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Introduction

Riemann surfaces are well known to be classified according to the properties of
the collection of harmonic functions on these Riemann surfaces. Consider the fol-
lowing classes of Riemann surfaces: OG, the class of Riemann surfaces admitting no
Green’s function for the Laplace equation; OHP (OHB), the class of Riemann sur-
faces admitting no nonconstant positive (bounded) harmonic function; and OHD, the
class of Riemann surfaces admitting no nonconstant harmonic function with bounded
Dirichlet integral. The following inclusions are routine for these classes:

OG ⊂ OHP ⊂ OHB ⊂ OHD. (1)
Most difficult and interesting was the question whether or not these inclusions are
strict. Only in the late fifties L. Ahlfors and Y. Tôki [1] answered this question in
the positive. Their solution consisted in constructing a concrete Riemann surface
that has a harmonic function with one property but lacks harmonic functions with
another distinguishable property. The question of existence of harmonic functions on
Riemann surfaces which have prescribed properties was considered by L. Sario and
M. Nakai [2] and T. Lyons and D. Sullivan [3].

S. Rickman and his students have generalized the classification theory of Riemann
surfaces to Riemannian manifolds [4, 5]. In line with the classical theory, they consid-
ered the classes of Riemannian manifolds Op

G, Op
HP , Op

HB , and Op
HD and established

relations between them. This classification depends of course on the equation for har-
monic functions. The approach of [4] to this question consists in considering solutions
to the elliptic equation

− divAx(∇u) = 0, (2)
where 〈Ax(∇u),∇u〉 ≈ |∇u|p, p ∈ (1, n], n is the topological dimension of the mani-
fold, and 〈·, ·〉 is the inner product in the tangent space of the Riemannian manifold
at a point x. The simplest example of an elliptic equation is the p-Laplacian

− div(|∇u|p−2∇u) = 0
which becomes the usual Laplace equation at p = 2. Continuous weak solutions to
(2) in the Sobolev class W 1

p,loc are called A-harmonic functions.
Using this definition of A-harmonic function, Holopainen [4] established an analog

of (1) for the above classes of Riemannian manifolds as well as strictness of these
inclusions for various exponents p [5, 6].
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Since the classification of Riemann surfaces is conformally invariant, it is natural to
approach the classification problem so that the classification of Riemannian manifolds
be conformally (quasiconformally) invariant. Quasiconformal mappings relate natu-
rally to the above class of quasilinear elliptic equations (p = n) with a special choice
of A [7]. The resultant classification of Riemannian manifolds is (quasi)conformally
invariant for (p = n).

In the present article, we established a principal possibility of classifying sub-
Riemannian manifolds by the methods of some adequate nonlinear potential theory
and so obtaining a classification like (1). The sub-Riemannian manifolds in question
are characterized by the fact that, using the commutators of a fixed order, we can
generate the whole tangent bundle from some tangent subbundle of the manifold.
This feature guarantees that we may join two arbitrary points of the manifold by
an arc whose tangent vector belongs to the given tangent subbundle. So, we can
define the metric tensor only on the tangent subbundle, which enables us to measure
the lengths of the indicated curves.

Typical examples of sub-Riemannian manifolds are a domain in Euclidean space
with a collection of vector fields defined in the closure of the domain and satisfying
the Hörmander hypoellipticity condition [8] and a nilpotent Carnot group (see the
definition below).

Vector fields in Euclidean space, satisfying the Hörmander hypoellipticity condi-
tion, determine the class of subelliptic equations. The simplest example of a nonlinear
subelliptic equation is the p-sub-Laplacian. Recall that the p-sub-Laplacian is the
subelliptic equation of the shape

m∑

j=1

X∗
j (|∇Lu|p−2Xju) = 0, 1 < p < ∞, (3)

where X1, . . . , Xm are C∞-vector fields satisfying the Hörmander hypoellipticity con-
dition [8] and ∇Lu = (X1u,X2u, . . . , Xmu) is the subgradient of a function u. The
classical p-Laplacian corresponds to the case of the standard vector fields Xi = ∂/∂xi.

Regularity theory [9–11] for supersolutions to equations like (3) and their gener-
alizations is a natural extension of the corresponding elliptic theory [12]. Relation
to the above-mentioned metric reveals itself in the fact that the continuity modulus
of solutions to (3) is expressed immediately in terms of the sub-Riemannian metric.
Foundations of nonlinear potential theory for subelliptic equations were lade in [13].
The theory of quasiconformal mappings and mappings with bounded distortion on
Carnot groups (in non-Riemannian metrics) was developed in [14–16] and a connec-
tion was established between these mappings and nonlinear subelliptic equations.

Since hypoellipticity of vector fields persists under diffeomorphisms, we can study
solutions to subelliptic equations on sub-Riemannian manifolds locally. This allows
us to transfer the properties of solutions to such equations which are proven in [9–
11, 13, 17] from Euclidean space to a local chart of a manifold. We hence obtain a prin-
cipal opportunity to study local properties of solutions to (3) on a sub-Riemannian
manifold. Observe that derivation of global properties of solutions from local ones re-
quires checking that a compact part of a sub-Riemannian manifold is a homogeneous
space in the sense of [18].



3

§1. Preliminaries

Let M be a connected C∞-smooth n-dimensional manifold, n ≥ 3, and let TxM
denote the tangent space of M at a point x ∈ M . Given an integer l, 0 < l < n, let ∆
be an l-dimensional tangent subbundle of the n-dimensional tangent bundle T and let
∆x denote the fiber over a point x ∈ M . If Y ∈ ∆x and Ỹ is some smooth vector field
in a neighborhood of x such that Ỹ (x) = Y then we denote by (2, Y ) = ∆x + [Y, ∆x]
the subspace of TxM that is spanned by ∆x and all commutators [Ỹ , X](x), where
X is an arbitrary smooth section of ∆. If Z is a section of ∆ vanishing at x and
X ∈ ∆ then [Z, X](x) ∈ ∆x. Therefore, the subspace ∆x + [Y, ∆x] is independent of
the choice of Ỹ and depends only on the value of Ỹ at x. By induction, we define the
subspace (k, Y ) = ∆x + [((k − 1), Y ),∆x] which is also independent of the choice of
the extension Ỹ of Y ∈ ∆x in a neighborhood of the fixed point x. We suppose that
the subbundle ∆ is generating; i.e., vector fields constituting a local basis for ∆ and
all its commutators of some finite order, the same for all points, generate the tangent
space TxM at each point x ∈ M . In other words, there is an s such that (s,∆x) = Tx

at each point x ∈ M .
Let Q(·, ·) be a Riemannian metric on the subbundle ∆. It is proven in [19] that

Q extends to a Riemannian metric g on the whole manifold M . We say that Q is
a sub-Riemannian metric and the triple (M, ∆, Q) is a sub-Riemannian manifold.

