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EXTREMAL LENGTHS FOR MAPPINGS WITH BOUNDED
s-DISTORTION ON CARNOT GROUPS

IRINA MARKINA

ABsTRACT. In 1957 B. Fuglede [8] has introduced the notion of the excep-
tional measure system. A system of measures F is said to be exceptional of
order p if its p-module M, (E) vanishes. E. Poletsky [28] was the first who
applied this notion to the description of the behaviour of a family of curves
under nonhomeomorphic quasiconformal mappings. In the present paper
we generalize this result by E. Poletsky and study the behaviour of the
p-module of a family of horizontal curves under mappings with bounded
s-distortion on Carnot groups.

1. Introduction and statement of main results

In 1957 B. Fuglede [8] has introduced the notion of the exceptional measure
system. A system of measures E is said to be exceptional of order p if its p-
module M, (E) vanishes. If we consider as a system of measure a family of curves
in the Euclidean space R™, then one of the results by B. Fuglede can be stated as
follows: an absolutely continuous function u : R* — R with p-integrable partial
derivatives is absolutely continuous on p-almost all curves. A direct consequence
of this result is that a quasiconformal mapping is absolutely continuous on p-
almost all curves. A quasiconformal mapping is homeomorphic, therefore the
inverse mapping possesses the same property. The situation is not so simple for
nonhomeomorphic quasiconformal mappings, so called mappings with bounded
distortion, or in another terminology, quasiregular mappings [24, 30, 31, 33].
The absence of an inverse mapping does not permit to apply directly Fuglede’s
result. The first group of inequalities between corresponding modules of families
of curves and their images under a nonhomeomorphic quasiconformal mapping
was obtained by E. Poletsky [28, 29]. His result has given the start to applications
of the method of p-module to the investigation of quasiregular mappings.

Recently, analysis on the homogeneous groups (the Carnot groups G) has
been developed intensively. The fundamental role of such groups in analysis was
pointed out by E. M. Stein [36], in his address to the International Congress of
Mathematicians in 1970, see also his monograph [37]. Briefly, a homogeneous
group is a simply connected nilpotent Lie group, whose Lie algebra admits a
grading. There is a natural family of dilations on the group under which the
metric behaves like the Euclidean metric under the Euclidean dilation [2, 9]. The
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analysis on homogeneous groups is also a test ground for the study of general sub-
elliptic problems arising from vector fields X7, ..., X}, satisfying the Hérmander
hypoellipticity condition [16].

Quasiconformal mappings on homogeneous groups of special type were ini-
tially considered by G. D. Mostow in 1971 in connection with rigidity theorems
for the rank one symmetric space [25]. Various definitions of quasiconformal
mappings one can find in [11, 13, 19, 45, 46]. In the works [12, 15, 20, 47, 48] an-
alytical foundations of the theory of mappings with bounded distortion on Carnot
groups were developed. An alternative approach to this theory on the Heisen-
berg group has been given in the series of papers [3, 4, 5, 6, 7]. A generalization
of mapping with bounded distortion (a mapping with bounded s-distortion) was
suggested and studied in [23, 41, 42]. The next definition is principal in our

paper.

Definition (1.1). A mapping f: Q = G, Q C G, is called a mapping with bounded
s-distortion if f satisfies the following conditions

(1) the mapping f is continuous, open, and discrete,

(2) the mapping f belongs to HW;IOC(Q) for s € (Q —1,00), where @ is the
homogeneous dimension of G,

(3) the mapping f possesses Luzin’s N-property for Q — 1 < s < Q,

(4) J(:L’, f) € LL]OC(Q)?

(5) the horizontal differential Dy f satisfies the inequality

|Du f(2)|* < KJ(x, f)
for almost all x € Q.

The smallest constant K in this definition is called the s-distortion coefficient
and denoted by K(f). If the index s is equal to the homogeneous dimension ) of
the Carnot group, then the properties 1), 2), 5) imply validity of the conditions
3), 4). In this case Definition (1.1) coincides with the definition of a mapping
with bounded distortion (or in another terminology a quasiregular mapping) on
Carnot groups. Moreover, on the Heisenberg group, which is a basic example of
a Carnot group, a continuous mapping f € H Wé,loc satisfying 5) is open and
discrete.

In the paper we prove an analogue of a result by E. Poletsky for mappings
with bounded s-distortion on Carnot groups. Our main theorem is the following.

THEOREM (1.2). Let f : Q@ — G be a nonconstant mapping with bounded
s-distortion and U C Q C G be a domain such that U C Q. Assume I to be
a family of curves in U and I'* = f(['). Then the curves vy(s*) are absolutely
continuous for p-almost all curves v* € T'*, p = #Q%

If s = @, then p = @ and, as a consequence, we deduce a similar result for
mappings with bounded distortion.

COROLLARY (1.3). Let f : Q = G, Q C G, be a nonconstant mapping with
bounded distortion and U C Q be a domain such that U C Q. Assume I' to be
a family of curves in U and T* = f(T). Then the curves y(s*) are absolutely
continuous for Q-almost all curves v*(s*) € T'*.
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The proof of Theorem (1.2) involves some technical steps concerning the curve
families whose modules are negligible. However, later on it will permit to obtain
some inequalities for curve families that are more general and more effective,
than inequalities for capacities of condensers. For the Heisenberg group Theo-
rem (1.2) was proved in [20] for mappings with bounded distortion, and some
useful inequalities were obtained in [21] as an application. We would like to note
that mappings with bounded distortion or, in general, mappings with bounded
s-distortion preserve a horizontal structure of the Lie algebra of the Carnot
group. They are, so called, contact maps. We obtain an analogue of a result by
B. Fuglede for contact maps under a weaker hypothesis.

