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Abstract

In 1957 B. Fuglede (Acta. Math. 98 (1957) 171-219) has introduced a notion of the system of
exceptional measures. A system of measutés said to be exceptional of orderif its p-modulus
M, (E) vanishes. E. Poletskii (Mat. Sb. 83 (1970) 261-272) was the first who applied this notion
to a description of the behavior of a family of curves under a quasiregular mapping (in another
terminology a mapping with bounded distortion)®f1. In the present paper we study the behavior
of horizontal curves under contact maps and the modulus of a family of horizontal curves under a
quasiregular mapping on the Heisenberg griitip
0 2003 Elsevier Inc. All rights reserved.
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1. Introduction and statement of main results

In our model of the Heisenberg groli we takeR2'*1 as the underlying space and
provide it with the non-commutative multiplication

n
pg=(x, (", 1) = (x +x' 141 — ZZ(xix;lH - xn+,-xlf)),
i=1

wherex, x’ € R?", ¢, ' € R. The left-invariant vector fields
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X,_a—xi—l—ZX,,Jr,E, Xn+l—m— 15, ——,l—l,...,n,

form the basis of the Lie algebra of Heisenberg group. There exist non-trivial relations
[X;, Xntil=—4T,i=1,...,n, and all other Poisson brackets vanish. Thus, the Heisen-
berg algebraj is of dimension 2 + 1, and splits into the direct sug = Vi @ V». The
vector spacé/; is generated by the vector fields, i =1, ..., 2n, and is called théor-
izontal space The spaceV, is a one-dimensional center that is spanned by the vector
field T. By definition,the horizontal tangent space @tc H" is a subspace H;Tof the tan-
gent spacé;, spanned by the vector fieldS (¢), ..., X2,(¢g) atqg. The Lebesgue measure
dx is the Haar measure on the Heisenberg group|./By= fE dx we denote the measure
of the setE.

We use the Carnot—Carathéodory metric based on the length of horizontal curves. An
absolutely continuous curve: [0, b] — H" is said to behorizontalif its tangent vector
y' (1) (if exist) lies in the horizontal tangent space H4, i.e., there exist functions; (s),
s €10, b], such thab~7"; a? < Landy’(s) = X721 a;(s) X (¥ (5)). A result by Chow [1]
implies that one can connect two arbitrary poiptgy € H" by a horizontal curve. We fix
on HT, a quadratic forn{., -), so that the vector field&1(q), ..., X2,(g) are orthonormal
with respect to this form at every poigte H”. Then the length of the curvéy) is defined
by the formula

b b 211 1/2
z(y)=f(y’(s),y’(s>>1/2=/(2|a./<s>|2> ds.

0 o ‘=t
The Carnot—Carathéodory distank€p, ¢) is the infimum of the length over all horizontal
curves connecting andg € H".

Acurvey:I =10,1]— H" is called rectifiable if supz,f:ldc(y(sk), y (sxg—1))} is fi-
nite, where the supremum ranges over all partitions & < s1 < --- < s, =1 of the
segment/. We remark that the definition of a rectifiable curve is based on the Carnot—
Carathéodory metric. That is why a curve is not rectifiable if it is not horizontal (see [11]).
Thus, from now on we work only with horizontal curves.

Now we define an absolutely continuous function on curves of the horizontal fibration.
For this we consider a family of horizontal cun/#&ghat form a smooth fibration of an open
setU c H". Usually, one can think of a curve € X’ as an orbit of a smooth horizontal
vector field X € Vi. If we denote byy, the flow associated with this vector field, then
the fiber is of the formy (s) = ¢s(p). Here the poinp belongs to the surfacg which is
transversal to the vector fiekl. The parameter ranges over an open intervale R. One
can assume that there is a measiyeon the fibrationt” of the setU ¢ H". The measure
dy on X is equal to the inner product of the vector fislde V1 and a biinvariant volume
form dx (see, for instance, [12]). The measure satisfies the inequality

ko| B(x. R)|(Q—1)/Q < / dy < k1| B(x, R)|(Q—1)/Q

yeX,yNB(x,R)#0

for sufficiently small ballsB(x, R) C U with constantskg, k1 which do not depend on
a ball B(x, R) [12,27]. Here and subsequently = 2n + 2 stands for the homogeneous
dimension of the Heisenberg groif .
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Definition 1. A functionu : 2 — R, £2 C H", is said to beabsolutely continuous on lines
(u € ACL(£2)) if for any domainl/, U C £2, and any fibratiort’ defined by a left-invariant
vector fieldX;, j =1,...,2n, the functionu is absolutely continuous op N U with
respect to thé{1-Hausdorff measure faty-almost all curvey e X.

The derivativesX ju, j = 1,...,2n, exist almost everywhere it for such func-
tion u [12]. If they belong toL , (£2) for all X; € V1, thenu is said to be from ACE(2).
If the functionu belongs toL},(Q), then there exists a functiane ACLP?(£2), such that
u = v almost everywhere.

