
I'= F<K0aK1 : Q) = {7 : ’Y(I_aabJ> NnK; 7& (Z)a 1=0,1, and ’Y(t) € Q7 te (avb)}

and call T'(Ky, K1;9) the family of curves that connect the compacts Ky and
Kl in Q.

Now we give two different definitions of the capacity of a condenser (Ko, K1; ).
In the first one, we use the notion of exceptional set with respect to the module of
the family of horizontal curves that connect the compacts Ky and K;.

DEFINITION 2.3. Denote by FC(Ky, K1;) the class of admissible functions
u € ACL5(Q) such that
u(z) — 0 as x — KgNQ, along almost all curves from T'(Ky, K1;Q),

u(r) — 1 as = — K;NQ, along almost all curves from I'(Kg, K1;).

The A-capacity of the condenser (Ko, K1;€2) is

cap 4 (Ko, K1;9Q) = inf{/ |AVoul?dz :u € fC(KO,Kl;Q)}.

DEFINITION 2.4. Let FC*(Ky, K1;) be the class of functions v € AC Ly ()
such that

u(z) =0 on the intersection of €2 with a neighborhood of K,
u(x) =1 on the intersection of Q with a neighborhood of Kj.

The A*-capacity of (Ko, K1;) is

cap’y (Ko, K1;Q) = inf{/ |AVoul? dz :u € ]-"C’*(KO,Kl;Q)}.

Results from [27, 33] imply that AC Lo-functions are absolutely continuous on
almost all horizontal curves. So we may assume that admissible functions for both
definitions are absolutely continuous on almost all horizontal curves with horizontal
gradient |Voul| in the class Ls. The capacity associated with sub-elliptic equation
is studied in [4, 5, 9, 10, 28, 29, 30].

We shall prove the equivalence of Definitions 2.3 and 2.4 in bounded domains
of the Heisenberg group.

THEOREM 2.1. Let Q be a bounded domain on the Heisenberg group H" and
A(x) a uniformly continuous matrixz in Q0 satisfying (2.1). Then

cap 4 (Ko, K1;Q) = cap’y (Ko, K1;Q).

Now we introduce the A-module of a system of horizontal vector measures, as-
sociated with Definitions 2.3, 2.4. Let { = ({1, ..., (2,) be a vector-valued function
and p = (u1,...,MH9n) & signed horizontal vector measure. If [[(;]d|u;| < oo for

all 4, then we define [ (du = Z [ ¢idpi. We denote by FM (p) a class of vector-

valued functions ¢ such that f(d,u > 1. If ¢ € FM(p) for all p € M, then we
write ¢ € FM (M) and call ¢ an admissible function for the measure system M.
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DEFINITION 2.5. Let £ = (&1, ..., &2, ) be a vector-valued function and p € M
a complete horizontal vector measure on 2 C H". We define the A-module by

Ma(M) = inf{ / |A¢)2dx - € € FM(M)  almost everywhere}.

As was mentioned in Example 1, for a family of horizontal curves I'; we have a
system of horizontal vector measures dy = (dvy1,. .. ,dva,), v € T, and non-negative
measures |dy| = (dy,dy)'/2. We write dT" = {dy : v € T} and |d['| = {|dvy|: v € T}.
More generally, for a positive definite (2n x 2n)-matrix Q(z) = (g;;(z)), we put

|Qdy| = (Qdy,Qd)"/? and |Qdl'| = {|Qdy| : v € T}.
We also prove that the A-capacity of the condenser (Ko, K1; (), the A-module
of the horizontal vector measure d I'( Ky, K1; ), and the module |BdT'| all coincide.

THEOREM 2.2. Let Q be a domain on the Heisenberg group H™. Then
cap 4 (Ko, K1;Q) = Ma(dl') = M(|BdT') < .
In the next theorem, we use the following notation. Let Ko and K be compact
sets in O and let K and K3 be sequences of compact sets such that K§ N K? = 0,

K] cint K], K/ cint K7, Ko = () KJ, and K, = () K7.
7=0 j=0

THEOREM 2.3. Suppose that B(x) is uniformly continuous in a bounded domain
Q1 C H™. Then, M(|BdL|) possesses the continuity property. Namely, if T'; =

(K}, K1;Q) and T = T(Ky, K1;Q), then
lim M(|BdTr;|) = M(|Bdr)).
J—00

From Theorems 2.1 and 2.2 follows

COROLLARY 2.1. Let € be a bounded domain on the Heisenberg group H" and
A = B be the identity matriz. Then

cap”™ (Ko, K1;Q) = M (|dT).
3. Proof of Theorem 2.2

We split the proof into two steps.
Step 1. We claim the inequalities
(3.1) M(|BdT|) < Ma(dl') < cap 4(Ko, K1;Q) < o0.