THEOREM (1.4). Let f: Q = G, Q € G, be a contact map. If the horizontal
coordinates fij, j = 1,...,n1, belong to ACLP(Q) and f,q € ACL(Q), p =
2,...,m, g=1,...,ny, then the map f is absolutely continuous on p-almost all
horizontal curves in €.

2. Notations

A Carnot group is a connected, simply connected nilpotent Lie group G, whose
Lie algebra G splits into the direct sum of vector spaces V1 Vo & ... &V}, that
satisfy the following relations

[Vlavk] = Vk+17 1 S k < m, [Vlavm] = @

We identify the Lie algebra G with the space of left-invariant vector fields.
Let us fix a basis Xi1,...,X1n, of V1, ng = dimV;. Then Vi determines a
sub-bundle HT of the tangent bundle TG with fibers

HTz :Span{Xll(m)a'"7X1n1(m)}7 Z’EG.

We call V; the horizontal vector space, by HT we denote the horizontal tangent
bundle of G with HT, as the horizontal tangent space at = € G.
Next, we extend Xi1,...,X1p, to an orthonormal basis

Xll;-"7X1n17X217-"7X2n27"'7Xm17-"7anm
of §. Here each vector field X;;,2 <i <m, 1 < j < n; =dimV;, is a commutator
Xij = [ [ Xy, Xiko | Xuko] - X ]

of length i — 1 generated by the basis vector fields of the space V.
It was proved in [9] that the exponential map exp : § — G is a global dif-
feomorphism. We can identify the points ¢ € G with the points of § and,
m

hence, with z € RV, N = Y dimV;, by the rule ¢ = exp(}_ z;; Xi;). A col-
~ .

i= ]
lection {z;;} is called the coordinates of the point ¢ and the first ny numbers
(x11,-.-,21pn,) are called the horizontal coordinates. We also use the notation
m
x = (z1,22,...,Tm) where z; = (1, Zi2, ..., Tin;). The number N = " dim V;
i=1

is the topological dimension of the Carnot group. The biinvariant Haar measure
on G is denoted by dz; this is the push-forward of the Lebesgue measure in
RN under the exponential map. On the Carnot group the family of dilations
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Sex = 0u(wij) = (tr, t%2o, ..., t"™2y,), t > 0, is defined and d(6;z) = t9dz. The

quantity @ = " i dim V; is called the homogeneous dimension of G.

The Euclidzealn space R™ with the standard structure is an example of the
Abelian group: the exponential map is the identity and the vector fields Xi; =
Blz,—’ i = 1,...,n, have no nontrivial commutative relations and form the basis
of the corresponding Lie algebra.

The simplest example of a non-Abelian group is the Heisenberg group H™.

The noncommutative multiplication is defined by
pg = (z,y,t)(c",y",t") = (z+ 2’y + ¢, t +t' — 22y + 2y2'),

where ¢ = (1,...,%n), ¥y = (Y1,---,Yn) € R*, t € R. The left-invariant vector
fields

0 0 0 0 0
X; = i—, Yi=——-2;;—, i=1,... T=—
1T b o T oy Mo T oo™ o’
form the basis of the Lie algebra G of the Heisenberg group H". There exist
only nontrivial relations [X;,Y;] = —4T,i =1,...,n, and all other commutators

vanish. Thus, the algebra of the Heisenberg group has the dimension 2n + 1,
splits into the direct sum G =V} @ V5. The vector space V; is generated by the
vector fields X;, Y;, i =1,...,n, and the space V5 is the one-dimensional center
that is spanned by the vector field 7.

We use the Carnot-Carathéodory metric based on the length of horizontal
curves. A continuous map 7 : [0,b] — G is called a curve. We assume that any
curve is nonconstant in any subinterval of [0,b]. An absolutely continuous curve

:[0,0] = G is said to be horizontal if its tangent vector (if exists) §(s ) lies in
the horizontal tangent space HT ), i.e., there exist functions a;(s), s € [0, 8]

such that
n1
Za?(s)gl and (s Za] (s)X1;(v(9)).
Jj=1

A result by [1] implies that one can connect two arbitrary points z, y € G by a
horizontal curve. We fix on HT a quadratic form (-,-) so that the vector fields
Xi1(z), ..., X1n, (z) are orthonormal with respect to this form at every = € G.
Then the length of the curve I() is defined by the formula

b b 1/2
/ s))/%ds = /<Z|a]~(s)|2> ds.
0 o J=1

The Carnot-Carathéodory distance d.(z,y) is the infimum of the length over
all horizontal curves connecting  and y € G. Since the quadratic form is left-
invariant, the Carnot-Carathéodory metric is also left-invariant. The group G
is connected, therefore, the metric d.(x,y) is finite; see [40]. We obtain a ho-
mogeneous norm on G by setting p(x) = d.(0,x), where 0 denotes the identity
element of G. A homogeneous norm on G is, by definition, a continuous nonneg-
ative function p(-) on G such that p(z) = p(z 1), p(&:(z)) = tp(z), and p(z) = 0
if and only if z = 0. We let B(z,r) denote an open ball with the center z and of
radius r > 0 in the metric d.. Note that B(z,r) = {y € G : p(x~1y) < r} is the
left translate by x of the ball B(0,r) which is the image under §, of the ”unit
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ball” B(0,1). The Hausdorff dimension of the metric space (G,d.) coincides
with its homogeneous dimension Q). By |E| we denote the measure of the set E.
Our normalizing condition is that the balls of radius one have the measure one:

|B(0,1)] = [ dx =1. Because the Jacobian determinant of the dilation 4, is
B(0,1)
r?, we have that |B(z,r)| = r9.

p—1
A curve v : [0,b] =& G is called rectifiable if sup{ Y de(v(tr), ¥(trt1))} is
k=1

finite, where the supremum ranges over all partitions 0 =t; <ty < ... <t, =b
of the segment [0, b]. We remark that the definition of a rectifiable curve is based
on the Carnot-Carathéodory metric. That is why a curve is not rectifiable if it is
not horizontal [18, 22]. Thus, from now on, we work only with horizontal curves.

