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FUNDAMENTALS OF THE NONLINEAR POTENTIAL
THEORY FOR SUBELLIPTIC EQUATIONS. I

I. G. MARKINA AND S. K. VoDOP YANOV

ABSTRACT. We obtain some results that relate to the nonlinear potential theory for
degenerate subelliptic equations associated with vector fields satisfying the hipoel-
lipticity Hormander condition. A peculiarity of our approach consists in defining
boundary values of functions in question on an ideal boundary appearing as a result
of completion with respect to the intrinsic metric.

The present article is devoted to studying the boundary behavior of harmonic
and superharmonic functions for the second order subelliptic equation

(0.1) —div. A(z, V,u) =0,
where V.u = (X1u, ..., Xyu) is the subgradient defined by C**°-vector fields
(X1,...,Xg)

satisfying the Hérmander condition [1].

A peculiarity of our approach to the potential theory consists in studying the
boundary behavior of harmonic and superharmonic functions from the viewpoint
of intrinsic geometry of the domain.

A particular instance of equation (0.1) is the p-Laplacian

(0.2) —div (|[Vu|P?Vu) =0, 1<p< oo,

which reduces to the Laplace equation Au = 0 for p = 2. Its solutions (harmonic
functions) are the prime subject of study in the conventional potential theory.
The representation theorem for harmonic functions allows us to define super-
harmonic functions as functions whose values at the center of a ball are at least
the average value over the ball. The celebrated Riesz theorem relates harmonic
functions, superharmonic functions, and potentials, stating that, locally, each su-
perharmonic function is representable as the sum of a potential and a harmonic
function. Hence, by studying the behavior of superharmonic and harmonic func-
tions, we may obtain some information on properties of potentials, and vice versa.
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Both harmonic functions and solutions to equation (0.1) possess some general
properties that enable us to construct a meaningful theory in the general case (the
so-called nonlinear potential theory).

One of the fundamentals for the generalized concept is the order property in
the following form: if u and v are two solutions to the Dirichlet problem in
a bounded domain 2 C R” and u < v on the boundary of 2, then this inequality
holds in © too. If the set of solutions to equation (0.1) is not a linear space then
the order property is the base for nonlinear potential theory which naturally arises
when studying some interesting and complicated problems in the theory of non-
linear partial differential equations, the theory of function spaces, and some other
fields.

In studying properties of solutions and supersolutions to nonlinear partial differ-
ential equations, some analytic technique was developed; it was based on the com-
parison principle for subsolutions and supersolutions, the Harnack inequality for
harmonic functions, the convergence theorems for monotone sequences, and some
other results. Later, it was established that a superharmonic function locally
bounded from above is a supersolution to the corresponding nonlinear equation.
This connection made it possible to apply this analytic technique of the theory of
partial differential equations to studying properties and the behavior of superhar-
monic functions in the nonlinear theory. Simultaneously, efforts were made to state
and study, as applied to the nonlinear theory, such notions of the conventional po-
tential theory as balayage, barriers, Perron’s solutions, harmonic measures, polar
sets, etc. We can refer to the monograph [2] for the most elaborate and com-
plete study of the weighted nonlinear potential theory developed for solutions to
p-Laplacian (0.2) and its quasilinear generalizations.

In this article, we present the potential theory that is associated with solutions
to subelliptic equations. These equations are defined by vector fields satisfying
the Hormander condition. Recall that the Hérmander condition means that, at
each point of the domain, the successive commutators of given vector fields span
the tangent space and the length of the commutators does not exceed a fixed number
independent of the point. In particular, the sum of squares of the vector fields can
serve as a model equation that generalizes the Laplace equation.

Our approach to studying the boundary behavior of harmonic functions is based
on the methods exposed in [2] and on the articles [3, 4, 5] where the notion of ideal
boundary was introduced. This boundary is obtained as a result of the Hausdorff
completion of the metric space 0y = (9, d,,) with respect to the intrinsic metric d,,.
This notion provided a basis for studying the boundary behavior of functions of
Sobolev classes in arbitrary domains [3] and proving the Wiener criterion [4] for
regularity of solutions at a boundary point. Results describing local properties of
solutions and supersolutions to subelliptic equations of the form (0.1) under some
conditions on the function A(z, £) were obtained in [5]. Note that A-superharmonic
functions can be defined by comparison with continuous solutions to equation (0.1).
The latter are called A-harmonic functions. In the framework of this approach, we
need to prove that 4-superharmonic functions, whose definition does not require
any a priori regularity, possess some additional properties that allow us, under some
conditions, to consider these functions as supersolutions to equation (0.1). If this is
the case, we can apply the analytic technique of [5] to studying .4-superharmonic
functions. Regularity of supersolutions to equation (0.1), as well as interrelations
between the capacity in Sobolev spaces and the geometry of vector fields, were



studied in [15]. In addition, we can refer to [6] where metric and analytic conditions
are obtained for removing singularities of bounded solutions to general equations,
in particular, to the equations of the form (0.1).

Note that, as in the theory of elliptic equations, A7-superharmonic functions
studied in the present article possess the following basic properties: the compar-
ison principle, the Harnack inequality for A-harmonic functions, the convergence
theorems for monotone sequences, etc. This fact allows us to develop a similar the-
ory. Particular attention is focused on the questions connected with the geometry of
vector fields. The principal results describing the main properties of the geometry
associated with vector fields were obtained in [7].

Necessary notions are defined in Section 1 of the article. In Sections 2-7, we intro-
duce the definition of 47 -superharmonic function, establish interrelations between
A?-superharmonic functions and supersolutions to equation (0.1), and study remov-
able singularities, properties of singular solutions to equation (0.1), and summabil-
ity of A?-superharmonic functions. The present article is the first part of the in-
tended paper and includes seven sections that provide a basis for studying the clas-
sical problems of the potential theory presented in the second part. In the second
part, we study the following questions: balayage (Section 8), Perron’s solutions
(Section 9), A°-regular boundary points (Section 10), barriers (Section 11), A%-
resolutivity (Section 12), interrelations between Perron’s solutions (A”-potentials)
and A°-polar sets (Section 14), A-harmonic measures (Section 15), and A-fine
topologies (Section 16).

Our approach to defining boundary values of functions is based on the results
of [3, 4]. Tt differs from the classical approach in that we define boundary values on
some ideal boundary rather than on the Euclidean one. This boundary is obtained
as a result of completing the domain with respect to the intrinsic metric. This
approach allows us to distinguish edges of cuts and, due to this fact, the functions
under consideration may take different values on these edges.

§1 WEIGHTED SOBOLEV SPACES

Let X, X5, ..., X} be afamily of real C'*°-vector fields defined in some neighbor-
hood U about the closure G of a bounded domain G in R”, n > 2. By a domain we
mean a connected open set. Given a multi-index a = (i1, 42, .. .,%m), let the symbol
X, denote the commutator

(X, [Xias [ X X ] )]

of length |a| = m. In this article, we assume that the family of vector fields under
consideration satisfies the Hormander condition in the domain G. This means
existence of a positive integer s such that the commutators of order |a| = s span
the tangent space at each point of G.

Define the set of vector fields

XM = (X1, Xo,..., X3}, X ={[X1,X0],..., [Xpo1, Xi]}, ..
so that the elements of X(?) be the commutators of length p. Denote by

71, %o, ..., Z,
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some enumeration of vector fields that belong to the totality X, X . X0,
If Z; is an element of X /) then we say that Z; is of formal degree d(Z;) = j or in
short d(Z;) =d; = j.

Following [7], define the metric associated with the family of vector fields. Let
C(9) denote the class of absolutely continuous mappings ¢: [0, 1] — G that satisfy
the differential equation

o'(t) = Zaj(t)Zj (), la;(®)] < &%,

almost everywhere. Then the quantity p(z,y) = inf {§ > 0 | there exists a mapping
¢ € C(0) such that ¢(0) = z and (1) = y} is a metric on G. The metric ball is
B(z,8) = {y € G : p(z,y) < 6}.