The set FC(Ko, K1;8) is not empty; hence cap (Ko, K1;2) < oo. Let
u € FC(Ky, K1;). Recall that curves connecting compacts Ky and K; are
parametrized by the length arc parameter s € I C R. Since «y is horizontal, its

tangent vector ¥ has the form ("yl, ey Yon, "yg,H_l) in the basis (8%17 ey %%, %),
where Y9,41 = Z 29n+i%i — 279 Yn+i- 1t follows that
du(y(s)) ) au
ds = Z oz, o—Yi(s t72n+1( 5)
Ju - Ju
= Z(a ) +Z(axn+l 2y at)%“( )

i=1

= <VOU,’.}’>,
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where ¥ = (11, e Y2m, 0) is the representation of the tangent vector of v in the
basis of vector fields (X1, ..., X2,,T). Hence, we have

/ Voudy = / (Vouly(1),4(1)) dt = (i) — u(wo) = 1,
¥ I

where zg € Ky, 1 € Ki, and the equality holds except for some exceptional
family of curves. Thus, Vou € FM(dl') for almost all curves of dI' and
Mu(dr) < [, |AVou|? dz. Taking the infimum with respect to u, we obtain the
second inequality of (3.1).

Now let £ € FM(dI') almost everywhere. Then 1 < fyﬁdw = f,y A& Bdy <

f,y |AE||Bd~|, so |AE| € FM(|BdT|) almost everywhere. Finally, we obtain
My (dl) = irgf/ |A¢|? de > M (|BdT).
Q

Step 2. Now we show that
(3.2) cap 4 (Ko, K1;Q) < M(|Bdr).

Let p € FM(|BdT]). For each x € Q, denote by I'} the family of curves starting
at Ko and terminating at x. Set

3.3 = inf Bdyl.
(33) u(e) = in [ plBasr
Y

We construct an admissible function from FC(Ky, K1; Q) making use of (3.3). First,
we prove that u possesses the following properties:

(i) u e ACLy(Q);

(ii) for almost all x € Q,

(3-4) [AVou(z)| < p();
(iii) limu(z) =0 as x — K, along almost all curves v € I'(Ky, K1;Q);
(iv) liminfu(x) > 1 as © — K; along almost all curves v € T'(Ky, K1; Q).
We have

(3.5) /pIdel < Oé/ﬂ|d’7| < o0,

ol Y

from the property (2.1) for the matrix B. The finiteness of the last integral for
almost all curves follows from the properties of the measure system [14]. Then, by
the definition of u, we get

(3.6) lu(z) — u(y)| < / plBdr| < a / pldn|

v v

for arbitrary points z,y € v. We denote by §; an orbit of X; € Vi, i=1,...,2n.
If we apply (3.6) to §;, we obtain that u is absolutely continuous along almost all
curves of the horizontal fibration. Thus the horizontal derivatives X;u,
i =1,...,2n, exist for almost all points in Q. We choose z € Q, where Vou(z)
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exists, and a horizontal vector field Y(z), |[Y(z)| = 1. Then (3.6) implies
(Vou(w), ¥ (@))] = | i “EPID) s
h
(3.7 < }llli% /p xzexp sY (z))|B(zexpsY (z))Y (z)|ds
0
= p(@)[B(z)Y (z)]
for almost all points x € Q. Applying (3.7) with Y(x) = B Ez)l we obtain

[ Xiu| <
Vou € Ly(§2). We have shown property (i).
Now taking Y (z) AVouln) o gt

|X‘ < ap by (2.1). The assumption p € Lo(€2) implies that

= TAZVou(z)]
2
’<V°“(”)’|j2§238>’ )[B() ﬁzgﬁfﬁ |‘_ |j2%j;((;)|’

Since |(A?Vou(z), Vou(z))| = |AVou(z)[?, we have property (ii).