3. Preliminary results

Let B be a closed subset of the segment [a,b]. The set [a,b] \ B can be
represented as a countable set of the disjoint intervals {1}, I, C R. A horizontal
curve v is rectifiable on [a,b] \ B if the sum [, ([a,b] \ B) = >_1,(I,) is finite.

”w

Here I(I,,) is the length of the arc v : I, — G of the curve v. The image of the
curve {z € G : & = y(t),t € [a,b]} we also denote by .

LEMMA (3.1). Let g(t) : I — R be an absolutely continuous function and B
be a closed subset of I C R such that |B| = 0. Suppose that h(t) : I — R is an
absolutely continuous function on I\ B, continuous on I, and g(t) = h(t) with
t € B. Then the function h is absolutely continuous on the segment I.

Proof. We show that the function h(t) is absolutely continuous. Let us fix
e > 0. Since |B| = 0, we can cover the set B C I by a finite system of intervals

m
I, = (ag,br), 1 < k < m such that 0, C B, > |g(bx) — g(ar)| < €. Denote
k=1

p—1
by [ti,tit+1] the disjoint segments in I with Z [tiv1 — ti] < 6. If {[I;,0;41]}

are the segments in I \ B, such that Z|l]+1 —l il < Z|tl+1 —t;] < 9§, then

S [h(l41) — h(L))] < .
J

One can assume that each [t;,t;11] intersects only one interval I}, and that
t; is not an inner point of I. If ¢; is an interior point of I, then we replace
I, = [ak, by] by two intervals [ag,t}] and [}, b], where t}, t} € B, t} <t; <t}
are the nearest points to ¢;. Hence, it can be assumed that the points {¢;},
m
i=1,...,p, are not interior to |J I.
k=1 m
Suppose that the interval [¢;,t;41] contains points from J Ij. We choose s;,
k=1

m
€( U Ir)N[ti ti1], which are the nearest ones respectively to ¢; and t;41.
Pt
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The triangle inequality and the equalities g(s;) = h(s;), g(s}) = h(s}), yield
Ei: |A(ti) = hlti)] < Xi:(lh(ti) = h(si)| + [h(si) = h(s})| + |h(s}) = h(tis1)])
= Zi:(lh(ti) = h(si)| + [h(s}) — h(tip1)]) + Zz: lg(s:) — g(s7)] < 2.
Thus, the function A is absolutely continuous on I. O

Let T be a family of horizontal curves on G. By F(I') we denote the set of

all nonnegative Borel functions p : G — R such that [ pds > 1 for any locally
¥
rectifiable curve v € I.

Definition (3.2). For a family of horizontal curves I' on G and 1 < p < oo the
quantity

M,(T) = inf P d
(L) L

is called the p-module of T'.

Following [8] we say that a property is realized for p-almost all curves if the
p-module vanishes for a family of curves T for which this property in not realized,
i.e., My(T) = 0.

The following lemma is just a reformulation in the context of Carnot groups
of a well known result from [8] (see also [44]).

LEMMA (3.3). Suppose that E is a Borel set on the Carnot group G and
gr - E — R is a sequence of Borel functions that converges to a Borel function
g:E = Rin L,(E). There is a subsequence {g;}, such that the equality

lim / lgr; —glds =0
J—00
5

holds for p-almost all rectifiable horizontal curves v C E.

We will write for amap f : Q@ - G, Q C G, f = (f1, f2,-.-, fm), where
fi = (fi, fizye -y fing)y 0 = 1,...om. If Xqpf(x) € HTf(I), then the map f
preserves a horizontal structure of the Lie algebra and is called the contact map.
The quantity Ve f = (X11f,...,X1n, f) is called the subgradient of f. Let us
note that for a smooth map the subgradient is equal to the projection on V; of
the usual Reimannian gradient.

LEMMA (3.4). Let f : Q = G, Q C G, be a contact map, v(s) : [0,I] = Q be a
horizontal curve and B(s) = f(v(s)) be an image of v(s) under the map f. Then
B(s) : [0,1] = G is a horizontal curve whose length is expressed by the integral
(3.5)

n1

Iy = / 1S 0a5) Xun i (o (s)) s = / (E(2 ak(s>X1kfu<v<s>>)2)mds
o k=1 0 k=1

and is independent of f2(v(s)),.. ., fm(Y(8)).
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Proof. To see this we argue as follows. Let %(s) = (%1(s),...,%m(s)) be a
tangent vector to the horizontal curve 7y(s) which is written in terms of the
Euclidean basis. Since ¥(s) belongs to T'H.(,), we have the equality

(3.6) Y(s) = Z a;j(5)X1;(7(s))-

In [17] one can find the following representation for the vector fields

Xij

z]lk i=1...,m, j=1,...,n

6$k

where Pj; 1 (y) are homogeneous polynomials of order [ —i. They possess the
following properties:

1) P (0) =0,
2) Pijuk(y) =0forl <4,
3) P;juk(y) does not depend on yy g for I' > 1.

