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FUNDAMENTALS OF THE NONLINEAR POTENTIAL
THEORY FOR SUBELLIPTIC EQUATIONS. II

I. G. MARKINA AND S. K. VODOP’YANOV

ABSTRACT. We obtain some results that relate to the nonlinear potential theory for
degenerate subelliptic equations associated with vector fields satisfying the hipoel-
lipticity Hormander condition. A peculiarity of our approach consists in defining
boundary values of functions in question on an ideal boundary appearing as a result
of completion with respect to the intrinsic metric.

The present article is the second part of the paper [14]. We continue the nu-
meration of [14] and use the notation, terminology, and results of the first part.
The first part consists of seven sections. Recall that necessary notions are defined
in Section 1. In Sections 2-7, we introduce the definition of an A? superharmonic
function, establish interrelation between A% superharmonic functions and superso-
lutions to equation (0.1), and study removable singularities, properties of singular
solutions to equation (0.1), and summability of A superharmonic functions. These
results provide a base for studying the classical problems of the potential theory
in the second part of the article which is presented here. We study the following
questions: balayage (Section 8), Perron solutions (Section 9), A7 regular boundary
points (Section 10), barriers (Section 11), A7 resolutivity (Section 12), interrela-
tions between Perron solutions (A° potentials) and A% polar sets (Section 14),
A’ harmonic measures (Section 15), and A fine topologies (Section 16).

§8 THE BALAYAGE OPERATION

Definition 8.1. Given a function u: E — [—00; +00], by the lower semicontin-
uwous regularization 4 of u we mean the function

4(z) = lim  inf w.
r—0 ENB(z,r)

By definition, ¢ < w on E. If w is locally bounded from below then @ is lower
semicontinuous. Indeed, @ is the greatest lower semicontinuous minorant of u.

If the function u is defined on the open set Q and = € 90y (see [14]), then by
the balls B(z,r) we mean the balls in the sense of the intrinsic metric d, (z,y).
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Such a definition of the lower semicontinuous regularization allows us to extend u
onto the closure 2 and this new function is lower semicontinuous.

Definition 8.2. Assume a function 1) : Q1 = (—o00; +00] to be locally bounded
from below and let

Y = Y (O, Ko UK;) = 3% (1, Ko U K13 A)

be the class of functions satisfying the following conditions:

(1) u € S7(),
(2) u(z) > () for all x € N,
(3) lim 1nf)u>¢( y) for all y € Ko UK, C 9.

r—0 B(
Then the lower semicontinuous regularization of the function
RY = RY (0, Ko UK;) = R¥(Q1, Ko U K1; A) = inf &Y
is called the balayage of ¥ onto Q; and is denoted by

éw = Ew(ﬁl,Ko UKl) - éw(ﬁlyKO UKl)A)

If ®¥ is empty then ﬁw = 0o. However, we assume in what follows that ®¥ is
nonempty.

Definition 8.3. If u is a nonnegative function on a set £ C §~21, we write

—¢Y, R.Y=RY, Rp=R"
whenever
u in E,
Y= -
0 in Q\E.

The function 1/%; is called the balayage of u with respect to E. If u is A” super-

harmonic in € and F lies on the ideal boundary Bﬁl, by the balayage E;(ﬁl) of
u with respect to £ we mean the following construction: extend the function u to
o0y equating it to its lower limit and consider the balayage of the resultlng function
onto Q, with respect to E. Next, if u = ¢ then we write RE = RE The function

RE is called the A° potential of the set E in €.

Balayage has a number of useful properties.

Lemma 8.1. The restriction of the balayage I/%w to the domain  is an A7 su-
perharmonic function in .

Actually, Lemma 8.1 is another formulation of Lemma 2.4.
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Definition 8.4. A family of functions U is called directed downward if, for every
two functions u and v in U, there exists a function s € U such that s < min(u,v).

Lemma 8.2. The balayage ﬁfg on the set '\ E is an A? harmonic function
relative to EN Q and K1 € 09 \ E and coincides with R% on Q\E If, in addition,
u € S7(Q) then ﬁg = u inside E.

Proof . Note that if functions v; and v, belong to ®% then min(vy,vs) € ®%.
Hence, the family ®% is directed downward. By the Choquet lemma [13], we
conclude that there exists a decreasing sequence of functions v; € ®% whose limit v
has the property o(z) = ﬁg(a:) for all z € Q.

Let V={z € Q\E :d,(z,Ko) > a}N{z € Q\E:d,(z,K1) > a}, where
Ko=EnNQand K; € Bﬁl \ E. In the case E & Q, the whole ideal boundary Bﬁl
serves as K;. Put s; = P(v;,V,0V N Q). Then the functions s; are A% harmonic
in V relative to 0V N, s; € ®Y%, and s;11 < s; < v;. Hence,

Ry <s=lims; < limv; =v
1— 00 1— 00
and, thus, ﬁ; < § = 9; i.e., the equality 1?22 = § holds in V. The function § = s is
A? harmonic in V' by virtue of the Harnack convergence theorem; this fact proves
the first assertion of Lemma 8.2. Since the function wu is lower semicontinuous and
u € ®%, the second assertion of Lemma 8.2 is proven too.

Lemma 8.3. Assume that K; is a compact subset of Q; and u = ]/%Il(l(ﬁl) is
the A” potential of K; in (~21. Assume that a function ¢ € C(ﬁl) is such that ¢ = 1
on K; and ¢ = 0 on Ky, where Ko C 92 \ K; and Ko N K; = @. Then u|Q\K1 is

a unique .47 harmonic function in  \ K; such that u — ¢ € W}, (51, KyU Kqy; u).

Proof . Let {a;} and {7} be some sequences of numbers that tend to zero
monotonically. The sets

Dj={zeQ:d,(z,K\) > a;}, wi={z€N:d,(z,Ko) >}

have the following properties: D; C Dy C --- C 0 \Ki, wi Cwy C -+ C
0 \ Ko, and D1 Nw; # @. By Lemma 2.6, the points of the sets D; N Q and
Ow; N Q are regular. Assume that ¢ = 1 on (2\ D;)UK; and ¢ = 0 on (2
wi) U Ko. Let h;; be A” harmonic functions in w; N D; such that h;; — ¢ €

W1 (wiNDj, (8D; U dw;) N Q; ). Extend the function h; ; onto the whole domain €2
preserving continuity and putting h;; = 1 on (2 \ D;) U Ky and h;; = 0 on
(2 \ w;) UKy. In accord with the first pasting lemma, h; ; is an A” superharmonic
function in w;. By the comparison principle, h;; < hij11,; < 1 and the Harnack
convergence theorem implies that the function h; = Zl;rgo hi,j is A% harmonic in D;.

Moreover, the function h; is A superharmonic in © as a limit of an increasing
sequence of A7 superharmonic functions. In addition, h; =1 on (2\ D;)UK; and,
hence,

hy > By (Q) = u.
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In view of [5: inequality (2.5)], we have the inequality

[ bgpdpse [ Nglran
wi;ND; Q\Kl

J

Therefore, the sequence h; ; — ¢ is bounded in I/IO/Il) (Dj, (0D; N Q) U Ko; ,u). Then
the limit function h; — ¢ belongs to W (D;, (0D; N Q)UKo; 1) (see [5]). Next, since
the functions h; are A harmonic, the decreasing sequence {h;} tends in Q\ K7 to

an A% harmonic function h such that h — ¢ € Wll, (ﬁl, Ky U Kjy; u). To complete
the proof, we demonstrate that h = w in Q \ K;. The inequality h; > u in D;
ensures h > u in Q \ K;. Prove the reverse inequality. To this end, we choose
a function v € ®) and fix e > 0. Then the inequality (14 &)v > 1 holds on
0D; N Q for some j. Hence,

(1+¢)v>h;; on w;NDy,
(1+e)v>h; on QND;j,
(I+ev>h on Q\K;.
Since the number ¢ is arbitrary, v > h in Q\ K; and Ry, > hin Q\ K.

By Lemma 8.2, u = Rj in Q\ K;. Therefore, v > h. Finally, we obtain u = h.
Lemma 8.3 is proven.

Lemma 8.4. Let K be a compact subset of Q; and let a function u = 1/%11( be
the A” potential of K in ;. Then

cap (K3 (@) < [ 1%l dt [ Jup o

Proof . Find a function ¢ € C'(€;) such that ¢ = 1 on K and ¢ = 0 on some set

Ko C 00y \ K. Since u—¢ € wl (ﬁl, KoUK;p), by Lemma 8.3, the function w is

approximable in WI} (()1; ,u) by functions admissible for the condenser (K, Ky) and,
thus, the required inequality holds. The proof is complete.

In the case A(z,£) = w(z)|£[P~2€, the function ﬁll( (ﬁl) will be referred to as
the (p, 1) potential.

Lemma 8.5. Let K be a compact subset, of (Nll. Then the equality 1/%11( (ﬁl) =1
holds quasieverywhere on K.

Proof . Let V = {x €N:d,(z,K) > a}. By Lemma 2.6, the points of 0V N Q
are regular. Fix v € (0;1). Then the set

sz{a:EK:ﬁIl(g'y}

is compact and the inequalities



hold on K. Since the points of 9V N Q are regular, we have

lim v =0
p(z,y)—0 V/’y
yev

for all z € 8V N Q. Note that the function v,/ is A7 harmonic in (Q\ V) \ K,

relative to K, and 9V N Q. Moreover, ¢ —v, € W}, (ﬁl, K, UV; u) for some smooth

function ¢ such that ¢ = 1 on K, and ¢ = 0 on V (Lemma 8.3). We have v, /vy < 1.
The comparison principle implies v, /v < s in € for every function s € @}(7. Hence,

vy/7v < vy and this is possible in the only case vy = 0. Then Lemma 8.4 ensures
cap(KW, WI} ((Nll; u)) =0.
Finally, since the capacity is countably subadditive, we infer
cap({a: € K: ]/%Il((a:) <1}, W, (ﬁl;,u)) =0.
The lemma is proven.

Corollary 8.1. Let K C 8Q; be compact and let B(z,r) be a ball, meeting K,
with respect to the intrinsic metric disjoint from K. Then

lim Rpnx(2B)(z) =0
p(xé)g—)O

for all y € 0(2B) N QL.

This follows from Theorem 8.3 on assigning K; = BN K and K, = 9(2B) N Q.
The function ¢ is chosen as ¢ =1 on K; and ¢ = 0 on Kj.

Lemma 8.6. Let K be a relatively closed subset, of S~21 with positive capacity
cap (K, WI} (ﬁl;,u)). Assume that B is a ball containing K and a function wu is

nonnegative and A superharmonic in B relative to K and 0B N{). Then

lim Ry (B)(z)=0
p(z,y)—0
zEQ

for all y € 9B N Q.

Proof . Let v € ®%(B) and let By € B be an open ball (in the sense of the in-
trinsic metric) which contains K. By D we denote the set B \ By. The function v
can be considered bounded on 9By N, ie., v < M < oo. If not, we can consider
the Poisson modification P (v, D, (0BoNQ)U(OBN)) in some neighborhood about
0By rather than v.

Let h be an 4% harmonic function in D which vanishes on BN and equals M
on 0By N ). Then, by Lemma 2.8, the A” superharmonic function

{ v in By,
s =
min(v,h) in B
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belongs to the class &% (B). Hence, 0 < 1/%;; < s in B and, passing to the limit, we
obtain the desired equality.

Theorem 8.1. Assume zy to be an interior point to the union of the compact
sets Ky and K that are contained in the ideal boundary 0.
If the equality

~1
Rpnoa, (2B)(10) =1, 0 € B,

holds for every ball B whose radius and center are rational then the point zg is
regular in Sobolev’s sense.