Since the module of the family of nonrectifiable curves is equal to zero, we can
assume that all curves under consideration are rectifiable. Making use of the arc
length parameter s, we obtain

S

Ogu(V(s))g/p\Bd’ﬂ§a/pds—>0, as s—0

% 0
from (3.3), (3.5). Thus, limu(x) = 0 as + — Ky along . This proves (iii).
We prove (iv) by contradiction. Suppose there exists a curve ; such that
c= limlinfu(71 (s)) < 1, where L, is the length of the curve ;. We fixe = 1—¢ > 0.
Sy

By definition, there is § € (0,1,,) such that
l"fl

lu(y1(3)) — ¢| < %, and /pds < %.
We consider the family T3, = ~1(5). The definition of the function u(z) implies
that we can find v, € T'§, with f p|Bdy| < u(x)+ §. Let us denote by 3 the arc
of the curve y; between the points v, (8) and v1(l,,). Then v, U~z € I'(Ko, K1; ),
and by (3.6), we get

Ly

g 3 g e
/ pIBdWI<u(m)+§+a/pds<c+§+§+§_1,

y2Uvs s

which contradicts the assumption p € FM(|BdI'|). Hence (iv) holds.
To complete the proof of Theorem 2.2, we set @(x) = min(u(z),1). Then
€ FC (Ko, K1;Q). By the definition of A-capacity and property (ii), we have

cap 4 (Ko, K1;Q) §/|Avod\2daﬁ§ /|AV0u|2dx§ /p2dx.
Q Q Q

Taking the infimum with respect to p, we obtain (3.2).
Theorem 2.2 follows from (3.1) and (3.2). O
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4. Auxiliary results and proof of Theorem 2.3

In this section, we work under the assumption that Ko and K; are disjoint
non-empty compacts in the closure Q of a bounded domain @ C H". Let Kj
and K7 be sequences of closed sets such that K9 N K = 0, K} C int K",
Kl cintKI™', Ko = () KJ, and K; = () KJ. We need some auxiliary lemmas

§=0 j=0
to prove Theorem 2.3.

In the case of R™, the next lemma goes back to the work [34] and has sub-

sequently been revised by M. Ohtsuka and H. Aikawa (see [2]). We adopt its

formulation for the Heisenberg group.

LEMMA 4.1. Let p € L,(H") be a positive function which is continuous in
Q\ (Ko UKy), p € [1,00). For each € > 0, we can construct a function p' on €,
p > p, with the following properties.

(1) JopPde < [ pPdr+e.

(ii) Suppose that for each j there is~y; € T'(K{, K;), such that fﬂ/, pIBdy| <
- J
Then, there exists 4 € T'(Ko, K1;), such that fﬁ p|Bdy| <a+e.

R

The proof of Lemma 4.1 on an arbitrary homogeneous group for the unit matrix
B can be found in [27]. The case B # I is treated similarly.

LEMMA 4.2. Suppose that D is a bounded domain in H". Let f € L,(D) and
€ > 0. Then there exists a continuous function f such that

If = F 1 Lp(D)] < e.

PROOF. Let D, C D,, C D41 C Dypy1 C ... C D be a sequence of open
sets that exhaust the domain D. We assume that D_; = Dy = (. For each n, we
find a positive function h,, such that h, € C§°(Dpt1 \ Dp—2), |Vh,| < 1/6, and

o0

|hn(x)] < 1/6 min{1,dist(x,0D)}. Then the function n(xz) = > h,(z) satisfies

n=1
() (V@) <172,
(ii) 0 < n(x) < 1/2min{l,dist(z,dD)}.

Let y e H", |y < 1,and 0 < ¢ < min{l,C,a}, where the constants C, C are
chosen later. Define a C*°-map of the domain D onto itself by T}, (z) = @ - b4y () Y-
We claim that T}, is a homeomorphism. If y = 0, then T} ¢ is the identity map.
Let y # 0. Since 0 < n(x) < 1/2dist(z,dD), the mapping T}, transforms D to
D. Let us show that T, is injective. Suppose there exist ,z’ € D such that
Tiy(z) = Ty y(2"). Applying the left translation and dilatation for the domain D,
we can assume that 2 = 0 and |z| = 1. In this case, we get £0.,(z)Y = Ouy(0)y OF
T = 6tn(0)y(6m(m)y)_1. The homogeneous norm | - | and the Euclidean norm || - ||
are connected by the inequality C1||z| < |z| < Cyl|z||*/?, x € D, where Cy, Cy are
positive constants (see, for instance, [17]). We deduce that

(4.1) 12 = [6m©0)YBtn(eyy) " < Colltno)y — Seneayyll™>
< Cot'?|n(0) — n(x) Y2 P(n(0),n(x), y, t)[/%.