Let @ C G be a domain such that @ C G. Let also w be a locally integrable
nonnegative function on 2. Then the Radon measure p associated canonically with
the weight w is defined as u(E) = [, w(z) dz. Hence, du(x) = w(x)dx, where dx
is the n-dimensional Lebesgue measure. We say that the weight function w (or
the measure ) is p-admissible if the following conditions hold:

W1. The inequalities 0 < w < oo are valid almost everywhere in Q) and the measure p
meets the doubling condition: u(2B) < ¢;u(B) for every ball B = B(z,r) such
that 2B = B(z,2r) C Q, where the constant ¢, is independent of the ball.

W2. If D is an open subset of 2 and ¢; € C>°(D) is a sequence of functions such that

/l%lpdu—>0 and /|V£¢i—v|pdu—>0
D D

as i — oo, where v € L,(D; u; R¥), then v = 0.
W3. There exist positive numbers s > 1, rg, and c3 such that

1 1/"‘1’ 1 1/17
(u(B) /B ol d") < c‘“‘(mB) /B 'W'pd“>

for every function ¢ € C§°(B) and every ball B = B(z,r) CG,2€ Q,0<r <
Tro.
W4. There exist positive numbers ry and ¢4 such that

/ lo — Bl dp < cu“’/ IV ol? dp
B B

for every function ¢ € C*°(B) and every ball B = B(z,7) CG, 2 € Q,0<r <
Tro-
In what follows, ¢ = u(B) ' [; ¢ du and the symbol

VLQD = (X1507X2907 s 7Xk50)

stands for the subgradient of the function ¢.

The constants ¢, c3, and ¢4 may depend on the domain 2 C G. For w = 1,
conditions W1, W3 (the Sobolev inequality), and W4 (the Poincaré inequality)
were proven in [7, 8, 9], and [10], respectively. If

-1

(181 [ wyae) (1817 [ w2/ dx)p <ew
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for every ball B C G and some constant ¢, independent of the ball B, then
the weight w satisfies the Muckenhoupt Ap-condition in the domain G (we write
w € Ap(G)). For w € Ay(G), conditions W3 and W4 (the weighted Sobolev and
Poincaré inequalities) were established in [11].

In [12] it is proven that conditions W1-WW4 are dependent: the Sobolev inequality
ensues from the Poincaré inequality.

For a function ¢ € C°°(D), where D C Q is a domain possibly equal to Q, we

put
1/p 1/p
o | Wy (D; )| = (/D lepdu> + (/DIVMI”du> :

The Sobolev space Wp1 (D; ) is defined as the completion of the class
{p € C®(D) : || | W,y (D; p)|| < o0}

with respect to the norm ||<p | Wz}(D;,u)”. In other words, a function u belongs
to the class W (D; p) if and only if u € L,(D;p) and there exist a vector-valued
function v € L,(D; u; RF) and a sequence ¢; € C>(D) such that

/|g0i—u|pd,u—)0 and /|VL¢i—U|pdu—)0
D D

as i — o0o. In this case, the function v is called the subgradient of u in WI} (D; )
and denoted by v = V,u. Condition W2 ensures correctness of the definition.

The space W (D;p) is the completion of C§°(D) with respect to the norm of

W, (D;p). It is clear that W} (D;u) and W (D;p) endowed with the norm || - |
W, (D; p)|| are Banach spaces.

We say that a function belongs to the class Wpl,loc(D; u) whenever it belongs to
WI} (K; u) for every compact domain K € D (i.e., K is a bounded domain and
K C D).

To define the intrinsic metric d,, (z,y) on Q, z,y € Q, we put d, (x,y) = inf {(5 >
0 : there exists a mapping ¢ € C(J) such that p(t) € Q for all ¢ € [0,1], ¢(0) = =z,
and (1) = y}. Consider the metric space Q; = (2, d,,) and the identical mapping
7 = Qor(z) =2,z € Q If {z}, ] €N, is a Cauchy sequence in €, then
so is the sequence {m(z;)}, | € N, in Q. Therefore, the sequence {m(z;)}, ! € N,
converges to a point either inside Q or on the Euclidean boundary Q2 = Q\ Q
of Q. In the former case, the original sequence converges to some point zy € .
In the latter case, the sequence {z;}, | € N, has no limit in ;. By Hausdorff’s
theorem, we can complete the metric space Q;; let Q1 be a completion. As a re-
sult, we add to 2 some ideal elements that are the limits of Cauchy (in Q) se-
quences corresponding to the latter case. The set 6()1 = f~21 \ ©Q; is referred to
as the 1-boundary of Q; below, we assume this set to be compact. For a domain
D compactly-embedded into Q, D € (, the boundaries (the closures) of D in
the metric spaces (G, p(z,y)) and Q1 coincide.

Together with the Sobolev spaces on (2, we define the Sobolev spaces Wp1 (ﬁl; ,u)
and V(E/;) ((Nll; ,u) on € as the respective completions of the classes C(ﬁl) ﬂWI} (Q; p)
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and C(Q) NW(Q; ) with respect to the norm |- | W} (; p)||. (Here C'(Q) is
the space of functions continuous on (Nll) The norm of the space WI} (ﬁl;,u) is
denoted by || - WI} ((Nll; ,u) || Obviously, the restrictions of functions in Wp1 (ﬁl; ,u)
(V(E/;(ﬁl;,u)) to  belong to the Sobolev class W (Q; ) (I/IO/Il)(Q,u)) Formally,
this embedding is induced by the identical mapping i: Q@ — Qq, i(z) =z, z € Q, in
accordance with the convention i* = f o1 (see the properties of the Sobolev spaces
W, (€% p) and W) (Q1;p) in [5, 4, 15]).

Definition 1.1. The capacity of a compact set K C ; in the space wy (ﬁl; 1)
is defined as

cap (K, W (@) ) =inf {|| £ | W2 (@5 ) "+ £ € C(8) nWE (),
f(z) >1 for all xEK}.

By the inner and outer capacity of a set £ C Q; we mean the following quantities:
@(E,Wpl(ﬁl;,u)) = sup{cap(K, Wpl(ﬁl;u)) K CE, K is compact},
o (B, W, (Y3 n) ) = inf{cap(V, W, (131)) : B V € Gy, Vis open}.
A set E has zero capacity whenever
cap (E,Wp1 (ﬁl;,u)) =0

(see the properties of capacity in [15, Section 6])

Let D C Q be an open subset in the complete metric space 0 equipped with
the intrinsic metric d,(z,y). It is possible that the closure D coincides with
the whole space (~21. Henceforth, the closure D is taken in the metric d (z,y)
and 0D is the boundary of D in the metric space (~21. In the article, we consider
two possible configurations of compact sets Ky and K in the metric space (~21.

Case 1. The sets Ko and K are of positive capacities cap (Ko, W, (D;p)) and

cap (K1, Wy (D;p)) and such that Ko N Ky = @, Ko C D, and K; C D. Define
the space W (D, Ko U K1; ) (L;(D, Ko UKi; u)) as completion with respect to
the weighted norm ||- | WA(D;p)|| (|- | Lp(D;p)||) of the space of functions
feC(D)yNWEHD;p) (f € C(D)N LL(D;p)) which vanish in some neighborhood
(with respect to the topology in D) about the union Ko U K. In what follows, we
mainly consider the case of nonempty intersection of the compact sets Ky and K,
with the boundary 0D of D.

Case 2. The set Ky is empty and the boundary 0D of D serves as K. In this
case, we put

W, (D, Ko U Ky; ) = W (D pa) (L},(D,Ko UK1p) = Li(D;u))-

In Case 1, all notions, terms, classes, and functions are furnished with the sign o,
which symbolizes the union Ky U K; of compact sets. In Case 2, the symbol o is
not used.



82 A7-SUPERHARMONIC FUNCTIONS

We consider the equation
(2.1) —div, A(z,V,u) =0,

where V.u = (Xiu, Xou, ..., Xzu). The mapping A: Q x R¥ — R* is assumed to
satisfy the following conditions for some numbers 1 < p< oo and 0 < a < 8 < oo:
(A1) the function  — A(z,€) is measurable for all ¢ € RF and the function ¢ —
A(z, ) is continuous for almost every x € Q;
(A2) A(r,€) - € > aw(w)[€lP;
(43) | Az, 6)] < Bu(x)[ErT;
(A4) (A(x,ﬁl) - A(w,fg))(& —&) >0 forall &,& € RY, & # &;
(A5) A(z,\¢) = MAP2A(z,€) for every A € R, X # 0.
Under conditions (A2) and (/A3), the nonnegative function w is a p-admissible
weight on ().