Let £2 be a domain (an open connected setHifi A functionu:£2 — R is said to
belong to the Sobolev spadﬁél}(ﬂ) (W;’IOC(Q)) if ue L,(£2) (Lp,oc(£2)) and its distri-
butional derivatives( ju, j =1,...,2n, are inL,(£2) (Lp 10c($2)). The spacer}(.Q) is
endowed with the finite norm

1/p

1/p
||u|W§(9)||=<f|u|”(x)dx) +</|vgu|”(x)dx) ,
2 2

whereV .u = (X1u, ..., Xo,u) is a horizontal gradienbf « and
2n 1/2
|Veul = (Z |X,~u|2> :
j=1

Definition 2. A smooth mappingf : 2 — H" is calledcontactif X,, f(g) € HT ¢(, for
almostallg e 2 andallm =1, ..., 2n.

Since X,, f(g) € HT ¢, for almost allg € £2, the matrix (X,, f1;(¢)), m,j =
1,...,2n, defines a linear mappinBy f : V1 — V1, which is called théormal horizontal
differentialof the mappingf atg € £2. It was established in [4,28,33] thBty f generates
a homomorphisnDf : G — G which is called théormal differential The determinant of
Df (gq) is called the formal) Jacobianof f and denoted by (g, f). Various aspects of
differentiability on the Heisenberg group one can found in [4,17,18,33].

Let I" be a family of horizontal curves on the groli. By F(I") we denote the set of
all non-negative Borel functions: H" — R, such thatfy pds > 1 for any locally rectifi-
able curvey e I'.

Definition 3. For 1< p < oo the quantity

M, (') = inf Pdx
p( peﬂr)/p
Hn

is called thep-modulus of the family of curvesf'.

Following [7] we say that a property is realized fpralmost all curves when the
p-modulus vanishes for a family of curvésfor which this property in not realized, i.e.,
M, (I") = 0. Aresult by Fuglede [7] for the Euclidean space is widely used. It can be stated
as follows.
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An absolutely continuous functian: R” — R with p-integrable partial derivatives is
absolutely continuous op-almost all curves.

Shanmugalingam [22] has generalized this result for rather general metric spaces. In
particular, on Heisenberg groups a weak upper gradiemtagfincides with a subgradient
Vcu and, as a consequence, we obtain that A@lnctions on Heisenberg groups are
absolutely continuous op-almost all horizontal curves.

We say a magy : 2 — H" belongs to ACI(£2) if every coordinate functiorfy ;, j =
1,....2n, fo,isin ACL?(£2). Amap f : 2 — H" is absolutely continuous on a horizontal
curvey :[0,b] — £2, if the curve f(y(¢)), is absolutely continuous of®, »]. A result
from [22] implies that an ACE-mappings on the Carnot group is absolutely continuous
on p-almost all horizontal curve. Contact maps have an additional useful property.

Theorem 4. Let f: 2 — H", 2 c H", be a contact map. If the horizontal coordinates
f1,j belong toACL?(£2) and f> € ACL($2), then the magf is absolutely continuous on
p-almost all curves in2.

The notion of quasiregular mapping (the mapping with bounded distortidR} iwas
firstly introduced and studied by Reshetnyak [20]. His discovery was furthered by the group
of researchers Martio, Rickman, Vaisala, and others (see, for instance, [21], where one can
find numerous references). The analytic definition of a quasiregular mapping is similar
to the analytic definition of a quasiconformal one, without the requirement of homeo-
morphism. Recently, the analysis on the homogeneous groups (the simplest example of
which is the Heisenberg group) has been developed intensively. The fundamental role of
such groups in analysis was pointed out by Stein [23], in his address to the International
Congress of Mathematicians in 1970, see also his monograph [24]. Quasiconformal map-
pings on a homogeneous group of special type were initially considered by Mostow in
1971 in connection with rigidity theorems for the rank one symmetric space [16]. Various
definitions of quasiconformal mappings on homogeneous groups one can find in [9,12,30,
33]. Quasiregular mappings on the Heisenberg group have been studied in [2-5,10,13,14].

The next definition is principal for our paper.

Definition 5. Let 2 ¢ H" be a domain. A mapping : 2 — H" is calledquasiregularif
f satisfies the following conditions:

(1) The mappingf is continuous;

(2) The mappingf is contact;

(3) The mappingf belongstoWé_yloc(.Q);

(4) The horizontal differentiaby f satisfies the inequality

|DHf(x)|Q <KJ(x, f) foralmostallx € 2.

The smallest constati in this definition is called theoefficient of quasiregularitgnd
denoted byK (f). Basic properties of quasiregular mapping on the Heisenberg group are
collected in Proposition 11.
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For the quasiregular mapping we established the following result, which is an analogue
of Poletskii lemma.

Theorem 6. Let f: 2 — H" be a non-constant quasiregular mapping alid_ §2 be a
domain, such that/ ¢ £2. Assumd™ to be a family of curves ity and "™ = f(I"). Then,
for Q-almost all curves * € I'* the curves (s*) are absolutely continuous.

The proof of Theorem 6 is rather technical and involve somewhat technical steps con-
cerning curve families whose modulus is negligible. However, later it will permit to obtain
some inequalities for curve families that are more general and more effective than inequal-
ities for capacities of condensers.

2. Preliminary results

Let B be a closed subset of the segmeénthe set/ \ B can be represented as a count-
able set of disjoint interval§l, }. A curvey is defined to be rectifiable oh\ B if the
suml, (I\ B) =Y, 1, (1) is finite. Herel, (1,,) is the length of the arg : 7, — H" of
the horizontal curve . For a rectifiable curve one can define a parameterizatjos) by
the arc length. The functio$i, (s) is strictly monotone and, ([0, I]) = S, (1). By |S, (B)|
we denote the measure of the range of the funcfip@y) while the parametes ranges
over the setB. A curve y(s) is absolutely continuous if the functia$y (s) is absolutely
continuous. The image of the curyg e H": p =y (s), s € I} we also denote by .