Hence for the horizontal vector fields we have the representation

(3.7) Xi;(y) =

Let us substitute in (3.6) the expression for X;; in (3.7). We obtain

Y(s) = Z Ypq(s Za] (6331] * Z Plj’lk(’Y(S))%>'

1<p<m,1<q<n, 1>2,k
Comparing the coefficients at 52— we deduce that
Prq
38)  yls) = aj( s),  J=1,ma;
Ypg(s) = Z’Ylj $)P1j,pq 'Yl( ), ---:'Yp—l(s)): P2

Hence, the tangent vector ¥(s), has the form %(s) = (§1(s),0,...,0) in the left-
invariant basis of the vector fields X;;,¢i=1,...,m, j =1,...,n;. Analogously,
we can write the components of the tangent vector B(s) with respect to two
bases. In the Euclidean basis we write 3(s) = (Bl (s),-.. ,Bm(s)) = ((Vfi(v(s))-

Y(8)), - - (VIm(v(5)) - #(s))), where V fi(v(s)) is the usual gradient of f;(y(s)).
Let us show that

(V£i(v(5)) - ¥(5)) = (Ve fi(1(s)) - Y1(5))-
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Making use of (3.8) and (3.7) we obtain

(V) 56) = Zm@iﬁ —Zm

P>2,q
<9fz
= Z’YIJ 8 + Z 2'711 (8)P1jpqg(7(s))
T1; iy q
: ofi
= Y15(s) + Py,
Z 1j (8 1 p;q 15 pq 6qu>

= Z%; $)X1;fi(v(s)) = (Ve fi(v(s)) - 31.(s))-

Since X1;f(v(s)) € HT¢(4(s)), We can see that the tangent vector B(s) belongs
to HTjp(s). The image of a horizontal curve under a contact map is a horizontal
curve. Hence, we have the representation 3(s) = (81 (s),0,...,0) = (Vfi(v(s))-
4(s)),0,...,0) for the tangent vector of horizontal curve 8(s) = f(y(s)) in the
left invariant basis of vector fields X;;, ¢ = 1,...,m, j = 1,...,n;. From the

b .
definition of the length of a curve Iz = [|8(s)| we deduce the equality (3.5). O
0

Now we define an absolutely continuous function on curves of the horizontal
fibration. For this we consider a family of horizontal curves Y that form a smooth
fibration of an open set 2 C G. Usually, a curve v € Y is an orbit of a smooth
horizontal vector field Y € V;. If we denote by ¢, the flow associated with this
vector field, then the fiber has the form 7(s) = ¢4(p). Here the point p belongs
to the surface S which is transversal to the vector field Y. The parameter s
ranges over an open interval J € R. One can assume that there is a measure
dvy on the fibration Y of the set 0 C G. The measure dy on Y is equal to the
inner product of the vector field Y € V; and a biinvariant volume form dz. The
measure dvy satisfies the inequalities

Q-1 Q-1
wiB@ R < [ dr<hiBER)|
’YEH,’YOB(IJ%)#@

for sufficiently small balls B(x, R) C € with constants kg, k; which do not depend
on a ball B(z, R) [19, 43].

Definition (3.9). A functionu : Q = R, Q C G, is said to be absolutely continuous
on lines (u € ACL(R)) if for any domain U, U C €, and any fibration X defined
by left-invariant vector fields X;;, 7 = 1,...,nq, the function u is absolutely
continuous on yN U with respect to the H'-Hausdorff measure for dy-almost all
curves vy € X.

For the function u € ACL(Q) the derivatives X ju along the vector fields X,
j=1,...,n, exist almost everywhere in Q. If u € ACL(?) and X;;u € L,(1),
we will write u € ACLP(Q).

A result by N. Shanmugalingam [35] generalizes a result by B. Fuglede and
states for rather general metric spaces that if a function u belongs to ACLP,
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p € [1,00), then u is absolutely continuous on p-almost all curves. In particular,
on Carnot groups a weak upper gradient of u coincides with the subgradient
Vu and, as a consequence, we obtain that AC' LP-functions on Carnot groups
are absolutely continuous on p-almost all horizontal curves.

We say that a map f : @ — G belongs to ACLP(Q) if every coordinate
function fi;;,i=1,...,m,j =1,...,n;, is in ACLP(Q). Amap f: Q2 - G is
absolutely continuous on a horizontal curve v : [0,b] — €, if the curve f(y(¢)), is
absolutely continuous on [0,b]. A result from [35] implies that an AC LP-mapping
on the Carnot group is absolutely continuous on p-almost all horizontal curves.
Contact maps have an additional useful property.

Proof of Theorem (1.4). We prove that each coordinate function is absolutely
continuous on p-almost all horizontal curves on the domain 2.

— - o0
Let U; be a sequence of open sets such that Up C ... CU; C...Q, J U = Q.
1=0

Denote by I' a family of locally rectifiable horizontal curves whose trace lies in
Q and such that the function f is not absolutely continuous on each curve of I'.
By I'; we denote the family of closed arcs of the curves v € I which intersect Uj.
By the property of monotonicity of the p-module we deduce that

M) < 3 My ().
=1

The proof will be completed if we establish M, (I';) = 0 for an arbitrary index
[. For the functions fi;, j =1,...,n, satisfying the assertion of Theorem (1.4)

there exists a sequence of the C*°-functions fl(j-), ¢ € N, that converges to fi;
uniformly in U;, and Xlkfl(;.) converges to Xipfi; in Lp(Q), k,j = 1,...,m
(see [9, 14]). By Lemma (3.3) one can choose a subsequence (that we denote by
the same symbol) fl(;) such that

(3.10) /|X1kf1(;.)—X1kf1j|ds S0 Vkj=1,...m

~

for all rectifiable horizontal curves v : [0,b] — U; except for some family r
whose p-module of Mp(f) vanishes. We show that I'; C I'. Suppose that there
exists a rectifiable horizontal curve v € I} \f It can be assumed that this
curve is parameterized by the arc length. Since the functions fl(;) (v(s)) are

absolutely continuous, then for any s € [0,b] one can define the sequence of
smooth horizontal curves with coordinates

89 = 12((s) = £2((0))
o [ (Zaoxasfow)a i1 m,

0
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B5d(s) = f3(1()) = Fpg(7(0))

s

3

+ / 3 ( ar(t) X1 LY (v(t))> Pujpa (£ (1(0)), - 12 ((2)))
o J=1 “k=1
2,...

p = 2,...,m, g=1,...,np.