A sub-Riemannian metric Qx enables us to define the length of an absolutely
continuous curve ϕ(t) whose tangent vector ϕ̇(t) belongs to ∆ϕ(t) for almost all t ∈
[a, b] (such curves are called horizontal curves). By Chow’s theorem [20], arbitrary
two points of a connected manifold can be joined by a horizontal curve. Therefore,
we can furnish the manifold M with the following metric ρc(x, y), x ∈ M , y ∈ M ,
called the Carnot–Carathéodory metric:

ρc(x, y) = inf
{
‖ϕ(t)‖ =

b∫

a

|ϕ̇(t)| dt : ϕ(t) is a horizontal curve, ϕ(a) = x, ϕ(b) = y

}
,

where | · | is the norm on ∆ associated with the sub-Riemannian metric Q [21]. We
suppose that the distribution ∆ is equiregular; i.e., the subspaces (k, ∆x) have the
same dimension at every point x ∈ M .

The Hausdorff dimension of the manifold M with respect to the metric ρc is defined
to be the quantity

ν =
s∑

j=1

j(dim(j, ∆x)− dim((j − 1), ∆x)),

where dim(j, ∆x) is the dimension of the subspace of TxM spanned by ∆x and all
commutators of order ≤ j−1. It is proven in [22] that, on every compact set K ⊂ M ,
the Lebesgue measure µ of the ball B(x, r) = {y ∈ M : ρc(x, y) < r}, r > 0, x ∈ K,
satisfies the regularity condition; i.e., for a sufficiently small radius r, there exist
constants c1 and c2 depending only on the compact set K and such that c1r

ν ≤
µ(B(x, r)) ≤ c2r

ν . If m is the ν-dimensional Hausdorff measure with respect to the
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metric ρc then the measure m is proportional to the Lebesgue measure µ on every
compact subset of M .

Let Ω be an open subset of M . The projection of the gradient of a smooth func-
tion f onto the subbundle ∆ is called the subgradient of f and denoted by ∇Lf .

The Sobolev space W 1
p (Ω,m)

(
L1

p(Ω,m)
)

is defined to be the closure of the class
of functions with the finite norm (seminorm)

‖f | W 1
p (Ω,m)‖ =

(∫

Ω

|f |p dm

)1/p

+
(∫

Ω

|∇Lf |p dm

)1/p

(
‖f | L1

p(Ω,m)‖ =
(∫

Ω

|∇Lf |p dm

)1/p)
.

The space
◦

W 1
p(Ω,m)

( ◦
L1

p(Ω,m)
)

is defined to be the closure of the set of functions
f ∈ C∞0 (Ω) with respect to the W 1

p (Ω,m) norm (the L1
p(Ω,m) seminorm). The

function class W 1
p,loc(Ω,m) consists of functions f that belong to the Sobolev space

on every subdomain G ⊂ Ω such that G ⊂ Ω (G b Ω).
Consider the equation

−divLAx(∇Lu) = 0. (4)

We suppose that the function Ax satisfies the following conditions: there exist con-
stants 1 < p < ∞ and 0 < α ≤ β < ∞ such that
(A1) the mapping Ax = A|∆x : ∆x → ∆x is continuous for almost all x ∈ M and the

mapping x → Ax(h) is measurable for all measurable vector fields h;
the following relations hold for almost all x ∈ M and all vector fields h ∈ ∆x:
(A2) Qx(Ax(h), h) ≥ α|h|p, h ∈ ∆x;
(A3) |Ax(h)| ≤ β|h|p−1, h ∈ ∆x;
(A4) Qx(Ax(h1)−Ax(h2), h1 − h2) > 0 for all h1, h2 ∈ ∆x, h1 6= h2;
(A5) Ax(λh) = |λ|p−2λAx(h) for every constant λ ∈ R \ {0}.
Given p, we denote by Ap(M) the class of all operators that satisfy the condi-
tions (A1)–(A5) for some constants 0 < α ≤ β < ∞.

Definition 1. A continuous function u of the class W 1
p,loc(Ω,m) is called A-harmonic

in the domain Ω ⊂ M (u ∈ H(Ω)) if it is a continuous weak solution to (4), in other
words, if the equality ∫

Ω

Q(Ax(∇Lu),∇Lη) dm = 0

holds for every function η ∈ C∞0 (Ω). We extend this equality by continuity to the

functions η ∈
◦

W 1
p(Ω).

The results of [23] enable us to study the local properties of harmonic functions by
means of the methods and properties of [9, 13]. To this end, we consider a chart U ⊂
M and a coordinate system ϕ : U → V , V ⊂ Rn. If ∆′ = ϕ∗(∆|U ) then the
subbundle ∆′ possesses the property (s, ∆′

y) = Rn
y at each point y ∈ V . Using the
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standard operation ϕ∗, we can transfer the metric Q(·, ·) from ∆|U to ∆′; i.e., we
can endow ∆′ with the metric Q′(·, ·) which, in turn, extends to the metric tensor
g′ on V . The tensor g′ defines the metric ρ′c(x, y) on V which satisfies the property
ρ′c(ϕ(x), ϕ(y)) = ρc(x, y) locally (the point y is sufficiently close to x ∈ U). Thus, the
mapping ϕ : (U, ρc) → (V, ρ′c) is locally isometric. This implies that the corresponding
Hausdorff measure possesses the property m(A) = m′(ϕ(A)) for every measurable
set A ⊂ U . In particular, the values of the volume derivatives with respect to these
Hausdorff measures of the mapping itself and the inverse mapping equal unity.