Definition 2.1. A function u € Wz},loc(D;p‘) is called a (weak) solution to
equation (2.1) on D C Q relative to the compact sets Ky and K if the relation

(2.2) / Az, V,u)V.odz =0
D\(KoUKl)

holds for every function ¢ € W;(D, Ky UK; u) continuous on the set DUK UK, C
S~)1 and vanishing in some neighborhood about Ko U Kj;.

Definition 2.2. A continuous function u: D — R is called A% -harmonic on
the set D C € relative to the compact sets Ko and K; (u € H°(D) or u €

H(D,Ko U Ky)), if it is a weak solution to equation (2.1) on the set D C
relative to the compact sets Ky and K.

Definition 2.3. A function u: D — R U {400} is called A -superharmonic in
D C Q relative to the compact sets Ko and Ky (u € S°(D) or u € S(D, Ko UK7))
if it satisfies the following conditions:
(1) w is lower semicontinuous;
(2) the function u is not identically infinite on any connected component of the set D;
(3) for every function h which is A”-harmonic in V' relative to 0V N D and contin-
uous in V' U (8V N D) and for every open set V C D such that D\ V = Uy UUj,
UgnNU; =@, Ky C Uy, and K, C Uy, the inequality A < u on the set V follows
from this inequality on the set 9V N D.
A function v is called A7 -subharmonic (v € —S7(D) or v € —S(D, Ko UK})) if
—v e S7(D).

In the latter case, for X; = 0/0z; (the standard vector fields), the above defi-
nitions are conventional and can be found in [2]. We omit the words “relative to

the compact sets Ky and K,” whenever possible.

Proposition 2.1. Any A°-harmonic function on the set D is A-harmonic on D.



Proof . Indeed, we assume that a function h is A?-harmonic relative to the com-
pact sets Ko and K; contained in the boundary 0D of D and that the boundary
data are “freely distributed” on 9D\ (KqU K7). Then relation (2.2) holds for every

function ¢ € W} (D; u) compactly supported in D.
The following properties of 47-superharmonic functions result from the defini-
tion.

Lemma 2.1. If u is an A%-superharmonic function then, for all real numbers A
and 7, A > 0, the function Au + 7 is A%-superharmonic too.

Lemma 2.2. If functions v and v are A?-superharmonic in D then so is the func-
tion min(u,v).

Lemma 2.3. Let {u;}$2; be a sequence of A%-superharmonic functions in D.
If the sequence {u;} increases or converges uniformly on compact subsets of D,
then the limit function v = lim w; is A%-superharmonic in D except for the case
1— 00
U = 00.

Lemma 2.4. Assume that F' is a family of functions locally uniformly bounded
from below which are A?-superharmonic in D relative to the compact sets Ko C 0D
and K1 C 0D. Then the lower semicontinuous envelope s of inf F',

= lim inf (inf F
s(z) = lim BI(I;,T)(IH ),

is an A7-superharmonic function relative to the same compact sets Ky and K.

Proof . Since the family F' = {S”(D)} is locally bounded from below, s is lower
semicontinuous. Fix an open set V' C D such that KoUK, C Q\V and two disjoint
neighborhoods about Ky and K;j. Let a function h be A%-harmonic in V relative
to 0V N D, continuous in V' up to the boundary 8V N D, and such that A < s in
OV N D. Then h < u in V for every function u € F'; continuity of h implies that
h <sin V. Lemma 2.4 is proven.

Using Lemma 2.4 and the arguments of [2: Theorem 7.5], we derive the following
lemma:

Lemma 2.5. Let u: D — (a,b), —co < a < b < o0, be an A?-superharmonic
function. If the function f: (a,b) — R is concave and increasing then f o u is
an A%-superharmonic function too.

We now define the notion of a regular boundary point.

Definition 2.4. A point zo € Ko U K1 C 9D, interior to one of the compact
sets Ky and K (With respect to the induced topology on the boundary D C D),
is said to be regular in the Sobolev sense for a bounded open set D if the equality

li =
(z}g})ﬂo h(z) = 6(xo)
zeD

dg
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holds for every function 0 € Wp1 (D; ) continuous on the set DUK UK C f~21 and
for every function h € H7(D) such that h —6 € W (D, Ko U K1; ).

In what follows, dealing with a regular point of Ky or K;, we always assume
that this point is interior to the corresponding compact set.

Theorem 2.1 (the comparison principle). Assume that functions u and v are
A?-superharmonic and A%-subharmonic in ) relative to compact sets Ky C 9y

and K; C 0% of positive capacities cap (Ki, WI} (ﬁl; ,u)) ,i =0, 1. If the inequality

lim wo(y) < lim u(y)
dg (,y)—0 dg, (z,y)—0
yes yeQ

holds for all z € Ko U K, C 0 and both sides of the inequality do not reduce to
+00 or —oo, then v < u in Q.

To prove the comparison principle, we need the following lemma:

Lemma 2.6. Let K C ) be compact. Then all the points of OV N 2, where
V={ze:d,(z,K) > a}, are regular.

Proof . Since the set 9V N Q is relatively closed, for every point z € 9V N Q,
there exists a number € such that the ball B(z,¢) is contained in 2 and does not
intersect K. Let z € K be the closest point to x and let y be the intersection point
of the ball B(x,¢) with the shortest path joining x and z. We have the estimates

|B(x,e) \ V| > |B(x,e) N B(y,e)| > |B(y',e/3)| > 5|B(x,¢€)],

where y' is the midpoint of the shortest path joining z and y. Here the sym-
bol |A| designates the Lebesgue measure of A. Therefore, the Wiener criterion [4]
is applicable and the points of 9V N Q are regular.

Proof of the comparison principle. Fix € > 0. We can cover each of the compact
sets Ko and K, contained in Bﬁl, by a family of metric balls B(a:,r(a?)) (with
respect to the intrinsic metric) on which the inequality v < u + ¢ is valid. Choosing
a finite number of the balls, form their union W.

Let 7 = min {d, (Ko, \ W),d,(K;,Q\ W)}. By Lemma 2.6, the points of
oVNnQ, where V={x e Q:d,(z,Ko) > 7/2}n{x € Q:d,(x,K;) > 7/2}, are
regular; moreover, the inequality v < u + € holds at every point z € 3V N .

Extend the function v onto 8Q; equating it to its upper limit; the resulting
function is upper semicontinuous. Choose a strictly decreasing sequence of functions
p; € C(Ql) which converges to v on ;. Since the set 9V N Q is compact and
the function u + € is lower semicontinuous, the inequality ¢; < u + € holds in
OV N Q beginning with some number i. Let a function h be A7-harmonic in V'
relative to OV N Q and continuous in V' up to 0V N Q; we assume that h = p; on
OV N Q. Then the inequalities v < p; < u + € hold on 9V N Q; as a consequence,
v < h <wu+eon dVNQ. Hence, the inequality v < h < u + € holds in V' and,
since € is arbitrary, v < wu in V.
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The comparison principle ensures the following assertion:

Lemma 2.7. The function h is A% -harmonic if and only if it is A7 -superharmonic
and A?-subharmonic.

Lemma 2.8 (the first pasting lemma). Assume that D C Q is an open set whose
closure contains one of the compact sets K; C (Nll, i = 0,1 (to be specific, we put
i = 0). Let a function u be A%-superharmonic in Q relative to Ko and K; and let
a function v be A%-superharmonic in D relative to Ko and D N Q. If the function

_{min(u,v) in D,
Tlu in Q\D

is lower semicontinuous, then it is A?-superharmonic in Q relative to Ky and K;.