Proof . Let a function 6 € Wp1 (51; ,u) be continuous in Q up to Ky and K; and

let a function h € H(Q, KoUK;) be such that h—6 € I/IO/Il)(Q,KO U K7y; ). Without

loss of generality, we may assume that 8(xy) = 0 and max |f] < 1 in Q;. Fixe > 0.
We now choose a ball B(z,r) whose center and radius are rational and such that
xg € B(z,r) and |6] < € on B(x,2r). Define a function u by the equality

~1
Y — 1 — Rpns3,(2B) +¢ in 2B,
l+¢ in Q\2B.
By Corollary 8.1 and the first pasting lemma, we conclude that the function u is
A? superharmonic in  relative to B N9 and Ko C 9; \ 2B and u > 6§ in Q.
The containment h — 6 € W (€, Ko U K1; i) ensures that the function

min(h — 0,u — 8) = min(h,u) — 6

belongs to the space W})(Q,KO U K1; ). Since u is a supersolution, u > h almost
everywhere in Q by virtue of the comparison principle. In view of continuity of
the functions v and h, the last inequality holds everywhere in 2. Whence we infer

lim  h(z) < lim  u(z) =e.
dg, (z,20)—0 dg, (z,20)—0
zeQ zEQ

Similar arguments imply that —u < h in Q and

de, (z,20)—0 dg, (z,20)—0
TzEQ

z€EQ

Since the number ¢ is arbitrary,

h(x) = 0 = 0(zo),

1m
dg, (z,20)—0
zeQ

which is what was required.
Lemma 8.7. The set of irregular interior points to compact sets Ko and K,

KoUK, C 8()1, where 8Q; is the ideal boundary of a bounded open set (2, has
zero capacity.
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Proof. Let E @ KoUK, C 99 be the set of all irregular points. By Theorem 8.1,
we can find a countable set of balls B; such that every point z in E belongs to some
ball B; and

~1
R, (2B1) (@) < 1.
Then E is a subset of the countable union
— ~ ~1
U {a: € B;NON . Rp,npa,(2Bi)(x) < 1}

(3

of sets of zero capacity (Lemma 8.5) and, thus, has itself zero capacity.

Lemma 8.8. Assume that a function u is nonnegative and A% superharmonic
in Q and a set K C 1 is compact. Then the set

S = {a: e Rp(z) < R}‘((m)}
has zero capacity.

Proof . Demonstrate that every point z € S belongs to some ball B = B(z,r)
with rational center and radius and

Rpnx (2B)(z) < 1

for this point. Since the equality ﬁ; = RY% holds on Q\ K, the set S is a subset
of K.
Fix a point z € S and find a number A so that

~u

Ri(x) < A < u(z).

Since the function u is lower semicontinuous, z belongs to a ball B (with respect to
the intrinsic metric) such that its center and radius are rational and the inequality
u > A is valid in 2B C 2. This means that

~1 ~A ~u
ARBnk(2B)(z) = Rpnk (2B)(z) < Rie < A.
Thus, 1/%]1;01((2B)(a:) < 1, which is the required result.

Theorem 8.2. Let E be an arbitrary subset of Q, and let u be a nonnegative
~Uu
A? superharmonic function. Then Ry = R} quasieverywhere on E.

Proof . We denote § = I?B;; and s = R},. Establish that 5§ = s quasieverywhere.
The family ®% is directed downward and, by the topological Choquet lemma [13],
we may assume that ®% contains an increasing sequence of functions s; € ®% whose
limit s = lim s; exists. Since the capacity is subadditive, it suffices to prove that

the set o
Sj={zeQ:5=)+1/j<s(z)}

has zero capacity for every positive integer j.



Fix j. Let K C S; be compact. Since S; is a Borel set, it is measurable with
respect to capacity [15] and it suffices to show that

cap(K, w, (ﬁl;u)) =0.

Let V C Q be an open neighborhood about K. Note that each function s;
N . ~§41/7
belongs to @?I/J(V) and, hence, R;: /J(V) = 5§ in V. From here, we obtain

the relations oy ‘
Ry "(V)=8<8+1/j =R (V) on K.

By Lemma 8.8, K has zero capacity cap (K, W, (ﬁl;u)). The proof is complete.

Corollary 8.2. Assume that E is an arbitrary subset of S~)1. Then ﬁ}f ((Nh) =1
quasieverywhere on F.

Lemma 8.9. Assume that there exists a function v which is A superharmonic
on an open set D C Q relative to D NQ and such that ¢ < v < RY (Ql) in D.
Then the balayage Ew(ﬁl) is an A” harmonic function on D relative to the set
0D N N and coincides with R¥ ((Nh) on this set.

Proof . Let V. = {z € D : d,(,0DN Q) > a}. Then V C D is an open set
and the points y € 9V N D are regular in view of Lemma 2.6. By the topological

Choquet lemma [13], there exists a decreasing sequence of functions u; € ®Y (Ql)

whose limit is a function « such that @ = I/%w (ﬁl)

Since ¥ < v < P(u;,V) in V, the Poisson modifications P(u;, V') belong to
the family ®¥ (ﬁl) and form a decreasing sequence converging to an A% harmonic
function A in V. Moreover, & < h < w in V. Since the function A is continuous, we
obtain the equality h = 4. The lemma is proven.

Lemma 8.10. If a function ¢ is continuous in Q; then ﬁw is continuous in 2
and I/%w > in Q. Furthermore, ﬁw is A? harmonic on the open set {ﬁw > 1/1}.

Proof . Obviously, ﬁw > in Q. To prove continuity, we fix a point zy € 2 and
a number £ > 0. Since Ew(xo) > ¢(xg), we can find a ball B = B(zg,r9) € {2 such

that B +e > Y(xo) +¢/2 > 1 on the closure of B. Let v = P(ﬁw +¢,B). Since
the function v is A harmonic in B, the minimum principle implies the inequality

v > (x0) +&/2 > 1. On the other hand, RY > ¢ in © and we obtain v > ¢ in
and, thus, v € ®¥. Then v > I/%w in 2 and

¥

lim ﬁ¢(x) < lim v(z) =v(z) <R (o) +e&.
p(z,20)—0 p(x,20)—0
zEQ zEN

. . . SV . . . 3
Since the number ¢ is arbitrary and the balayage R is lower semicontinuous, RY
is continuous at xg.
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If ]/%w(xo) > 1(xg) then there exists a number A € R such that R’ >A>1in

some neighborhood about zo. By Lemma 8.9 the function ﬁd} is A? harmonic in
this neighborhood. The proof is complete.

Lemma 8.11. Assume a function u A% superharmonic in  relative to compact
sets Ky and K. Then there exists an increasing sequence of continuous functions u;
which are A7 superharmonic in Q relative to the same compact sets and such that
u = lim w;. Furthermore, each function wu; is a supersolution to equation (2.1)

1— 00
relative to Ko and K.

Proof . Extend the function u onto Bﬁl, equating it to its lower limit. Let f;
be an increasing sequence of functions continuous on ; and converging to u.

By Lemma 8.10 and Corollary 3.2, u; = B () |, is the required sequence of
continuous 47 superharmonic functions.

§9 PERRON SOLUTIONS

Perron’s method is a method for solving the Dirichlet problem on a given open
set with arbitrary boundary data.

Definition 9.1. Let a function f: o0 — [—00; +00] be given. The upper
class Uy for the function f consists of all functions u that satisfy the following
conditions:

(1) wis A” superharmonic in § relative to Ko and K7,
(2) wu is bounded from below,

(3) lim w(z) > f(y) for all points y € Ko U K; C 0%).
dg, (z,y)—0
z€EQ

The lower class is defined by analogy: a function v belongs to £y whenever

(1) vis A% subharmonic in Q relative to Ko and Kj,
(2) v is bounded from below,

(3) Tim w(z) < f(y) for all points y € Ko U Ky C 0%.
dg, (z,y)—0
z€EQ

Obviously, v € Ly if and only if —v € U_y.
Definition 9.2. Given a function f defined on Bﬁl, the functions
H{ =H;(Q,KoUK;) = inf Uy

and
H} =H;(Q,KoUK;)=supLy

are called the upper and lower Peﬂ“on solutions for f in Q) relative to Ko and K;.
If Uy = @ (L; = @) then we put H;r = 00 (ﬂ‘}{ — —oo).
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We now state some properties of Perron solutions. We have
The comparison principle implies H} < 17; If f <g then 17; < 17;. For A € R,
the following equalities hold:
If either A > 0 or A > 0 and f takes finite values, then
Hy,=XH;, HS5;=MHj and H',; = —\H}.
The next fact is one of the fundamentals for the potential theory.
Lemma 9.1. The following situations are possible for the function ﬁ; (ﬂ‘;)

(ﬂ‘;) is A% harmonic in € relative to Ky and Kj;
(H%) = 00 in €
(H}) = —o0 in (.

—~~
2

Tl T

“h Q™ Q™ g

Proof . Obviously, if U is not empty then the functions min(u,v) and P(u, D)
belong to the upper class Uy, where D C Q2 is an open set such that '\ D contains
disjoint neighborhoods Uy and U; about Ky and K; and the points y € 9D N are
regular. By the topological Choquet lemma [13], there exists a decreasing sequence
of functions u; € Uy that tend to u and are such that the lower semicontinuous
regularization of u coincides with H ;cr in D. Consider the Poisson modification
P(uj, D) belonging to the upper class U{y. By the Harnack convergence theorem,
the limit function _lim P(uj, D) is either A7 harmonic in D relative to 0D N or

[o @]

equal to —oo identically in D, which is the required assertion.

Theorem 9.1. Assume F' to be a directed downward family of upper semicon-
tinuous (on Ko U Kj) functions f: 90y — [—oo;00). If ¢ = inf F' then ﬁ; =
inf{ﬁ}r:fEF}.

Proof . Assign h = inf¢cp E}T Since the inequality g < f is valid for every
function f in F, we have H ; < h in Q. To establish the reverse inequality, fix
e > 0 and take a function u in the upper class U,. Since the functions in F' are
upper semicontinuous on Ky U K7, the sets

{yEKicaﬁlz lim u(a:)+8>f(y)}, feEF, i=0,1,

dn(z,y)—m
Tz€EQ

form an open covering of Ky and K. The family F is directed downward and,
thus, there exists a function f € F' such that the inequality

lim  u(z) +e> f(y)
dg, (z,y)—0
zEQ



11

holds for all y € K;, i =0, 1. Therefore, the function u + ¢ is in the upper class Uy,
u+e > ﬁ; > h, and, hence, ﬁ; + & > h. Since the number ¢ > 0 is arbitrary, we
obtain H ; > h, which is the required assertion.

Corollary 9.1. Let f;: 80y — [—o00;00) be a decreasing sequence of functions
that are upper semicontinuous on K; C 0%, ¢ = 0,1, and f = lim f;. Then
j—oo

610 A° REGULAR BOUNDARY POINTS

Definition 10.1. A point z( in the set Ko U K; C 6()1, where Bﬁl is the ideal
boundary of , is called A? regular if
lim H;(z) = f(z
L Jm @) = fxo)
zEQ

for every function f: 091 — R continuous on Ky and K. In what follows, A% reg-
ular points are assumed to be interior points to the corresponding compact sets.

A point zg is A% irregular if and only if it is not A7 regular. B
Since H}T = —ﬂ‘if, we may replace the upper Perron solution H; in Defini-
tion 10.1 by the lower Perron solution H}3.

Theorem 10.1. An interior point zy to compact sets K; C 8()1, 1 =0,1, is
A° regular if and only if
li H{(z) =
dﬂ(z}g})ao f (z) = f(=o)
z€Q

for every function f: o — R bounded on K;,i=0,1, and continuous at .