Lemma7.Letg(s): I — R be an absolutely continuous function aBde a closed subset
of I, and |B| = 0. Supposé:(¢): I — R is an absolutely continuous function in\ B,
continuous o, andg(t) = h(¢) with ¢ € B, then the functior is absolutely continuous
on the segmertt.

Proof. We show that the functiok(z) is absolutely continuous. Let us fix> 0. Sinceg(z)
is absolutely continuous and| = 0, we can cover the sé C I by a finite system of
intervalsly = (ak, bx), 1< k <m, suchthadly C B, > ;" 1 |g(bx) — g(ax)| < ¢. Let us
denote by#;, 7;+1] the disjoint segments ih, such thath’:l ltivr —ti| < 8. 1 {[1;, 1111}
arethe segmentsih\ B, suchthad_; 111 —{;1 < 3, [tiva—ti| <8, theny; [h(lj11) —
hlj)] <e.

One can assume that edeh 7, ,1] intersects only one intervdj and that; is a bound-
ary point ofIy. If 1; is an interior point fotl;, then we replacé, = [ax, bx] by two intervals
lax, ;] and[z], br], wherer;, 1) € B, 1, <t; <t are the nearest points to Hence, it can
be assumed that the poirits}, i = 1,..., p, are not interior td_J;"_; /k.

Suppose that the intervdl;, ;1] contains points from J{_; Ixr. We choose the
pointss;, s € (U1 I) N [;, ti+1] which are the nearest ones respectively @ndz; 1.
The triangle inequality and the equalitigs;) = h(s;), g(s;) = h(s}) yield

Z|h(t,-) — h(ti41)] < Z(Vl(li) —h(si)| + |h(si) — h(s)| + |h(s) — h(ti11)))

1
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=Y (|h(@) = h(sp)| + |h(s) = htiyD) )+ D _|glsi) — g(sH] < 2.
i i

Thus, the functiork is absolutely continuous och O

The following theorem is just a reformulation in the context of the Heisenberg group of

a well-known result from [7] (see also [29]).
Lemma 8. Suppose thak is a Borel set on the Heisenberg grotiy andg;: E — R is

a sequence of Borel functions which converges to a Borel fungtidh— R in L,(E).
There is a subsequeng¢g; }, such that the equality

lim /|gkj—g|ds=0
j—00
Y

holds for p-almost all rectifiable horizontal curves C E.

For a mappingf : 2 — H", 2 C H", we use the notatioff = (f1, f2), where f; =
(fi1s---s fron) €R?, freR.

Lemma 9. Let f: 2 — H", 2 Cc H", be a contact mapy(s):[0,l] — £2 be a hori-
zontal curve ang3(s) = f(y(s)) be an image of/(s) under the mapf. Then the curve
B(s):[0,1] — H" is horizontal and its length is expressed by the integral

2n
> Vi@ X f1(y(9))|ds

m=1

2\ 1/2
( (Zam(S)melj(J/(S)))) ds 1)
j=1

m=1

-
Z

and is independent g (y (s)).

Proof. To see this we argue as follows. Lgft(s) = ()/l”l(s), s, Vi,zn (5), y5(s)) be a tan-
gent vector to the horizontal curygs) which is written in terms of the Euclidean basis.
Sincey’(s) belongs toV1 we have the equality

2n
y/(s) — Zal/ (S)Xj ()/(S))

j=1

0 J 9
_Za](s) +2)/ln+]8 + anj(s) ” '_23/1)]4E .

n+j

Comparing the coefficients ayox; andd/d: we deduce the equalities
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aj(s) =)/1”j(s), j=1,...,2n,

n
¥5(8) =D 2(aj($)yLn)(8) — antj($)y1;(s)). (2)
j=1
Hence the tangent vectgr (s) has the form(as, ..., az,, 0) in terms of the left-invariant

basis of the vector fieldX ;, T. Analogously, we can write the components of the tangent
vector

ey &
B'(s) = dsf(V(S))

with respect to two bases. In the Euclidean basis we wiite) = (81(s), B5(s)) =
(VAW ) - Y (5), (Vf2(y(s)) - ¥/(s))), whereV f; is the usual gradient of;, i =1, 2.
Let us show thatV f; (¥ (s)) - ¥'(s)) = (V. fi(y (s)) - y1(s)). Making use of (2) we can
write

2n
afi afi
vV f ) = - e
(Vi) -v') Z;yl’faxl,,'wzat
= .
_i PR s
1,5 8xl,j 1,j+n axl,j+n

j=1

n
+ ) QL Y1t — 201 v
j=1
n
=Y (X fO) + 1 X jan S ) = (Ve fi ) - vi)-
j=1

afi
ot

Since X f(y(s)) € HT ¢(,,(s)), We can see that the tangent vecfits) belongs to
HTg(s). Hence in the left-invariant basis of vector fieldls, T', j = 1,..., 2n, we have
the representation of tangent vecti(s) = (81(s), 0) = (V f1(y (s)) - ¥'(s)), 0). From

the definition of the length of a curvg = [é |B’(s)| ds we deduce equality (1). O

We say that a contact map: 2 — H” is absolutely continuous on a horizontal curve
y:[0,1] — £2 if the curve f (y (s)) is absolutely continuous dm, /].