Consider domains Ω b U and Ω′ = ϕ(Ω) b V . The above properties of the map-
ping ϕ imply that the operator ϕ∗, ϕ∗(f) = f ◦ϕ, is a bounded isomorphism between

the Sobolev spaces W 1
p (Ω) and W 1

p (Ω′); moreover, ϕ∗
( ◦
W 1

p(Ω
′)

)
=

◦
W 1

p(Ω) [23].
Put ψ = ϕ−1 and denote the horizontal differential of ψ by ∇Lψ [24]. To the

function A|U , there corresponds the function

A′t(ξ) =
{ Jψ(t)∇Lψ(t)−1Aψ(t)((∇Lψ)−1∗ξ) for Jψ(t) > 0,

|ξ|ν−2ξ otherwise

on ∆′
t, t ∈ V . First of all, we observe that A′t(ξ) possesses the properties (A1)–(A5)

in which the structure constants α′ and β′ are expressed in terms of α and β.
Now, let us verify that if u is a solution to (4) on Ω then v = u ◦ψ is a solution to

the equation − divLA′t(∇Lv) = 0 in Ω′. Indeed, given a smooth function η ∈ C∞0 (Ω′),
we can use the equality ∇Lv(t) = ∇Lψ∗(∇Lu)(ψ(t)) to obtain

∫

Ω′

Q′(A′t(∇Lv),∇Lη
)
dm′(t) =

∫

Ω′

Q′(Jψ(t)∇Lψ(t)−1Aψ(t)((∇Lψ)−1∗∇Lv),∇Lη
)
dm′(t)

=
∫

Ω′

Q′(Jψ(t)Aψ(t)((∇Lu)(ψ(t))∇Lϕ(t)∗),∇Lη
)
dm′(t)

=
∫

Ω

Q
(Ax(∇Lu(x)),∇L(η ◦ ϕ)(x)

)
dm(x) = 0,

since η ◦ ϕ ∈
◦

W 1
p(U). Thus, u is a solution to (4) in U if and only if v = u ◦ ψ is

a solution to the equation − divLA′t(∇Lv) = 0 in V .
Note that vector fields X1, . . . , Xm constituting a local basis for ∆′

x satisfy the
Hörmander hypoellipticity condition; therefore, we can apply the results of [9–11, 13]
to the equation −divLA′t(∇Lv) = 0. In particular, the following results, to be used
in the present article, can easily be transferred to the case of a manifold.

(1) If u is an A-harmonic function and λ, µ ∈ R then the function λu + µ is
A-harmonic too.

(2) Harnack’s inequality: If u is a nonnegative A-harmonic function in a domain
Ω ⊂ M and K is a connected compact subset in Ω then there is a constant c =
c(ν, p, β/λ, K, Ω) > 1 such that

sup
K

u ≤ c inf
K

u.
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(3) The Harnack monotone convergence principle: If ui, i = 1, 2, . . . , is
an increasing sequence of A-harmonic functions in Ω then the limit function u =
limi→∞ ui is A-harmonic or identically +∞ in Ω.

Before introducing the notion of Green’s function on the sub-Riemannian manifold
(M, ∆, Q), we define it on a regular set Ω b M .

Definition 2. An open set Ω b M is called regular (for all operators A) at a bound-
ary point x ∈ ∂Ω if

lim
ρc(y,x)→0

h(y) = θ(x)

for all functions θ ∈ C(Ω) ∩W 1
p (Ω,m) and every A-harmonic function h in Ω such

that h− θ ∈
◦

W 1
p(Ω, m).

Regularity of boundary points can be examined by Wiener’s test. A closed set
K ⊂ M is called p-thin at a point x ∈ M if the corresponding Wiener integral
W(x, K) is finite; i.e.,

W(x,K) =

1∫

0

(
capp(B(x, t) ∩K, B(x, 2t))

capp(B(x, t), B(x, 2t))

)
dt

t
< ∞.

Wiener’s test and Definition 2 interact as follows [17]: a bounded domain Ω in M is
regular at a point x if and only if W(x, M \ Ω) = ∞. See the definition of capacity
below.

A domain Ω is called regular if it is regular at every boundary point.

Definition 3. Suppose that Ω b M is a regular domain (for all operators A) and
y is a point in Ω. A positive function g = g(·, y) ∈ C(Ω \ {y}) ∩W 1

p,loc(Ω \ {y},m)
is called a Green’s function of (4) in Ω with pole y if the following conditions are
satisfied:

(G1.1) limρc(x,z)→0 g(x) = 0 for every point z ∈ ∂Ω;
(G1.2) −divLAx(∇Lg) = δy in the distributional sense; i.e.,

∫

Ω

Q(Ax(∇Lg),∇Lϕ) dm = ϕ(y)

for every function ϕ ∈ C∞0 (Ω).

Observe that every Green’s function is A-harmonic in Ω \ {y}.
We now introduce the notion of the p-capacity of a condenser (K, Ω), where (K, Ω)

is a pair of sets K and Ω such that K ⊂ Ω is a compact subset of the open set Ω ⊂ M .

Definition 4. The p-capacity of a condenser (K, Ω), 1 < p < ∞, is the number

capp(K, Ω) = inf
u

∫

Ω

|∇Lu|p dm,
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where the greatest lower bound is calculated over all functions u ∈ C∞0 (Ω) such that
u ≥ 1 on K.

We also need a more general notion of the A-capacity of a condenser. Let ϕ ∈
C∞0 (Ω) be a function such that ϕ = 1 in a neighborhood of K and the support supp ϕ
of ϕ is a compact subset of Ω. It is proven in [17] (see also [13, Lemma 8.3]) that
there is a unique A-harmonic function on Ω \ K possessing the property hi − ϕ ∈
◦

W 1
p(Ω \ K, m). The function h, extended by unity to K, is an A-potential. The

quantity

capA(K, Ω) =
∫

Ω\K

Q(Ax(∇Lh),∇Lh) dm

is called the A-capacity of (K, Ω). See the properties of A-potential in [13, Chap-
ter 8; 16]. The notion of capacity extends naturally to an arbitrary set [9–11]. The
connection between the two notions of capacity is expressed by the inequalities

α capp(K, Ω) ≤ capA(K, Ω) ≤ βp

αp−1
capp(K, Ω).

Below, we need the following basic properties of capacity (see, for instance, [9–11]).
C1. Suppose that (Ki,Ω), i = 1, 2, are condensers such that K1 ⊂ K2. Then

capA(K1, Ω) ≤ capA(K2,Ω).

C2. Suppose that (K, Ωi), i = 1, 2, are condensers such that Ω2 ⊂ Ω1. Then

capA(K, Ω1) ≤ capA(K, Ω2).