Proof . Sufficiency follows from the definition. We prove necessity. Let zo €
Ko C 091 be an A” regular point. Fix € > 0. Assume V to be an open
neighborhood about zg such that |f — f($0)| < eon VN Ky Find a function

g: 09y — [f(x0) + €,5upg, g, ||+ €] continuous on Ko and K and such that
g9(zo) = f(zo) + € and g = sup |f| + € on Ko\ V and on K;. Then the inequality
g > f valid on KU K; implies

mﬁoﬁf(m) < lim H(z) = g(z0) = flxo) +e.

dg, (z,20) T dg, (z,20)—0
z€EQ z€EQ

By similar arguments, we can show the inequality

lim  Hf(z) > f(x0) — ¢,
dg, (x,20)—0
z€EQ

which ensures that

lim H7(z) = f(z0).
Jm 7 (@) = f(z0)
zeQ

dg

The theorem is proven.
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§11 BARRIERS

Definition 11.1. A function u is called a barrier (with respect to ) at a point
xo interior to compact sets K; C 9Qq, 4 = 0,1, if

(1) u is A° superharmonic in { relative to Ko and K;;
(2) lim w(z)>O0forallye (KoUK;)\{zo};
dg, (z,y)—0

(3) lim  u(z) =0.

dg, (z,20)—0
zEQ

By the maximum principle, a barrier is always nonpositive and, moreover, if u
is a strictly positive barrier with respect to 2 at zg and V' is an open subset of 2
such that zg € 90y NV, then wu is a barrier with respect to V.

Theorem 11.1. Let a point z belong to KoUK, C 6()1. If there exists a barrier
with respect to ) at xg then zg is A7 regular.

Proof . Let a function u be a barrier at xg. By the minimum principle, u > 0
in . Let a function f: 8()1 — R be continuous on Ky and K;. Without loss of
generality, we may assume that xo € Ky and f(zg) = 0.

Fix ¢ > 0 and find an open neighborhood V" about zq such that |f| < e in VN K.
Let A > maxg,uk, |f|- Introduce the function

{ A in Q\V,

v =

2 min(u,m) in V,

where m = inf {u(m) (T € BVﬂQ} > 0. By the first pasting lemma, the function v
is A% superharmonic in Q relative to Ko and K;. Moreover, the function v + &
belongs to Uy and, hence,

lim H;(x)g lim  v(z) +e=e.
dg, (z,20)—0 dg, (z,20)—0
zeQ zEQ

By similar arguments, we can show that —(v +¢) € L. As a result, we arrive at
the inequality

lim Hj(zr)> lm Hjz)> lim (—v(@)—¢)=-c
dg, (z,20)—0 dg, (z,20)—0 dg, (z,20)—0
zEQ z€EQ z€EQ

Since the number ¢ is arbitrary, we obtain

li Hl(z)=0=
e IR A f@o),
zeQ

which is the required result.
While proving Theorem 11.1, we actually obtain the following assertion:
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Proposition 11.1. Let U C € be an open set and let a point g € U N o
be such that the equality V N U = V N Q holds for some open neighborhood V'
about xg. There exists a barrier at xo with respect to € if and only if there exists
a barrier at xo with respect to U.

In the metric space (Nll, there exists a countable everywhere dense set w. In the fol-
lowing theorem, the balls B = B(z,r) are centered at points z € @.

Theorem 11.2. An interior point xg € Ko U Ky C 8()1 is A% regular whenever
~1
Rpnoa, (2B)(z0) = 1
for every ball B = B(z,r), € @, containing the point xg.

Proof . The proof of this theorem is similar to that of Theorem 8.1. We need
only to replace the function 6 € WI} (ﬁl;,u), continuous in Q up to Ky and Kj,
by a function f, continuous on K; C 0, i = 0,1, and the function h € HT(Q)
by the function H ;r . Next, we should observe that the function wu, constructed in
the proof, belongs to Uy, and —u € Ly.

Theorem 11.3. The set of A” irregular boundary points interior to compact
sets K; C 0,1 = 0,1, where 99 is the ideal boundary of an open set (2, has zero
capacity.

The scheme of the proof of this theorem is the same as that for Lemma 8.7.

Theorem 11.4. The intersection B(z, §)NdQ; , where B(z, §) is a ball in the met-

ric space (G, p(z,y)), contains a point zo € ¢ that is A’ regular with respect
to Q.

Theorem 11.4 results from Theorem 11.3, Proposition 6.10, and Lemma 6.9
(see [15]).

Before we proceed to the next theorem, we prove an extension lemma for A? su-
perharmonic functions.

Lemma 11.1. Assume a function u to be A superharmonic in some neighbor-
hood U about the closed ball B C ;. Then there exists a functiorl u' that is
bounded from below and A7 superharmonic in Q relative to Ky = 02, N B and

some compact set K C 6()1 \ U containing at least one regular point; moreover,
u' = w in the ball B.

Proof . Let By be a ball containing the ball B and such that 8()1 \ By # @.
Let a function u be A superharmonic in this ball. We can assume that v > 0 in By
and, therefore, we can consider the balayage v = 1%,%(30) rather than the function u
itself. Then v = u in B and

lim w(z) =0
dg, (z,y)—0
zEQ
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for all y € 0BoNQ (see Lemma 8.6). Assume that m = ming v; then the set
K ={z € By:v(z) >m}

is compact and contains B. We put

S:{H;’ in 0\ K,

m in K,

where f = m in K, f =0 on o0, \ K, and 17; is the Perron solution in Q \ K
relative to K and K. In order to show that

im  s(z)=m
dg, (z,y)—0
z€eQ

for all y € K, we choose a representative 5§ € Uy. We have § > 0 in  and, by
the comparison principle, § > v in By \ K. Moreover, the function v is .A° harmonic
in By \ B. As a result, the inequality

lim  s(z) > m,

dg, (z,y)—0
zEQ

holds for all y € 0K N Q and, thus,

lim s(z)=m
dg, (z,y)—0
zEQ

for all y € K. By Lemma 2.8, the function s is .47 harmonic in  \ K relative
to K and K; and A? superharmonic in Q relative to the same sets. There exists
an A° regular point in K. The maximum principle implies that 0 < s < m on dBy.

If M stands for maxspg, s then the quantity § = m/(m — M) is positive and
d(s—m) < —m =v—mon dByNQ. Since s =m and v(z) > m for all z € K,
the inequality 6(s — m) < v — m is met in By \ K by virtue of the comparison
principle. By Lemma 2.8, the function

, v in K,
u =
d(s—m)+m in Q\K
is the needed A” superharmonic extension of the function w. N
In the case Ky = @, i.e., when B € (), the ideal boundary 92; can be regarded

as the compact set K; and the proof is an obvious generalization of that in [2:
Lemma 9.14].

Theorem 11.5. Given an open set , let g € Ko U K1 C 6()1 be its boundary
point. If this point is A7 regular then there exists a barrier at xy with respect to Q.

Proof . Assume a point z to be A? regular and let H}T = f(zo) = 0.
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Choose a sufficiently small ball B(Tr(l‘o), ro), T f~21 — (0, to meet the condition

QU2B C G, where the closure is taken in the metric space (G,p(a:,y)). Define
a function f by the equality

and put v = ﬁf(QB). By Lemma 8.10, the function v is continuous, vanishes on
the boundary of 2B N Q) [2: Lemma 8.8], and satisfies the inequalities 0 < v < 1.
Moreover, v is A harmonic on the set {f < v} and, according to the maximum
principle, v = 1 at the only point z.

Using the remark after Lemma 11.1 and Lemma 2.8, we demonstrate existence
of a bounded A superharmonic function v’ in QU 2B such that v = v in the ball B
and v’ <1—¢ < 1in (QU2B)\ B for some £ > 0.

Supplement the definition of the function v’ in accordance with the rule

v'y) = lim (2),
dg, (z,y)—0
z€eQ

where y € 8()1 \ 2B. The function w =1 — 2

» 18 A harmonic in @ and

im  w(z)=0
dg, (z,20)—0
zEQ

in the case Kg = @ by Theorem 10.1. Moreover, since v’ € U, we have w > 1 —2'.
Therefore,
lim  w(z) >0
dg, (z,y)—0
z€EQ

for all y € 8 \ {zo} and the function w(z) is a barrier at zo with respect to €.

Remark 11.1. Since p(z,y) < d,,(z,y), the barrier constructed in Theorem 11.5
is a barrier in the sense of Definition 11.1.

Theorem 11.5 and Proposition 11.1 show that the A7 regularity property of is
local. We can state two corollaries.

Corollary 11.1. Let U and H be open subsets of  and let zyp € 0H N OU.
If there exists an open neighborhood v about zy such that VN H =V NU, then
the point zg is A regular with respect to H if and only if it is 47 regular with
respect to U.

Corollary 11.2. Assume that a set D C € is open and a point zo belongs
to the intersection 9Qy N dD. If zy is A% regular with respect to  then xg is
A? regular with respect to D.

Theorem 11.6. Let a point g € KoUK, C o0, satisfy the condition cap{zo} =
0. Then the following assertions are equivalent:
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(1) The point zq is A” regular.

(2) There exists a barrier at xo with respect to Q.

(3) Let U and V, U € V, be open neighborhoods about a boundary point zo €
KoUK, C 8(21 Then

~u .

Rinon, (V)(x0) =  lim  u(z)
dg, (z,20)—0
zEQ

for every nonnegative A’ superharmonic function u.
(4) The equality
~1
Rpnog, (2B)(x0) =1
holds for all balls B = B(z,r) containing xg.

Proof . The assertions (1) and (2) are equivalent in view of Theorems 11.1
and 11.5 and Remark 11.1. We now prove that (3) follows from (1). Extend u to

o equating it to its lower limit. Let f; be an increasing sequence of functions
continuous on §2; and such that lim f; = v in U and f; =0 on 0V N Q. Fix j and
put

{ﬁf].(V\(Uﬂ@ﬁl),(ﬁmaﬁl)u(icwmﬂ)) in V\ (TNo),
gj = ~
’ fi in UNoy.

In accord with Corollary 11.1,

(zo) = i ()< L U (V)(x) = Ryyens. (V
.f] (IL'()) dn (w};r;)_ﬂ) g] (.’E) = J (ITTH;)*}O Unaﬂl( )(IL') Uﬁan( )(.’EO),
zEQ Q zEQ
lim  u(zo) = lim f;(z0) < Rpnga, (V)(@0).
dg, (z,20)—0 J—roo
zeQ

The reverse inequality is evident. The implication (3) — (4) is evident too. The fact
that (4) results from (1) was proven in Theorem 11.2.

Theorem 11.7. A point xy interior to compact sets K; C Bﬁl, 1 =0,1, is
A7 regular if and only if it is regular in the Sobolev sense.

Proof . By Theorem 11.6, it suffices to show that the point xg € K; C 6()1,

i =0, 1, is regular in the Sobolev sense if and only if ﬁ%ﬂaﬁl (2B)(z0) = 1 for every
ball B containing the point zo. The fact that this condition implies regularity in
the Sobolev sense was proven in Theorem 8.1. Let x be regular in the Sobolev
sense. By Lemma 8.3, we have

~1 . ~1
Rprog, (2B)(wo) = = lim  Rpnsg, (2B)(z) =1.
q(2,20)—0
zeQ

The theorem is proven.
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§12 A2 RESOLUTIVITY

Definition 12.1. A function f: 8Q; — [—oo0; +00] is called A7 resolutive relative
to compact sets Koy and K if the upper and lower Perron solutions ﬁ; and ﬂ;

coincide and at least one of them is an A? harmonic function in  relative to Ky
and Kl.

The A° resolutivity property of a function f does not mean that

lim H,(z) =
L m @) = 1)
zeQ

fory €e KoUK, C o However, we may assert that if there exists a bounded
A? harmonic function h in € relative to Ky and K such that the equality

im h =
L lm @) = f)
zeQ

holds for all y € Ko U K; C 8(~21, then the comparison principle ensures that
the function f is A resolutive. In particular, if the points y € Ko U Ky C o9, are
regular then the functions continuous on KqUK; C 6()1 are A7 resolutive. If there
are irregular points then it is not a simple matter to establish A” resolutivity for
functions continuous on K; C 8y, i =0, 1.