Proof of Theorem 4. We prove that each coordinate function is absolutely continuous on
p-almost all horizontal curves on the domain

Let U; be a sequence of open sets, such that- --- Cc U; C --- 2, U2 U = 2.
Denote byI" a family of locally rectifiable horizontal curves whose trace lies2rand
such that the functiorf is not absolutely continuous on each curvelafBy I we de-
note the family of closed arcs of the curves I" which intersect;. By the property of
monotonicity of thep-modulus we deduce that,(I") < > /2, M,(I7). The proof will
be completed if we establish thaf, (I7) = 0 for an arbitrary index. For the functions
fij, j=1,...,2n, satisfying the assertion of Theorem 4 there exists a sequernct of

functionsfl(_kj), k € N, that converges tg_; uniformly in U;. Moreover X, f1(k,') converges
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to X,uf1,j,m,j=1,...,2n,in L,(£2) (see [6]). By Lemma 8 one can choose a subse-
guence (that we denote by the same symbﬁff‘i}, such that

/‘anf]f?_xmfl,j‘dS—)O, m,j=1,...,2n, 3)

for all rectifiable horizontal curves : [0, b] — U;, except for some familyf whose
p-modulus ofMp(f) vanishes. We show thdf, c I". Suppose that there exists a rec-
tifiable horizontal curver € I\ I'. It can be assumed that this curve is parameterized by
the arc length. Sincfl’ﬁj(y(s)) are absolutely continuous, then for ang [0, b] one has

S/ 2n
) =9 0)+ / (Zam(t)xm “”(y(r))) j=1....2n,
0

m=1

S 2n

£ ) = f2(v (@) / Zam<r><zzl<':3+, © 210, 1<f;3+.,)dt.

Oml

For eachk € N these 2 + 1 sequences define a curgé) (s) = (fl(k)(y(s)), fz(k)(y(s)))

whose length is uniformly bounded by (3). We can choose a subsequence, that converges
to a curveB(s) (f1(y (5)), fz(y(s))) Since the length oﬁ(s) is finite, the curqu(s)

is horizontal. Moreove3(0) = f(y(©0) =B(0). All coordinates of3(s) are expressed by
integrals. Thus, the functionf ;, f» are absolutely continuous gn By Lemma 9 the

length of the curve8(s) = (f1(y (s)), f2(y (s))) is given by integral (1) that is independent

of fo(y(s)). ConsequentlyB(s) = f(y(s)) is rectifiable and absolutely continuous. This
means that the mappingis absolutely continuous op. This contradicts € I\ I” and
completes the proof of Theorem 40

Remark. We remark that the last coordinatgs(y (s)) and fz(y(s)) of the horizontal
curvesB(s), B(s) satisfy the same equation

_f2 V(S) szl n+j V(S)) fl /()’(5)) 2flj()’(5)) fl n+j (V(S))

j=1
d .
= afz(y(s))

with the same initial datgf2(y (0)) = f2(y(0)). Thus, the curveg(s) and A(s) coincide
and f2(y (s)) = fa(y (s)).

We introduce some necessary definitions. A domairc §2 is callednormal for the
map f if af (D) = f(d3D). A neighborhoodU of a pointx € £ is called anormal
neighborhoodf it is a normal domain for the mag andU N f~1(f(x)) = {x}. A map
192 — f(£) is said to beopenif it transforms open sets onto open sets distreteif
f~1(y) consists of isolated points for alle £(£2). Let f: £2 — H" be a continuous open
discrete map. A point € £2 is called abranch pointof f if f is non-homeomorphicin
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any neighborhood of € 2. We denote byB, the set of branch points. For a pont 2
one can define the local indeéxx, f) (see, e.g., [20]). A point € £2 is a branch point
if and only if |i (x, )| > 2. If D is a normal domain for the map, then the topological
degreeu(y, D) of the mapf is constant for a point € (D) \ af (D) [21]. Furthermore,
for any point of a normal domaif, we have

u(f,D)y=py, D)= Y itx, ).

xeDNf=1(y)

If U is a normal neighborhood of the point U, then|i(x, )| = u(f(x), U). The prop-
erties of normal neighborhoods can be found, e.qg., in [20,21].

To prove our lemma of Poletskii type for the Heisenberg group we need some properties
of a lifting curve for an open and discrete map. The idea of a lifting curve was firstly intro-
duced in the pioneering works [25,26,34]. Following [21] we give a statement in context
of the Heisenberg group.

Let 8:[a,b] — H" be a curve ang be a continuous open discrete map. ket 2 be
such thatf (x) = B(a). A curvea: [a, ¢) — 2 is said to be a maximal lifting g8 starting
atthe pointv € £2, if w(a) = x, f oo = Bl[a.¢), and there is no other cureé: [a, ¢') — £2,
¢ <’ <b,suchthate = o’|j4,c; @and f oo’ = B4,y A similar definition can be given for
a curve terminating at € £2.

Lemma 10. Let f: 2 — H", £2 € H", be a continuous open discrete map. IDett 2 be
anormal domain forf and letg : [a, b] — f (D) be a curve. Then there exists the maximal
lifting «j :[a,b) — D, j =1, ..., u(f, D), such that

(1) foaj=p;
(2) cardj: a;(t) =x}=li(x, f)|forx e DN f~1(B);
(B) crU---Uay, =DN fP).