Here P; is a polynomial of the first order, which depends on 7(z), ¢, and the
coordinates of the point y. Since |y| < 1, 0 < ¢t < 1, and 0 < n(z) < 1/2, we
have |P1| < C3. We estimate |n(0) — n(z)| < |z|/2 by (i). Taking into account
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these estimates, we conclude from (4.1) that |z| < Cyt/?|z['/2. Since |z| = 1 for
t < Cy = C; %, we obtain a contradiction.

Let us show that T}, is surjective. Denote by w(t) the curve 6;y. The inter-
section w(t) N D is invariant under the map T , by (ii). This shows that the map
is surjective.

The Jacobian matrix of T} , () is equal to IT+tT', where I is the identity matrix
and the elements of the matrix 7' depend on t,x,y, Vn(z), and n(z). Thus the
Jacobian J(T3 ) is of the form 1+tH (¢, z,y, Vn(z),n(z)), where H is a polynomial.
The properties of function 7, the choice of y and ¢, and the boundedness of the
domain D imply that max,cp |H| < Cs, where the constant Cs depends only on
the diameter of D. If we choose C' = 1/(2C5), then we have J(Tyy) > 1—1tC5 >0
for t < C. This shows that the inverse map thyl is defined and smooth.

Let ¢(y) be a non-negative C*°-function supported in the unit ball |y| < 1 such
that fly|<1 ¢(y)dy = 1. For f € L,(D), we define

fula) = / F(@Bunayy)oly) dy = / F(2) oo (@2)
H’n

ly|<1

dz
(tn(z))?n+2

The function fi(z) is C*° in the domain D.
We show that ||f, — f | L,(D)|| — 0 as t — 0. Using the fact that continuous
functions with compact support are dense in L, (D), we have

(4.2) 1f(zy) — f(z) | Ly(D)|| = 0 as |y[—0.
Applying the Minkowski inequality to f;(z)—f(z) = f|y‘<1 (f (@b y)—f(x)) p(y) dy,
we obtain
Ife = f 1 Lp(D)]| < / 1 (@ben@yy) — f(@) | Lp(D)lle(y) dy.
lyl<1

From the property (4.2), the inequality

1f (2btn@)y) = (@) [ Lp(D)|| < 2[|f(z) | Lp(D)];
and the dominated convergence theorem, it follows that || f; — f | L,(D)|| — 0 as

t— 0. O

THEOREM 4.1. Let Q be a bounded domain in H". Let B(zx) be uniformly con-
tinuous on Q\ (Ko U K1) and C C FM(|BdT|) consist of continuous functions on
Q\ (KO @] Kl) Then

(4.3) M = inf / p*(x)dz = M(|Bdl).
pPEe
Q\(KQUKl)

PrOOF. Denote by D the domain Q \ (Ko U K7) and let £ € (0,1/2). Choose
p € FM(|BdI'|) with

(4.4) /pQ(x) dr < e+ M(|BdT)).
D
Then by Lemma 4.2, we can find a continuous function p; in D such that

(4.5) /pf(a:) dr < e+ /p2(x) de.

D D
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We claim that for a sufficiently small ¢, the function (1 +¢)?p;(z) is admissible
for M(|BdT).

The matrix B(z) is uniformly continuous. If z,y € Q\ (Ko U K;) and
d(z,y) < <(g), then |B(x) — B(y)| < a~'e. Hence, we obtain
(4.6)  B(y)E| < B(2)€] + [B(x)€ — B(y)e] < |B(x)&] + a™"elé] < (1+¢)|B(x)¢]

from the property (2.1) for the matrix B.
We estimate

(4.7) / o) |B(z)dy| = / / (& ayy)o(y) dy |B(z) dr]

ol v Jyl<1
= / ©(y) dy / p(xdiny) |B(z) dvyl.
ly|<1 ol

Fix y for a moment and consider the integral f7 p(zbny) |B(x) dy|. Denote by 4
the image of the curve v under the map T} ,(z)|y. Recall that the map T, has
Jacobian matrix of the form I + tT, where I is the identity matrix and the terms
of the matrix 7' depend on t, z, v, Vn(x), and n(x). The properties of 7, the choice
of ly] < 1 and |t| < 1, and the boundedness of the domain D imply that the norm
of T' is bounded by a constant C' that depends only on the diameter of D. It is
obvious that the curve 4 connects the compacts Ky and K;. If the curve 7 is not
horizontal, and is therefore not locally rectifiable,

