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Abstract

In 1957 B. Fuglede (Acta. Math. 98 (1957) 171–219) has introduced a notion of the syst
exceptional measures. A system of measuresE is said to be exceptional of orderp if its p-modulus
Mp(E) vanishes. E. Poletskii (Mat. Sb. 83 (1970) 261–272) was the first who applied this n
to a description of the behavior of a family of curves under a quasiregular mapping (in a
terminology a mapping with bounded distortion) inR

n. In the present paper we study the behav
of horizontal curves under contact maps and the modulus of a family of horizontal curves u
quasiregular mapping on the Heisenberg groupH

n.
 2003 Elsevier Inc. All rights reserved.

Keywords:Quasiregular mapping; Heisenberg group; Carnot–Carathéodory metric;p-modulus of a family of
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1. Introduction and statement of main results

In our model of the Heisenberg groupHn we takeR
2n+1 as the underlying space an

provide it with the non-commutative multiplication

pq = (x, t)(x ′, t ′)=
(
x + x ′, t + t ′ − 2

n∑
i=1

(xix
′
n+i − xn+ix ′

i )

)
,

wherex, x ′ ∈ R
2n, t, t ′ ∈ R. The left-invariant vector fields

✩ This work was supported by Projects Fondecyt (Chile) 1020067 and 1030373.
E-mail address:irina.markina@mat.utfsm.cl.
0022-247X/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0022-247X(03)00350-0
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Xi = ∂

∂xi
+ 2xn+i

∂

∂t
, Xn+i = ∂

∂xn+i
− 2xi

∂

∂t
, T = ∂

∂t
, i = 1, . . . , n,

form the basis of the Lie algebra of Heisenberg group. There exist non-trivial rela
[Xi,Xn+i ] = −4T , i = 1, . . . , n, and all other Poisson brackets vanish. Thus, the Hei
berg algebraG is of dimension 2n+ 1, and splits into the direct sumG = V1 ⊕ V2. The
vector spaceV1 is generated by the vector fieldsXi , i = 1, . . . ,2n, and is called thehor-
izontal space. The spaceV2 is a one-dimensional center that is spanned by the ve
field T . By definition,the horizontal tangent space atq ∈ H

n is a subspace HTq of the tan-
gent spaceTq spanned by the vector fieldsX1(q), . . . ,X2n(q) atq . The Lebesgue measu
dx is the Haar measure on the Heisenberg group. By|E| = ∫

E
dx we denote the measu

of the setE.
We use the Carnot–Carathéodory metric based on the length of horizontal curv

absolutely continuous curveγ : [0, b] → H
n is said to behorizontal if its tangent vector

γ ′(t) (if exist) lies in the horizontal tangent space HTγ (t), i.e., there exist functionsaj (s),
s ∈ [0, b], such that

∑2n
j=1a

2
j � 1 andγ ′(s)=∑2n

j=1aj (s)Xj (γ (s)). A result by Chow [1]
implies that one can connect two arbitrary pointsp,q ∈ H

n by a horizontal curve. We fix
on HTq a quadratic form〈·, ·〉, so that the vector fieldsX1(q), . . . ,X2n(q) are orthonorma
with respect to this form at every pointq ∈ H

n. Then the length of the curvel(γ ) is defined
by the formula

l(γ )=
b∫

0

〈
γ ′(s), γ ′(s)

〉1/2 =
b∫

0

(
2n∑
j=1

∣∣aj (s)∣∣2
)1/2

ds.

The Carnot–Carathéodory distancedc(p, q) is the infimum of the length over all horizont
curves connectingp andq ∈ H

n.
A curveγ : I = [0, l] → H

n is called rectifiable if sup{∑p

k=1dc(γ (sk), γ (sk−1))} is fi-
nite, where the supremum ranges over all partitions 0= s0 � s1 � · · · � sp = l of the
segmentI . We remark that the definition of a rectifiable curve is based on the Ca
Carathéodory metric. That is why a curve is not rectifiable if it is not horizontal (see [
Thus, from now on we work only with horizontal curves.

Now we define an absolutely continuous function on curves of the horizontal fibra
For this we consider a family of horizontal curvesX that form a smooth fibration of an ope
setU ⊂ H

n. Usually, one can think of a curveγ ∈ X as an orbit of a smooth horizont
vector fieldX ∈ V1. If we denote byϕs the flow associated with this vector field, th
the fiber is of the formγ (s) = ϕs(p). Here the pointp belongs to the surfaceS which is
transversal to the vector fieldX. The parameters ranges over an open intervalJ ∈ R. One
can assume that there is a measuredγ on the fibrationX of the setU ⊂ H

n. The measure
dγ onX is equal to the inner product of the vector fieldX ∈ V1 and a biinvariant volume
form dx (see, for instance, [12]). The measuredγ satisfies the inequality

k0
∣∣B(x,R)∣∣(Q−1)/Q �

∫
γ∈X , γ∩B(x,R) �=∅

dγ � k1
∣∣B(x,R)∣∣(Q−1)/Q

for sufficiently small ballsB(x,R) ⊂ U with constantsk0, k1 which do not depend o
a ballB(x,R) [12,27]. Here and subsequentlyQ = 2n+ 2 stands for the homogeneo
dimension of the Heisenberg groupH

n.
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Definition 1. A functionu :Ω → R, Ω ⊂ H
n, is said to beabsolutely continuous on line

(u ∈ ACL(Ω)) if for any domainU , Ū ⊂Ω , and any fibrationX defined by a left-invarian
vector fieldXj , j = 1, . . . ,2n, the functionu is absolutely continuous onγ ∩ U with
respect to theH1-Hausdorff measure fordγ -almost all curvesγ ∈X .