The following properties of a quasiregular mapping were proved in [2-5,31-33].

Proposition 11. A non-constant quasiregular mapping 2 — H", 2 ¢ H", possesses
the following properties

(1) The mappingf is discrete open

(2) J(x, f) > 0almost everywhere ife;

(3) 1BfI=1f(B)=0;

(4) The mappingf is P-differentiable almost everywhere {;

(5) If x € £2\ By then in any neighborhooW of x the restrictionf : W — V is a homeo-
morphism, the inverse mappifg= f~1:V — W is a homeomorphism from the class
W5($2), and|Dh(2)|? < KC7Hf) T 2. ).

The notion ofP-differentiability on homogeneous groups and the fundamental differ-
entiability results are due to Pansu (see [17,18] for the notation). In [12] it was proved
that ACL?(2) = C(£2) N Wl}(Q), 1< p < o0. Therefore, the coordinate functions of a

quasiregular mapping belong to A€LS2).
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3. Type of Poletskii lemma

We start from some notations and auxiliary lemma whose proof can be found in [15,27].
Letyge U* = f(U) and{xD,x@ ... x@D}= f~L(yo) N U. For eachx”) we denote
by U; a normal neighborhood of ® with U; N U; = ¢ for i # j. There exists a number
0 < p < disty, (yo, 8U*) such thatB(yo, p) N f(U \ U, U;) = 0. We fix a horizontal
vector fieldX,,, m =1, ...,2n. Let Y be a fibration generated by this field B(yg, p).
Set a cube&X = SB,, C B(yo, p), whereg,; = expsX,, (yo0), s € R, |s| < M. AssumeS to
be a surface transversal to the figlg (yo),

S={(a.b): la| <M, |b| <M},

wherea = (1.1, -+, Y1.m—-1, 0, YLm+1, - - -» Y1.20), b = y2. FoOr an arbitrary point € S we
denote byg, an element of the horizontal fibration startingyatThus, the cubeX is a
union of the segments of the orbits fef < M. We consider a tubular neighborhood of the
line B, with the radius-, E(y,r) =K N (Uweﬁy B(w, r)). We define a functio® (A) on

Borel sets ofd” by the rule®(A) = |[U N f~1(A N K)|. Let us fix a point; € S, where
the mentioned functio® has the finite derivative

. D(E(z,1))
rlino ré-1 (4)

In [8] it was proved that derivative (4) exists and is finite for almost all poinéssS.
We consider the maximal lifting: [0,!] — U of the curveg,:[0,l] - K with o =
@D, ..., a™), u=pu(f, U). The following lemma is valid under these notations.

Lemma 12. Suppose that the functiah has the finite derivativé4). Leta(¢) : [0, [] — U;
be a lifting of a horizontal curves,(¢) :[0,l] — K. Thena is an absolutely continuous
curve.

To construct the mappingwhich is in some sense the inverse to a non-homeomorphic
mappingf we use the idea by Poletskii [19]. First, we define only horizontal coordinates of
the mapping because other coordinates can be obtained from the horizontal ones uniquely
(see Theorem 14 below). Lgt: 2 — H" be a quasiregular mapping abdbe a normal
domain,U* = f(U). We define

Z i(x, Hixy, j=1,...,2n, (5)

xef~ly)nU

V= ——
SLi = (o)

for a pointy € U*. Here,u(f, U) = u(y, U) is the degree of the mappingwith respect
to the normal domaiw/.

Theorem 13. The functiong{{j (y), j=1,...,2n, belong toACLC (U*).

Proof. First, we show that the function§{{j(y) are continuous. Fix a number =

1,....2n. Let yo e U* and (x,x@ .. x@} = f~(y0) N U. For eachx® we de-
note byU; a normal neighborhood of), with U; N U; = ¢ for i # j, and such that
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U; C B(x,¢), wheree € (0,1). We choose a point € W = (!_; £(U;). In each
neighborhoodU; there are exactly (x'"), ) points of the setix € f~'(z) N U} and
Y e rionu i ) =i, f). Therefore,

g1 ()= (fU)Z i, fxw.

i=1 xef~1z)nU;

We have

|7 ;@) —gij,(yo)l

Z oo -y D )

i=1 xef~1(z)nU; xDef~L(yp)nU
1 q
< Z Z i(x, fxg,; —i(x®, f)x(l)
w(0) i=1llxef~1(z)nU;
S, U)Z > i Pl
i=1 xe f~1(z)NU;

q

i (v (@)
gﬂ(f’U);l(x , e <e.

Thus, the functiongf_j are continuous.

Next, we prove that they are absolutely continuous on almost all curves of the horizontal
fibration. We choose a point where derivative (4) is finite and a curye:[0,/] > K
which was described at the beginning of Section 3. We show that the fun@ﬁ’onare
absolutely continuous along the curge To prove this we consider the maX|maI lifting
«:[0,1] — U of the curvep,, which isa = (@@, ..., a™), u = u(f, U). Any curve
a™:[0,1]— U;,v=1,..., u, passing through a point? € U; is absolutely continuous
by Lemma 12. There are exacilgr ), f) curvesa™ from the maximal liftings, passing
throughx”. This shows that the functiong’;, j =1,..., 2n, restricted to the curvg;
admit the form '

%
()

1
n(fU) =

gt () =

We conclude that thg{{j are absolutely continuous on almost all curves.