C3. Suppose that u is the A-potential of (K, Ω) and 0 ≤ ξ < η ≤ 1. Then

capA(K, Ω) = (η − ξ)p−1 capA({x ∈ Ω : u(x) ≥ η}, {x ∈ Ω : u(x) > ξ}). (5)

The property C3 ensues from the homogeneity property (A5).
In the case of 1 < p ≤ ν, it is more convenient to use another definition of Green’s

function (we prove their equivalence in the lemmas below). Suppose that 1 < p ≤ ν
and y is a point in a regular domain Ω b M . Then a Green’s function of (4) with
pole y is a function satisfying the following conditions:

(G2.1) the function g is A-harmonic in Ω \ {y};
(G2.2) limρc(x,z)→0 g(x) = 0 for all points z ∈ ∂Ω;
(G2.3) limρc(x,y)→0 g(x) = ∞;
(G2.4) capA({x ∈ Ω : g(x) ≥ b}, {x ∈ Ω : g(x) > a}) = (b− a)1−p for all numbers

b > a ≥ 0.

Lemma 1. Suppose that a function g′ satisfies (G2.1)–(G2.3). Then there is a con-
stant λ such that the function λg′ also satisfies (G2.4).

Proof. Fix a positive constant c and introduce the notation

d = capA({x ∈ Ω : g′(x) ≥ c}, Ω)1/(1−p).
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Then the function g = dc−1g′ satisfies (G2.1)–(G2.3) and we have the equality

capA({x ∈ Ω : g(x)/d ≥ 1},Ω) = capA({x ∈ Ω : g′(x) ≥ c},Ω) = d1−p. (6)

Take arbitrary constants b > a ≥ 0 and verify (G2.4) for g in the following two cases:
d ≥ b and d < b. Assume d ≥ b. In this case the function g/d is the A-potential of
({x ∈ Ω : g(x)/d ≥ 1},Ω). Therefore, (5) and (6) imply that

capA({x ∈ Ω : g(x) ≥ b}, {x ∈ Ω : g(x) > a})
= capA({x ∈ Ω : g(x)/d ≥ b/d}, {x ∈ Ω : g(x)/d > a/d})

= (b/d− a/d)1−p capA({x ∈ Ω : g(x)/d ≥ 1}, Ω) = (b− a)1−p.

In the case of d < b the function g/b is the A-potential of ({x ∈ Ω : g(x)/b ≥ 1},Ω);
therefore, (5) implies that

capA({x ∈ Ω : g(x)/b ≥ 1}, Ω) = capA({x ∈ Ω : g(x)/b ≥ d/b}, Ω)(d/b)p−1

= ({x ∈ Ω : g(x) ≥ d}, Ω)(d/b)p−1 = d1−p(d/b)p−1 = b1−p.

Hence, we obtain

capA({x ∈ Ω : g(x) ≥ b}, {x ∈ Ω : g(x) > a})
= capA({x ∈ Ω : g(x)/b ≥ 1}, {x ∈ Ω : g(x)/b > a/b})

= capA({x ∈ Ω : g(x)/b ≥ 1},Ω)(1− a/b)p−1 = (b− a)1−p.

The lemma is proven. ¤
Lemma 2. In the case of 1 < p ≤ ν, a function satisfying (G2.1)–(G2.3) also satisfies
the equation

− divLAx(∇Lg) = δy (7)

in the distributional sense; i.e.,
∫

Ω

Q(Ax(∇Lg(·, y)),∇Lϕ) dm = ϕ(y)

for all functions ϕ ∈ C∞0 (Ω).

Proof. It follows from the results of Serrin’s article [25, Theorem 3] that
∫

Ω

Q(Ax(∇Lg),∇Lϕ) dm = λϕ(y)

for some constant λ ∈ R. Show that λ = 1. Take a function ϕ ∈ C∞0 (Ω) such that

ϕ = 1 on the set K = {x ∈ Ω : g(x) ≥ 1}. Then g − ϕ ∈
◦
L1

p(Ω \ K, m) and g is
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the A-potential of (K, Ω). Consequently, from the equality ϕ(y) = 1 and (G2.4) we
derive

λ =
∫

Ω

Q(Ax(∇Lg),∇Lϕ) dm =
∫

Ω\K

Q(Ax(∇Lg),∇Lϕ) dm

=
∫

Ω\K

Q(Ax(∇Lg),∇Lg) dm = capA({x ∈ Ω : g(x) ≥ 1}, {x ∈ Ω : g(x) > 0}) = 1.

The lemma is proven. ¤

Lemmas 1 and 2 imply that the two definitions of Green’s function are equivalent
in the case of 1 < p ≤ ν.

Theorem 1. Suppose that Ω b M is a regular domain and y ∈ Ω. Then there is
a Green’s function g = g(·, y) in Ω.

Proof. Let U be an open neighborhood of y and let ϕ : U → B(0, R) ⊂ Rn be
a smooth mapping such that ϕ(y) = 0. Given a decreasing sequence ri < R such
that limi→∞ ri = 0, put D(ri) = ϕ−1(B(0, ri)) and let ui be the A-potential of
Ei = (D(ri), Ω). For a fixed 0 < r < R, introduce the notations

mi(r) = min{ui(x) : x ∈ ∂D(r)}, Mi(r) = max{ui(x) : x ∈ ∂D(r)}.

If ri ≥ r then mi(r) = Mi(r) = 1. If ri < r then the comparison principle yields
ui(x) ≥ mi(r) on D(r) and ui(x) ≤ Mi(r) in Ω \D(r); moreover, equality is attained
only on ∂D(r). Hence, we obtain the inclusions

{x ∈ Ω : ui(x) ≥ Mi(r)} ⊂ D(r) ⊂ {x ∈ Ω : ui(x) ≥ mi(r)}

and the inequalities

capA({x ∈ Ω : ui(x) ≥ Mi(r)}, Ω) ≤ capA(D(r), Ω) ≤ capA({x ∈ Ω : ui(x) ≥ mi(r)},Ω).

Now, suppose that r < R/2 and take a sufficiently large i so that ri ≤ r/2. By
Harnack’s inequality, Mi(r) ≤ θmi(r), where the constant θ is independent of r and i.
By the property (C3) of capacity, we then have

Mi(r) ≤ mi(r) = θ

(
capA(D(ri), Ω)

capA({x ∈ Ω : ui(x) ≥ mi(r)},Ω)

) 1
p−1

≤ θ

(
capA(D(ri),Ω)
capA(D(r), Ω)

) 1
p−1

.

