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EXCEPTIONAL SETS FOR SOLUTIONS
TO SUBELLIPTIC EQUATIONS

S. K. VoporP’vyaNov AND I. G. MARKINA
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In general form, the problem of removable singularities for solutions to differential
equations can be formulated as follows: Let P(x, D) be a differential operator on an
open set Q@ C R™ and let e be a closed set in Q. Let F(Q\ e) and F(2) be some
function classes on the sets 2\ e and ) respectively. The set e is said to be removable
for the differential equation P(x, D)f = 0 with respect to the function classes F'(Q2\ e)
and F(Q) if, for every solution f € F(Q\ e) to the equation P(x,D)f =0 on Q\ e,
there exists a solution f € F() to the equation P(z,D)f = 0 on € such that
f love = f. The solution f is said to be an extension of the solution f of the equation
P(z,D)f =0 from Q\ e to .

The problem consists in finding functional-geometric characteristics of e guaran-
teeing the removability of e. A classical result here is the theorem on removable
singularities for bounded harmonic functions [1]. The removability criterion is formu-
lated in terms of the sets of capacity zero. In 1964 1. Serrin [2] solved the problem of
removable singularities for solutions to second-order quasilinear elliptic equations and
thereby gave an impetus to the investigations in the field (see, for instance, the arti-
cles [3-10] where various aspects of the problem are considered and a comprehensive
bibliography is complied).

In the present article, we discuss the question of removable singularities for bounded
solutions to the hypoelliptic equations

m
- ZX;AJ'(.T, u, Xqu, ..., Xpu) = flz,u, Xqu, ..., Xpnu),
j=1
where X1, ..., X,, are C*°-vector fields satisfying the Héormander hypoelliptic condi-
tion [11] and A; and f are functions satisfying certain conditions (see §2). The class
of equations under consideration is now the object of intensive study [12-15].

The article consists of four sections. In §1, we define weighted Sobolev spaces
and indicate their properties of use in the following exposition. In §2, we formu-
late sufficient conditions for removability of singularities for bounded solutions of
the above-mentioned class of hypoelliptic equations. For some narrower class of the
equations, we prove that the sufficient conditions for removability are also necessary.
Moreover, in terms of the Hausdorff weighted measure we establish some metric char-
acteristics of sets which guarantee their removability. In § 3, we prove that the Euler
equation for variational problems of a certain type is included in the class of equations
under study. This fact allows us to formulate conditions for removability of sets for
the extremals of some functionals of a special type. In §4, we prove that every set on
Wthh' a solution to a subelliptic equation takes infinite values hasItlel)% S%ggye%/&ggifﬁﬁ
capacity zero.
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§1. WEIGHTED SOBOLEV SPACES

Fix some bounded connected open domain €2 C R" and a collection X1, Xo, ..., X;,
of C*-smooth vector fields defined in a bounded neighborhood 2 of the closure Q of 2.

Given a multi-index a = (i1, ..., i), denote by X, the commutator [X;,, [Xi,, ..., [Xi,_,,

Xi.]...]] of length || = k. We suppose that the vector fields meet the Hérmander
hypoellipticity condition [11]: there exists an integer p such that the family X, of
commutators of length p spans the tangent space R™ at each point x € Q.

An admissible curve v in a domain 2 C R is defined to be an absolutely continuous
curve v : [0,b] — Q such that there are functions ¢i(t), 0 < t < b, satisfying the

conditions
m m

Z[Cz‘(t)]Q <1, A= Zci(t)Xi('V(t))

i=1 i=1

for almost every ¢ € [0,b]. The natural metric on Q associated with the vector fields
Xi,..., X is defined as follows: p(&,n) = inf{b > 0 : there exists an admissible curve
v : [0,b] — Q such that v(0) = £ and y(b) = n}. The set B(&,7) = {n: p(&,n) < r}is
the ball with center £ and radius r. By definition, ¢B(&, r) stands for the ball B(¢, er),
c>0.

Let w be a locally integrable nonnegative function on Q. To a measurable set E C
there corresponds the weighted measure u(E) = [, w(z) dz. Then du(x) = w(z)d,
where dz is the Lebesgue measure. We say that w is a p-admissible weight, 1 < p < o0,
if the following four conditions are satisfied. Here and in the sequel the symbol
Dru = (Xyu,...,X,u) stands for the subelliptic gradient.

W1. 0 < w < oo almost everywhere in Q and the measure 1 satisfies the doubling
condition; i.e., there exists a constant C7 > 0 such that u(2B) < Cyu(B) for every
ball B = B(z,7) such that 2B C €.