Proof . AssignV = {z € Q : d,(z,Ko) > a}n{z € Q : d,(z, K1) > a},
where « is some number less than the distance between 0D N Q and Ky. Let h be
an A?-harmonic function that is defined on V', continuous in V' up to 0V N Q, and
such that h < s on 9V N Q. Then h < u in V and, thus, h < s on V' \ D. Show
that this inequality holds on D NV. Since the function s is lower semicontinuous,
the inequalities

lim  h(y) <u@)=s(@) < lm o(y)
P20 o(e.4)-20
are valid for all z € 9D NV. The comparison principle implies that h < sin DNV.
Hence, h < s in V. Lemma 2.8 is proven.
The following version of the above lemma can be proven by analogy:

Lemma 2.9 (the second pasting lemma). Let D C 2 be an open set such that
its complement Q \ D contains disjoint neighborhoods about Ky and K;. Assume
that a function u is A7-superharmonic in ) relative to Ky and K; and a function v
is A%-superharmonic in D relative to 9D N Q. If the function

{ min(u,v) in D,
s =
u in Q\ D

is lower semicontinuous, then it is A4%-superharmonic in Q relative to Ky and K;.

The proof is similar to that of the previous lemma, but the number « is chosen
as follows: a < min (d,, (0D NQ, Ky),d, (0D NQ, Ky)).

Remark 2.1. Assume that either D € Q or D C Q and the closure D contains
the points of Ky C 09y but no points of 99y \ Ky. Let a function v be A-
superharmonic in D and let a function u be A47-superharmonic in 2 relative to Kg
and K. Then, in the case when the function

{ min(u,v) in D,
S =
u in Q\D

is lower semicontinuous, this function is A%-superharmonic in € relative to Ky
and K.
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To prove the claim of Remark 2.1, we find a set V' in accord with the scheme of
Lemma 2.6 and observe that the inequality

lim h(y) <s(z) < lim  s(y)
p(z,y)—0 p(z,y)—0
yeDNV yeDNV

holds for all z € (D NV); this fact implies h < s in D N V. Hence, the inequality
h < s is valid on the whole set V.

Lemma 2.10. If a function u is A”-superharmonic in 2 then the set {a: eN:
u(z) < oo} is dense in Q.

Proof . Assume that there exists a ball B €  such that u = oo in B. Find
a point y € € such that u(y) < co. Let 7 = min (d,(y, K;),d, (0B, K;)), i = 0,1,
and let D = {z € Q :d,(z,Ko) > 7/2} n{z € Q:d,(z,K;) > 7/2}. Then
the set D contains y and the ball B is a regular set by virtue of Lemma 2.6.
Choose a function h that is .A?-harmonic in D \ B, continuous up to 8D N Q and
on the boundary 0B of B, and equal to 0 on 0D N Q and 1 on 9B. If m = infzu
then m > —oco. By the comparison principle, ih < u —m in D\ B for each i. Since
h(y) > 0 by the minimum principle, we have ZIE& ih(y) = oo; this contradicts to

the inequality ih(y) < u(y) — m < co. The lemma is proven.

Corollary 2.1. If u € S(Q, Ko U Ky) then u € S(D, (KoND)U (KN 5)) for
every open set D C 2 such that

cap(D N Ki,Wpl(D;u)) >0, i=0,1.

Theorem 2.2 (the strong minimum principle). A nonconstant A°-superharmo-
nic function u does not achieve its lower bound in 2.

Proof . Assume that the function u achieves its lower bound at a point .
Let u(z) = m = infq u and let u(y) > m. Then the inequality u > m holds in some
open domain D. Put v; = i(u — m). Since v;(x) = 0, the function v = .lim v; is
A?-superharmonic in 2. On the other hand, v = co in D and this fact colntl?z;dicts
Lemma 2.10.

Introduce the notion of the Poisson modification. Assume that a function u
is AY-superharmonic in the domain Q relative to the compact sets Ko and K;.
Let D C Q be an open set such that the points of DNQ are regular, Q\ D = UyUU;,
UsnNU, =@, Ky C Uy, and Ky C U;. We put

dg, (z,y)—0

up = inf {U v e S(D,0DNQ), lim w(y) > u(zx) for every z € 0DN Q}.

By the Poisson modification P°(u,D) = P(u,D,0D N Q) of the function u in
the domain D we mean the function
w in Q\D,

P’(u,D) = P(u,D,0DNN) = { D
up 1 .
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Lemma 2.11. The Poisson modification P(u,D,0D N Q) is A?-superharmonic
in the domain 2 relative to the compact sets Ky and K7 and A’-harmonic in D
relative to D N Q. Furthermore,

P(u,D,0DNQ) <wu in Q.

Proof . Obviously, P(u,D,0D N Q) < wu in Q. Extend the function u onto oM
equating it to its lower limit. Next, choose an increasing sequence @; € C’°°((~21)
which converges to u in (Nll. Assume A7-harmonic functions h; to be continuous in D
up to DN and equal p; on dDNS. By the comparison principle, the sequence {h;}
is increasing and, hence, by the Harnack convergence theorem (see [4]), the limit
function A = lim h; is A%-harmonic in D. Note that h < u and, thus, h takes only

12— 00
finite values (Lemma 2.10). The inequality

lim  h(z) > lim @;(y) = u(y)

p(z,y)—0 e

holds for all y € D N Q. Therefore, h > P(u,D,0D N Q) in D. On the other
hand, the comparison principle ensures that h; < P(u,D,0D N ) in D for all i
and the restriction P(u, D,0D N Q)|,, = h is an A7-harmonic function in D rela-
tive to 0D N Q. This fact also implies that the function P(u,D,dD N ) is lower
semicontinuous and, thus, A”-superharmonic by virtue of Lemma 2.9.

On the strength of Lemma 2.11, we can present one more definition of the Poisson
modification: in the domain D, the function P(u,D,0D N Q) is the limit of some
increasing sequence of functions h; which are A°-harmonic in D relative to 9D N (2,
continuous in D up to 0D N, and such that h; tend to u on 0D N Q.

If the set D is a ball B(z,r) € Q then the Poisson modification P(u,B) of
a function u in B(z,r) is the limit of some increasing sequence of functions h; €
C(B) N H(B) such that h; tend to u on the boundary of B(z,r). In this case,
P(u,B) < uin © and the Poisson modification P(u, B) is an A-harmonic function
in the ball B(z,r) (see [2]: Lemma 7.14]).

§3 INTERRELATIONS BETWEEN SUPERSOLUTIONS
AND A°-SUPERHARMONIC FUNCTIONS

Definition 3.1. A function u € WI}JOC(D; w) is called a supersolution to equa-
tion (2.1) in the domain D relative to the sets Ky and K if

/ Az, V.u)V.odz >0
D\(KOUKl)

o
for every nonnegative function ¢ € W;(D,KO U Ki;u) continuous in D and van-

ishing in some neighborhood about the union Ko U K; C ;.

If a supersolution u belongs to LIl)(D; 1) then the integral inequality in the above

definition is valid for every function ¢ € W, (D, Ko U K1; ) (see similar arguments
in [5: Lemma 2.1]).
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A function v € W, ,.(D; p) is referred to as a subsolution to equation (2.1) in D
relative to the sets Ky and K; whenever (—v) is a supersolution to equation (2.1)
in D relative to Ky and K.

Lemma 3.1. Suppose that K is a compact set of positive capacity
cap (K, w, ((Nll; u))

If V, ¢ =0 almost everywhere in © and p € W}, (ﬁl, K; 1) then ¢ = 0 almost every-
where in Q.

Proof . Since ¢ € W}, (ﬁl,K;u), there exists a sequence of continuous func-
tions ¢, that vanish in some neighborhood about K and are such that

| on — o | Wr (Qus )| — 0.

The conditions of Lemma 3.1 imply that V,¢p, — 0 and ¢ = const almost
everywhere in Q). Demonstrate that this constant is zero. Assume ¢ = a > 0
and consider the sequence ¢,, = (a — ¢,)/a. The functions v, are continuous and
equal to 1 in some neighborhood about K; hence, they belong to the class used in
the definition of the capacity of K. We have

cap (KW, (Q;p) ) = int {[|vn | Wy (Q;0)["} =0
and this contradicts the assumption.

Theorem 3.1. Let K; C ) be of positive capacity cap (Ki,WI}(ﬁl;,u)), i=

1,2. Assume that functions u € W, (Q; ) and v € W, (; 1) are a supersolution
and a subsolution to equation (2.1) in Q relative to Ko and K;. If min(u — v,0) €

wl (ﬁl, Ko N Ky;p) then w > v almost everywhere in Q.