Theorem 12.1. Let Ky and K; be some fixed compact subsets of 6()1 and let

a function f be continuous in Q up to Ky and K;. Then the function u = R’ ((Nll)
is continuous in Q, u > f, and

li =
dm u(z) = f(wo)
zeQ

dg

for every regular boundary point zo € Ko U K. If, moreover, f € W, (Q; 1) then
u € Wpl(Q;u), u—f € W;,(Q,KO U Ki; ), and

/ Az, V,u)V.odz >0
Q

for every function ¢ € W;(Q, Ky U Ky;p) continuous in © up to Ky and K; and
such that the inequality ¢ > f — u holds almost everywhere.

Proof . Since f is continuous and bounded, so is u by Lemma 8.10.

We show the limit relation on the boundary. Let a function s be a barrier at xg.
Fix € > 0 and let V be a neighborhood about zg such that |f(a:) - f(m0)| < ¢ for
all z € V. Since inf {s(z) : @ € OV N Q} > 0, there exists a number A > 0 such
that the function

B { min (As(z) + ¢ + f(zo), sup|f]), z €V,
~ | suplf], x€Q\V
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is lower semicontinuous and, hence, A% superharmonic in  relative to Ky and K;
due to the first pasting lemma. Moreover, it satisfies the inequality v > f in Q.
Thus,
lim  u(z) < lim  wv(z) < f(zo) + €.
dg, (z,20)—0 ( )_ dg, (z,20)—0 ( )_f( 0)
zEQ €N

On the other hand, v > f and, thus,

. &}gg)%um‘) = f(20),
zEQ

which is the required result.
Next, we assume that the function f belongs to WI} (ﬁl;,u) and D; C Dy C
. C @ are regular open sets such that D; = {z € Q:d,(z,Ko) > a} N
{zeQ:d,(z,K ) > a}and |J; D; = Q (Lemma 2.6). Further, let u; be an A% su-
perharmonic solution to the obstacle problem in D; with the obstacle and boundary
values equal to f. Since u € W}, (Q;u) and u > £, in accord with [5: Lemma 2.3]

p,loc

we have the inequalities u1 < u2 < --» < u. Then the limit v = lim u; is A” su-
1— 00

perharmonic in 2 relative to Ko and K; and, furthermore, u > v > f.
On the other hand, the definition of balayage ensures that u < v and, thus, u = v.

Putting u; = f on ©\ D;, we obtain u; — f € W (Q, Ko U Ky; ). The inequalities

/|Vﬁui|pdu§0/ |Vﬁf|pdu§c/|vﬁf|pdu<oo
D; D; Q

follow from [5: inequality (2.5)]. Hence, the sequence V,u; — V, f converges weakly
to V,u—V, f in L,(; ) and u—f € L,(Q, KoUK;; ) [5: Theorem 1.6]. Moreover,
the L,(9; p) norms of u; — f are uniformly bounded and u— f € W;(Q, KoUK )
as a result.

o
Fix a function ¢ € W;(Q,KO U Ky;u) continuous in Q up to Ky and K7 and
such that ¢ > f —u almost everywhere in Q. If ¢; is a sequence of functions
vanishing on Ky U K7 and converging to ¢ in WI} (Q; ), then the functions n; =

[e]
max(p;, f — u) belong to W;(Q,KO U Ki; 1) and are continuous in  up to K,
i = 0,1. Furthermore, n; — ¢ in W, (% p) [5: Lemma 1.4]. Fix j and find
a subscript i; so that the support of 7); be contained in D;;. Since u is a solution

to the obstacle problem in Ky, (Dij,m) [5: Theorem 5.5], we infer
/QA(I‘,VLU)VL’OJ' dx = /Dv Az, V,u)V,n; dx > 0.
Since u € W (; 1) and n; — ¢ in W, (€; 1), we obtain
/Q Az, V,u)V,.pdx = ]ll)rgo A Az, V,u)V.n; dx >0,

which completes the proof.
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Theorem 12.2. If f belongs to WI} ((Nll; u) and is continuous in Q up to KqUK; C
8(~21, then the function f is A? resolutive relative to Ko and K; and H }7 —fe€

] J—
W;(Q,KO U Ky; ). In particular, the upper Perron solution H}T is the unique
A? harmonic function whose boundary values on Ky and K; coincide with f.

Proof . Let u =R’ (ﬁl) and let D; be elements of an exhaustion of Q by open

regular sets such that Ko U K; C Q\ D and the points y € 8D; N Q are regular
(see Lemma 2.6). Let u; stand for the Poisson modification P(u,D;,dD; N Q) of
the function v in D;. Then u > uy > uy > --- > ﬁ; and, thus, the limit function

h* = limwu; is A° harmonic in Q relative to Ko and K; and h* > H}T In accord
with [5: inequality (2.5)] and Theorem 12.1, we have

/ |Vﬁui|pd,u§c/ |VLu|pdu§c/|VLu|pd,u<oo.
D; D; Q

Hence, the functions V.u; tend to V.h* weakly in L,(Q;u) and, thus, f — h* €
L, (Q, Ko U Ky;p). Since the norms of u; — f are uniformly bounded in Ly (Q; ),
f—h*e W;(Q, KyUKj; ). By the same arguments applied to the A subharmonic

. i . . .
function v = —R °, for the A% harmonic function h, we obtain

v<he <Hf<Hp <I”
inQand f—h, € VCE/;(Q,KOUKl;p). Since h* — h, € VCE/;(Q,KOUKl;,u), we have
/ (A(z,V,h*) — A(z,V,hy)) (V,h* — V. h,) dz = 0.
Q

Strict monotonicity of the operator A ensures that h* = h,+c, where ¢ is a constant.

To complete the proof, we must show that ¢ = 0. There exists a regular boundary
point 2o (Theorem 11.4) in one of the compact sets K;, i = 0,1. Therefore, by
Theorem 12.1, we have the estimates

lim ho(z) < lim A*@2) < lim  u(z) = f(20)

dg, (z,20)—0 dg, (z,20)—0 T dg(z,w0)—0
z€eQ zeQ zeQ
= lim o)< lim k()<  lim  Ah%(z).
dg (w,20) =0 dg, (z,20)—0 dg, (%,20)—0
r€Q z€EQ T€EQ

This implies that ¢ = 0. The proof is complete.
We note that there exists another version of the proof. Let a function h be

A? harmonic in Q relative to Ky and K and suppose that h—f € V(E/'%,(Q, KoUKy;p).
By Lemma 8.7, the equality

lim  h(z) = f(y)

dg, (z,y)—0
zEQ
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holds quasieverywhere in the interior of Ko U K. Therefore, by Lemma 5.4, the in-
equality A < u holds in Q for every function u in the upper class Uy. Similar
arguments validate the inequality A > v in Q for every function v in the lower
class Ly. Thus, h < Hy = H; < h.

Lemma 12.1. Let f;: 80y — [—00; +00] be real-valued functions A7 resolutive
relative to Ky and K, Ko U K1 C 8()1, and assume that f; tend to a function f
uniformly on Ky and K;. Then the function f is also A” resolutive relative to K;,
i=0,1,and lim H; =H/ forall z € KoUK,.

j—oo

Proof . Given a positive number ¢, we have the inequality |f; — f| < € for all
interior points x € Ky U K; and sufficiently large j; hence,

Hf —e<Hj —e<Hy =Hj <Hj+e<H +e.

From here, we obtain the equality lim H. ; =Hj} = H fo. The function H fo is finite
j—00 7

and, thus, A% harmonic relative to Ky and K;. The proof is complete.

Theorem 12.3. Each function f: 6()1 — R continuous in Ky U K7 is A7 reso-
lutive relative to Ky and K.

Proof . As is known, a continuous function defined on a compact set in a given
metric space can be extended to a continuous function defined on the whole space.
Therefore, we may consider the function f: 9Q; — R to be continuous on 0€;.
Construct a Lipschitz approximation to f. To this end, divide the range of f into n
parts and put

i
¢; = min f(z)+— osc f(z),
=15 1921 n =15 1921

where osc,_,5 f(2) is the oscillation of f on the ideal boundary 89y. Consider
the sets

Ai:{xeaﬁl:f(a:)gci}, Bi:{l'eaﬁl:f(l‘)zclqu}.

The set 8¢ \ (4; U B;) is open. For points in this set, we assign

. dQ Ai,l‘
SOZ(.’L') = min ((Ci+1 — Ci)ﬁ, Cit1 — Ci) .
Q (3] (2

The sum ¢, = Z?;J ;i + co possesses the following properties:

co on A,
Pn =
Ccp On Bn—l

and ¢; < pp(x) < ¢iyq for z € 6()1 \ (4; U B;). Since

n—2
AgU By | 0\ (4;U B;) = 0%,

i=1
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we have |¢, — f| < 2/n on Bﬁl. The functions ¢,, are Lipschitz on Bﬁl and, in
accordance with [3], they can be extended to functions of the class W1 (ﬁl;u).
By Theorem 12.2, the functions ¢,, are A° resolutive and so f is A” resolutive by
virtue of Lemma 12.1.

Proposition 12.1. Let the points of Ko U K; C Bﬁl be .ﬁl” regular. If a func-
tion f is bounded and lower semicontinuous on Ko U K7 C 0 then it is A% reso-
lutive in Q relative to Ko and Kj.

Proof . It suffices to show that H ‘; >H fa, since the reverse inequality is obvious.
Let f; be an increasing sequence of functions continuous on KoUK, and converging
to f on Kg UK, C 6()1. Since the points y € Ko U K7 C Bﬁl are A7 regular,
the relations

d (Br;)aoﬂ?(w) = dg (lzi,r;)—m_?f (z) = £iy)
o (T,
2€Q zEQ

hold. Since f; = f, the inequality

lim  H(z) > f
dg, (z,y)—0
z€eQ

is valid for all y € Ko UKy C 0, i.e., HF € Uy. Hence, HF > H/ , which is what
was required.

§13 PERRON SOLUTIONS AND .4° POTENTIALS

Theorem 13.1. Assume that E is a relatively closed subset of €2 such that its
complement 2; \ E contains at least one of compact sets K;, i = 0,1. Assume also
a function u to be nonnegative and 4% superharmonic in Q relative to Ky and K;.
Assign

F { u on OENQ,

0 on 09, \E.

Then Ry () = H (2\ B, Ko UK, U(@ENQ)) in Q\ E. If, moreover, f belongs
to Wpl(ﬂ; u) and is continuous in  up to Ky, K1, and OE N {2, then the function

H/ — f belongs to I/IO/Il)(Q\E,KOUKl U@ENQ);u).

Proof . The definition implies that H Jf > ﬁ; in Q\ E. To prove the reverse
inequality, we take v € Uy and define a function

{ min(u,v) on Q\ E,
S =
U on E.

By Lemmas 2.8 and 2.9, the function s is A superharmonic in €2 relative to Ky
and K. Hence, s > R, v > R in Q\ E, and, thus, H; > Rp,.
The second assertion follows from Theorem 12.1.
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Theorem 13.2. Assume that a function u is nonnegative and .A? superharmonic
in Q relative to compact sets Ko C 8()1 and K; C 8§~21 and let the complement
0 \ E of a set E C § contain at least one of the sets K;, i = 0,1. Then

im  Rp(z) =0

dg, (x,20)—0
z€EQ

for every regular boundary point xyg € K; C 8()1, where K; NE = @, i = 0, 1.
In particular,

. Su

lim Rg(x)=0

z,20)—0

Tz€EQ

dg, (

quasieverywhere on K; C 9, where K; NE = @, i =0, 1.