The derivativesXju, j = 1, . . . ,2n, exist almost everywhere inΩ for such func-
tion u [12]. If they belong toLp(Ω) for all Xj ∈ V1, thenu is said to be from ACLp(Ω).
If the functionu belongs toL1

p(Ω), then there exists a functionv ∈ ACLp(Ω), such that
u= v almost everywhere.

Let Ω be a domain (an open connected set) inH
n. A function u :Ω → R is said to

belong to the Sobolev spaceW1
p(Ω) (W

1
p,loc(Ω)) if u ∈ Lp(Ω) (Lp,loc(Ω)) and its distri-

butional derivativesXju, j = 1, . . . ,2n, are inLp(Ω) (Lp,loc(Ω)). The spaceW1
p(Ω) is

endowed with the finite norm

∥∥u|W1
p(Ω)

∥∥=
( ∫
Ω

|u|p(x) dx
)1/p

+
( ∫
Ω

|∇Lu|p(x) dx
)1/p

,

where∇Lu= (X1u, . . . ,X2nu) is a horizontal gradientof u and

|∇Lu| =
(

2n∑
j=1

|Xju|2
)1/2

.

Definition 2. A smooth mappingf :Ω → H
n is calledcontactif Xmf (q) ∈ HTf (q) for

almost allq ∈Ω and allm= 1, . . . ,2n.

Since Xmf (q) ∈ HTf (q), for almost all q ∈ Ω , the matrix (Xmf1j (q)), m,j =
1, . . . ,2n, defines a linear mappingDHf :V1 → V1, which is called theformal horizontal
differentialof the mappingf atq ∈Ω . It was established in [4,28,33] thatDHf generates
a homomorphismDf :G → G which is called theformal differential. The determinant o
Df (q) is called the (formal) Jacobianof f and denoted byJ (q,f ). Various aspects o
differentiability on the Heisenberg group one can found in [4,17,18,33].

Let Γ be a family of horizontal curves on the groupH
n. By F(Γ ) we denote the set o

all non-negative Borel functionsρ :Hn → R, such that
∫
γ
ρ ds � 1 for any locally rectifi-

able curveγ ∈ Γ .

Definition 3. For 1� p <∞ the quantity

Mp(Γ )= inf
ρ∈F(Γ )

∫
Hn

ρp dx

is called thep-modulus of the family of curvesΓ .

Following [7] we say that a property is realized forp-almost all curves when th
p-modulus vanishes for a family of curves̃Γ for which this property in not realized, i.e
Mp(Γ̃ )= 0. A result by Fuglede [7] for the Euclidean space is widely used. It can be s
as follows.
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p are
An absolutely continuous functionu : R
n → R with p-integrable partial derivatives i

absolutely continuous onp-almost all curves.

Shanmugalingam [22] has generalized this result for rather general metric spa
particular, on Heisenberg groups a weak upper gradient ofu coincides with a subgradien
∇Lu and, as a consequence, we obtain that ACLp-functions on Heisenberg groups a
absolutely continuous onp-almost all horizontal curves.

We say a mapf :Ω → H
n belongs to ACLp(Ω) if every coordinate functionf1,j , j =

1, . . . ,2n, f2, is in ACLp(Ω). A mapf :Ω → H
n is absolutely continuous on a horizon

curveγ : [0, b] → Ω , if the curvef (γ (t)), is absolutely continuous on[0, b]. A result
from [22] implies that an ACLp-mappings on the Carnot group is absolutely continu
onp-almost all horizontal curve. Contact maps have an additional useful property.

Theorem 4. Let f :Ω → H
n, Ω ⊂ H

n, be a contact map. If the horizontal coordinat
f1,j belong toACLp(Ω) andf2 ∈ ACL(Ω), then the mapf is absolutely continuous o
p-almost all curves inΩ .

The notion of quasiregular mapping (the mapping with bounded distortion) inR
n was

firstly introduced and studied by Reshetnyak [20]. His discovery was furthered by the
of researchers Martio, Rickman, Väisälä, and others (see, for instance, [21], where o
find numerous references). The analytic definition of a quasiregular mapping is s
to the analytic definition of a quasiconformal one, without the requirement of ho
morphism. Recently, the analysis on the homogeneous groups (the simplest exam
which is the Heisenberg group) has been developed intensively. The fundamental
such groups in analysis was pointed out by Stein [23], in his address to the Interna
Congress of Mathematicians in 1970, see also his monograph [24]. Quasiconforma
pings on a homogeneous group of special type were initially considered by Most
1971 in connection with rigidity theorems for the rank one symmetric space [16]. Va
definitions of quasiconformal mappings on homogeneous groups one can find in [9,
33]. Quasiregular mappings on the Heisenberg group have been studied in [2–5,10

The next definition is principal for our paper.

Definition 5. LetΩ ⊂ H
n be a domain. A mappingf :Ω → H

n is calledquasiregularif
f satisfies the following conditions:

(1) The mappingf is continuous;
(2) The mappingf is contact;
(3) The mappingf belongs toW1

Q,loc(Ω);
(4) The horizontal differentialDHf satisfies the inequality∣∣DHf (x)∣∣Q �KJ(x,f ) for almost allx ∈Ω.