Here Pjp, are polynomials from (3.7). The horizontal components BY) (s) =

fl(i) (7(s)) converge uniformly to the functions fi(y(s)) as i — co. Moreover,
from (3.10) we deduce

£ = 16 O) + [ (Zak(wxmfl (v(t))>dt
0 k=1

for every s € [0,b]. Hence, the functions fi = (fi1,..., fin,) are absolutely
continuous along the curve ~(s).

Since the length of the curve 8 = f(y(s)) is given by the integral (3.5) and
is independent of f,..., fi by (3.8), the curve S(s) = f(v(s)) is absolutely
continuous, and we deduce that map f is absolutely continuous along 7. This
contradicts y € Iy \ T. O

We introduce some necessary definitions. A map f is called open, if the image
of an open set is open, and is called discrete, if the preimage of any point f~1(:)
consists of isolated points. A domain B C 2 is called normal for the map f if
0f(D) = f(0D). A neighborhood U of the point z € ) is called normal if it
is a normal domain for the map f and U N f~1(f(z)) = {z}. Let f: Q = G
be a continuous discrete map. A point = € Q is called a branch point of f if f
is not homeomorphic in any neighborhood of z € ). We denote by By the set
of branch points. For a point x € Q one can define the local index i(x, f) (see,
e.g. [30, 31]). A point z €  is a branch point if and only if |i(z, f)| > 2. If D is
a normal domain of the map f, then the topological degree of the map: u(y, D)
is constant for a point y € f(D) \ 0f(D) (see [33]). Furthermore, for any point
of a normal domain D, we have

p(f,D)=ply, D)= > li(z,f)l.
zeDNf~1(y)
If U is a normal neighborhood of a point € U, then |i(z, f)| = p(f(z),U). The
properties of normal neighborhoods can be found, e.g., in [24, 31, 33].

We need some properties of a lifting curve for a continuous open discrete map.
The idea of a lifting curve was first introduced in the pioneering works [28, 32,
33, 38, 39, 50]. Following [33] we give the precise definitions and statements in
context of the Carnot group. Let 8 : [a,b] = G be a curve and f be a continuous
open discrete map. Let = € 2 be such that f(z) = f(a). A curve a: [a,c) =
is called the maximal lifting of § starting at = € Q, if a(a) =z, foa = Bl,q),
and there is no other curve o' : [a,c') = Q, ¢ < ¢’ <b, such that a = o[, o and
foad' =Pl A similar definition can be given for a curve terminating at the
point = € Q.

LemMA (3.11). Let f: Q = G, Q € G, be a continuous open discrete map.
Assume that D C Q is a normal domain for f and let 5 : [a,b] — f(D) be a
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curve. There exist the mazimal liftings o : [a,b] = D, j =1,...,u(f, D), such
that

1) foa; =48,

2) card{j: o(t) =z} = li(z, f)| for z € DN fHB).

3) yU...Uay, =DnN fLA).

For the proof in the case G = R” we refer the reader to [33]. For the general
case the proof is the same.

The Sobolev space Wpl (), 1 < p < o0, consists of locally summable functions
u: Q= R, Q CG, that have distributional derivatives X;;u along the vector
fields le:

/leunpdm:—/qujnpdm, j=1,...,n1,
Q Q
for any test function ¢ € C§°, and

1/p 1/p
llu | WHQ)|| = (/|u|”d:c) + (/|vw|pdx) < 0.
Q Q

Here Vou = (X114, ..., X1, u) is the subgradient of u. We say, that u belongs
to W 1,(Q) if for any U, U C , the function u belongs to W}(U).

p,loc

Definition (3.12). A map f:Q — G, Q C G, belongs to the horizontal Sobolev

class HW, 1,.(Q), 1 < p < oo, if

1) p(f(@)) € Lp,1oc();
2) the coordinate functions f;; belong to ACL() for all ¢ and j;

)
3) fij € W) (Q) for 1 < j <my;
4) the vector

0
X = X w —
wf@)= Y X))y,
1<l<m,1<w<n;
belongs to HT(,) for almost all z € Q and k =1,...,n;.

In [12, 45, 48] the reader can find various definitions of the Sobolev space
on Carnot groups and their relationship. The matrix Xixf = (Xixfij), k =

1,...,ny, defines an operator Dy f, which is called a formal horizontal differen-
tial. A norm of the operator Dy f is defined by |[Du f(z)] = sup  p(Duf(z)(£)),
§EVL,p(§)=1

n 1/2
and is equivalent to |V f| = ZI: |X1if|2> . It has been proved in [43] (see
i=1

2
also [27, 48]) that the formal horizontal differential Dy f generates a homomor-
phism Df : G — G of the algebra G, which is called a formal differential. The
determinant of the matrix Df(z) is denote by J(z, f) and called a (formal)
Jacobian.

The notion and fundamental results on differentiability on Carnot groups are
due to P. Pansu [26, 27]. On a Carnot group, the dilation J. by a positive factor
¢ and left-translation are conformal mappings. They are used in the definition
of differentiability as an auxiliary transformation.
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Definition (3.13). The mapping f : Q@ — G is P-differentiable at ¢ € Q if the
mapping
—1
51/0{(f(q)) f(q(dcp))}

converges locally uniformly as ¢ — 0 to a homomorphism i : G — G, that
preserves the horizontal tangent space HT of the Lie algebra §.

The following properties of a mapping with bounded s-distortion (see Defini-
tion (1.1)) were proved in [23, 42, 43, 48].

PROPOSITION (3.14). A nonconstant mapping f : @ — G, Q C G, with
bounded s-distortion possesses the following properties:

1) f is P-differentiable almost everywhere in €,
2) |f(By)| =0,
3) if x € Q\ By, then there exists a neighborhood W of x such that f : W — V
is a homeomorphism, and the inverse mapping g = f~1 : V. — W belongs
to HW,) .. (V), p = s=o=1) Moreover, the norm |Dug(z)| satisfies the
inequality
|Dig(2)|P < KP7H(f)J (2, 9)
for almost all z € V,
4) if Q — 1< s <Q, the N"t-property holds: |A| =0 implies |f1(A)| =0,
5) J(z, f) >0 almost everywhere in Q for Q —1 < s < Q,
6) [Bf|=0forQ—-1<s<@Q.