Proof . Assume that a < d,(K;, E), where K; is a compact set disjoint from E.
If the set E fails to meet either of the two compact sets then we take a <
min (d, (Ko, E),d, (K1, E)). Let D C Q be an open set such that D = {z € Q :
d,(z,Ko) > afn{z € Q:d,(z,K1) > a} if EN(K UK,) = @. If EN(KoUK;) # @
then D = {z € Q: d,(z,K;) > a}, where K; is the set disjoint from E. Then
E is a subset of D. If the function u is unbounded then we construct the Poisson
modification in a neighborhood about 0D and find a function v € ®%(Q) such that
v is bounded on dD. Then the inequalities 0 < ﬁfg < ﬁ% prove the theorem, since
Theorem 13.1 implies that .

dg, (Ll,ynl)ao RD (:L') =0
Tz€EQ

for every regular point y € K; C o0 \ D and Theorem 11.3 ensures that the points
of the compact K; C 8(~21, i = 0,1, are regular except of a set of zero capacity.

§14 A° POLAR SETS

As is established in the previous sections, sets of zero capacity are often ex-
ceptional sets. These sets are removable for A7 harmonic and A7 superharmonic
functions. The set of 1rregular interior pomts to compact sets K; C 891, 1=0,1,

has zero capacity. Moreover, Wp(Q W) = Wl(Q \ E; ) provided that E is a rela-
tively closed subset in  of zero capacity [15].

Definition 14.1. A set E, compactly embedded into KoUK, C o0, or relatively
closed in €2, is called A7 polar if there exists a function u that is 47 superharmonic

in Q relative to Ky and K; and such that lim inf w(z) = +oo for all y € E.
r—0z€eB(y,r)

If E € Q then we consider an A” superharmonic function « in 2. By Lemma, 2.9,
an A7 polar set E whose intersection with 2 is nonempty has no interior points.
Furthermore, the main result of this section reads: a set is A? polar if and only if
it has zero capacity. The A7 polarity property depends only on p and p. In what
follows, we assume that if ENQ = & then £ € Ko U Ky C o0

Theorem 14.1. Let E be a subset of S~)1. Then the following assertions are
equivalent:
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(1) the set E is A” polar;

(2) if uw is nonnegative and A? superharmonic in  relative to Ky and K, then
AU ,~

(3) the capacity cap (E, w, (Q; ,u)) of E equals zero;

(4) there exists a nonnegative lower semicontinuous function f such that f € WI} ((Nll; ,u)
and f = oo on E.

The proof of Theorem 14.1 emerges from the following lemmas.

Lemma 14.1. Assume that a function u is nonnegative and A° superharmonic
in Q and E C Q.

(1) If the set E is A° polar then there exists an open neighborhood U about E
in the sense of the intrinsic metric such that U C Q and the function R%(U)
vanishes on each connected component of U.

(2) If RY ((Nll)(a:) = 0 for some point = € () then ﬁg (ﬁl) =0in Q.

Proof . Since 0 < ]/%; (ﬁl) < R} (ﬁl), the minimum principle ensures the second
assertion of Lemma 14.1. To prove the former assertion, we find a function v
which is A7 superharmonic in 2 relative to Ky and K and such that the equality

lim inf w(z) = +oo holds for all y € E. The set {z € Q : v(z) > 0} serves
T*}OzEB(y,r)

as U. Since the function Av belongs to ®%(U), Av > R% (V) for every positive A.
Then the former assertion of Lemma 14.1 follows from the fact that the function v
is not infinite identically on every connected component of U (Lemma 2.10).

Lemma 14.2. Assume that u is a positive A% superharmonic function in Q and
E C Ql. If RE‘(QI) =0 then

cap (E, WI} (ﬁl;,u)) =0.

The claim of this lemma is an immediate consequence of Theorem 8.2.

Lemma 14.3. If a set £ C S~)1 has zero capacity
cap (E W, (u; u)),

then there exists a nonnegative lower semicontinuous function f in WI} ((Nll; u) such
that f = oo on F.

Proof . Since the set E C f~21 has zero capacity cap (E, WI} ((Nll; u)), there exists

an open neighborhood U,, about the set E such that cap (U,, W, (Qu;p)) < 1727
Moreover, there exist functions ¢,, equal to unity on U,, quasieverywhere and such
that ||g0n | WI} ((Nll; u) || < 1/2™. We can assume that ¢, = 1 everywhere on U, [15:
Proposition 6.1] and the functions ¢,, are lower semicontinuous. Then the function
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f= E;‘;l (¥, is nonnegative, lower semicontinuous, ||f | WI} (ﬁl;,u)” < o0, and
f =00 on E. The required function is constructed.

We have shown the following chain of implications: (1) = (2) = (3) = (4). To com-
plete the proof, we need the following lemma.

Lemma 14.4. Let a function u € W, (Q;u) be A% superharmonic relative to
compact sets Ko and K;. Assume that M € R, E C €y, and

U:inf{SE W;(Q;M)OS(Q,KOUK}) ts>uin Q\ E,

li inf > M for all E;.
Tlg(l)zeg(y’r)s(m) > orall y € }

If there exists a nonnegative lower semicontinuous function f in the space WI} (ﬁl; ,u)
such that f = oo on E, then the lower semicontinuous regularization ¢ of the func-
tion v coincides with u in Q.

Proof . Clearly, u < ¢ in Q. Extend the function u to o equating it to
its lower limit. Let 1; stand for the sum u + j~'f, 7 = 1,2,..., and let v; be
an A? superharmonic solution to the obstacle problem in §~21 relative to Ky and
K with the obstacle and boundary values equal to ;. The function ; is lower
semicontinuous. Then property (3.1) of A% superharmonic functions implies that
v; > in @\ E. In particular, lim inf wv; = oo for all y € E and, hence, v; > v

r—=0B(y,r)
in Q and in E.
Theorem 5.4 in [5] implies that the function vy = lim v; coincides with » almost
j—oo
everywhere and lim inf vy = 400 for z € E. Therefore,

r—0B(y,r)

u(z) = ess lim u(y) = ess lim vo(y) > lim ov(y) > 9(z)

p(z,y)—0 p(z,y)—0 p(z,y)—0

for every = € Q). Thus, ¥ = u. The lemma is proven.

Lemma 14.5. Assume that there exists a nonnegative lower semicontinuous
function f such that f € W} (4;1) and f = co on E. Let a point zo belong to
1\ E. Then there exists a function u that is A% superharmonic in  relative to

Ky and K; and such that lim inf wu(xz) = oo for all y € E and u(zo) < oo at
r—0 zEB(y,T)

the point zo € '\ E.

Proof . To construct the required A% superharmonic function, we take a ball
B = B(wzg,r) and put B; = 27 B(zg,r). Then E; = E\ B;j, j = 1,2,..., and
E=J ; E;. By induction, we can find a sequence of A” superharmonic functions u;.
Let u; = 0 and

Uy :inf{sEWPI(Q;M)HS(Q,KOUKl):u1 <s<2in Q,

li inf = 2 for all Eyp.
rli%ze}gn(y’r)s(x) orally € 2}

By the previous lemma, 05 = u; in Q. Furthermore, the function vy = 9 is A har-
monic in the ball By, since so is u; (Lemma 8.2). We can now find a function us that
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is A? superharmonic in 2 relative to Ky and K7 and such that u; < us < 2 in Q,

lim inf wy = 2 for all y € E», and ua(z9) < 1/4. Moreover, using the Poisson
r—0 B(y,r)

modification P(us, Bs) rather than the function us, we can assume that the func-
tion wy is A harmonic in Bs. Employing a cut-off if necessary, we may assume
that us < 2 and this function is .A? superharmonic in Q. Hence, us € W, 1,.(Q; 1)
(Corollary 3.2).

Assume now the functions wy, us,us,...,uj—1, j > 3, constructed. Put

v; = inf {s € W;(Q;u) NS, KoUKy) :uj1 <s<j in Q,

li inf = j for all E;}.
rl—%xe}s’n(ym)s(x) jforally e ]}

Since ¥; = w;_; and the function u;_; is 4 harmonic in Bj, we can find a function u;
such that this function is A superharmonic in ) relative to Ky and K, uj_; <

uj < jin €, }ig(l)zegl(g,r) u;j(z) = j for all y € Ej, and u;(zo) < uj_1(wo) +277.

Replacing again u; by its Poisson modification in Bj;1, we may consider u; to be
A harmonic in Bj;; and A% superharmonic in 2. Moreover, we may assume that
uj < j and, therefore, u; € WI}JOC(Q;M).

To complete the proof, we note that ujir < ujpryr in Q, K = 1,2,..., and,
thus, the limit function v = lim u; is A% superharmonic in . Furthermore,
j—oo

lim inf w(z)= oo for all y € E and
r—0 zEB(y,T)

u(zg) < Z2j < 0.
i=1

Lemma 14.5 and Theorem 14.1 are proven.

Theorem 14.2. If a set E is A” polar and zy € Q \ E is any fixed point,
then there exists a nonnegative A% superharmonic function u in Q such that

lim inf w(z)= o0 forally € F and u < oo at xp.
r—=0zeB(y,r)

Theorem 14.2 results from Theorem 14.1 and Lemma 14.5.

Corollary 14.1. The A° polarity property of a set E depends only on p and p
and is independent of the mapping A.

Corollary 14.2. Each countable union of A% polar sets is an A% polar set.

Theorem 14.3. If a function u is A% superharmonic in  relative to compact
sets Ko and K1, then u is quasicontinuous.

Proof . First, we observe that the function u is quasieverywhere finite in view
of Theorem 14.1. We may assume the function u to be nonnegative. Then, re-
placing u by the function arctan u, we may assume that v is bounded (Lemma 2.5)
and, therefore, belongs to the space WI}JOC(Q; 1). Find an increasing sequence of
continuous A” superharmonic (in Q) functions u; whose limit is 4 (Lemma 8.10).
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Let D = {z € Q:d,(z,Ko) >a}n{z € Q:d,(z,K)) > a}, @ > 0. Since
the functions u; are bounded supersolutions, the Caccioppoli estimates [5, Lemma
2.5] imply that the sequence u; is bounded in W} (D; ). Therefore, it converges
to u weakly in Wp1 (D; ). By the Mazur lemma (see, for instance, [5, Lemma 1.6]),
for every £ we can find a sequence of convex combinations v; ; of the functions u;,
j >k, such that the functions vj ; tend to u in W (D; u) as j — co. For a fixed k,
we can choose a function ¢, € C(D) N W, (D;p) such that up < ¢ < u and
ltoe —u | Wy (D; p)|| < 1/k. Since the functions ¢ are continuous, u is quasicon-
tinuous (see [15: Theorem 6.3 and Corollary 6.8]).

§15 A° HARMONIC MEASURES

Harmonic measures are of great importance in applying the conventional po-
tential theory. In this section, we study a similar construction which is called
an A’ harmonic measure. Such measures can be used to estimate A% superhar-
monic functions.

To begin with, we present the definition. Let E be a subset of the union KyU K
of compact sets, where Kqg U K| C 8(~21, and let xyg be the characteristic function
of E. The upper class Ug of E is the upper class U,, of the function xg and
consists of the functions u such that

(1) wis A” superharmonic in § relative to Ko and K7,
(2) u >0,
(3)  lim w(z)>xp(y) forall ye KoUK, C0Q.

dg, (z,y)—0
z€eQ

Definition 15.1. The function

w=w(BE,0A) =H,

e = inf Ug

is called the A% harmonic measure of the set E in €.

We have 1 € Ug, v > 0, and the upper Perron solution is an 4% harmonic
function (Lemma 9.1). Therefore, the function w is A” harmonic in Q relative to
Ky and K7 and, moreover, 0 < w < 1.

Introduce some new notation. If £ C S~21 and E N is a relatively closed subset
of ), we write

wE, %A =w(OENQQ\ E;A).

If all points x € KoUK, C 09, are regular and £ C KoUK, C 99, is a closed set,
then we can present one more characteristic of the A harmonic measure w(FE, 2; A).

Let the symbol H7 (E, ) denote the class of nonnegative functions u continuous
in Q up to Ky and K and such that

(1) the functions u are A% harmonic in € relative to Ko and Kj,

(2) u>1on EC KoUK, C 8.