The inequality mi(r) ≥ θ−1Mi(r) similarly implies that

mi(r) ≥ θ−1

(
capA(D(ri), Ω)

capA({x ∈ Ω : ui(x) ≥ Mi(r)}, Ω)

) 1
p−1

≥ θ−1

(
capA(D(ri),Ω)
capA(D(r),Ω)

) 1
p−1

.
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Putting gi = capA(D(ri),Ω)1/1−p, we infer that the inequalities

θ−1 capA(D(r), Ω)1/1−p ≤ mi capA(D(ri),Ω)1/1−p

≤ gi ≤ Mi capA(D(ri), Ω)1/1−p ≤ θ capA(D(r),Ω)1/1−p

are valid for all x ∈ ∂D(r). Hence, the sequence {gi} is locally uniformly bounded
and equicontinuous. By Ascoli’s theorem, we can therefore choose a subsequence (still
denoted by {gi}) that converges uniformly on every compact subset of Ω \ {y}. By
the Harnack convergence theorem, the limit function g′ = limi→∞ gi is A-harmonic
in Ω \ {y}. Recalling that the A-capacity of a point equals zero for 1 < p ≤ ν, we
obtain limρc(x,y)→0 g′ = ∞. Since gi = capA(D(ri),Ω)1/1−p and ui is the A-potential
of (D(ri), Ω), we have the equality limρc(x,z)→0 g′ = 0 for the limit function g′ at every
regular point z ∈ ∂Ω.

By Lemma 1, we can choose a constant λ such that λg′ is a Green’s function in Ω,
provided that 1 < p ≤ ν.

If p > ν then we can define the Green’s function by the equality

g(·, y) =
(∫

Ω

Q(Ax(∇Lu),∇Lu) dm

)1/(1−p)

u,

where u is the A-potential of the point y; i.e., u ∈ C(Ω) ∩H(Ω \ {y}), u(y) = 1, and
u = 0 on ∂Ω. In view of regularity of the domain Ω \ {y} for p > ν, such a function
u exists.

If Ω1 ⊂ Ω2 b M are two regular domains and g1(·, y) and g2(·, y) are Green’s
functions in Ω1 and Ω2 then g1(·, y) ≤ g2(·, y). Indeed, by the property (C2) of
capacity we have

∫

Ω1

Q(Ax(∇Lu1),∇Lu1) dm ≥
∫

Ω2

Q(Ax(∇Lu2),∇Lu2) dm,

where ui, i = 1, 2, are the A-potentials in Ωi \ {y}, i = 1, 2. Applying the comparison
principle, we conclude that u1 ≤ u2, and the inequality g1(·, y) ≤ g2(·, y) is valid in
the whole domain Ω2. ¤

For 1 < p ≤ ν, we cannot apply the comparison theorem immediately. However,
the following theorem is valid:

Theorem 2. Suppose that Ω1 and Ω2 are regular domains and y ∈ Ω1 ⊂ Ω2. If
g1(·, y) is a Green’s function in Ω1 then there is a Green’s function g2(·, y) in Ω2 such
that

g1(·, y) ≤ g2(·, y).

Proof. Consider a sequence of sets Ui ⊂ Ω1 converging to y; i.e., Ui = {x ∈ Ω1 :
g1(x, y) ≥ i}, and suppose that g1(·, y) = 0 on the set M \ Ω1. Construct a sequence
of functions gi ∈ C(Ω2) such that all gi are A-harmonic in Ω2 \ Ui, gi = 0 on ∂Ω2,
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and gi = capA(Ui, Ω2)1/1−p on Ω1. Then the inequality gi ≥ g1(·, y) is valid on the
boundary of Ω1 \ Ui, for

gi|∂Ui = capA(Ui, Ω2)1/1−p ≥ capA(Ui, Ω1)1/1−p = i = g1(·, y)|∂Ui .

By the comparison principle, the inequality gi ≥ g1(·, y) is valid in the whole domain
Ω1 \ Ui and, owing to the fact that g1 = 0 on M \ Ω1, in the domain Ω2 \ Ui.
Since {gi} is a locally bounded equicontinuous sequence; by Ascoli’s theorem, we can
extract a subsequence that converges to a function g satisfying (G2.1)–(G2.3) and
the inequality g ≥ g1(·, y) in Ω2 \ {y}. Let us verify that g meets (G2.4). Suppose
that c > 0 and ai = capA(Ui,Ω2)1/1−p. Since gi/ai is the A-potential of (Ui, Ω2) and
ai ≥ i ≥ c, we have

capA({x ∈ Ω2 : gi(x) ≥ c}, Ω2)

= capA({x ∈ Ω2 : gi(x)/ai ≥ c/ai}, Ω2) =
capA(Ui, Ω2)

(c/ai)p−1
= c1−p.

Take an arbitrary 0 < ε < c and consider the compact set K = {x ∈ Ω2 : g(x) ≥
c}. Since the sequence gi converges to g uniformly on the set C̃ = g−1(c), there is
a number iε ≥ c + ε such that c − ε < giε(x) < c + ε for all points x ∈ C̃ = g−1(c).
Consequently,

(c− ε)1−p = capA({x ∈ Ω2 : giε(x) ≥ c− ε}, Ω2) ≥ capA(K, Ω2)

= capA({x ∈ Ω2 : giε(x) ≥ c + ε}, Ω2) = (c + ε)1−p.

Letting ε tend to zero, we obtain the equality capA(K, Ω2) = c1−p. The theorem is
proven. ¤

Now, we can determine a Green’s function on the whole manifold M . Let Ωi,
i = 1, 2, . . . , be an exhaustion of M by regular sets, i.e., Ωi ⊂ Ωi+1 and

⋃
i Ωi = M ,

and take y ∈ Ω1. We can construct an exhaustion as follows: Fix a point x0 ∈ M . Let
αi < 1 be a strictly monotone sequence of positive numbers tending to zero. Then
the sets

Ωi = {x ∈ B(x0, i) : ρc(x, ∂B(x0, i)) > αi}, i ∈ N,

are regular and exhaust M as i increases [13].
In each domain Ωi, there is a Green’s function gi = g(·, y). Moreover, the se-

quence {gi} increases. By the Harnack convergence principle, the limit function
g = limi→∞ gi either equals identically infinity or is A-harmonic in M \ {y}. In
the latter case the limit function g is called a Green’s function on M with pole y.

We say that the ideal boundary of a sub-Riemannian manifold M has positive p-
capacity if there is a compact set K ⊂ Ω such that capp(K,M) > 0. In this event we
use the notation capp ∂M > 0.
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Theorem 3. There is a Green’s function on a sub-Riemannian manifold (M, ∆, Q)
if and only if capp ∂M > 0.