Finally, we prove that forany: =1, ..., 2n the der|vat|ve§(,,,g1 belong toL o (U™).
Lety e U*\ f(U N By). There exisiu = ;L(f, U) points{x®, .. xW} ffynu
and mutually disjoint normal neighborhoods as above. Proposmon 11 yields that in
each of these neighborhoods the restriction of the quasiregular mappitig— W =
N, U is a homeomorphism and the inverse mappipg: f~1:W — fF~L(W)nuy;
belongs to the cIasWQ 1oc(W). We coverthe sel/*\ f(U N By) by a sequence of disjoint

open ballsB; = B;(z,r) such that the sef ~1(B;) N U contains exactly. components
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U; and the mappings;;: B; — U;, 1 =1,..., 1, are homeomorphisms. In this cag%].
admits the form '

1 "
(hin)a,;j (y)
w(f. U) ; !

for pointsy € B;. Applying the Hélder inequality and Proposition 11, we obtain

1 m Q 1 © Q
|Xingl{‘(y)|Q < < |Xm(hil)1,,'(y)|) < ( |DHhil(y)|)
L w(f.U) 2 ’ w(f.U) ;

=1

g1, (=

1 Z“ o_KoHD <
< Dgh; < ———— J(y, hip).
TATY S R BTRT) Zl:l O i)

=1

Since| f(Br)| =0,
k91

1t 12y < 3 [ xnl 01y < = D5 [ampay
- n(f,U)

U* Bl' ’ B,‘
K27 f) K27Y(f) 1

=" hij(B))| = ——F+— B)NnU

AT I A SR

0-1
< K=(f)

n(f, U)
This completes the proof of Theorem 130

|U| < oo.

At this point our objective is to construct a mappigig(y) which serves as the inverse
to the non-homeomorphic quasiregular mapping

Theorem 14. The functionsgy 1, ..., g1.2, define a mapping? (y): U* — U which is
from ACLZ (U*).

Proof. We follow the notations of the preceding theorem. Since the func@é{rﬁy),
j=1,...,2n, belong to ACLZ(U*), then derivativesxmg{{j exist almost everywhere
in U*. We would like to define the mapping’ = (g¥. ¢5), such that it preserves the

horizontal space. We set the functigﬁ (y) as a solution of the system of differential
equations

n
Xngs ()= 287, ;) Xmgt ;) — 287 ;) Xmgl i ;)
j=1

m=1,...,2n. (6)

At the pointsy e dU* = f(dU) we setg(y) = g(f(x)) =x,x € dU.
We prove now that the mappind (y) = (gf, géj) belongs to the class ACL(U*). For
m=1,...,2n fixed we consider an orbg; : [0, /] — U* of the vector fieldX,,, where the
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functionng_j, j=1,...,2n, are absolutely continuous. The restriction of mapgiHgy)
on the curves. : [0,/] — U* defines the horizontal curve(s) = (g1(B:(s)), g2(B-(s)))
with absolutely continuous horizontal componegités. (s)) andg2(B; (s)) satisfying (6).
Since the length of/(s) is expressed by the integral of type (1) the curve is absolutely
continuous. Thereforeg, e ACL(U*).

The functlon%l (y), j=1,...,2n, are absolutely continuous. Applying the Hoélder
inequality we obtaln

/\angz(y)l dy < ||gl]||L°°(U*)Z/|Xmgl]()’)| dy < o0

j= 1U*

from (6). Consequently, the mappig§ (y) belongs to the class ACL(U*). O

We denote by™ a family of horizontal curves in the domain and byr™ = f(I") the
f-image of this family under a quasiregular mappifigOne can show by standard ob-
servations [7] that th@-modulus of non-rectifiable horizontal curves vanishes and so we
assume all curves of the familj* to be rectifiable. Let us correlate the parameterization
of the curves in the image and preimage. We introduce a natural pararhétehe curve
y*e ™, y*:la,b]l=1— f(£2). The functions*(¢) is strictly monotone and continuous,
so the same for its inverse functio@*). For the curve/ (t) € I', y* = f(y(¢)), the para-
meters* can be introduced so that (s*) = f(y (¢(s*))) = f(y(s*)), s* € I. Later on, we
assume that the parameterizations of the cupvasdy* are correlated as above.

Proof of Theorem 6. We split the proof into three steps.

Stepl. Lety*: I — U*. By Step 1 we prove that the curygs*) is rectifiable and
absolutely continuous it \ y_l(Bf) for Q-almost all curves* € I'*. We choose a se-
quence of ballsB; (x, r/4) in the domainU, x € U \ By, such that the unioQJ; B; (x,r)
coversU \ By and in each balB; = B; (x, r) the mappingf; = f|, is homeomorphic and
its inverseh; = f;~ ! belongs toW1 loc- BY Theorem 4 the mappinig is absolutely con-
tinuous onQ-almost all curves. Iﬁ/(s*) € B; N B; we assumeé; (y*(s*)) = h;j(y*(s*)).
Hence, the mapping: y |1\V*1(B_f) — H" can be defined so thg{y*(s*)) —h (y*(s*))

for y (s*) € B;. We estimate the length of the curvés*) in the setl \ y_l(Bf) as

2n 2n 2\ 1/2
L(I\y~XBp) = f (Z(Zamxmgl,j(y)> ) ds*

Ny J=Em=l
<c f |Dug(r)|ds*.
I\y=X(By)