The smallest constantK in this definition is called thecoefficient of quasiregularityand
denoted byK(f ). Basic properties of quasiregular mapping on the Heisenberg grou
collected in Proposition 11.
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For the quasiregular mapping we established the following result, which is an ana
of Poletskii lemma.

Theorem 6. Let f :Ω → H
n be a non-constant quasiregular mapping andU ⊂Ω be a

domain, such that̄U ⊂Ω . AssumeΓ to be a family of curves inU andΓ 0 = f (Γ ). Then,
for Q-almost all curvesγ 0 ∈ Γ 0 the curvesγ (s0) are absolutely continuous.

The proof of Theorem 6 is rather technical and involve somewhat technical step
cerning curve families whose modulus is negligible. However, later it will permit to ob
some inequalities for curve families that are more general and more effective than in
ities for capacities of condensers.

2. Preliminary results

LetB be a closed subset of the segmentI . The setI \B can be represented as a cou
able set of disjoint intervals{Iµ}. A curveγ is defined to be rectifiable onI \ B if the
sum lγ (I \ B) =∑

µ lγ (Īµ) is finite. Herelγ (Īµ) is the length of the arcγ : Īµ → H
n of

the horizontal curveγ . For a rectifiable curve one can define a parameterizationSγ (s) by
the arc length. The functionSγ (s) is strictly monotone andlγ ([0, l])= Sγ (l). By |Sγ (B)|
we denote the measure of the range of the functionSγ (s) while the parameters ranges
over the setB. A curveγ (s) is absolutely continuous if the functionSγ (s) is absolutely
continuous. The image of the curve{p ∈ H

n: p = γ (s), s ∈ I } we also denote byγ .

Lemma 7. Letg(t) : I → R be an absolutely continuous function andB be a closed subse
of I , and |B| = 0. Supposeh(t) : I → R is an absolutely continuous function inI \ B,
continuous onI , andg(t)= h(t) with t ∈ B, then the functionh is absolutely continuou
on the segmentI .

Proof. We show that the functionh(t) is absolutely continuous. Let us fixε > 0. Sinceg(t)
is absolutely continuous and|B| = 0, we can cover the setB ⊂ I by a finite system o
intervalsIk = (ak, bk), 1� k � m, such that∂Ik ⊂ B,

∑m
k=1 |g(bk)− g(ak)|< ε. Let us

denote by[ti , ti+1] the disjoint segments inI , such that
∑p

i=1 |ti+1 − ti |< δ. If {[lj , lj+1]}
are the segments inI \B, such that

∑
j |lj+1− lj | �∑

i |ti+1− ti |< δ, then
∑

j |h(lj+1)−
h(lj )|< ε.

One can assume that each[ti , ti+1] intersects only one interval̄Ik and thatti is a bound-
ary point ofIk . If ti is an interior point forIk , then we replacēIk = [ak, bk] by two intervals
[ak, t ′k] and[t ′′k , bk], wheret ′k, t ′′k ∈B, t ′k � ti � t ′′k are the nearest points toti . Hence, it can
be assumed that the points{ti}, i = 1, . . . , p, are not interior to

⋃m
k=1 Ik .

Suppose that the interval[ti , ti+1] contains points from
⋃m
k=1 Ik . We choose the

pointssi , s′i ∈ (
⋃m
k=1 Ik) ∩ [ti , ti+1] which are the nearest ones respectively toti andti+1.

The triangle inequality and the equalitiesg(si)= h(si), g(s′i )= h(s′i ) yield∑∣∣h(ti)− h(ti+1)
∣∣�∑(∣∣h(ti)− h(si)

∣∣+ ∣∣h(si)− h(s′i )
∣∣+ ∣∣h(s′i )− h(ti+1)

∣∣)

i i
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=
∑
i

(∣∣h(ti )− h(si)
∣∣+ ∣∣h(s′i )− h(ti+1)

∣∣)+∑
i

∣∣g(si)− g(s′i )
∣∣< 2ε.

Thus, the functionh is absolutely continuous onI . ✷
The following theorem is just a reformulation in the context of the Heisenberg gro

a well-known result from [7] (see also [29]).

Lemma 8. Suppose thatE is a Borel set on the Heisenberg groupH
n andgk :E → R is

a sequence of Borel functions which converges to a Borel functiong :E → R in Lp(E).
There is a subsequence{gkj }, such that the equality

lim
j→∞

∫
γ

|gkj − g|ds = 0

holds forp-almost all rectifiable horizontal curvesγ ⊂E.

For a mappingf :Ω → H
n, Ω ⊂ H

n, we use the notationf = (f1, f2), wheref1 =
(f1,1, . . . , f1,2n) ∈ R

2n, f2 ∈ R.

Lemma 9. Let f :Ω → H
n, Ω ⊂ H

n, be a contact map,γ (s) : [0, l] → Ω be a hori-
zontal curve andβ(s) = f (γ (s)) be an image ofγ (s) under the mapf . Then the curve
β(s) : [0, l] → H

n is horizontal and its length is expressed by the integral

lβ =
l∫

0

∣∣∣∣∣
2n∑
m=1

γ ′
1,m(s)Xmf1

(
γ (s)

)∣∣∣∣∣ds

=
l∫

0

(
2n∑
j=1

(
2n∑
m=1

am(s)Xmf1,j
(
γ (s)

))2)1/2

ds (1)

and is independent off2(γ (s)).