Let © be an open connected set in G and K C 2 be a compact. We call
(Q, K) the condenser. For p € (1,00) we define the p-capacity of the condenser
(€, K) by

cap, (2, K) :inf/|V1;v|pd:1;,
Q

where the infimum is taken over all nonnegative v € C§°(Q2), such that v|g > 1.
Now we prove another auxiliary lemma whose proof is based on [43], see
also [23, 41].
Let f: U — U* be a mapping with bounded s-distortion, yo € U* = f(U),
and {1, 2™ ... 2@} = f1(y5) NU. For each () we denote by U; a normal
neighborhood of z¥, with U; N Uj = 0 for i # j. There exists a number

q
0 < § < distg, (yo, OU*) such that B(yo,d)Nf(U\ U U;) = 0. We fix a horizontal

=1
vector field Xy, j = 1,...,n1. Let Y be a fibration generated by this field in
B(yo,0). Set a cube K = SBy, C B(yo,6) where f,, = expoX1;(y0), 0 € R,
|o| < M. Assume S to be a surface transversal to the field X ;(yo),

S = {(a,b) : la] < M, [b] < M},

where @ = (y11,---,Y1,j=1,0,Y1,j+1,-- -, ¥1.n1), b = (¥2,...,Ym). For an ar-

bitrary point y € S we denote by 3, an element of the horizontal fibration

starting at y. Thus, the cube K is a union of the segments of the orbits for

o] < M. We consider a tubular neighborhood of the line 3, with the ra-

dius r: E(y,r) = KN( U B(w,r)). A function ®(A) is defined by the rule
wEPBy
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®(A) = |[UN f~1(ANK)| on Borel sets of G. Let us fix a point z € S, where
the mentioned function ® has the finite derivative

. P(E(z,1))
(3.15) MRt
In [10] was proved that the derivative (3.15) exists and is finite at almost all
points z € S. We prove the following lemma making use of these notations.

LEMMA (3.16). Suppose that the function ® has the finite derivative (3.15) at
z € S. Let at) : [0,1] = U; be a lifting of a horizontal curve B,(t) : [0,]] — K.
Then « is an absolutely continuous curve.

Proof. On the horizontal curve £, let us choose disjoint closed arcs
- - P
[01,01],...,[0p,dp] of lengths Aq,...,A,, such that Y~ A; < §. We cover each of
=1
[61,6:] by the union of balls R; = |J B(3.(7),r). Here r is so small that R; are
disjoint and r < cgd; with a consgant co satisfying the condition of Lemma 5
from [43].
If we denote by [a;,b] = B7([0,01]) C [0 1], then we will have a([a;, bi]) C
Y R)NU;. Since f~Y(R)NU; = |J f1(B(a(r),r)) is an open connected
TEa,bi]
set, the couple (f~1(R;) NU;,a([as, by])) is a condenser. We note that the image
of the condenser E = (f~(R;) N U;, a([a;,b])) under the mapping f is also a
condenser f(E) = (R, [51,31]) because of f o a([al, b)) = [61,&] and

fE RNy =F( | £ = U B(B:(n),r) =
Te[al,bl] T€[ar,bi]

The function u(q) = r‘lgc(q, OR;) is an admissible function for the Q-capacity
of the condenser (Ry, [d;,0;]). Since |Vcu(q)] <71, we obtain the inequalities

(3.17)
R coAyr@t
CapQ(f(E))zcapQ (Rla[éla(sl /|VLU |Qd.’I,'< | l| 0 ;Q_

On the other hand, Lemma 5 from [43] implies

diam ™~ (a([ay, bf])) ‘
|f~H(R) NU;| =T

Using Corollary 1 from [45] (see also [49]) and the inequalities (3.17) and (3.18)
we deduce the inequality

(3.18) capg(E) = capg (f_l(Rl) N Ui,a([al,bl])) >

diam % a(for, b)) < KNG, R)LEL (1) 0075
Simplifying, we get
(3.19) diam(a([a;, bi])) < czA (W)I/Q,

where ¢; = (K (f) (f, Rl)C—O)T. Since the set E(z,r) contains the union

p
U R;, we have U fYR)NU; C f7Y(E(z,r)). Summing (3.19) over | and
=1 =1
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making use of the Holder inequality we obtain that
Q-1 p —1
Z Z T Z|f (B) NUi[\ /@
dlam al, bl] < C3( A ) ( a T) -

Letting r — 0, we deduce Z diam(a([a;, b)) < 04(2 Ay) N from the finite-

ness of derivatives at the pomt z. Hence, the curve « 1s absolutely continuous. [

4. Lemma of Poletsky’s tipe

We use an idea by E. Poletsky [28] to construct the map g which is in some
sense inverse to a nonhomeomorphic mapping with bounded s-distortion f. First
we define only horizontal coordinates of the map g because other coordinates
can be uniquely restored by the horizontal ones (see Theorem (4.3) below). Let
f:Q =G, Q C G be a mapping with bounded s-distortion and U C 2 be a
normal domain, U* = f(U). We define

U _ 1 -
(41) 91 (y) - ,U/(f; U) Ief_Xl(:y)ﬂUZ(m7 f)mla

for a point y € U* where z1 = (z11,...,Z1n,), 91 = (911,-.-,91n,) are the
horizontal coordinates and u(f,U) = u(y,U) is the degree of the mapping f
with respect to the domain U.