Proof. Assume 1 < p ≤ ν. Let U be a neighborhood of y and let ϕ : U → B(0, R) ⊂
Rn be a smooth mapping such that ϕ(y) = 0. Furthermore, let Bj be a sequence of
balls B(0, rj) ⊂ B(0, rj−1) whose radii vanish strictly monotonically and let D(rj) =
ϕ−1(B(0, rj)) be their inverse images. Fix an arbitrary number r, 0 < r < R, and
let {gi(·, y)} be a sequence of Green’s functions in corresponding regular domains
Ωi ⊃ D(r),

⋃
i Ωi = M , which converges to a Green’s function on the manifold M .

We have {x ∈ Ωi : gi(·, y) ≥ min∂D(r) gi(·, y)} ⊃ D(r) for every index i. Then, by the
definition of Green’s function,

min
∂D(r)

gi(·, y) = capA({x ∈ Ωi : gi(·, y) ≥ min
∂D(r)

gi(·, y)}, Ωi)1/(1−p)

≤ capA(D(r),Ωi)1/(1−p) ≤ capA(D(r),M)1/(1−p).

Consequently, there is a Green’s function on M .
In the case of p > ν we may define a Green’s function in another way:

g(·, y) =
(∫

Ω

Q(Ax(∇Lu),∇Lu) dm

)1/(1−p)

u,

where u ∈ C(Ω) ∩H(Ω \ {y}), u = 1 at y, and u = 0 on ∂Ω.
Let D(r) and Ωi be the same sets as in the preceding case and suppose that

ui(y) = 1 and ui ∈ C(Ωi) ∩ H(Ωi \ {y}). Since ui|∂D(r) ≤ 1, from the definition of
Green’s function we obtain

0 < min
∂D(r)

gi = min
∂D(r)

(∫

Ω

Q(Ax(∇Lui),∇Lui) dm

)1/(1−p)

ui

= capA({y}, Ωi)1/(1−p) ≤ capA({y},M)1/(1−p),

as required.
Prove the converse assertion. Suppose that there is a Green’s function on M and

show that the ideal boundary has positive p-capacity. Let c > 0 be a number such
that K = {x ∈ M : g(x) ≥ c} is a compact set. Show that capA(K, M) > c1−p. Take
a function ϕ ∈ C∞0 (M) such that ϕ = c in a neighborhood U of K. Then

∫

M\K

Q(Ax(∇Lg),∇Lg) dm =
∫

suppϕ\U

Q(Ax(∇Lg),∇Lϕ) dm

= lim
i→∞

∫

suppϕ\U

Q(Ax(∇Lgi),∇Lϕ) dm = ϕ(y) = c.

Since the function g/c is the A-potential of the condenser (K, M), we come to the
desired equality. ¤
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§ 2. Classification

In [4] there are defined certain classes of Riemannian manifolds and some relations
between them were proven. We define similar classes for sub-Riemannian manifolds.

Definition 6. A sub-Riemannian manifold M belongs to the class
(1) Op

G if there is no Green’s function of (4) for some operator A ∈ Ap(M);
(2) Op

HP (Op
HB) if there is no nonconstant positive (bounded) A-harmonic function

for all operators A ∈ Ap(M);
(3) Op

HD (Op
HBD) if there is no nonconstant (bounded nonconstant) A-harmonic

function such that
∫

M
|∇Lu|p dm < ∞ for all operators A ∈ Ap(M).

Theorem 4. The following assertions are equivalent:
(3.1) M ∈ Op

G;
(3.2) capp ∂M = 0;
(3.3) every positive A-superharmonic function on M is constant for all operators

A ∈ Ap(M).

Proof. Equivalence of (3.1) and (3.2) was proven in Theorem 3. Let us show that (3.3)
implies (3.1). Assume that there is a nonconstant positive A-superharmonic function
on M . Then we take this function to be a Green’s function, which contradicts the
condition M ∈ Op

G.
Prove that (3.2) implies (3.3). Suppose that capp ∂M = 0 and u is a positive

nonconstantA-superharmonic function on M . Take a point x0 ∈ M such that u(x0) <
∞ and fix ε > 0 for which u(x0)−ε > 0. Since u is lower semicontinuous, there is some
ball B0 = B(x0, r) b M such that u(x) ≥ u(x0) − ε > 0 for all x ∈ B0. Let (Ωi) be
an exhaustion of M by regular domains Ωi b M such that B0 ⊂ Ω1 and Ωi ⊂ Ωi+1.
There is a continuous function hi on the manifold such that hi is A-harmonic in
Ωi \ B0, hi|M\Ωi

= 0, and hi|B0
= u(x0) − ε. Then the function limi→∞ hi

u(x0)−ε is

the A-potential of (B0, M). Since capp ∂M = 0, we have limi→∞
hi(x)

u(x0)−ε = 1 for all
x ∈ M . On the other hand, u ≥ hi on the boundary Ωi \B0; consequently, u ≥ hi in
the whole domain Ωi\B0 by the comparison principle. Therefore, u(x) ≥ u(x0)−ε on
M for all sufficiently small ε > 0. Letting ε tend to zero, we infer that u(x) ≥ u(x0)
on M . Since u is nonconstant, there is a point x1 ∈ M at which u(x1) > u(x0).
Repeating the above arguments, we conclude that the inequality u > u(x1) holds at
all points of M . We have thus arrived at a contradiction with u(x1) > u(x0). Hence,
u is a constant function. The theorem is proven. ¤
Theorem 5. The following inclusions hold:

Op
G ⊂ Op

HP ⊂ Op
HB .

Proof. Suppose that M ∈ Op
G and u is a positiveA-harmonic, and henceA-superharmonic,

function on M . By Theorem 4, u is a constant function. This proves the first inclu-
sion. Now, suppose that the manifold M belongs to the class Op

HP and u is a bounded
A-harmonic function on M . Then there is a constant λ such that the function u+λ is
positive and A-harmonic on M . By assumption, u + λ is a constant function; hence,
u is a constant function too and M ∈ Op

HB . The theorem is proven. ¤
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Theorem 6. The following relations are valid:

Op
HB ⊂ Op

HD = Op
HBD.