/p(ﬂsémy) |B(x) dy| > a‘1/p(w6tny) |dy| > m/p(ﬁ) |dy| = oo.

Y 2l Y

Here « is the constant from (2.1). If the curve 4 is horizontal, then 4 € T'(Ky, K1, Q).
We choose ¢ so small that |27 26.,yy| = tn(z) < <(e) and t < &/C. Then

[l = i [ Ba e
1 - - 1
T PO BE# =

2l
Since fly|<1 o(y)dy = 1, we conclude that (1 + €)%p;(z) € FM(|BdL|). It
follows from (4.4) and (4.5) that
M= 125/,52@) dr < (1+e)* /pf(x) de < (1+ €)*(2¢ + M(|B.dT])).
"a Q
Since € and p € FM (|BdI'|) were arbitrary, we get M < M (|BdT).
The reverse inequality is obvious, and we have (4.3) as desired. O

PROOF OF THEOREM 2.3. Let ¢ € (0,1/2). By definition, there is a non-
negative function p € FM(|BdIl'|) with ||p|\%2(9) < M(|BdrI'|) +e. We may assume
that p is strictly positive on Q \ Ko U K;. If this were not so, we could consider
the cut-off-function max(p, %) instead of p. Moreover, we can suppose that p is
continuous on 2\ Ko U K; by Theorem 4.1.

Let p’ be as in Lemma 4.1. Then f,y p'|Bdl| > 1—2¢ for any v € T(K7, K; Q)
for sufficiently large j. In fact, supposing the contrary, we would have a sequence
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{jx} and curves ;, € T(KJ*, KJ*;Q) such that f“ﬁk p'IBdl'| < 1 — 2, so by
Lemma 4.1, we could find 5 € T'(Ky, K1;Q) with f;{p|BdI’\ <1—-2+e=1-—¢,
which contradicts p € FM (|BdT).

Now we can finish the proof. We have (1 — 2¢)~'p/ € FM(|Bdl}l|),
r= F(Kg,K{; Q) for sufficiently large j; therefore,

MBarh < [ [0-20)7 P do < (1- 292 OH(B L) + ).
Q\KoUKl
Hence, letting j — oo and ¢ — 0, we obtain limsup M (|BdI';|) < M(|BdIL'|). Since

j—o0
M(|BdT|) < M(|BdT,|) for arbitrary j, we obtain the statement of Theorem 2.3.
|

5. Proof of Theorem 2.1

Let Kg and K { be sequences of compacts which tend to Ky and to K1, respec-
tively, and which satisfy the conditions stated at the beginning of Section 4. We
take u € FC(Kj}, K{;Q) and put

0 on Kg N,
u=¢ 1 on KiNQ,
u onQ\ (KjUKY).
By the definition of FC(K}, K7;9Q), u(x) — 0 along almost all curves as z — K

and u(z) — 1 on almost all curves as  — K3. Thus, @ is absolutely continuous on
almost all curves in Q, and uw € FC*(Ky, K1;). Hence

cap’y (Ko, K1;Q) < /|AV0H|2d:ﬂ = / |AVoul? d.
Q Q\(KJUKY)
Taking the infimum with respect to u, we obtain cap’y (Ko, K1;Q) < capA(Kg, K{; Q).
Theorem 2.2 implies that cap 4 (K7, K{;Q) = M(|BdT;|) and cap 4(Ko, K1;Q) =
M (|BdT'|). The module M (|BdI';|) tends to M (|BdI'|) as j — oo by Theorem 2.3.
Hence
cap’y (Ko, K1;Q) < cap 4(Ko, K1;9Q).
The reverse inequality holds by the inclusion FC* (Ko, K1;Q) C FC(Ky, K1;).
O
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