THEOREM (4.2). The functions g1j(y), j = 1,...,n1, belong to ACLP(U*),
P= oD

Proof. First, we prove that the functions g1,(y) are continuous. Fix a number
j=1,...,n;. Let yo € U* and {x(l),x(Z),...,x(Q)} = f~'(yo)NU. For each z(?
we denote by U; a normal neighborhood of () with U; N Uy, = 0 for i ;é k, and

such that U; C B(z%) &) where ¢ € (0,1). We choose a point z € W = ﬂ f(Us).

In each neighborhood U; there are exactly i(z9, f) points of the set Z ={x:

z e f 1 2)NUY and S {i(z, f) : x € fY2)NU;} = i(z®, f). Therefore, the
functions g;; can be written in the form

gl] Z Z l(xaf)xlj'

i=1l zef-1(z)NU;

We have
p ) )
|gﬁ (2) — g{]j(yo)| 1U)| Z E i(z, flzy — E i($(l)a f)$§3)|
i=lzef—1(z)NU; 2 ef=1(yo)NU
q . i
<SHm Y i hey —i?, el
i=1 eef-1(z)NU;

q
(”f5<5

9
u(fl,U) Z Z ‘(I‘,f)|il§'1] xl]
i=lgef— 1( nU; i=1
Thus, the functions gV, ; are continuous.
Next we prove that they are absolutely continuous on almost all curves of
the horizontal fibration. We choose a point z € U* where the derivative (3.15)
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is finite and a curve 3, : [0,]] = K which was described before Lemma (3.16).
We show that the functions g{{ ; are absolutely continuous along the curve B..
To prove this we consider the maximal liftings a(*) : [0,]] — U of the curve
Boyv=1,....,m p = p(f,U). Any curve a'*) : [0,I] — Uj;, passing through
a point z(¥ € U; is absolutely continuous by Lemma (3.16). There are exactly
i(x™, f) curves a(*) from the maximal lifting 3. passing through (. This
shows that the functions g?j, j=1,...,n1, restricted to the curve 8, admit the

I
form gfj (y) = W Zl ag';). We conclude that g{Jj are absolutely continuous
v=

on almost all curves.

Finally, we prove that for any £ = 1,...,n; the derivatives X;,g:; belong to
Ly,(U*), p = 5=~ Let y € U*\ f(U N By). There exist p = p(f,U) points
{zM ... 2} = f~1(y) N U and their mutually disjoint normal neighborhoods
U, as above. Proposition (3.14) yields that in each of these neighborhoods the
restriction of the mapping with bounded s-distortion f : Uy — W = f(U)) is a

l

homeomorphism and the inverse mapping h; = f=! : W — f~Y(W)NU; belongs
to HVVP1 1oe(W). We cover the set U*\ f(U N By) by a sequence of disjoint open
balls B; = B;(z,r), so that the set f~1(B;) NU contains exactly u components
U; and the mappings hy : B; = U, [ = 1,..., u are homeomorphic. In this case

g¥; admits the form

I
glj Z zl 1] Yy € Bz

5 =1

Applying the Holder inequality and Proposition (3.14) we obtain

1 < P 1 < P
0) Z|X1k((hiz)1j)(y)|> < (m?mhu(yn)

| X1kgylu(@)” < (u(f

n

)P KP71(f)
< z=:|Dthz Wl <o )ZJ(y,hu)

=1

for an arbitrary k,j = 1,...,n;. Since |f(By)| = 0,

p— 1
f [ Xukgi P dy < 3 [ [ Xuegr; ()17 dy < I f
|l B;

i B;

4 1 P 1 -1
= B > Iha(5 )l =S8 S BN Ig U] < oo.
This completes the proof of Theorem (4.2). O

At this point our objective is to construct a mapping gY(y) that serves as
the inverse to the nonhomeomorphic mapping f with bounded s-distortion. The
formula (4.1) defines the horizontal coordinates of the mapping g. Since a map-
ping with bounded s-distortion preserves the horizontal tangent space of the Lie
algebra G, we would like to have the same property for g|y (y).

THEOREM (4.3). The functions gi1,...,91n, define a contact map g¥(y) :
U* — U which is in ACL(U*).
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Proof. We follow the notations of the preceding theorem. Using the first
coordinates (gﬂ, ceey gfnl), we will restore the missing coordinates of gV (y) along
the curves of the horizontal fibration. Let us fix a horizontal vector field X,
k=1,...,n1, and its orbit £ (s). For the mapping gY(y) to be a contact one,
the image of B¢(s) under gV should be a horizontal curve (s) = g¥(Bx(s)) that
satisfies equations (3.8). Since 4,,(8(5)) = (VegY,B) = Xirgl,, we deduce
that the functions ggq are solutions of differential equations

(44)  X1kgpg(B(5)) = Y X1£915 (B () Prjpg (9 (B (5)); - - - gp1(Bi(5))),

Jj=1

p=2,...,n1,¢=1,...,n,. At the points y € OU* = f(0U) we set g(y) =
g(f(@) = 7, » € AU

We prove now that the mapping g (y) = (¢V (v),.-., g% (y)) belongs to the
class ACL(U*). The restriction of mapping gY(y) on the curve 3y, : [0,b] — U*
defines the horizontal curve v(s) = (g(8(s))) whose length is expressed by the

integral
b, m 24 1/2
L = / (>( 1ak<s>X1kg{§(v<s>>)) ds.

j=1 “k=

Therefore, gY (y) is absolutely continuous along almost all curves of the horizontal
fibration, that means g € ACL(Q). O

We denote by T' a family of curves in the domain  and by I'* = f(T') the f-
image of this family under a mapping f with bounded s-distortion. One can
show by standard observations [8] that the p-module of a family of nonrectifiable
horizontal curves vanishes and, therefore, we assume all curves of the family
I'* to be rectifiable. Let us correlate the parameterization of the curves in the
image and the preimage. We introduce the arc length parameter s* in the curve
v* € T*, 4* : [a,b] = I = f(). The function s*(t) is strictly monotone and
continuous, therefore, the same is true for its inverse function ¢(s*). For the
curve y(t) € I', v* = f(y(t)) the parameter s* can be introduced so that

V(s") = F(v(#(s7)) = f(r(s7), 5" €l

Later on, we assume that the parameterizations of the curves v and v* are
correlated as above.