Proof. Suppose that M ∈ Op
HB and u is an A-harmonic function on M . For each i =

1, 2, . . . , introduce the notation ui = max(−i, min(i, u)). Let {Ωj} be an exhaustion
of M by regular domains Ωj ⊂ Ωj+1 b M . Then there is an A-harmonic function

vi,j ∈ C(M) ∩ L1
p(M) in Ωj such that vi,j = ui on M \ Ωj , vi,j − ui ∈

◦
L1

p(M), and
−i ≤ vi,j ≤ i. From the sequence {vi,j} we can extract a subsequence that converges
locally uniformly to a function vi. Then vi is a bounded A-harmonic function on M ;

consequently, vi is constant. Since vi − ui ∈
◦
L1

p(M), we have ui ∈
◦
L1

p(M). Hence,

∫

M

Q(Ax(∇Lu),∇Lu) dm = lim
i→∞

∫

M

Q(Ax(∇Lui),∇Lui) dm = 0;

therefore, ∇Lu = 0 almost everywhere. Hence, u is a constant function and M ∈
Op

HD.
To prove the equality Op

HD = Op
HBD, suppose that M ∈ Op

HBD and u ∈ L1
p(M) is

an A-harmonic function on M . We have to demonstrate that vi is a constant function.
Since vi is a bounded A-harmonic function on M , it suffices to show that

∫

M

|∇Lvi|p dm < ∞.

Let wi,j ∈ C(M) be a p-harmonic function in Ωj such that wi,j = vi,j on M \ Ωj .
Then from the conditions (A2) and (A3) and Hölder’s inequality we obtain

∫

M

|∇Lvi,j |p dm ≤ (α)−1

∫

M

Q(Ax(∇Lvi,j),∇Lvi,j) dm

= (α)−1

∫

M

Q(Ax(∇Lvi,j),∇Lwi,j) dm ≤ (β/α)p

∫

M

|∇Lwi,j |p dm.

Since the sequence ‖∇Lwi,j | Lp(M, m)‖ decreases as j increases, the sequence
‖∇Lvi,j | Lp(M, m)‖, j = 1, 2, . . . , is uniformly bounded and hence ‖∇Lvi | Lp(M, m)‖ <
∞.

It follows from the assumption M ∈ Op
HBD that vi is a constant function. Repeat-

ing the procedure at the beginning of the proof of Theorem 6, we infer that u is a con-
stant function on M ; consequently, M ∈ Op

HD. On the other hand, Op
HD ⊂ Op

HBD,
whence the equality Op

HD = Op
HBD follows. ¤

For 1 < p < ν, the A-capacity of a point equals zero. In this case, the singularities
of a solution to (4) are removable [13, 26]. Consequently, we obtain the following
lemma:
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Lemma 3. Suppose that 1 < p < ν and M ∈ Op
HP \Op

G. Then M \{y} ∈ Op
HB\Op

HP .

Proof. Let A ∈ Ap(M \ {y}) be an operator defined on the tangent subbundle ∆ of
M \ {y}. Extend the function Ay to y by putting Ay(ξ) = |ξ|p−2ξ for all vectors
ξ ∈ ∆y. Since M /∈ Op

G, there exists a Green’s function g(·, y) on M . This function is
a nonconstant positive A-harmonic function on M \ {y}; i.e., M \ {y} /∈ Op

HP . Show
that M \ {y} ∈ Op

HB . To this end, take an arbitrary bounded A-harmonic function u
on M \ {y} and extend it to a function ũ on M such that ũ |M\{y}= u. Since ũ
is bounded on the manifold M ∈ Op

HP ⊂ Op
HB , the function ũ is constant. Hence,

M \ {y} ∈ Op
HB . The lemma is proven. ¤

A Carnot group is an example of a sub-Riemannian manifold. Recall its definition.
A Carnot group is a connected simply connected nilpotent Lie group G of dimension
n > 2 with a graded Lie algebra V = V1 ⊕ V2 ⊕ · · · ⊕ Vs. In other words, the
Lie algebra of a Carnot group G decomposes into the direct sum of vector spaces
satisfying the relations [V1, Vi] = Vi+1 for 1 ≤ i < s and [V1, Vs] = {0}. The number
ν =

∑s
i=1 i dim Vi is called the homogeneous dimension of the Carnot group, where

dim Vi is the dimension of the vector space Vi. The linear operator Ax = ix, x ∈ Vi,
generates the dilation group δl on the algebra V : δl = lA = exp(A ln l), l > 0.
We identify the points of the algebra V and the Carnot group G by means of the
exponential mapping exp: V → G. The measure A → | exp−1 A| is a bi-invariant
Haar measure on the group G, where | · | is the ordinary Lebesgue measure on the
algebra V , d(δl(x)) = lν dx, and ν is the homogeneous dimension.

Definition 7. A homogeneous norm ρ(x), x ∈ G, on the Carnot group G is a con-
tinuous function ρ : G→ R such that
(7.1) ρ(x) = ρ(x−1), ρ(x) ≥ 0, and ρ(x) = 0 if and only if x = 0;
(7.2) ρ(δlx) = lρ(x);
(7.3) ρ(xy) ≤ c(ρ(x) + ρ(y)).

An example of a Carnot group is the Heisenberg group Hn constituted by points
w = (z, t) ∈ Cn × R, z = (z1, . . . , zn), with the group operation

(z, t)(z′, t′) = (z + z′, t + t′ + 2=zz̄′),

where zz̄′ =
∑n

j=1 zj z̄′j . The inverse point w−1 of a point w = (z, t) ∈ Hn is
w−1 = (−z,−t). The Lie algebra V of the Heisenberg group Hn is generated by the
left-invariant vector fields

Xj =
∂

∂xj
+ 2yj ∂

∂t
, Yj =

∂

∂yj
− 2xj ∂

∂t
, T =

∂

∂t
,

where 1 ≤ j ≤ n and zj = (xj , yj). We can identify a point (z, t) with the point
(x1, y1, . . . , xn, yn, t) ∈ R2n+1. Since [Xj , Yj ] = −4T , the vector fields Xj , Yj , and
[Xj , Yj ], 1 ≤ j ≤ n, span the tangent space at each point. An example of a homoge-
neous norm is the function ρ(z, t) = (|z|4 + t2)1/4.

Using the above definitions, we can easily validate the following result:
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Theorem 7. Suppose that G is a Carnot group of homogeneous dimension ν. If
1 < p < ν then G ∈ Op

HP \Op
G and G \ {y} ∈ Op

HB \Op
HP .

Proof. Since the capacity capp(B
ν
(0, r),G) is positive for 1 < p < ν [9], we have

G /∈ Op
G by Theorem 4. Take a positive nonconstant A-harmonic function on G. We

may assume that inf u = 0. It follows from Harnack’s inequality of [9] that supu = 0;
hence, the function u is constant and G ∈ Op

HP . Strictness of the second inclusion
ensues from Lemma 3. Theorem 7 is proven. ¤

We now consider one application of the above classification theory of sub-Riemannian
manifolds. Let Ω be an open set on a Carnot group G.