Proof. To see this we argue as follows. Letγ ′(s)= (γ ′
1,1(s), . . . , γ

′
1,2n(s), γ

′
2(s)) be a tan-

gent vector to the horizontal curveγ (s) which is written in terms of the Euclidean bas
Sinceγ ′(s) belongs toV1 we have the equality

γ ′(s)=
2n∑
j=1

aj (s)Xj
(
γ (s)

)

=
n∑
j=1

aj (s)

(
∂

∂xj
+ 2γ1,n+j

∂

∂t

)
+ an+j (s)

(
∂

∂xn+j
− 2γ1,j

∂

∂t

)
.

Comparing the coefficients at∂/∂xj and∂/∂t we deduce the equalities
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t
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aj (s)= γ ′
1,j (s), j = 1, . . . ,2n,

γ ′
2(s)=

n∑
j=1

2
(
aj (s)γ1,n+j (s)− an+j (s)γ1,j (s)

)
. (2)

Hence the tangent vectorγ ′(s) has the form(a1, . . . , a2n,0) in terms of the left-invarian
basis of the vector fieldsXj,T . Analogously, we can write the components of the tang
vector

β ′(s)= d

ds
f
(
γ (s)

)
with respect to two bases. In the Euclidean basis we writeβ ′(s) = (β ′

1(s), β
′
2(s)) =

((∇f1(γ (s)) · γ ′(s)), (∇f2(γ (s)) · γ ′(s))), where∇fi is the usual gradient offi , i = 1,2.
Let us show that(∇fi(γ (s)) · γ ′(s)) = 〈∇Lfi(γ (s)) · γ ′

1(s)〉. Making use of (2) we can
write

(∇fi(γ ) · γ ′)=
2n∑
j=1

γ ′
1,j

∂fi

∂x1,j
+ γ ′

2
∂fi

∂t

=
n∑
j=1

(
γ ′

1,j
∂fi

∂x1,j
+ γ ′

1,j+n
∂fi

∂x1,j+n

)

+
n∑
j=1

(2γ ′
1,j γ1,j+n − 2γ ′

1,j+nγ1,j )
∂fi

∂t

=
n∑
j=1

(
γ ′

1,jXjf (γ )+ γ ′
1,j+nXj+nf (γ )

)= 〈∇Lfi(γ ) · γ ′
1

〉
.

SinceXjf (γ (s)) ∈ HTf (γ (s)), we can see that the tangent vectorβ ′(s) belongs to
HTβ(s). Hence in the left-invariant basis of vector fieldsXj,T , j = 1, . . . ,2n, we have
the representation of tangent vectorβ ′(s) = (β ′

1(s),0) = ((∇f1(γ (s)) · γ ′(s)),0). From

the definition of the length of a curvelβ = ∫ l
0 |β ′(s)|ds we deduce equality (1).✷

We say that a contact mapf :Ω → H
n is absolutely continuous on a horizontal cur

γ : [0, l] →Ω if the curvef (γ (s)) is absolutely continuous on[0, l].

Proof of Theorem 4. We prove that each coordinate function is absolutely continuou
p-almost all horizontal curves on the domainΩ .

Let Ul be a sequence of open sets, such thatŪ0 ⊂ · · · ⊂ Ūl ⊂ · · ·Ω ,
⋃∞
l=0Ul = Ω .

Denote byΓ a family of locally rectifiable horizontal curves whose trace lies inΩ and
such that the functionf is not absolutely continuous on each curve ofΓ . By Γl we de-
note the family of closed arcs of the curvesγ ∈ Γ which intersectUl . By the property of
monotonicity of thep-modulus we deduce thatMp(Γ ) �

∑∞
l=1Mp(Γl). The proof will

be completed if we establish thatMp(Γl) = 0 for an arbitrary indexl. For the functions
f1,j , j = 1, . . . ,2n, satisfying the assertion of Theorem 4 there exists a sequence ofC∞-

functionsf (k), k ∈ N, that converges tof1,j uniformly in Ūl . Moreover,Xmf
(k) converges
1,j 1,j
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to Xmf1,j , m,j = 1, . . . ,2n, in Lp(Ω) (see [6]). By Lemma 8 one can choose a sub

quence (that we denote by the same symbol)f
(k)
1,j , such that∫

γ

∣∣Xmf (k)1,j −Xmf1,j
∣∣ds → 0, m, j = 1, . . . ,2n, (3)

for all rectifiable horizontal curvesγ : [0, b] → Ul , except for some familyΓ̃ whose
p-modulus ofMp(Γ̃ ) vanishes. We show thatΓl ⊂ Γ̃ . Suppose that there exists a re
tifiable horizontal curveγ ∈ Γl \ Γ̃ . It can be assumed that this curve is parameterize
the arc length. Sincef k1,j (γ (s)) are absolutely continuous, then for anys ∈ [0, b] one has

f
(k)
1,j

(
γ (s)

)= f
(k)
1,j

(
γ (0)

)+
s∫

0

(
2n∑
m=1

am(t)Xmf
(k)
1,j

(
γ (t)

))
dt, j = 1, . . . ,2n,

f
(k)
2

(
γ (s)

)= f2
(
γ (0)

)+
s∫

0

2n∑
m=1

am(t)

(
n∑
j=1

2f (k)1,n+jXmf
(k)
1j − 2f (k)1,j Xmf

(k)
1,n+j

)
dt.