Proof of Theorem (1.2). We split the proof into three steps.

Step 1. Let v* : I — U*. By Step 1 we show that the curve ~y(s*) is
rectifiable and absolutely continuous in I\ y~!(By) for p-almost all curves v* €
r p= qu) We choose a sequence of disjoint open balls B;(z,r/4) in the
domain U, ¢ € U \ By such that the union |JB;(x,r) covers U \ By, and in

(3

each ball B; = B;(z,r) the mapping f is homeomorphic. There is the inverse
mapping h; = f~' : f(Bi) = Bi, that belongs HW, . (Proposition (3.14)).
By Theorem (1.4) h; is absolutely continuous on p-almost all curves v* € I'*.
If v(s*) € B; N B; we assume h;(y*(s*)) = h;(y*(s*)). Hence, the mapping g :
Y*Iny-1(8;) = G can be defined so that g(v*(s*)) = hi(v*(s*)) for v(s*) € Bi.
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We estimate the length of the curve y(s*) as s* ranges in I \ y*(By).

n n1 2\ 1/2
LV = (55wl Xuaere) )
<a; [ |Dag(y*(sM)|ds*.

I\y=*(By)

Let us show that the latter quantity is finite for p-almost all curves v*. By A
we denote the points where at least one of h;(y) is not P-differentiable. Since
|f(Bi) N Al =0, we set X;;h;(y) = 0 at the points y € AN f(B;). In this way
we define a Borel function |Dgh;| : f(B;) — RY. We also let p = sup{|Dgh;| -
Xf(B;) 1 € N}. By the inequality

IDig(7*(s*)] ds* < / pds*
I\y—1(By) I\y—1(By)

it suffices to show that I pds* < oo for p-almost all v*. Let 4* € I* and
I\v~*(By)

[ pds* = co. Then, the function pm~™*

is admissible for the family I'* and for

any value of m € N. By this we obtain

x _ 1 D 1 P Kp_l(f) .
My(I7) = ﬁ/ﬂ dyﬁﬁz / |D hil d?JSTZ J(y, hi)dy
G Y f(B) Y f(Bi)
< C2Kp—1(f)Z|B|< C2KP—1(f)|U|
= mp : ] = mp ’

3

where C is a constant from the doubling condition. The inequality |U| <
oo implies Mp(f*) = 0. Finally, v is rectifiable and absolutely continuous in
I\y~*(By) for p-almost all curves v*. The proof yields that if E C I and |E| = 0,
then for arbitrary i = 1,...,m, j = 1,...,n;, the equality |y;; (ENI\v *(By))| =
0 holds for p-almost all *, hence, the coordinates j;; satisfy Lusin’s condition.
This completes the first step.
Step 2. Next we show that the following property holds for p-almost all v*:
if ECIand|E|=0,then |y;(ENy ' (By))|=0forj=1,...,n.
By Proposition (3.14) the equality | f(By)| = 0 holds. As in Theorem 33.1 [44]
one can show [ Xf(B;) ds* = 0 for p-almost all curves. Therefore, the values
e

f(7(s*)) do not belong to f(By) for almost all points s* € I. So, we can assume
Iy (By)| = 0.

Let us denote B;k) = {z € By, i(z,f) = k}. We cover now the set
Bj(ck) by a countable system of normal domains {U;} such that u(f,U;) = k.
Then, for any point x € B](ck) N U, the quantities i(z, f) = k = u(f,U;) are
equal [24, 31, 33]. This means that the sets U; are the normal neighborhoods
for all points z € BJ(ck) NU;. Set gi(y) = gV (y). Theorems (4.2), (4.3), and (1.4)
imply that the mapping ¢;(y) is absolutely continuous on p-almost all horizon-
tal curves from f(U;). The equality gfj’ (7*(s*)) = 715(s*) holds at the points
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y =7*(s*) € f(B](ck) NU;). By Lemma (3.1) v1;(s*) N U, j =1,...,ny, are ab-

solutely continuous. Therefore |7, ; (7_1(B)(ck) NU.))| = 0 for p-almost all y*(s*).
Making use of the representation

By =JUr @ nw,
k>2 1
we deduce that |vi;(y " *(By))| = 0 and |v1;(E N~y (By))| = 0. From Steps 1
and 2 it follow that |y1;(y~1(E))| = 0, so v1; satisfies Lusin’s N-condition for
any j =1,...,n;.

Step 3. Finally we show that the horizontal coordinates v;; have integrable
derivatives for p-almost all curve v*. Let FF = AU f(By) U f(C), where C be
the set of points where f is not differentiable and A as above. Since |F| = 0 the
values f(v(s*)) do not belong to F for almost all s* € I. As in Step 1 we cover
U\ (ByUC) by the sequence of the balls B;, such that f|p, is a homeomorphism
and h; = (f|Bl.)_1. For v(s*) € B; we get v(s*) = h;(f(v(s*))). For arbitrary
j=1,...,n1 we deduce that

@) [Fuas <50 Y [Dahil ) < [ pds <o
T i

I

for p-almost all curve v*.

Bary’s theorem [34], p. 285, states that functions with integrable derivatives,
satisfying Lusin’s N-condition are absolutely continuous. Hence, vi1,...,%1in,
are absolutely continuous. Since the length of curve ~(s*) can be expressed
by the integral I, = [|%1;(s*)|ds*, finally, we obtain that the curve (s*) is

I

absolutely continuous. This proves Theorem (1.2). O
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