Proof . The function n = min(u — v,0) belongs to W, (€4, Ko N K1; ) and this
fact implies that

02/A(a?,VLu)VLnda:—/A(m,VLU)VLnda:
Q Q

= /< (A(z, V,u) — Az, V,v)) - (V,u — V,v) dz.

On the other hand, the last integral is nonnegative because of condition (.A4).

Hence, V.7 = 0 almost everywhere in (2. Sincen € W}, (ﬁl , KoNKy; u), the equality
1 = 0 holds almost everywhere in Q by virtue of Lemma 3.1.
Given a function u defined in D, assume

ess lim u(y) = lim essinf u.
p(z,y)—0 r=0 Bz,
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It is known that every lower semicontinuous function satisfies

u(z) < lim  u(y) < ess lim u(y).
p(z,y)—0 p(z,y)—0

Therefore, if the function u: D — R U {oco} meets the equality

u(z) = ess lim u(y)
p(z,y)—0

for all € D, then u is lower semicontinuous in D.

Theorem 3.2. Let u be a supersolution to equation (2.1) in Q relative to Ky
and K7 and let

(3.1) u(z) = ess lim u(y)
p(z,y)—0

for every point x € Q. Then wu is A”-superharmonic in  relative to Ko and K.

Proof . First, u is locally bounded from below and, thus, u > —oo. Second, (3.1)
yields that u is lower semicontinuous. Furthermore, u € WI}JOC(Q; 1) and, hence,
u Z oo in Q.

We now assume that V' C €2 is an open set such that Q \V =UgUU, UgNU;y =
g, Ky C Uy, K1 C Uy, and the points of 9V N Q are regular (see Lemma 2.6).
Let a function h be A%-harmonic, continuous in V up to the boundary oV N Q,
and such that h < w on 9V N Q. For a fixed € > 0, we consider the set U = {a: €
V :dy(z,0VNQ) > e}. By Lemma 2.6, the points of OU NV are regular and
the inequality w + ¢ > h holds in V' \ U.

The function min(u + ¢ — h,0) belongs to Wll, (U, ounv; ,u). By Theorem 3.1,
u + € > h almost everywhere in U and, hence, almost everywhere in V. In view
of (3.1), the last inequality holds at every point of V. Since the number ¢ is
arbitrary, w > h in V. The proof is complete.

Corollary 3.1. If u is a supersolution to equation 2.1 in 2 relative to Ky and K7,
then there exists a function v that is A%-superharmonic in 2 relative to Ky and K,
and such that u = v almost everywhere in €.

We now state the obstacle problem. Let 1) be an arbitrary function taking values
in the extended real axis [—o00; +00] and let 6 € WI} (D; ). For the compact sets Ko
and K, on the boundary of D, we put

Ky g = Kyp(D,KoUK)

= {v € WI} (D; ) : v > ¢ almost everywhere in D,
v—6 € WL(D, K, UKl;u)}.

If ¢ = 6 then we write Ky (D, Ko U K1) = Ky(D, Ko U K;). The problem is to
find a function w in Ky ¢(D, Ko U K1) such that

(3.2) /D A(z,V,u)V, (v —u)dz >0,
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where v € Ky 9(D, Ko U K1). The function ¢ is called an obstacle.

Definition 3.2. A function u in Ky ¢(D, Ko U K1) satisfying (3.2) for all v €
Ky9(D,KoUKy) is called a solution to the obstacle problem with the obstacle v and
the boundary value on Ko and Ky equal to 6, or, simply, a solution to the obstacle
problem in Ky 9(D, Ko U K1) relative to the compact sets Ko and K.

Theorem 3.3. Assume that a function u is A47-superharmonic in Q relative to
Ky and K;, and V C Q is an open set such that Ko U K; C '\ V. Then there
exists an increasing sequence of supersolutions u; € W;(V; w) relative to OV NQ
which are continuous in V' up to OV NQ and such that u = ll_l)r& u; in V. Moreover,

the functions u; are A%-superharmonic in V' relative to 0V N Q.
Proof . Let @ > 0 and let the set
V={zeQ:d,(z,Ko) >a}n{ze:d,(z,K) > a}

be nonempty. In accord with Lemma, 2.6, the points of 9V NQ are regular. Extend
the function u to the boundary equating it to its lower limit and find an increasing
sequence of functions ¢; € C(ﬁl) converging to u in (~21. Let u; be a solution to
the obstacle problem in K, (V,dV N Q). Then the functions u; € W, (V;pu) are
continuous in V up to 9V N Q and u; = ¢; on 9V N Q (see [5]). Demonstrate that
the sequence u; is what we need.

Observe that the sequence {u;} is increasing. Moreover, the functions u; are con-
tinuous and, by Theorem 3.2, they are A°-superharmonic in V relative to 9V N Q
and A7-harmonic on the open set U; = {z € V : u;(z) > ¢;(2)} [5]. Since the re-
lations

lim  u(z) >u(y) > @i(y) = lim u(x)
p(z,5)—0 p(z,y)—0
are valid for all y € 0U; N Q, the comparison principle yields u > w; in U; and,

hence, v > u; in V. Then the inequalities v = lim ¢; < lim u; < u, which are
1—>00 1—>00
valid in V', ensure that the functions u; tend to u in V. The proof is complete.

By virtue of [5: Theorem 5.1], the limit of a locally bounded increasing sequence
of supersolutions is a supersolution itself. This fact yields the following corollary:

Corollary 3.2. If a function u is locally bounded from above and 47-super-
harmonic in Q relative to Ky and K, then u belongs to Wz},loc(ﬂ;:u) and u is
a supersolution to equation (2.1) in Q relative to the same compact sets.

The following corollary can be obtained by applying Corollary 3.2 to the A%-
superharmonic functions min(u,%), i =1,2,... .

Corollary 3.3. If an A?-superharmonic function belongs to W, ,,.(€; 1) then
this function is a supersolution to equation (2.1) in Q.
For completeness, we present the following lemma.

Lemma 3.2. Assume that a function u is A?-superharmonic in 2 and u = 0
almost everywhere in . Then u(z) = 0 for every point z € Q.
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Proof . Since the function u is lower semicontinuous, it is nonnegative. It suffices
to establish that v = 0 on an arbitrary ball B € 2. Let v denote the Poisson

modification P(u, B) of u on B. Since u —v € W,(Q; ) > 0 and the function v is
a supersolution in Q, the following inequalities are valid:

a/ |VLv|pdu§/.A(:U,Vﬁv)vﬁvdwg/A(w,VLv)VﬁudmZO.
Q Q Q

Hence, v = 0 almost everywhere in {2 and, thus, almost everywhere in B. Since v
is continuous in B, v(z) = 0 for all x € B. From the relations 0 = v(z) < u(z) <0
we conclude that u(z) = 0 for every point = € B.

Theorem 3.4. If a function u is A%-superharmonic in 2 then

u(z) = ess lim u(y)
p(z,y)—0

for every point x € (.

Proof . Fix a point z in Q. If we put A = ess lim u(y) then
p(z,y)—0

A> lim o u(y) > u(z),
p(z7y)‘>0

since the function u is lower semicontinuous.

To prove the reverse inequality, we choose a number v < A. There exists a radius
r > 0 such that B = B(z,r) € Q and u > 7 almost everywhere in B. By Lemma 3.2,
the A%-superharmonic function v = min(u,y) — 7 vanish in B. In particular,
u(z) > «y. Since the number v < A is arbitrary, we obtain u(z) > A. The theorem
is proven.

Corollary 3.3. Let u and v be two A%-superharmonic functions in Q. If u = v
almost everywhere in 2 then u = v at every point of Q.

The following theorem contains the main results of this section.

Theorem 3.5.

(1) The function u € W) ,,.(9; u) is A”-superharmonic if and only if u is a superso-
lution to equation (2.1) satisfying (3.1) at every point z € Q.

(2) If u € S7(Q2) and u is locally bounded then u € W}, (2 ).

(3) If u € S7(Q) then (3.1) is valid almost everywhere in Q.