For eachk ∈ N these 2n+ 1 sequences define a curveβ(k)(s) = (f
(k)
1 (γ (s)), f

(k)
2 (γ (s)))

whose length is uniformly bounded by (3). We can choose a subsequence, that co
to a curveβ̂(s) = (f1(γ (s)), f̂2(γ (s))). Since the length of̂β(s) is finite, the curveβ̂(s)
is horizontal. Moreover,̂β(0)= f (γ (0))= β(0). All coordinates ofβ̂(s) are expressed b
integrals. Thus, the functionsf1,j , f̂2 are absolutely continuous onγ . By Lemma 9 the
length of the curveβ(s)= (f1(γ (s)), f2(γ (s))) is given by integral (1) that is independe
of f2(γ (s)). Consequently,β(s)= f (γ (s)) is rectifiable and absolutely continuous. Th
means that the mappingf is absolutely continuous onγ . This contradictsγ ∈ Γl \ Γ̃ and
completes the proof of Theorem 4.✷
Remark. We remark that the last coordinatesf2(γ (s)) and f̂2(γ (s)) of the horizontal
curvesβ(s), β̂(s) satisfy the same equation

d

ds
f2
(
γ (s)

)=
n∑
j=1

2f1,n+j
(
γ (s)

) d
ds
f1,j

(
γ (s)

)− 2f1,j
(
γ (s)

) d
ds
f1,n+j

(
γ (s)

)

= d

ds
f̂2
(
γ (s)

)
with the same initial dataf2(γ (0))= f̂2(γ (0)). Thus, the curvesβ(s) andβ̂(s) coincide
andf2(γ (s))= f̂2(γ (s)).

We introduce some necessary definitions. A domainD ⊂ Ω is callednormal for the
map f if ∂f (D) = f (∂D). A neighborhoodU of a point x ∈ Ω is called anormal
neighborhoodif it is a normal domain for the mapf andU ∩ f−1(f (x))= {x}. A map
f :Ω → f (Ω) is said to beopenif it transforms open sets onto open sets anddiscreteif
f−1(y) consists of isolated points for ally ∈ f (Ω). Letf :Ω → H

n be a continuous ope
discrete map. A pointx ∈Ω is called abranch pointof f if f is non-homeomorphic in
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any neighborhood ofx ∈Ω . We denote byBf the set of branch points. For a pointx ∈Ω
one can define the local indexi(x, f ) (see, e.g., [20]). A pointx ∈ Ω is a branch poin
if and only if |i(x, f )| � 2. If D is a normal domain for the mapf , then the topologica
degreeµ(y,D) of the mapf is constant for a pointy ∈ f (D) \ ∂f (D) [21]. Furthermore
for any point of a normal domainD, we have

µ(f,D)= µ(y,D)=
∑

x∈D∩f−1(y)

∣∣i(x, f )∣∣.
If U is a normal neighborhood of the pointx ∈U , then|i(x, f )| = µ(f (x),U). The prop-
erties of normal neighborhoods can be found, e.g., in [20,21].

To prove our lemma of Poletskii type for the Heisenberg group we need some prop
of a lifting curve for an open and discrete map. The idea of a lifting curve was firstly i
duced in the pioneering works [25,26,34]. Following [21] we give a statement in co
of the Heisenberg group.

Let β : [a, b] → H
n be a curve andf be a continuous open discrete map. Letx ∈Ω be

such thatf (x)= β(a). A curveα : [a, c)→Ω is said to be a maximal lifting ofβ starting
at the pointx ∈Ω , if α(a)= x, f ◦α = β|[a,c), and there is no other curveα′ : [a, c′)→Ω ,
c < c′ � b, such thatα = α′|[a,c] andf ◦α′ = β|[a,c′). A similar definition can be given fo
a curve terminating atx ∈Ω .

Lemma 10. Letf :Ω → H
n, Ω ∈ H

n, be a continuous open discrete map. LetD ⊂Ω be
a normal domain forf and letβ : [a, b] → f (D) be a curve. Then there exists the maxim
lifting αj : [a, b)→D, j = 1, . . . ,µ(f,D), such that

(1) f ◦ αj = β;
(2) card{j : αj (t)= x} = |i(x, f )| for x ∈D ∩ f−1(β);
(3) α1 ∪ · · · ∪ αm =D ∩ f−1(β).

The following properties of a quasiregular mapping were proved in [2–5,31–33].

Proposition 11. A non-constant quasiregular mappingf :Ω → H
n, Ω ⊂ H

n, possesse
the following properties:

(1) The mappingf is discrete open;
(2) J (x,f ) > 0 almost everywhere inΩ;
(3) |Bf | = |f (Bf )| = 0;
(4) The mappingf is P-differentiable almost everywhere inΩ;
(5) If x ∈Ω \Bf then in any neighborhoodW of x the restrictionf :W → V is a homeo-

morphism, the inverse mappingh= f−1 :V →W is a homeomorphism from the cla
W1
Q(Ω), and|DHh(z)|Q �KQ−1(f )J (z,h).