We show that the latter quantity is finite f@-almost all curves/*. By A we denote
the points where the mappirig(y) is not P-differentiable. Since f (B;) N A| = 0, we
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set X,,hi(y) = 0 at the pointsy € A N f(B;). In this way we define a Borel function
[Dyh;|: f(B;) = R. We also leto = sug| Dy h;lx rp,): i € N}. By the inequality

/ |Dug(y*(sM)|ds* < / pds*

Ny~(By) Ny~By)

it suffices to show thagf,\y_l(Bf),ods* < oo for Q-almost ally*. Let p* € I'* and

[};* pds* = oo. The functionom ~1 is admissible for the family™* for any value ofn € N.
By this we obtain

R 1 1
Mo(I*)=— | pQdy < — Dyh;|2d
Q(>mQ/pmeZf|H,|y

" LB

K21
<T(f)2 / J(y, hi)dy
AC:D)

C2K2-1(f) C2K271(f)
< TZIB” < T'U’

where C is a constant from the doubling condition. The conditi@n < oo implies
MQ(f*) = 0. Finally, the curvey are rectifiable and absolutely continuoug my‘l(Bf)
for Q-almost all curves/*. The proof yields that ifE c I \ y_l(Bf) and|E| = 0, then
IS, (E)| =0 for Q-almost all curveg *. This completes the first step.

Step2. SetB( ) ={x € By | i(x, f) = k}. Next we show that the following properties
hold for Q- almost all curves™:

(1) The curvey (s*) is rectifiable inI \ |, y‘l(Bl(fk));
(2) Forany set I\ U, v L(BY) if |E| =0, then|S, (E)| =0

We argue by induction. The case= 1 is proved in the first step. Let = j. By
Proposition 11 the equalityf (B )| = 0 holds. As in [29, Theorem 33.1], one can prove
f XfB,ds* =0 for Q-almost all curves. Therefore, the valugs y(s*) do not belong
to f(By) for almost all pomts € I. Thus we can assunig ™~ l(Bf)I =

Now we cover the seB ) by a countable system of normal doma{rlif;} such that
w(f, Uy = j.Forany pomtx € B}’) N U, the equalities (x, f) = j = u(f, U;) hold (see,
for instance, [20,21]). This means that the dét@re normal neighborhoods for all points
X € B.(f’) N U;. By Theorem 14 the mappingl’ (y) belongs to ACLQ(f(U,)). Theorem 4
implies thatg, (y) is absolutely continuous o@-almost all horizontal curves frorfi(U;).
The equalltygll (y*(s™)) = y1,;(s™) is realized at the pointg = y*(s*) € f(B;’) NnUp).
Lemma 7 |mpl|es thayy j(s*), j =1,...,2n, are absolutely continuous. The length of
y (s*) is given by the integral of type (1) We get that the part &) insideU; is rectifiable
and absolutely continuous, |¢Su,(y‘1(B(’ )| = 0 for Q-almost all curves*(s*). Since
we have countable the system of domams we deduce that the curyes*) is absolutely
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continuous inf \ Ubjﬂy*l(Bj%) and, hence, rectifiable there f@-almost all curves.
This completes the proof of Step 2.

Step3. The domainU is such thatU c £2. Hence, we can choose a constait
such thati(x, /) < M andy~Y(By) = ULy 1B, Thus,|s, (UM, v 2(BY ) =
ISy ()/_l(Bf))l = 0. We conclude that (s*) is absolutely continuous and rectifiablelin
for Q-almost all curves* € I'*. This completes the proof of Theorem 60

Acknowledgments

We would like to thank N. Garofalo and S.K. Vodop’yanov for many useful discussions. We thank the Institut
Mittag-Leffler, where this work was started, for the hospitality.

References

[1] W.L. Chow, Uber Systeme von linearen partiellen differential gleichungen erster ordnug, Math. Ann. 117
(1939) 98-105.

[2] N.S. Dairbekov, On mappings with bounded distortion on the Heisenberg group, Sibirsk. Mat. Zh. 41 (2000)
49-59 (in Russian), transl. in Siberian Math. J. 41 (2000) 40—-47.

[3] N.S. Dairbekov, The limit of a sequence of mappings with bounded distortion on the Heisenberg group, and
the local homeomorphism theorem, Sibirsk. Mat. Zh. 41 (2000) 316-328 (in Russian), transl. in Siberian
Math. J. 41 (2000) 257-267.

[4] N.S. Dairbekov, Mappings with bounded distortion on Heisenberg groups, Sibirsk. Mat. Zh. 41 (2000) 567—
590 (in Russian), transl. in Siberian Math. J. 41 (2000) 465-486.

[5] N.S. Dairbekov, Mappings with bounded distortion of two-step Carnot groups, in: Proc. on Anal. and Geom.,
Sobolev Institute Press, Novosibirsk, 2000, pp. 122—-155.

[6] G.B. Foland, E.M. Stein, Hardy Spaces on Homogeneous Groups, in: Math. Notes, Vol. 28, Princeton Univ.
Press, Princeton, NJ, 1982.

[7] B. Fuglede, Extremal length and functional completion, Acta Math. 98 (1957) 171-219.

[8] A.V. Greshnov, S.K. Vodop'yanov, Analytic properties of quasiconformal mappings on Carnot groups,
Sibirsk. Mat. Zh. 36 (1995) 1317-1327 (in Russian), transl. in Siberian Math. J. 36 (1995) 1142-1151.