(4) If u is a supersolution to equation (2.1) then (3.1) holds almost everywhere in
and there exists an A?-superharmonic function v in € such that v = v almost
everywhere.

The definition of an A%-superharmonic function is not local, since we need to
compare this function with harmonic functions for open subsets V' C 2 such that
Q\V =UpU U, UyNU; =@, Ky C Uy, and K; C U;. However, Theorem 3.5
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demonstrates the local nature of A7-superharmonic functions, what would be dif-
ficult to see directly.

Theorem 3.6. If, given a function u defined in , its restriction u|, to every
domain D C Q, cap (5 n Ki,W,}(ho;u)) # 0, is A?-superharmonic relative to

DN K;, i = 0,1, then the function u itself is .A7-superharmonic relative to Ky
and K.

Proof . Cover the domain Q by sets D, of positive capacity cap (En N K;,

WI} (ﬁl;u)), 1 =20,1,n =1,2,.... We can refine a partition of unity v, from
this covering such that ¢, € C§°(Dy), Y., ¢, = 1, and the supports of ¢, are
contained in D,,.

Assume that a function ¢ is continuous in 2, belongs to the space I/IO/Il) (ﬁl , KoU
Ky; ,u), and vanishes in some neighborhood about the union of Ky and K;. Then
every function 1,p, n € N, is continuous in D,,, belongs to T/?/;(Dn, (D, N Ky) U
(D,,NK1);p), and vanishes in some neighborhood about the union of the compact
sets D,, N K;, i = 0, 1. Since the function u|Dn is A?-superharmonic in D,, relative

to D,, N Ky and D, N K1, u|D is a supersolution and, hence,

/ Az, V,u)V.pdx = Z/ Az, V, u)V, (Ynp) dz > 0.
Q2 n=1"Dn

Thus, the function u is a supersolution in Q relative to Ko and Kj. Since 3.1
holds at every point & € Q, the function u is A%-superharmonic in  relative to Kg
and K. The proof is complete.

Corollary 3.4. Assume a set D C ) to possess the following properties: its
closure D includes Ky and K and the capacities cap (EﬁKi, Wp1 (ﬁl; ,u)), 1=0,1,
are positive. Let a function u be A%-superharmonic in Q relative  to Ko and K,
and let a function v be A“-superharmonic in D relative to Ko N D and K; N D.

If the function
{ min(u,v) in D,
S =

u in Q\ D

is lower semicontinuous then it is A7 -superharmonic in 2 relative to Ky and K.
We can point out the following useful property of A7-superharmonic functions.

Theorem 3.7. Let a function u be A%-superharmonic in ) relative to compact
sets Ko and K;. Then every its restriction u|D to a domain D C Q\ (Ko U K;) is
A-superharmonic in D.

Proof . Since the function min(u, k) is A?-superharmonic and locally bounded,
it is a supersolution in 2 relative to Ko and K;. Given a nonnegative function

Y E V(E/'%,(D; 1) NC(D), extend it by zero onto 0 \ D. Then its extension @ belongs
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to W},(ﬁl,KO U Ki;u), is continuous in €, and vanishes in some neighborhood
about the union of Ky and K;. The following relations hold:

/ A(z,V, min(u, k))V, o dz =

D
/ A(z,V, min(u, k))V, gdz > 0.
Q\(KoUK)

Hence, the function min(u, k) is a supersolution on D. The function u is A°-
superharmonic and possesses the property

u(z) = ess lim u(y)
p(z,y)—0

at every point z € ); by Theorem 3.5, min(u, k) is an A?-superharmonic function
in D. Passing to the limit as k — oo, we obtain the claim of the theorem.
§4 EXTENSION OF A-SUPERHARMONIC FUNCTIONS

Let K be a compact subset of 2. Assign
W(K,Q) ={ueC(Q): u>1lon K}.

We can define the (p, u)-capacity of K as follows:

cap,, ,(K,Q) uewl/nE(Q / |V ul? dp.

Extend the definition to an arbitrary set E C € by defining its inner and outer
capacities:
cap u(E’Q) =sup { cap, ,(K,Q) : K C E, K is compact},

cap, ,(F,Q) = inf {ca_pp’”(V, Q):ECV CQ, Visopen}.

A set is called measurable in the Choquet sense if its inner and outer capacities
coincide; in this case, their common value is called the (p,u)-capacity of E and
denoted by cap, ,(E, Q). The properties of the capacity are presented in [15: Sec-
tion 6], where, in particular, it is shown that Borel sets are measurable with respect
to the capacity.

Definition 4.1. A set E is called (p, u)-dense at a point xo whenever

/1 cap, , (E 0 B(zo,1), B(zo,26) \ " dt
— = 00.
0 cap, ,, (B(zo,t), B(zo, 2t)) t

Lemma 4.1. Let E € Q be a compact set such that @ \ E is connected and E
is (p, p)-dense at every point of E. Then there exists a function

v EeCQ)NSQ)NHOQ\ E)



19
such that v=0in Eand v < 0in Q\ E.

Proof . Let a; < p(E,aﬁl), i=20,1,2,..., be a strictly decreasing sequence of
numbers converging to zero. Then the sets D; = {a: €: p(a?, Bﬁl) > ai} possess
the following properties: D; € Djy1, U, Di = Q, D; are regular (by Lemma 2.6)
and contain the set E.

Assume that a function u; is A-harmonic in the open set D; \ E, continuous up
to the boundary, and such that u; = 0 on 9F and u; = 1 on dD;. Such functions u;
exist, since the set D; \ E is regular [4].

Put v; = —u;/ui(y;), where y; € 0Dg is determined by the condition u;(y;) =
minyecpp, ;. Then the function v; < 0 is A-harmonic in D; \ E, v;(y;) = —1, and
v; < —1 on the boundary of Dy.

The Harnack inequality ensures that the sequence v; is locally bounded and
equicontinuous. By the Ascoli theorem and the convergence theorem of [4, 5],
some subsequence vy, converges locally uniformly to a nonpositive A-harmonic func-
tion v in Q \ E that satisfies v(y) < —1 on dDgy. By the maximum principle, v < 0.

We now demonstrate that there exists a constant ¢ > 0 such that cvg < v <0
in Dy \ E. The Harnack inequality implies that vy > —c on the set 0Dy, where
¢ is independent of k. By the comparison principle, vy > cvy in Dy \ E and,
hence, cvg < v < 0. Therefore, cvy < v < 0. From this inequality we infer

(lirgl v(z) = 0, where y € OE. In conclusion, we extend the function v onto E
p(z,y)—0
by zero and use Lemma 2.8 to show that v is A-superharmonic in €.

Theorem 4.1. Assume that E € ) is a compact set such that Q\ E is connected
and (p, u)-dense at every point of E. If u is an A-superharmonic function in a con-
nected neighborhood V' about F then there exists an A-superharmonic function s
in © such that s =u on E.

Proof . Let v be an A-superharmonic function satisfying the conditions of
Lemma 4.1 and let Dg be the set constructed in Lemma 4.1. Since v = 0 on E
and v < —1 on 0Dy, in view of continuity of the .4-harmonic function v we can
find a number ¢ < 0 such that the set V' or some its part containing E satisfies
the condition V = {z : v(z) > ¢} € .

We may assume that u > 0 on V. Choose a number 7 such that 0 < 7 <
p(E,0V). Then the sets U = {z € V : p(z,0V) > 7} €V and U \ E are regular.
Next, we find an open set W such that

ECcWeUeV.

Denote the difference v — ¢ by h. Then there exists a constant A > 0 such that
Ah > P(u,U \ E) on 0W. By Lemma 2.8, the function

~ min (Ah, P(u,U \ E)) in V\W,
§= .

P(u, U\ E) in W
is A-superharmonic in V. Moreover, min(\h, 3) = 5 in V' \ W and the inequality

lim §(z)= lim Ah(z)=0
p(z,y)—0 p(z,y)—0
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holds for all points y € V. Then, by the second pasting lemma, we conclude that
the function
Ah in Q\V,
S =
§ inV
is A-superharmonic in . Since s = u on E, s is the needed extension of u.