The notion ofP-differentiability on homogeneous groups and the fundamental di
entiability results are due to Pansu (see [17,18] for the notation). In [12] it was p
that ACLp(Ω)= C(Ω) ∩W1

p(Ω), 1 � p <∞. Therefore, the coordinate functions o

quasiregular mapping belong to ACLQ(Ω).
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3. Type of Poletskii lemma

We start from some notations and auxiliary lemma whose proof can be found in [1
Let y0 ∈U0 = f (U) and{x(1), x(2), . . . , x(q)} = f−1(y0)∩U . For eachx(i) we denote

by Ui a normal neighborhood ofx(i) with Ui ∩Uj = ∅ for i �= j . There exists a numbe
0< ρ < distdc (y0, ∂U

0) such thatB(y0, ρ) ∩ f (U \ ⋃q

i=1Ui) = ∅. We fix a horizontal
vector fieldXm, m = 1, . . . ,2n. Let Y be a fibration generated by this field inB(y0, ρ).
Set a cubeK = Sβy0 ⊂ B(y0, ρ), whereβy0 = expsXm(y0), s ∈ R, |s| �M. AssumeS to
be a surface transversal to the fieldXm(y0),

S = {
(a, b): |a| �M, |b| �M

}
,

wherea = (y1,1, . . . , y1,m−1,0, y1,m+1, . . . , y1,2n), b = y2. For an arbitrary pointy ∈ S we
denote byβy an element of the horizontal fibration starting aty. Thus, the cubeK is a
union of the segments of the orbits for|s| �M. We consider a tubular neighborhood of t
line βy with the radiusr, E(y, r)=K ∩ (⋃ω∈βy B(ω, r)). We define a functionΦ(A) on

Borel sets ofHn by the ruleΦ(A)= |U ∩ f−1(A ∩K)|. Let us fix a pointz ∈ S, where
the mentioned functionΦ has the finite derivative

lim
r→0

Φ(E(z, r))

rQ−1
<∞. (4)

In [8] it was proved that derivative (4) exists and is finite for almost all pointsz ∈ S.
We consider the maximal liftingα : [0, l] → U of the curveβz : [0, l] → K with α =
(α(1), . . . , α(µ)), µ= µ(f,U). The following lemma is valid under these notations.

Lemma 12. Suppose that the functionΦ has the finite derivative(4). Letα(t) : [0, l] →Ui
be a lifting of a horizontal curveβz(t) : [0, l] → K. Thenα is an absolutely continuou
curve.

To construct the mappingg which is in some sense the inverse to a non-homeomor
mappingf we use the idea by Poletskii [19]. First, we define only horizontal coordinat
the mappingg because other coordinates can be obtained from the horizontal ones un
(see Theorem 14 below). Letf :Ω → H

n be a quasiregular mapping andU be a norma
domain,U0 = f (U). We define

gU1,j (y)=
1

µ(f,U)

∑
x∈f−1(y)∩U

i(x,f )x1,j , j = 1, . . . ,2n, (5)

for a pointy ∈ U0. Here,µ(f,U)= µ(y,U) is the degree of the mappingf with respect
to the normal domainU .

Theorem 13. The functionsgU1,j (y), j = 1, . . . ,2n, belong toACLQ(U0).

Proof. First, we show that the functionsgU1,j (y) are continuous. Fix a numberj =
1, . . . ,2n. Let y0 ∈ U0 and {x(1), x(2), . . . , x(q)} = f−1(y0) ∩ U . For eachx(i) we de-
note byUi a normal neighborhood ofx(i), with Ui ∩ Uj = ∅ for i �= j , and such tha
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Ui ⊂ B(x(i), ε), where ε ∈ (0,1). We choose a pointz ∈ W = ⋂q
i=1f (Ui). In each

neighborhoodUi there are exactlyi(x(i), f ) points of the set{x ∈ f−1(z) ∩ U} and∑
x∈f−1(z)∩Ui i(x, f )= i(x(i), f ). Therefore,

gU1,j (z)=
1

µ(f,U)

q∑
i=1

∑
x∈f−1(z)∩Ui

i(x, f )x1,j .

We have∣∣gU1,j (z)− gU1,j (y0)
∣∣

= 1

µ(f,U)

∣∣∣∣∣
q∑
i=1

∑
x∈f−1(z)∩Ui

i(x, f )x1,j −
∑

x(i)∈f−1(y0)∩U
i(x(i), f )x

(i)
1,j

∣∣∣∣∣
� 1

µ(f,U)

q∑
i=1

∣∣∣∣∣
∑

x∈f−1(z)∩Ui
i(x, f )x1,j − i(x(i), f )x

(i)
1,j

∣∣∣∣∣
� 1

µ(f,U)

q∑
i=1

∑
x∈f−1(z)∩Ui

i(x, f )
∣∣x1,j − x

(i)
1,j

∣∣

� 1

µ(f,U)

q∑
i=1

i(x(i), f )ε � ε.

Thus, the functionsgU1,j are continuous.
Next, we prove that they are absolutely continuous on almost all curves of the hori

fibration. We choose a pointz where derivative (4) is finite and a curveβz : [0, l] → K

which was described at the beginning of Section 3. We show that the functionsgU1,j are
absolutely continuous along the curveβz. To prove this we consider the maximal liftin
α : [0, l] → U of the curveβz, which is α = (α(1), . . . , α(µ)), µ = µ(f,U). Any curve
α(ν) : [0, l] → Ui , ν = 1, . . . ,µ, passing through a pointx(i) ∈ Ui is absolutely continuou
by Lemma 12. There are exactlyi(x(i), f ) curvesα(ν) from the maximal liftingβz passing
throughx(i). This shows that the functionsgU1,j , j = 1, . . . ,2n, restricted to the curveβz
admit the form

gU1,j (y)=
1

µ(f,U)

µ∑
ν=1

α
(ν)
1,j .

We conclude that thegU1,j are absolutely continuous on almost all curves.

Finally, we prove that for anym= 1, . . . ,2n the derivativesXmgU1,j belong toLQ(U0).