[9] J. Heinonen, P. Koskela, Definitions of quasiconformality, Invent. Math. 120 (1995) 61-79.

[10] I. Holopainen, S. Rickman, Quasiregular mappings on the Heisenberg group, Math. Ann. 294 (1992) 625—
643.

[11] A. Koranyi, Geometric Aspects of Analysis on the Heisenberg Group, in: Topics in Modern Harmonic
Analysis, Istituto Nazionale di Alta Matematica, Rome, 1983.

[12] A. Koranyi, H.M. Reimann, Foundation for the theory of quasiconformal mappings on the Heisenberg group,
Adv. Math. 111 (1995) 1-87.

[13] I. Markina, Poletsky lemma for the mapping with bounded distortion on the Heisenberg group, Preprint,
Report 23, Institut Mittag-Leffler, 1999/2000, p. 21.

[14] 1. Markina, On coincidence of the-module of a family of curves and thg-capacity on the Carnot group,
Rev. Mat. Iberoamericana 19 (2003) 143-160.

[15] I.G. Markina, S.K. Vodop'yanov, Local estimates of a variation of mappings with boundtstortion on
the Carnot groups, in: The 12th Siberian School on the Algebra, Geometry, Analysis and Mathematical
Physics held in Novosibirsk, July 20-24, 1998, pp. 28-53.

[16] G.D. Mostow, Quasiconformal mappingsrirspace and the rigidity of hyperbolic space forms, Inst. Hautes
Etudes Sci. Publ. Math. 34 (1968) 53—-104.

[17] P. Pansu, Croissance des boules et des géodésiques fermées dans les nilvariétés (Growth of balls and closed
geodesics in nilmanifolds), Ergodic Theory Dynam. Systems 3 (1983) 415-445 (in French).



I. Markina / J. Math. Anal. Appl. 284 (2003) 532-547 547

[18] P. Pansu, Métriques de Carnot—Carathéodory et quasiisométries des espaces symétriques de rang un (Carnot—
Caratheodory metrics and quasi-isometries of rank-one symmetric spaces), Ann. of Math. 129 (1889) 1-60
(in French).

[19] E.A. Poletskii, Moduli method for non-homeomorphic quasiconformal mappings, Mat. Sh. 83 (1970) 261—
272.

[20] Yu.G. Reshetnyak, Space Mapping with Bounded Distortion, in: Transl. Math. Monogr., Vol. 73, American
Mathematical Society, Providence, RI, 1989.

[21] S. Rickman, Quasiregular Mappings, Springer-Verlag, Berlin, 1993.

[22] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev space to metric measure spaces, Rev. Mat.
Iberoamericana 16 (2000) 243-279.

[23] E.M. Stein, Some problems in harmonic analysis suggested by symmetric spaces and semisimple groups,
in: Proc. Int. Congr. Math., Nice I, 1970, Gauthier-Villars, Paris, 1971, pp. 173-189.

[24] E.M. Stein, Harmonic Analysis: Real Variable, Methods, Orthogonality and Oscillatory Integrals, Princeton
Univ. Press, 1993.

[25] S. Stoilov, Sur les transformation continues et la topologie des fonctions analytiques, Ann. Sci. Ecole Norm.
Sup. 45 (1928) 347-382.

[26] S. Stoilov, Legons sur les principes topologiques de la théorie des fonctions analytiques, Paris, 1938.

[27] A.D. Ukhlov, S.K. Vodop’yanov, Sobolev spaces aiel Q)-quasiconformal mappings of Carnot groups,
Sibirsk. Mat. Zh. 39 (1998) 776—795 (in Russian), transl. in Siberian Math. J. 39 (1998) 665-682.

[28] A.D. Ukhlov, S.K. Vodop'yanov, Approximately differentiable transformations and the change of variables
on nilpotent groups, Sibirsk. Mat. Zh. 37 (1996) 70-89 (in Russian), transl. in Siberian Math. J. 37 (1996)
62-78.

[29] J. Vaiséala, Lectures on-Dimensional Quasiconformal Mappings, in: Lecture Notes in Math., Vol. 229,
Springer-Verlag, Berlin, 1971.

[30] S.K. Vodop’yanov, Monotone functions and quasiconformal mappings on Carnot groups, Sibirsk. Mat.
Zh. 37 (1996) 1269-1295 (in Russian), transl. in Siberian Math. J. 37 (1996) 1113-1136.

[31] S.K. Vodop'yanov, Mappings with bounded distortion and with finite distortion on Carnot groups, Sibirsk.
Mat. Zh. 40 (1999) 764—804 (in Russian), transl. in Siberian Math. J. 40 (1999) 644—-677.

[32] S.K. Vodop'yanov, Topological and geometric properties of mappings with an integrable Jacobian in
Sobolev classes. |, Sibirsk. Mat. Zh. 41 (2000) 23-48 (in Russian), transl. in Siberian Math. J. 41 (2000)
19-39.

[33] S.K. Vodop'yanov,P-Differentiability on Carnot groups in different topologies and related topics, in: Proc.
on Anal. and Geom., Sobolev Institute Press, Novosibirsk, 2000, pp. 603-670.

[34] G.T. Whyburn, Analytic Topology, in: Amer. Math. Soc. Collog. Publ., 1942.