§5 REMOVABLE SETS

Lemma 5.1. If a set E has zero capacity in () then it has zero capacity with
respect to every open set w containing the set E.

Proof . Cover E by balls B;(z,r), i = 1,2,..., whose radii satisfy the conditions
of Theorem 6.10 in [15]. Let E; stand for the intersection E N B;(x,r). In view of
Theorem 6.10 [15], we obtain

(1+ C’rp)*1 cap(Ei, WI} (w; u)) < cap (Ei, 2;(3(370, 2r);y))
< c(l+7r7P)cap (E;, Wy (1)) < c(1+r7P)cap (B, W, (Q; 1)) -

Therefore, the capacity of every set E; in the space WI} (w; p) is zero. This fact
implies that the capacity of E in Wp1 (w; p) is zero too.

In what follows, the expression “a condition A holds quasieverywhere on Q7
means that A is fulfilled on Q except for a set of zero capacity.

Below, we discuss a slightly simpler situation than that in [6].

Lemma 5.2. Let a set E be relatively closed in  and of zero capacity. If u
is a supersolution to equation (2.1) in Q \ FE relative to the sets Ko and Ky, u €
W) 10c(€%; 1), then w is a supersolution in §2 relative to the same sets. In particular,
the class of functions u € WI}JOC(Q; u) which are A?-harmonic in '\ E relative to
Ky and K contains a continuous representative that is A?-harmonic in 2 relative

to Ko and K.

Proof . Since the condition in Lemma 5.2 is of local nature, we can assume

the function u to belong to the space W, (Q;p). Let ¢ € W, (Q, Ko U Ki;p) be
a nonnegative continuous (in ) function which vanishes in a neighborhood about
the union of Ky and K;. Since E is of zero capacity, the arguments similar to those

of [15: Theorem 6.11] imply W, Ko U K13 1) = W, (2 \ E, Ko U K1; ). Hence,

the function ¢ € WL(Q\ E, Ko U Ki; ) is continuous in € and vanishes in some
neighborhood about the union of Ky and K;. Furthermore, |E| = 0. Therefore,
the relations

0< Az, V,u)V,.pdx = / Az, V,u)V,.pdx
O\F Q

hold. Lemma 5.2 is proven.

Lemma 5.3. Let a set E be of zero capacity and relatively closed in Q2 and let u
be a supersolution in Q\ E relative to the sets Ky and K. If every point z € EN{Q
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has a neighborhood V' C Q such that the function w is bounded in V'\ E, then u is
a supersolution in ) relative to the same sets.

Proof . We show the containment u € WI}JOC(Q; w) and refer to the previous
lemma. Let B be a ball such that 2B € 2 and the function u is bounded in 2B.
It suffices to establish u € WI} (B; u). We may suppose that « < 0 in 2B. Choose
a sequence of functions ¢; € C§°(Q) such that 0 < ¢; < 1, ; = 1 in some
neighborhood about E N 2B, and ||<pl | W;(Q;,u)” — 0. Next, take a nonnegative
function n € C§°(2B) such that n = 1in B. Applying the Caccioppoli estimate [5],
we obtain

[ Rl dn < e sup ul? [ |9 (1= 00) di
2B\E 2B\E 2B

Since the functions 7(1 — ¢;) converge to 1 in W) (Q; u), we conclude
/ [V ulP du < e < oo.
B\E

Thus, the function u belongs to W, (B \ E; ). On the other hand, the set E is of
zero capacity and, hence, W) (B \ E; u) = W, (B; ) [5]. The lemma is proven.

Theorem 5.1. Let a set E be of zero capacity and relatively closed in €.
If a function u is A7-superharmonic in 2\ E relative to the sets Ky and K; and
lim u(y) > —oo for all z € E N, then the function
p(@,y)—0
u(z) = ess lim u(y), =z €Q,
p(z,y)—0

is A%-superharmonic in 2 relative to the same sets.

Proof . Put u, = min(u,k), k = 1,2,.... By Lemma 5.3 and Corollary 3.2,
the functions uy are supersolutions to equation (2.1) in  relative to the sets Ky
and K. If we supplement the definition of u; in accord with the rule

up(z) = ess lim u(y)
p(z,y)—0
then, by Theorem 3.2, the function uj is A7-superharmonic in Q. Passing to
the limit as k& — oo, we complete the proof.
As a consequence of the latter theorem, we obtain the following result.

Theorem 5.2. Let a set E be relatively closed and have zero capacity in €.
Then every function h that is A”-harmonic in Q \ F relative to the sets Ko and K,
can be extended onto (2 so that the extension be an A%-harmonic function relative
to K() and Kl.

Lemma 5.4. Suppose that a set £ C Ko U K; C a9, is of zero capacity
cap (E,Wp1 (ﬁl;,u)). Let u € S(Q,KoU K1) and v € —S(Q, Ko U K;) be bounded
functions such that the inequality

lim w(y) < lim u(y)

dg (,y)—0 N dg, (z,y)—0
yeQ yen
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is valid for all z € (Ko UK;)\ E C 8. Then v < u in €, provided that one of
these functions belongs to L (€2; ).

Proof . Since the set

1€ KoUK, COQy: lim u(y)+e> TLim oy
dg, (z,y)—0 dg, (2,y)—=0
yeQ yeQ

is open in KoUK for every e > 0, we may assume that E is compact. The function u
may be considered as an element of the space WI} (Q; ).

We can construct a decreasing sequence of functions ¢; € C'(Q1) N w, (5 1)
such that
0<yp;<M=sup |u|+sup |v], ¢;=M on E,

and ||<pl | W ( Ql, || — 0. Indeed, we can find a sequence ©; € C(Ql)mW (Ql, 1)
such that ¢} = M on E and ¢ — 0in W, (415 1). Next, we put o1 = min (M, ¢})

and ;1 = min(p;,¢}) for i > 1, where the number j is sufficiently large to ensure
the inequality

|| min ( (pir ) | W, ( Qusp )| < 2ollei | W, Ql; )

This is possible, since min (p;, ) — 0 in the space W, (Qu; ) [5).

Let v; denote the sum u + ¢; and let u; be an A%-superharmonic solution to
the obstacle problem in Ky, (2, KoUK1). By Theorem 3.4, u; > ; in Q. Therefore,
the inequality

m o(y) < lim  w(y)

dg (,y)—0 dg, (z,y)—0
yeEN yeEQ

holds for all z € Ko U Ky C o0 and every i € N. By the comparison principle,
u; > v in Q. In view of [5: Theorem 5.4], the sequence u; converges to u almost
everywhere. Appealing to Theorem 3.4 again, we obtain « > v in 2. Lemma 5.4 is
proven.

§6 SINGULAR SOLUTIONS

In this section, we discuss the behavior of A7-superharmonic functions in a neigh-
borhood about isolated singularities.

Theorem 6.1. Let xg € 2 and K; C 6()1, 1 =0, 1, and suppose that
cap (l‘o,W;(ﬁl;M)) =0
. Then there exists a function u € S(Q, Ko UK1)NH(Q\ {zo}, Ko UK ) such that

lim wu(x) =00 = u(z
o (2) (o)

and the equality
lim  wu(z)=0

dﬂ(z,y)—m
TzEQ
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holds at every regular boundary point y € Ko U K; C 6()1. Moreover, u ¢
WI}JOC(Q;M) and, thus, this function is not a supersolution to equation (2.1) in Q

relative to Ky and K;.

Proof . To begin with, we assume that u belongs to the intersection S(2, Ko U
Ki) NH(Q\ {z0o}, Ko UK;) and lim w(z) = co. If u € W 10e (4 1), by

z,x0)—0
Theorem 5.2, the function « wouldpl(oe ei(tendible to an A%-harmonic function in
the whole domain 2. However, this is impossible, since u is bounded in no neigh-
borhood about zg.