By S?(E, ) we mean the corresponding class of functions, where we use A7 su-
perharmonic functions rather than A% harmonic.
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Theorem 15.1. Assume that the points of compact sets K; C Bﬁl, 1 =0,1, are
regular. If F is a closed subset of Ko U K; C 0 then the A% harmonic measure
w=w(E,Q;A) can be characterized as follows:

(1) w(E, N A) =inf HO(E,Q),

(2) w(E, N A) =inf S7(E,Q),

(3) w(E, % A) = lim A7,
where convergence is uniform on compact subsets of 2 and f; is some decreasing
sequence of continuous functions converging to yg pointwise on 0.

Proof . We put vi = inf H’(E,Q), v» = inf S°(E,Q), and vs = lim H;.
1— 00

To begin with, observe that
H(E,Q) C S(E,Q) CUE

and, therefore, w > vy > vy.
Next, since the points in Ky U K; C 99, are regular, every function H ; is

continuous in  up to KoUK C 8()1 and 17; > 1on E. Hence, w > vy > v1 > vs.

By Corollary 9.1, w = v and the sequence converges locally uniformly in Q, since
the sequence H ;r is decreasing and the limit function w is continuous. The proof
is complete.

We now establish the basic properties of A% harmonic measures.

Theorem 15.2.

(1) If By C By C KoUK, C 89, then
w(E, QA <w(Ey, O A).
(2) If EC KoUK, C 8D NdQ; and D C Q then the relation
w(E,D; A) <w(E,Q; A)

is valid in D. B
(3) If C1 D Cy D --- are closed subsets of Ko UK; C 0Q; and C = (), C; then

lim w(C;, Q; A) = w(C,Q; A)

11— 00

uniformly on compact subsets of ().

Proof . Property (1) results from the definition. Property (3) is a consequence
of Theorem 15.1.

To prove (2), we assume that a function u belongs to the upper class Ug ()
relative to Q2. Then the restriction u|D belongs to the upper class Ug (D) relative
to D and, hence, the relations

w(E,D; A)(z) < inf {u(z):u e Up(Q)} = w(E,Q; A)(z)
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hold for all € D. Thereby, the inequality is proven.

An A% harmonic measure is not always subadditive, but it behaves well with
respect to complements.

Theorem 15.3. If E C KqgU K; C Bﬁl then
w(B, Y% A) >1-w((KgUK))\ E,QA).

Moreover,
w(E,QA) =1-w((KoUKy)\ E,Q; A)

if and only if the characteristic function of the set E is A% resolutive in Q) relative
to K() and Kl.

Proof . Let f = xg be the characteristic function of E. Then
w(KoUK)\E, 0 A) =H ;=1-H5>1-H; =1-w(E,Q;A)
and the equality is possible only if H ; =Hj.

Corollary~15.1. If the points z € Ko U K1 C 6()1 are regular and a set e C
Ky UK, C 09, is compact, then w(e,;4) =1 — w((KO UK;)\ e,Q;A).

Often, A harmonic measures w(E, Q; A) are regarded as A harmonic functions
equal to 1 on E and 0 on 9% \ E. It is not quit correct. The following theorem is
valid.

Theorem 15.4. Let x( be a regular point in Ky U K; C Bﬁl. If 29 has a neigh-
borhood V such that V N Ky U K, C E, then

lim  w(E,Q;A)(z) =1.
(z,20)—0
zEQ

dg

If 2o has a neighborhood V such that V N (KqU K1) N E = &, then

lim  w(E,Q;A)(z) =0.
(z,20)—0
z€eQ

dg

Indeed, in the above cases, the characteristic function xg is continuous at xo;
thereby, the equality
lim H. = x
dg, (z,20)—0 XE XE( 0)
zEQ
is valid.
We now study interrelations between A° harmonic measures and A7 potentials.

Assume that FE is a relatively closed subset of 2 and assign

w=w(E,NA) =wO@ENQQ\ E;A).
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Assume that w(z) = 1 for 2 € E, and let @ be the lower semicontinuous regulariza-
tion of w in (~21. Fix a compact set K; € Q \ E and take E as K. If a function u
belongs to the upper class of the set E in 2\ E then, equating « to unity on E and
appealing to the first pasting lemma, we conclude that the function min(u, 1) is
A? superharmonic in € relative to Ky and K. Theorem 13.1 implies the following
result:

~1
Theorem 15.5. The function @ is equivalent to the A” potential Ry of E in (.
In particular, w = R} in Q\ E.

The A7 harmonic measure is the least A” harmonic nonnegative function equal
to 1 on E. This extremal property is useful in estimating other 4% harmonic and
A? subharmonic functions.

Theorem 15.6. Assume that E C KoUK, C 9y and put w = w(E,Q;A). Ifv
is an A” subharmonic function in € relative to Ky and Ky with the property

. { M if yeE,
lim w(z) < )

dg (z,y)—0 m if ye (KoUK,)\E,
zeQ

where M < m, then v(z) < (M — m)w(z) + m for every = € Q.

Proof . If M = m then the inequality v < M ensues from the comparison
principle.

If M > m then the function v; = (v —m)(M —m)~! is A° subharmonic in
relative to Ky and K; and possesses the property

_ 1 if yeE,
lim v (z) < .

dg (z,y)—0 0 if Yy € (K() UKl) \E
€N

Therefore, if a function u is in the upper class Ug, then the inequality

fm o@< lm u()
dn(;é?’g_’o dg, (z,y)—0

zEQ

holds for every point y € Ko U Ky C o0, By the comparison principle, v; > u
in  for all functions u in Ug. Thus, we obtain the required inequality vy, > w.
Theorem 15.6 ensures the following result:

Corollary 15.2. Assume that a function v is A% subharmonic in 2 relative to
Ky and K7 and bounded from below in Q. If w(E, Q; A) = 0 and

lim  wv(z) <m
dg, (z,y)—0
z€EQ

forally €e KUK, C Bﬁl, then v <m in Q.

We now proceed to considering the sets of zero A% harmonic measure.
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Definition 15.2. A set E C KoUK, C Bﬁl is of zero A° harmonic measure
in  whenever
w=w(E,NA) =0.

Theorem 15.7. Aset E C KgUK; C Bﬁl is of zero A° harmonic measure if
an only if it is A? polar.

Proof . Let a set E be A” polar in Q. Fix a point 2y € 2. By Theorem 14.2,
there exists a nonnegative A% superharmonic function « in Q such that

lim  u(z) = oo
dg, (z,y)—0
TEQ

for y € E and u(zg) < co. Then the function Au belongs to the upper class Ug for
every A > 0. Hence, 0 < w(z) < Au(z). Since the number A is arbitrary, w(zg) = 0.
Next, by the minimum principle, we obtain w = 0 in 2.

On the contrary, if w(E,Q; A) = 0 then the maximum principle and Theo-
rem 15.6 ensure the relation

~1
O<Rp=0<w=0
in Q). Therefore, the set E is A’ polar by virtue of Theorem 14.1.

Lemma 15.1. Assume that the points of the set KoUK C 8§~21 are regular and
a set e is compact. The property w = w(e, 2;.4) = 0 holds if and only if

supw(z) < 1.
zEQ

Proof . Put A = sup,cqw(z). Since the points in Ko U Ky C 80, are regular
and e is compact, Theorem 15.4 yields the equality

im w(z)=0
dg, (z,y)—0
z€EQ

for all y € (Ko U K1) \ e. Apply Theorem 15.6, putting v = w, M = X, and m = 0.
We obtain w < Aw. In the case A < 1, the inequality under consideration holds if
and only if w = 0. The proof is complete.

Theorem 15.8. Assume that all points of thg set KoUK, C Bﬁl are regular
and Ey and E; are closed subsets in KoUK C 0§ of zero A% harmonic measures.
If Eg N E; = & then the sum Ey U E; is of zero A% harmonic measure.

Proof. Let w denote the measure of the union EgUE), i.e.,w = w(EoUE,Q; A) =
0. Assume that w > 0.

First, we show that if Fy and E; are subsets of one of the compact sets, say,
Ky, then the equality Ey U E; = Ky is impossible. Choose a point zoy € Ey. Since
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the sets Ey and E; are disjoint, there exists a neighborhood U about x( such that
UN Ky C Ey. Theorem 15.4 implies the equality

li FEo, Q; =1
dn(xgsré)—mw( 0, ;. A) (@)
=19

which contradicts the assumption w(FEy, Q;A) = 0 and, thus, Eo U E; # K.
For 0 < t < 1, consider the open set

A ={x € Q:w(x) >t}

By Lemma 15.1, sup,co w(z) = 1 and, therefore, A; # @.
The equality
lim  w(z) =0,
dg, (z,20)—0

z€EQ
which is valid for every zy € (Ko U K7) \ (Eo U Ey), and the maximum principle
imply that, for ¢ close to 1, there exists a representative A C A; such that either
ACQUEporA C QU FE;. For example, we assume A C QU Ey. Assign

()_{w(:n)—t if €A,
0 if ze0\ A

According to the first pasting lemma, the function v is A? subharmonic in  relative
to Ko and K; and satisfies the following condition:

— 0 if ye (KoUKi)\ Eo,
lim o(z) < .

dg, (z,y)—0 1 if Yy € Ey.
z€EQ

Appeal to Theorem 15.6, putting M = 1 and m = 0. We have the inequality
v < w(E1,Q;A) = 0. This means that A = &, a contradiction. Therefore, the as-
sumption w(Ey U Ey,Q; A) > 0 is not true. The theorem is proven.

We now present a slight generalization of Lemma 15.1.

Theorem 15.9. Assume that Ky and K; are contained in Bﬁl and let e C
Ky U K; be a compact set. The A% harmonic measure of e is zero if and only if
there exist a sequence of neighborhoods U; about e and a constant A < 1 such that

(L) NUiNnQ =g,
(2) the inequality w(z) < A is valid for all z € 2N OU; and all .

Proof . Necessity is obvious and we prove sufficiency. By Lemma 15.1, it suffices
to demonstrate the inequality w(xz) < X for every point z € Q. Fix 2o € Q and find
a subscript ¢ such that zg ¢ U;. If 2o € OU; then the inequality w(zo) < A is a part
of the conditions of Theorem 15.8 and we may assume that zo € Q\ U;. Next, put
V =Q\U; and let y € V. If y € Q then y € OU; and, thus, w(y) < \. If y ¢ Q
then y € 89 \ e and Theorem 15.4 ensures that

lim w(z)=0
dg, (2,y)—=0
ZEQ
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for every point y € Ko U K; \ e. Hence, the inequality

lim w(z) <A
dg, (2,4)—0
ZEQ

holds for every y € Ko U K; \ E. By the comparison principle, w < X in V.
In particular, w(z) < A. The theorem is proven.

§16 A4 FINE TOPOLOGIES

In this section, we present some results on A fine topologies in the geometry of
vector fields in question. Note that, for the conventional vector fields, the defini-
tions and theorems below are known (see 2, 13]) Notwithstanding the fact that
the proofs below have their own peculiarities, they are almost obvious generaliza-
tions of the known results and are presented here for completeness.

Definition 16.1. By the A fine topology in 2 we mean the coarsest topology in
Q in which all A superharmonic functions are continuous in (2.

Since A superharmonic functions are lower semicontinuous and the class of these
functions is closed with respect to the cut-off operation, the A fine topology is
the coarsest topology in € in which all locally bounded A superharmonic functions
are continuous. Thus, we can say that the A fine topology is the coarsest topology
in © in which all supersolutions to equation (2.1) are continuous. In this case, it is
appropriate to consider supersolutions with property (3.1).

Lemma 16.1. The A fine topology is finer than the Euclidean topology.

Proof . Fix a ball B = B(zg,r) € 0 of sufficiently small radius. We show that
B contains a nonempty A fine-open set U such that o € U. Since the set 1B
is (p,p) thick at every its point, there exists a function v € S(Q) UH(Q\ /B)
such that v = 0 on 4B and v < 0 in the complement of 1B (Lemma 4.1).
By the maximum principle, the A fine-open neighborhood {a: : v(xz) > maxpp U}
about zq is contained in B.