Consider a continuous mapping f : Ω → G, Ω → G. The mapping f is called
open if the image of an open set is open and discrete if the inverse image f−1(y)
of each point y ∈ G consists of isolated points. Recall that a mapping f : Ω → G
preserves orientation if the degree µ(y, f, D) of the mapping is greater than zero for
each compactly embedded subdomain D b Ω and every point y ∈ f(D) \ f(∂D) (for
the definition and properties of the degree see, for instance, [7, 12]). If a mapping
f is open and discrete and preserves orientation then the index j(x, f) is defined at
each point x ∈ Ω. The mapping is locally homeomorphic at a point x if and only if
j(x, f) = 1. The set Bf = {x : j(x, f) > 1} is closed and called the branch set of f .

Definition 8. A nonconstant continuous mapping f : Ω → G, Ω ⊂ G, is called
quasiregular if

(8.1) f is discrete and open and preserves orientation;
(8.2) the quantity

H(x, f) = lim
r→0

max
ρ(x,y)=r

ρ(f(x), f(y))

min
ρ(x,y)=r

ρ(f(x), f(y))

is locally bounded in Ω;
(8.3) there is K such that H(x, f) ≤ K for almost all x ∈ Ω \Bf , where Bf is the

branch set of f .

We indicate some properties of quasiregular mappings that follow from the results
of [14, 15, 28–30].

Theorem 8 [16]. Every nonconstant quasiregular mapping f : Ω → G defined on
a domain Ω ⊂ G of a Carnot group G possesses the following properties:

(1) f is differentiable almost everywhere in the Pansu sense [31] and the differen-
tial Df(x) is a group isomorphism at nonexceptional points;

(2) f ∈ W 1
ν,loc(Ω);

(3) |Df∗|ν ≤ KJ (x, f) almost everywhere (here Df∗ is the horizontal differential
generating Df and J (x, f) = det Df(x));

(4) |Bf | = |f(Bf )| = 0;
(5) the image of a measurable set has measure zero if and only if the original set

has measure zero (Luzin’s condition N );
(6) for every compact domain D ⊂ Ω such that D ⊂ Ω and |∂D| = 0 and every

measurable real function u such that the function y 7−→ u(y)µ(y, f, D) is integrable
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in G, the function (u ◦ f)(x)J (x, f) is integrable in D and the following change-of-
variable formula is valid:

∫

D

(u ◦ f)(x)J (x, f) dx =
∫

G

u(y)µ(y, f, D) dy;

(7) J (x, f) > 0 almost everywhere in Ω.

Suppose that A satisfies (A1)–(A5). Consider a quasiregular mapping f : Ω → G.
Put

A′(x, ξ) = J (x, f)Df−1
∗ A(f(x), Df−1T

∗ ξ)

if J (x, f) 6= 0 and A′(x, ξ) = A(x, ξ) if J (x, f) = 0. We can routinely verify that,
for p = ν, the mapping A′(x, ξ) satisfies the conditions (A1)–(A5) with structure
constants α′, β′ depending on α, β, and K.

We present the following result that generalizes Theorem 5.1 of [27] (see also The-
orem 14.39 of [12]).

Theorem 9 [16]. Suppose that f : Ω → G is a quasiregular mapping on a Carnot
group. If u is an A-harmonic function in an open domain Ω′ ⊂ G then u ◦ f is
an A′-harmonic function in the open domain f−1(Ω′).

Proof of Theorem 9. We can prove the theorem successively implementing all steps
of the proof of Theorem 14.39 in [12] by using specific analytical tools obtained for
nilpotent groups in [9–11, 15, 28–30] (part of them is stated in Theorem 8).

The proof is based on the construction that relates to each function ψ ∈ C∞0 (Ω)
the function ψ∗ : f(Ω) → R by the rule

ψ∗(y) =
∑

x∈f−1(y)

i(x, f)ψ(x)

(here i(x, f) is the index of the mapping f at x). We successively verify that ψ∗ ∈
C0(f(Ω)), suppψ∗ ⊂ f(supp), and ψ∗ ∈

◦
W 1

ν(f(Ω)). To verify the last inclusion, we
have to use the below generalization of Rickman’s result to a Carnot group (see, for
instance, [12, Lemma 14.10]). ¤

Suppose that f : Ω → G is a quasiregular mapping. Take x ∈ Ω. Consider
a horizontal curve β : [a, b] → G such that β(a) = f(x). A curve α : ∆c → Ω, where
c ≤ b and ∆c = [a, c) or ∆c = [a, b], is called a lift of β starting at x if α(a) = x and
f ◦ α = β|[a,c). A curve α is called a complete (maximal) lift of β if ∆c = [a, b] (α is
not a proper part of any lift of β starting at x).

A normal domain for a mapping f is an arbitrary domain D b Ω with the property
f(∂D) = ∂f(D). Put N(f, D) = sup #{f−1(y)∩D : y ∈ G}. The following lemma is
valid:

Lemma 4. Let D be a normal domain for a mapping f and y ∈ f(D). Suppose that
f−1(y) ∩ D = {x1, . . . , xk}, where k = N(f, D) and each point is counted according
to the index i(x, f). If β : [a, b] → f(D) is a horizontal curve and β(a) = y then there
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exist complete lifts α1, . . . , αk of β such that αj starts at xj, j = 1, . . . , k. Moreover,
we have #{l : αl(t) = αj(t)} = i(αj(t), f) for every point t ∈ [a, b] and every number
1 ≤ j ≤ k.

Theorems 7 and 9 yield

Corollary 1. Suppose that the topological dimensions of Carnot groups G1 and G2

coincide and the homogeneous dimensions are connected by the relation p < ν1 < ν2.
Then every quasiregular mapping f : G1 → G2 is constant.

Proof. Suppose that u is a positive nonconstant ν2-harmonic function on G2; i.e., u
is a continuous weak solution to the equation

∫

Ω

|∇Lu|ν2 dm = 0

which belongs of the class W 1
ν2

(Ω,m) in a domain Ω ⊂ G2. Consider a nonconstant
quasiregular mapping f : G1 → G2. Then u◦f is a nonconstant A-harmonic function
on the group G1, where A ∈ Aν1(G1). This contradicts the fact that G1 ∈ Oν1

HP . ¤

Observe that if p ≥ ν then G ∈ Op
G, since capp(B(x,R),G) = 0 for all R > 0. This

follows from [9, Theorem 6.9] (see also [10, 11]).

Remark. Another proof of this corollary can be obtained from the results of [23].
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