Let y ∈ U0 \ f (U ∩ Bf ). There existµ= µ(f,U) points{x(1), . . . , x(µ)} = f−1(y) ∩ U
and mutually disjoint normal neighborhoodsUl as above. Proposition 11 yields that
each of these neighborhoods the restriction of the quasiregular mappingf :Ul → W =⋂
l f (Ul) is a homeomorphism and the inverse mappinghl = f−1 :W → f−1(W) ∩ Ul

belongs to the classW1
Q,loc(W). We cover the setU0 \f (U ∩Bf ) by a sequence of disjoin

open ballsBi = Bi(z, r) such that the setf−1(Bi) ∩ U contains exactlyµ components
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Ul and the mappingshil :Bi → Ul , l = 1, . . . ,µ, are homeomorphisms. In this casegU1,j
admits the form

gU1,j (y)=
1

µ(f,U)

µ∑
l=1

(hil )1,j (y)

for pointsy ∈Bi . Applying the Hölder inequality and Proposition 11, we obtain

∣∣XmgU1,j (y)∣∣Q �
(

1

µ(f,U)

µ∑
l=1

∣∣Xm(hil )1,j (y)∣∣
)Q

�
(

1

µ(f,U)

µ∑
l=1

∣∣DHhil(y)∣∣
)Q

� 1

µ(f,U)

µ∑
l=1

∣∣DHhil(y)∣∣Q � KQ−1(f )

µ(f,U)

µ∑
l=1

J (y,hil).

Since|f (Bf )| = 0,∫
U0

∣∣XmgU1,j ∣∣Q dy �
∑
i

∫
Bi

∣∣XmgU1,j (y)∣∣Q dy � KQ−1(f )

µ(f,U)

∑
i,l

∫
Bi

J (y,hil) dy

= KQ−1(f )

µ(f,U)

∑
i,l

∣∣hil (Bi)∣∣= KQ−1(f )

µ(f,U)

∑
i

∣∣f−1(Bi)∩U
∣∣

� KQ−1(f )

µ(f,U)
|U |<∞.

This completes the proof of Theorem 13.✷
At this point our objective is to construct a mappinggU(y) which serves as the invers

to the non-homeomorphic quasiregular mappingf .

Theorem 14. The functionsg1,1, . . . , g1,2n define a mappinggU (y) :U0 → U which is
from ACLQ(U0).

Proof. We follow the notations of the preceding theorem. Since the functionsgU1,j (y),

j = 1, . . . ,2n, belong to ACLQ(U0), then derivativesXmgU1,j exist almost everywher

in U0. We would like to define the mappinggU = (gU1 , g
U
2 ), such that it preserves th

horizontal space. We set the functiongU2 (y) as a solution of the system of different
equations

Xmg
U
2 (y)=

n∑
j=1

2gU1,n+j (y)Xmg
U
1,j (y)− 2gU1,j (y)Xmg

U
1,n+j (y),

m= 1, . . . ,2n. (6)

At the pointsy ∈ ∂U0 = f (∂U) we setg(y)= g(f (x))= x, x ∈ ∂U .
We prove now that the mappinggU (y)= (gU1 , g

U
2 ) belongs to the class ACLQ(U0). For

m= 1, . . . ,2n fixed we consider an orbitβz : [0, l] →U0 of the vector fieldXm, where the
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functionsgU1,j , j = 1, . . . ,2n, are absolutely continuous. The restriction of mappinggU(y)

on the curveβz : [0, l] → U0 defines the horizontal curveγ (s) = (g1(βz(s)), g2(βz(s)))

with absolutely continuous horizontal componentsg1(βz(s)) andg2(βz(s)) satisfying (6).
Since the length ofγ (s) is expressed by the integral of type (1) the curve is absolu
continuous. Therefore,g ∈ ACL(U0).

The functionsgU1,j (y), j = 1, . . . ,2n, are absolutely continuous. Applying the Höld
inequality we obtain

∫
U0

∣∣Xmg2(y)
∣∣Q dy � ‖g1,j‖L∞(U0)

2n∑
j=1

∫
U0

∣∣Xmg1,j (y)
∣∣Q dy <∞

from (6). Consequently, the mappinggU (y) belongs to the class ACLQ(U0). ✷
We denote byΓ a family of horizontal curves in the domainΩ and byΓ 0 = f (Γ ) the

f -image of this family under a quasiregular mappingf . One can show by standard o
servations [7] that theQ-modulus of non-rectifiable horizontal curves vanishes and so
assume all curves of the familyΓ 0 to be rectifiable. Let us correlate the parameteriza
of the curves in the image and preimage. We introduce a natural parameters0 in the curve
γ 0 ∈ Γ 0, γ 0 : [a, b] = I → f (Ω). The functions0(t) is strictly monotone and continuou
so the same for its inverse functiont (s0). For the curveγ (t) ∈ Γ , γ 0 = f (γ (t)), the para-
meters0 can be introduced so thatγ 0(s0)= f (γ (t (s0)))= f (γ (s0)), s0 ∈ I . Later on, we
assume that the parameterizations of the curvesγ andγ 0 are correlated as above.