Generally speaking, the A topology is strictly coarser than the Euclidean topol-
ogy. If a sequence {z;} tends to z and the set {z;} C  has zero capacity, then, in
accord with Theorem 14.2, there exists an A% superharmonic function « on € such
that u(z;) = 1 for all ¢ and u(z) = 0. Hence, the function u has a discontinuity at
and this fact implies that the topology 74 is strictly coarser than the Euclidean
topology.

The topology 74 has a base constituted by all intersections of finite families of
sets {u > A} or {u < A}, where u are A superharmonic functions in 2 and X are real
numbers. It is convenient to use the base of neighborhoods about a point 2y € Q2
that consists of the sets

k
(16.1) ﬂ {z € B:ui(z) <A},

i=1
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where £ € N, A\ > 0, B is a ball centered at zo € 2, and each function u; is
locally bounded, A superharmonic in Q, and such that u;(xo) = 0. We show that
the sets (16.1) constitute a base of neighborhoods. Indeed, the sets

{zeB:ui(z) <A} ={u; <A}NB

are open in the A fine topology and the formula (16.1) defines an A fine neighbor-
hood about zg. On the contrary, if U is an A fine neighborhood about a point g,
then there exist locally bounded A superharmonic functions v; and constants
Aj>0,j=1,2,...,m,m+1,...,1, such that vj(z¢) =0 and

m l
CU()Eﬂ{’Uj()\j}ﬁ ﬂ {’Uj>>\j}CU.
j=1

j=m+1

Since the functions v; are lower semicontinuous, we can find a ball B = B(zo, )
such that B C ﬂé’:mﬂ{”j > A;}. Next, putting u; = )\j_lvj, we have u;(x9) = 0
and the point zq is in the set

m m l
N{zeB:uj(x)<1/2} c (v, <Nin [) {v; >N} CT,

j=1 j=m+1

which is the required result.

Lemma 16.2. Let V' C 2 be an open set. Then the topology induced by 7.4
on V', is the coarsest topology in V' in which all A superharmonic functions on V'
are continuous.

Proof . Tt suffices to show that the sets {u < A}, A € R, are open in the A fine
topology provided that a function w is A superharmonic on V. Fix a point z € {u <
A} and choose a ball B @ V centered at z. According to Theorem 4.1, there exists
an A superharmonic function in € such that v = u on B. Therefore, the relations
x € {v <A} N B C {u < A} are valid. The lemma is proven.

Historically, the fine topologies were used to characterize regular points for
the Dirichlet problem. A point x € 9 is irregular in the conventional potential
theory if and only if the point z is isolated for the complement of € in the corre-
sponding fine topology.

Theorem 16.1. Let zp € V C Q be a regular boundary point such that
cap, ,{ro} = 0. If a function u is A superharmonic in some neighborhood about
o then

lim  u(z) = u(o),
p(z,20)—0
zeCV

where CV is the complement of V.

Proof . Assume the contrary: there exists an A superharmonic function u in
a neighborhood about xy such that

lim  u(z) > u(zo).
p(z,20)—0
zeCV
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Adding a constant and using the cut-off operation, we may assume that v €
W, (3B; ) for some ball B centered at o and that u = 1 on the set CV N B\ {zo}.
Find a function f € C*°(Q) such that f = 1in B and f < u on the sphere 0 2B.
By the generalized comparison principle, Hf <win 2B\ ((CV N B), where ﬁf is
the Perron solution on 2B\ (CV NB ) Therefore, we have the chain of inequalities

1= lim Hpx)< lim wu(@) =u(z) < lim u(z)=1,
p(@,20) =0 p(z,20)—0 p(z,z0)—0
z€V zeV zeCV

where the second one results from (3.1). The contradiction obtained proves the the-
orem.
It would now appear reasonable to give the following definition:

Definition 16.2. A set E € Q is A thin at a point zg ¢ E if there exists
an A superharmonic function v in a neighborhood about xy such that

lim  u(z) > u(zo).
p(z,20)—0
zeF

If 2o ¢ E then the lower limit is assumed to be equal to co. By the extension
theorem 4.1, we may assume that u € S(Q).

Theorem 16.2. If a set E is A thin at a point 2o ¢ E then CE is an A fine
neighborhood about zg.

Proof . Find a function u € S(2) satisfying the inequalities

lim  wu(z) > v > u(zo).

p(z,x0)—0
FASID)

There exists a ball B = B(zg,r) such that u(xz) > v for every point x € E N B.
From here, we can conclude that the A fine neighborhood {z € B : u(z) < v}
about xg is contained in the complement of FE.

Theorem 16.3. An irregular boundary point of a set V' C 0 is an isolated point
of CV in the A fine topology.

Proof . Let xg € OV be an irregular boundary point. By Theorem 11.2, there
exists a ball B such that 29 € B and

u=Rpy2B)(w) = 1-5 < 1.

Moreover, by Theorem 8.2, the set E = {z € B\'V : u(z) < 1} \ {o} has zero
capacity. Then there exists an A superharmonic function v in €, which is positive
in B and such that v(zo) < ¢ and

lim ov(z) =0

p(z,y)—0
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for all y € E (Theorem 14.2). This implies that the set {z € B : u(z) + v(z) < 1}
is an A fine neighborhood about xq disjoint from CV \ {zo}.
It is immediate from the proof that a boundary point of a set V of positive
capacity may be isolated in CV in the A fine topology, despite the fact it is regular.
The Wiener criterion enables us to look at the notion of a thin set from another
viewpoint.

Definition 16.3. A set E is (p, 1) thin at a point g if

1/p—1
W (B 20} = /1 cap, , (E N B(xo, t), B(zo, 2t)) dt < .
PorAT o cap, , (B(xo,1), B(xo,2t)) t

Now, we define the notion of the Wiener sum

. . 1/p—1
i (capw (EﬁB(mO,Q—J),B(:UO,Ql—J))> /v

WE (E,;I,'()) = i .
Do Jgo capy, ,, (B(.Z‘o, 2-J), B(xo, 2173))

which, along with the Wiener integral, is very convenient. The following lemma is
valid.

Lemma 16.3. There exists a constant ¢ = ¢ (p,c,) > 1 such that
-1 ) 1/p—1
¢ Wpu(E,m0) < Wp,u(E7m0) < C(ao + pr(anO))

for all E C Q and zg ¢ E, where

_cap,, (E N B(zo, 1), B(zo, 2))
Ca‘pp,u (B(QZ(), 1)’ B(II?(), 2))

In particular, the integral W), ,, (E, zo) is finite if and only if so is the sum W (E, xo).
Proof . If t < s < 2t then, by virtue of [15: Lemma 6.7 and 6.6], we have

cap, , (E N B(xo, t), B(xo,2t)) ~ cap, , (E N B(zo,t), B(zo, 2s))
and

cap, , (E N B(xo, t), B(xo,2t)) ~ cap, , (E N B(zo,s), B(zo,2s)),
where the equivalence constants depend on p and ¢, exclusively. Then the relations

cap, , (E N B(xo,t), B(wo, 2t))
cap, , (B(a:o, t), B(zo, 2t))
. cap,, , (E N B(xo,277), B(xo, 21_j))
cap,, , (B(zo,277), B(w,2'~7))
. cap,, ,, (E N B(xo, 2t), B(zo, 4t))
cap,, , (B(a:o, 2t), B(zo, 4t))
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hold for 27177 < ¢ < 277, Thereby,

1/p—1
W, (B, z0) = /1 cap, (E N B(a:o,t),B(a:O,Qt)) /P ﬂ
PRAT 0 capp’u (B(wo, t), B(zo, 2t))

Z/ cap,, ,, EﬁB(:UO, , x0,2t

2 Cappp, (B(ZL'(),t ) ZL'(),Qt

<CZ cap, ,, (E N B(xo,27), B(xo, 21 7) Y
- cap,, , (B(a:o,Q ), B(zo,2'7)

= CWP’M(E,ZL'()).

By analogy, we obtain

cap,, ,, (E N B(zo, 1), B(zo, 2
Ca‘pp,” (B(QZ(), 1)’ B({I?(), 2))

)) 1/p—1
WEM(E,xo) < c( ) + W, u(E, 20).

The proof is complete.

Lemma 16.4. Assume that E C Q and zo ¢ E.

(1) If the set E is (p, 1) thin at 2o then there exists an open neighborhood U about
E such that U is (p, p) thin at xg.

(2) If E is a Borel set (p, u) thick at o then there exists a compact set K C EU{xz¢}
that is (p, u) thick at xo.

Proof . (1) Let B; = B(zo,2'~7). Since the union V; U V3 of two sets V; and
V5 that are (p, ) thin at xo is (p, p) thin too, we may assume that EN90B; = @.
Let Uy = Q. For every j =1,2,..., choose an open set U; C B; NU;_; such that
Ej :EﬁBj C Uj and

(Capp7u(UjaBj1)>1/p_1 < <Capp,u(Ej’Bj1)>1/p_1+ 9—j—1
cappﬁu(Bj,Bj_l) - capp’u(Bj,Bj_l

Next, if we put U = U;io (Uj \§j+1) then E C U, U is open, and

cap, ,(Uj, Bj_1) 1/p=1
(U, <§: Pt <W> (E 1 )
o) ( BBy ) S Bt

Hence, U is the required neighborhood about E.
(2) As before, let B; = B(z9,2' 7). Since E N B, is a Borel set,

cap, ,(EN Bj,Bj_1) = supcap, ,(K, Bj_1),

where the supremum is taken over all compact sets X C ENB; [15: Theorem 6.2].
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For every j, we can find a compact set K; C E N B; such that

<Capp,u(Ejale)>1/pl < (Capp,u(Kj7Bj1)>l/pl+ 9-J
cap,, ,(Bj, Bj—1) ~ \cap, ,(Bj, Bj-1

Then the set K = (J; K; U {zo} is what we need.

Theorem 16.4. Let o ¢ E. If the set E is A thin at zo then E is (p, p) thin
at zg.

Proof . Let zyp € E. Since E is A thin at zo, there exists a function u € S(9)
such that
lim  wu(z) >1>u(xo) > 0.

p(z,x0)—0
zeEE

Let B = B(zg,r) be a ball such that « > 0in B and v > 1 on EN B.
If the set U = {z € B : u(z) > 1} is open then the A potential v = ﬁf,lm 1,5(B)

satisfies the conditions 0 < v(zg) < 1 and v|Uﬂ = 1. Assign B; =27/B, j =

1/2B
~1
1,2,.... If s = Rynp,(Bj—1) then the estimates in
[4: Lemma 5] ensure
(16.2) sj > ca;/p > exp(—ca;/pfl)
in the ball B;, j = 1,2,.... Here the constant ¢ depends on p, #/a, and the con-

ditions on the p admissible weight; moreover,

o — cap, ,(UNBj,Bj_1)
! cap,, ,(Bj, Bj-1)

Denoting v1 = 1 —v =1 — sy, we have v; < eXP(—COéi/pil)

of (16.2). For j =2,3,..., we put v; = exp(coz]/p1 )Juj—1, where c is the constant
in (16.2). Then the functlon 1—v; € S(Bj_1) is nonnegative in B;_; and 1 —v; =1

in B; NU. Hence, eltherl—v]Zs]ZI—exp( /p 1) orngexp( ;/pfl)
in the ball B;. This yields the inequality 1 —v = v; S exp ( — CZ] -1 ai/p 1) in

in By by virtue

the ball B;. Since 1 — v(zg) = > 0, we arrive at the inequality Zk 1 a,lg/p <
~llogd < oo for every j. Passing to the limit as j — oo, we verify that the sets U
and E are (p, ) thin at zo. The theorem is proven.