Determine the needed function w. We fix a ball B = B(zg,r) € Q and let
B; = i7'B, i = 1,2,..., be a nested sequence of balls. Find a function ¢ €
C§°(Q) such that ¢ = 1 on B(zg,r) and let h; be an A?-harmonic function such
that h; —p € W, (Q\ B;, Ko UKy U By; ). Assigning h; = 1 on B;, we obtain
h; € S(Q, Ko UK;)N H(Q \ B;, Ko U Kl). Define a function u; = h;/(maxpp h;).
Then u; € S(Q,Ko U K1) NH(Q\ B;, Ko U K;) and, by the Harnack inequality,
the sequence u; is locally bounded in 2\ {zo}. Hence, the functions u;, i > j, are
equicontinuous in 2 \ B;. It is now easy to find a subsequence which converges
locally uniformly in Q \ {zo} to a function u € H(Q\ {zo}, Ko U K1). Moreover,
u € S(Q, Ko U Ky) by virtue of Theorem 5.1.

Theorem 3.1 ensures that 0 < u; < uy in Q\ B and, hence, 0 < u < u; in Q\ B;

moreover, lim  wu(z) = 0 for every regular point y € Ko U Ky C 0.
dg, (z,y)—0

To complete the proof, we demonstrate that

lim u(z) = occ.
p(z,z0)—0

To begin with, we observe that the limit ( lirr; u(z) exists [4]. Assume that
p(z,x9)—0

this limit is finite, i.e., the function u is bounded in some neighborhood about .
Theorem 5.1 implies that u is A%-harmonic in  and, consequently, v < u; in Q.
We show that this leads to a contradiction. Let a; be a sequence of numbers
converging to zero. Then the sets D; = {z € Q : d,(z,Ko) > o} N {z € Q :
d,(z,Ky) > aj} are regular and exhaust the domain 2; by Lemma 2.6, the points
y € 0D; NQ are regular. Let v; be the Poisson modification, v; = P(u1,D;,0D; N

Q). Then v; € W})(ﬁl,KOUKl;,u) and u < v; < up in Q. Moreover, the decreasing

sequence v; tends to an .A%-harmonic function v in €. Since the difference u; —v; €

W, (ﬁl, Ko U Ky; ) is nonnegative, the inequality 2.5 in [5] implies the relations
/ [V, v;Pdp < c/ |V, u1|P dp < oc.
Q Q

o ~
]%y virtue of weak completeness of the space Wll, (Ql, Ky U Kl;,u), we obtain v €
W;,(Ql,Kg U Kl;,u) and v = 0 in Q. The inequality 0 < u < v implies that
u = 0 in Q and this fact contradicts the inequality © > ¢ > 0 on 0B resulting from

the Harnack inequality. Finally, lim w(z) = oco.
p(z,x0)—0
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§7 SUMMABILITY OF A°-SUPERHARMONIC FUNCTION

Let 7o be a real number such that the weighted Sobolev inequality /3 holds for
all balls B(z,r) C Q, r < ro, and some constant s > 1.

Lemma 7.1. Let B(z,r) C Q, r < ro, and let a function u be nonnegative and
almost everywhere finite in B. Assume that

min (u, k) € V(E/;(B; 1)

forall k=1,2,... and
(7.1) / |V, min (u, k)| dp < Mk,
B

where the constant M is independent of k.
(i) If 0 < g < »p/(3¢(p— 1) + 1) then

/ |V, min (u, k)|Q(p71) du < e,
B

WhereCZC(p,Cu:ana/i(B)arO)'
(ii) If 0 < s < 3¢(p — 1) then
/ u® dp < oo.
B

Proof . Establish the first assertion. The weighted Sobolev inequality W3 and
the condition (7.1) imply:

EPp({k <u<2k}) < / min(u, 2k)*P du
{k<u<2k}

< / min(u, 2k)*P dp < c</ |VL min(u,2k)|pdu> < c(MEk)*.
B B

From the Holder inequality, we derive

/ |VL min(u, 2k)|q<p_1) du
{k<u<2k}

| ap—1)/ a(p—1)/p
< p({k <u<2k}) e </ |V, min(u, 2k)|p du) < ckPt,
{

k<u<2k}

where ¢ = c(p, Cu,q,M,u(B),ro) > 0 and

plz%(l—p)<1—q(pp_1)> +q(pp_1) :(p—1)<qM—%> <o0.

p
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Therefore, taking account of the above estimate, for k < 2!, we obtain
/ |V, min(u, k)| """ d

S/ |V, min(u,1)| at=1) d,u+2/ IV, min(u,2j)|Q(p71) dp
{u<1}

27— 1<u<2i}

< M-l-cZQp” <e,
i=1
where ¢ = c(p, Cy,q, M,u(B),rO) > 0. The first claim of Lemma, 7.1 is proven.
To prove the second, we use similar arguments. By the Harnack inequality and

the weighted Sobolev inequality W3, taking into account the estimate u({k <u<
2k}) < ck*(1=P) we arrive at the relations

s/3p

/ wtdu < p({k <u <2k} ( / min (u, 2k)*” du)
{k<u<2k} B
s/p
< cks@=1/p=>(p-1) (/ |VL‘, min (u, 2k)|p du) < cks@=1/p=x(p—1)+s/p
B

Since the quantity ps = s(p —1)/p— »#(p — 1) + s/p = s — »(p — 1) is negative, we
finally derive

/u dp < u(B —l—Z/ usdugu(B)+c22p2j<oo;

2i-1<u<29} =
this completes the proof of Lemma 7.1.
Definition 7.1. Let a function u defined in 2 be such that
min(u, k) € W, 10c (% 1)
for all nonnegative integers k. Define the weak gradient of u as

D,u = lim V, min(u, k).
k—o00

For k > j, we have V, min(u, k) = V. min(u, j) almost everywhere on the set
{u < j}. Thus, the weak gradient D u is an almost everywhere finite function.
Moreover, it is defined for all A”-superharmonic functions (Corollary 3.2). If u €

Wp Loe (€5 ,u) then V,u = Dgu. Our aim is to show that the weak gradient D u of
an A?-superharmonic function u belongs to Lfo(f 1)(Q; u) for some ¢ > 1.

Theorem 7.1. Let u be a nonnegative A-superharmonic function in an open
ball B(z,r), r < ro, and let min(u,k) € W1(B;u), k = 1,2,3.... Then Dru €
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Le®=1)(B; ) whenever 0 < g < »p/(s(p — 1) + 1). Moreover, if 0 < s < s(p — 1)
then u € L%(B; u).

Proof . We show that the function u meets the hypotheses of Lemma 7.1. Let
ap = / A(x, Deu)Doudz.
{k—1<u<k}

Then
/ |V, min(u, k)|pd,u < .
{k—1<u<k} a

The estimate (7.1) ensues from the inequality

/ |VL min(u,k)|pd,u < kﬂ,
B «

which is valid provided that the sequence ay is not increasing.
]
Assign v, = (1— |u — k|)+ Then the function vy € W (B;pu) is nonnegative.

Since min(u, k + 1) is a supersolution in W, (B; i), we arrive at the relations

0< / A(:U, V., min(u, k + 1))VLUk dx
B

= / A(x,Deu)Deudr — / A(x,Deu)Deudr = ar, — aga1-
{k—1<u<k} {k<u<k+1}

Hence, art1 < aj. Theorem 7.1 is proven.

Theorem 7.2. If u is an A-superharmonic function in 2 relative to the compact
sets Ko and K7, then u € L8 () and Deu € LIP™D(Qp) for all 0 < s <

loc loc

#(p—1)and 0 < q < sep/(s(p—1) +1).

Proof . Let B be a sufficiently small ball such that 2B €  and the weighted
Sobolev inequality W3 holds on B. It suffices to prove that the functions |u|® and
|D£u|‘1(p’1) are p-integrable in B. Since m = infagu > —oo, we may consider
the function © — m + 1 instead of u and suppose that © > 1 on 2B. The Poisson
modification P(u, 2B\ B) is an A-harmonic function in the annulus 2B\ B. Hence,
there exists an A-harmonic function h in 2B\ 3/2B such that it is continuous up
to the boundary, h € Wp1(2B \ 3~hB;u), h =0 on 02B, and h = P(u,QB \ E) on
03/2B. The comparison principle and [2: Lemma 7.9] imply that the function

P(u, 2B\ E) in 3/B,
v = _
h in 2B\ 3B

is A-superharmonic in 2B. Moreover, since v = u in B and the cut-off min(v, k)

belongs to V(E/;(QB; ), the claim follows from Theorem 7.1.
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