Proof of Theorem 6. We split the proof into three steps.
Step1. Let γ 0 : I → U0. By Step 1 we prove that the curveγ (s0) is rectifiable and

absolutely continuous inI \ γ−1(Bf ) for Q-almost all curvesγ 0 ∈ Γ 0. We choose a se
quence of ballsBi(x, r/4) in the domainU , x ∈ U \ Bf , such that the union

⋃
i Bi(x, r)

coversU \Bf and in each ballBi = Bi(x, r) the mappingfi = f |Bi is homeomorphic and
its inversehi = f−1

i belongs toW1
Q,loc. By Theorem 4 the mappinghi is absolutely con-

tinuous onQ-almost all curves. Ifγ (s0) ∈ Bi ∩ Bj we assumehi(γ 0(s0)) = hj (γ
0(s0)).

Hence, the mappingg :γ 0|I\γ−1(Bf )
→ H

n can be defined so thatg(γ 0(s0))= hi(γ
0(s0))

for γ (s0) ∈Bi . We estimate the length of the curveγ (s0) in the setI \ γ−1(Bf ) as

lγ
(
I \ γ−1(Bf )

)=
∫

I\γ−1(Bf )

(
2n∑
j=1

(
2n∑
m=1

amXmg1,j (γ )

)2)1/2

ds0

� c

∫
I\γ−1(Bf )

∣∣DHg(γ 0)∣∣ds0.

We show that the latter quantity is finite forQ-almost all curvesγ 0. By A we denote
the points where the mappinghi(y) is notP-differentiable. Since|f (Bi) ∩ A| = 0, we
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setXmhi(y) = 0 at the pointsy ∈ A ∩ f (Bi). In this way we define a Borel functio
|DHhi | :f (Bi)→ R. We also letρ = sup{|DHhi |χf (Bi): i ∈ N}. By the inequality∫

I\γ−1(Bf )

∣∣DHg(γ 0(s0))∣∣ds0 �
∫

I\γ−1(Bf )

ρ ds0

it suffices to show that
∫
I\γ−1(Bf )

ρ ds0 < ∞ for Q-almost all γ 0. Let γ̂ 0 ∈ Γ̂ 0 and∫
γ̂ 0
ρ ds0 = ∞. The functionρm−1 is admissible for the familŷΓ 0 for any value ofm ∈ N.

By this we obtain

MQ(Γ̂
0)= 1

mQ

∫
Hn

ρQ dy � 1

mQ

∑
i

∫
f (Bi)

|DHhi |Q dy

� KQ−1(f )

mQ

∑
i

∫
f (Bi)

J (y,hi) dy

� C2KQ−1(f )

mQ

∑
i

|Bi | � C2KQ−1(f )

mQ
|U |,

whereC is a constant from the doubling condition. The condition|U | < ∞ implies
MQ(Γ̂

0)= 0. Finally, the curvesγ are rectifiable and absolutely continuous inI \γ−1(Bf )

for Q-almost all curvesγ 0. The proof yields that ifE ⊂ I \ γ−1(Bf ) and|E| = 0, then
|Sγ (E)| = 0 forQ-almost all curvesγ 0. This completes the first step.

Step2. SetB(k)f = {x ∈ Bf | i(x, f ) = k}. Next we show that the following propertie
hold forQ-almost all curvesγ 0:

(1) The curveγ (s0) is rectifiable inI \⋃k>n γ
−1(B

(k)
f );

(2) For any setE ⊂ I \⋃k>n γ
−1(B

(k)
f ) if |E| = 0, then|Sγ (E)| = 0.

We argue by induction. The casen = 1 is proved in the first step. Letn = j . By
Proposition 11 the equality|f (Bf )| = 0 holds. As in [29, Theorem 33.1], one can pro∫
γ 0
χf (Bf ) ds

0 = 0 forQ-almost all curves. Therefore, the valuesf ◦ γ (s0) do not belong

to f (Bf ) for almost all pointss0 ∈ I . Thus we can assume|γ−1(Bf )| = 0.
Now we cover the setB(j)f by a countable system of normal domains{Ul}, such that

µ(f,Ul)= j . For any pointx ∈B(j)f ∩Ul the equalitiesi(x, f )= j = µ(f,Ul) hold (see,
for instance, [20,21]). This means that the setsUl are normal neighborhoods for all poin
x ∈ B(j)f ∩Ul . By Theorem 14 the mappinggUl (y) belongs to ACLQ(f (Ul)). Theorem 4
implies thatgl(y) is absolutely continuous onQ-almost all horizontal curves fromf (Ul).
The equalitygUl1,j (γ

0(s0))= γ1,j (s
0) is realized at the pointsy = γ 0(s0) ∈ f (B(j)f ∩Ul).

Lemma 7 implies thatγ1,j (s
0), j = 1, . . . ,2n, are absolutely continuous. The length

γ (s0) is given by the integral of type (1). We get that the part ofγ (s0) insideUl is rectifiable
and absolutely continuous, i.e.,|Sγ (γ−1(B

(j)

f ))| = 0 forQ-almost all curvesγ 0(s0). Since
we have countable the system of domains{Ul}, we deduce that the curveγ (s0) is absolutely
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continuous inI \⋃k>j+1 γ
−1(Bkf ) and, hence, rectifiable there forQ-almost all curves

This completes the proof of Step 2.
Step3. The domainU is such thatŪ ⊂ Ω . Hence, we can choose a constantM,

such thati(x, f ) � M and γ−1(Bf ) = ⋃M
j=1 γ

−1B
(j)
f . Thus, |Sγ (⋃M

j=1γ
−1(B

(j)
f ))| =

|Sγ (γ−1(Bf ))| = 0. We conclude thatγ (s0) is absolutely continuous and rectifiable inI
for Q-almost all curvesγ 0 ∈ Γ 0. This completes the proof of Theorem 6.✷
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