Lemma 16.5. Let B = B(zo,r) be a ball and let E C 1B be an open set.
Ifu= ﬁ;(B) is the A potential of the set E in the ball B, then

capp7u(E,B) 1/p—1
)

min u<c
N <Ca‘pp7p,(1/2B7B

BB(Il)vp)

for every p € (r/4;r/2), where ¢ = ¢ (p, 8/a,¢c,) > 0.
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Proof . Fix p € (r/4;r/2) and put v = mingp(y,,p) . The minimum principle
and [4: Lemma 4] imply

cap, , (B(zo,p), B) < cap, , ({u>~}, B) < (a/B)"*'y' P cap, ,(E, B).

Since the measure p satisfies the doubling condition, we have
cap, ., (B(l'o, p)a B) ~ Ca‘pp,u(l/QBa B)a

where the equivalence constants depend only on p and ¢, (see [15: Lemma 6.6
and 6.7]). The proof is complete.

Theorem 16.5. A set U is an A fine neighborhood about a point ¢ if and only
if 2o € U and the complement of U is (p, u) thin at zg.

Proof. Let U be an A fine neighborhood about zy. There exist A superharmonic
functions wuy,us,...,ur € S(Q) and a ball B = B(zg,r) such that

k
zo€ [V{ze€B u(x)<1}CU

j=1

and u;(zo) = 0.

The set CU N B is a subset of the finite union Ule {z € B :uj(z) > 1} of sets
A thin at zy. By Theorem 16.4, every set {a: € B:uj(x) > 1} is (p, ) thin at zo;
hence, their union is (p, u) thin at zo too and we can conclude that the set CU is
(p, ) thin at zo. The proof of the first part of Theorem 16.5 is complete.

Next, we prove the converse assertion. Let the set E = CU be (p, ) thin at
xg € U. We may assume that E C B(zo,1/2) and E is an open set by virtue of
Lemma 16.4. Assign

[ee]
D = |J (BN B(wo,279)) \ Blao, 252 7))

=

=

and
o0

D= ((EﬂB(mo, 151,279)) \ B(xo, 10/112%)).

j=1

By construction, the sets D and D’ are open and (p,u) thin at zp; moreover,
E c DU D'. Construct an A superharmonic function vy in a neighborhood Bj
about z such that vg = 1 in D N B; and vo(zg) < 1/2. Then CD is an A fine
neighborhood about zg by Theorem 16.2. By similar arguments, we can show that
the set CD' is an A fine neighborhood about zg. Therefore, CD NCD' ¢ CE = U
and this proves Theorem 16.7.

We now proceed to constructing the function vg. Denote B; = B(zo,277) and

~1
D; = DN Bj. Let uj = Rp, (Bj—1) stand for the A potential of the set D; in B;_1,
j=1,2,.... If S; is the sphere 07/sB;11 then S; C B; \ Bj;1 and

dist (S]’, 5)

1
—2>=->0.
diSt(Sj,l‘o) -7 =
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Hence, there exists a covering of S; by N balls B’ such that the balls 2B’ are
contained in Bj; \ D and the number N depends on the dimension of the space
exclusively. Since, the function w; is A superharmonic in B; \ D, the Harnack
inequality and Lemma 16.5 imply

capp,“(E N By, Bj1)>1/p1
capp7u(Bj, Bj—l)

(163) Uj S C( = bj

on the sphere S;, where the constant ¢ depends on p, 3/«, and the conditions on
the p admissible weight. Choose jy so that Z;‘; o b; < 1/2. To simplify the no-

~1
tation, we assume that jo = 1. Show that vy = uy = Rp (Bp) is the required
function. Since the set D1 = D N By is open and uwy = 1 in D1, it suffices to prove
that uq(z9) < 1/2. Assign v; = (ug — b1)/(1 — b1) and

{ min(vy,u2) in 7/sBs,
S1 =
! U1 in BO \ 7/632.

According to (16.3), v; < 0 on the sphere S; and the function s; is lower semi-
continuous. By Remark 2.1, the function s; is A superharmonic in By. Fur-
thermore, vy is the least A superharmonic function in By which is greater than
Y1 = (o — b1)/(1 — by), where 9y is the characteristic function of the set Dj.
Therefore, s; > v; in the ball By. In particular, us > vy in 7/sBs and, thus,
vo — by = (1 — by)vy < uz < be on the sphere Sy. As the next functions, we take
vg = (vg—1 — br)/(1 —bg), k = 1,2,.... Then vy, is the least A superharmonic
function in By which is greater than ¢ = (¢r—1 — bg)/(1 — bg). Since v, < 0 on
the sphere Si, the function

) {min(vk,uk+1) in 7/6Byq1,
= )
Uk in By \ 7/6Br+1

is A superharmonic and sj, > vy, in By. Hence, vy, < ug41 < bp41 on the sphere Sy
and vg_1 —br, = (1—bg)vg < br41 on the same sphere. From the recurrence relations

k+1

we infer vo < 3 j=1 bj on the sphere Sy, and then the lower semicontinuity of vo

ensures the inequalities

k+1
vo(zp) < lim (infvo) < ij <1/2,

k— o0 Sk j:l

which proves the theorem.
Define the (p,u) fine topology 7, as the union of all sets U such that the set
CU is (p, ) thin at every point of U. It is immediate that 7, , is a topology.

Theorem 16.6. The A fine topology 74 coincides with the (p, 1) fine topology
Tp.u- In particular, 74 depends on the structure of the operator A exclusively.

Corollary 16.1. A point z( is an A fine condensation point of E if and only if
the set E\ {zo} is (p, ) thick at xq.



40
Corollary 16.2. Any A polar set is isolated in the A fine topology.

Corollary 16.3. Let a set E be compact in the A fine topology. Then E contains
finitely many .4 polar points.

Note that Corollary 16.2 can be obtained from Theorem 10.2.
If a limit point 2y of a set E is not polar, we arrive at the following equivalent
characteristics:

Theorem 16.7. Let cap, ,{7o} > 0 and let E C () be a set such that zo ¢ E.
The following assertions are equivalent:

(1) E is A thin at zo,
(2) CE is an A fine neighborhood about z,
(3) E is (p,p) thin at xq.

Proof . We have already proven that (2) and (3) follow from (1) and (2), respec-
tively (Theorems 16.2 and 16.5). To complete the proof, we verify that (1) follows
from (3). We may assume that o € E. Find an open set U that is (p,u) thin
at zp and such that F C U (Lemma 16.4). Let u stand for the A potential,
u = ﬁfllmBk (Bg_1), where By, = B(xo,27%) and k is a fixed positive number. Show
that

1= lim wu(z) > u(xg).
p(z,20)—0
zeU
If this relation is not valid then u(z¢) = 1, i.e., the function w is continuous at xg.

o
In particular, the function w is approximable in W (By_1;p) by functions admis-
sible for estimating the (p,u) capacity of the condenser ({xo},Bk,l). This fact
ensures the relations

cap, , ({zo}, Bi_y) < / IV, ulP dpu < (B/)? cap, (U N By, By_1),
Br_1

where the last inequality results from [2: Theorem 9.38]. On the other hand, since
U is a (p, p) thin set and the set {x0} is (p, p) thick at zo, there exists an integer k
such that

Ca‘pp,” ({.T[)}, kal) > (ﬂ/a)p Ca‘pp,p,(U N Bk7 kal)'

This contradicts the previous inequality and, thereby, the theorem is proven.
Lemma 16.6. Assume a set E to be (p,u) thin at a point xo. If B is a ball
containing zy then
lim cap, , (EN B(zo,r),B) = 0.

Proof . Since

cap,, ,, (E N B(a:o,r),B) <cap,, (E(mo,r),B) — cap,, , ({mg},B) =0
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as 7 — 0 [15: Theorem 6.1], the claim holds if cap, ,{zo} = 0.
Assume that cap, ,{zo} > 0. By [15: Lemma 6.7], it suffices to find several
balls B such that
cap, , (E N B(xo,r), B) = 0.

We follow the proof of Theorem 16.5. To simplify the situation, we assume that E
is open. For r > 0, we put

o0

() = | (BN Blao,r) 0 Blro,279)) \ Blao, 2:277)).

j=1

Note that the set D(1/2) is the set D constructed in the proof of Theorem 16.5.
By analogy, we can construct the sets D’'(r) corresponding to the sets D' in Theo-
rem 16.5. In view of subadditivity of the (p, u) capacity, it suffices to demonstrate
the equality }1_r)r(1) cap,, , (D(r), B) = 0 for several balls containing the point xg.

In order to establish this equality, denote by B the ball By constructed in
the proof of Theorem 16.5 and assume that u; = ]/%11)(27]-)(B).

From the proof of Theorem 16.5 it follows that u;(zo) < 1/2forall j =1,2,....
Furthermore, the decreasing sequence u; converges to a function u which is A har-
monic on the set B\ {zo}. Since u; < 1/2 uniformly on 9B (see [4: Theorem 8] and
Lemma 8.5), the maximum principle implies v < 1/2 in B. Since cappw{xo} >0,
Theorem 8.2 ensures that the function u is A superharmonic in B and, therefore,
the functions u; and w are (p, u) quasicontinuous in B by virtue of Theorem 14.3.
Fix ¢ > 0 and find an open set G C B such that cap (G,Wpl(ﬁl;u)) < ¢ and
the restrictions of u and u; to B \ G are continuous. Let K = 14B\ G. Then K
is a compact subset of B \ G and the decreasing sequence of continuous functions
uj|, converges to the continuous function u| - Therefore, convergence is uniform
on the compact set K. Since uj —u > 1/2 on D(277), we have D2 /) NK = @
for sufficiently large j and, hence, D(277) C G. Next, [15: Theorem 6.10] yields

cap,, ,, (D(Q_j),B) < ccap (G,WI}(Q;N)) < ce,
where ¢ > 0 is independent of i and £. The proof is complete.

Lemma 16.7. If sets E;, j = 1,2,..., are (p, ) thin at a point zo, then there
exists a sequence of radii 7; > 0 such that the set

U (Ej n B(ZIZ(),’I”]'))
j=1
is (p, ) thin at zo.

Proof . We fix j and find i; such that WEN(F]',.CL‘O) <279, where F; = E; N B;;
and B;, = B(x0,2'7%); this is possible by Lemma 16.6. The Holder inequality
implies that

1/p—1 [eS)
Capp’u <U FJ n Bk, Bk1> S Z Capp,”(Fj N Bk; Bk,l)l/p71
J j=1
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in the case p > 2 and

1/p—1
cap,, (U F;N By, Bk_1>

J
2

< (Zj‘ﬁ)p Z (j cap,., (Fj N By, By)) /"
j=1 j=1

in the case 1 < p < 2. The sequence r; = 2'=% is constructed. The lemma is
proven.

Theorem 16.8. Assume that a set E is not (p, ) thin at a point 2o ¢ E and
consider a function g: E — [—o0;+00]. The 7, , limit

li
p(x7;1()r;—>0g(w)
*cE

is equal to A if and only if there exists a (p, u) fine neighborhood V' about z such
that
lim g(z) = A.

p(z,20)—0
z€ENV

Proof . For simplicity, we assume that A € R. If the 7, limit

li
p(xjvro%—)Og(x)
z€E

is equal to A then the set E; = {z € E : |g(z) — A| > 1/j} is (p, ) thin at g for
every j = 1,2,.... By Lemma 16.7, there exists a sequence of radii r; such that
Ex = U2, (Ej N B(xo,7)) is (p,p) thin at z9. Then V = CEy is the required
(p, ) fine neighborhood. To prove the converse assertion, we fix € > 0 and find
d > 0 such that |g(z) — | < e for all z € ENV N B(xo,d). The proof is complete
since the set V N B(xg, ) is a (p, u) fine neighborhood about .

Corollary 16.4. A function g: R* — [—o00;+00] is continuous at a point xg
in the (p, ) fine topology if and only if there exists a set F that is (p,u) thin at
xo ¢ E and such that the restriction g|CE is continuous at xg.
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