W2. If ¢, € C*() is a sequence of functions such that

/|<,0i|pdu—>0and /|Dz:<,0i—v|pd,u—>0
Q Q

as ¢ — 00, where v is a measurable vector-valued function in LP (£, u; R™), then v = 0.
W3. There exist constants kK > 1, rg, and C3 > 0 such that

1 1/’117 1 1/17
S KD < Cyr —/ DyolPd )
(M(B)lel /~L> 3 <“(B)B |Depl? du

for every function ¢ € C§°(B) and every ball B = B(x,r) C Q,zeQ,0<r<r.
W4. There exist constants rg and C4 > 0 such that

/Iw —plPdp < Cyr? / |DeolP du
B B

for every function ¢ € C°(B) and an arbitrary ball B = B(x,r) C Q, = € €,
0 <r <rg. Here pp = /,L(B)_l Jpedu.
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For w = 1, condition W1 is proven in [16]; W3 (the Sobolev inequality), in [14,
17]; and W4 (the Poincaré inequality), in [18]. If the condition

1

(|B|_1/w(x)dx) <B|_1/w(m)_1/(’°—1)dm)p— <Cy

is satisfied for every ball B C Q and some constant C, independent of the choice
of B then the weight w satisfies the Muckenhoupt Ap-condition in the domain O
(w € AP(KNZ)). For w € Ap(fl), conditions W3 and W4 (the weighted Sobolev and
Poincaré inequalities) were established in [12].

On putting
1/p
me,u):{f: f|Lp<sz,u>||=(/|f|Pdu) <oo},
Q

we define the Sobolev space WP (Q, 1) (Lé’p(Q,u)) as a completion of the space
C>(Q) (C{)’O(Q)) of smooth (compactly-supported) functions on  with respect to
the norm

| WHP(Q, )l = llu | Lp(Q, )l + [ Dew | Lp(, )|
(Jlu | Lo"(2 w)|| = I1Dcu | Ly(Q, m)l).

A function u belongs to the class Wli)’f(Q, ) if u belongs to the class WP (D, p) for
every open set D, D C Q.
A function u belongs to the space Lip,,.(€2) if it satisfies the inequality

u(z) = u(y)] < M|z —y|

for every subdomain D, D C €. Here |-| is the Euclidean norm. It was proven in [15]
that the space

Wi P (9, ) = WHP(Q, ) N Lipy,. (Q)

is dense in W1P(Q, ). Moreover, WLP(Q, 1) is a vector lattice and the following
formula holds: 5 " 0
ulx) 1 u(x) >0,
Deu™ () = cul@) ) (=)
0 if u(z) <0,
where uT = max(u, 0).
Given a compact set e C €, we define the class of admissible functions N (e, Q) =

{pe Wlﬁ)p(ﬂ,u) NLyP(Qp): ¢>1on e}. The quantity
cap(e, Lo™ (@, 1)) = inf{[|o[Lo™ (@, 1)||” : ¢ € N(e, Q) }

is referred to as the (p, u)-capacity of e C Q in the space L(l)’p(Q7 ).

As a set function, the capacity naturally extends to arbitrary sets (see, for in-
stance, [15, 19]; in the same articles, the properties of capacity were studied in an ab-
stract situation including weighted Sobolev spaces).

The term “quasi-everywhere” means that the property in question holds every-
where except a set of capacity zero.
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Lemma 1. Every set of (p, u)-capacity zero has the weighted measure zero.

Proof. Let a sequence of functions ¢; belong to N (e, ) and let ||Dzg;|L,|| — 0. By
passing to the function max(min(p;,1),0), we may assume that 0 < ¢; < 1 for all
1. Cover the closure of Q by a finite collection of balls for each of which property
W4 is satisfied. By dropping down to a subsequence, if need be, from the weighted
Poincaré inequality we infer that the sequence ¢; converges to some constant in every
ball. Observe that the constants for the balls meeting the boundary of €2 are equal
to zero. Thus, the sequence ¢; tends to zero almost everywhere in €. Since ¢; > 1
on the compact set e C €2, the measure of e equals zero by necessity. The lemma is
proven. [

§2. REMOVAL OF SINGULARITIES

1. Preliminaries. Consider the equation

— ZX;Aj(x,u,Xlu, cony X)) = fzyu, Xqu, .., Xpu), (1)

Jj=1

1 < m < n, where the functions f: Q@ x R x R™ — Rand 4; : @ x R x R™ — R,
j=1,...,m, are measurable in z for arbitrary fixed n € R and £ € R™ and continuous
in 77 and § for almost every z € Q. The symbol X7 stands for the operator formally
adjoint to X;. Suppose that, for some p € (1,00), there are a constant o > 0 and
measurable functions f1, fs, f3, g2, 93, and hg such that

[A(z,1,6)| < al¢P~ w(@) + go|nP " w(z) + gsw(a), (2)

[f(z.0,6) < A€l w(x) + falnlP~ w(@) + fsw(z), 3)

A(x,n,8) - & = [§[Pw(z) — faln[Pw(z) — hsw(z) (4)

for almost every z €  and all n € R and £ € R™; w(zx) is a p-admissible weight;
f1 € Ly(Q, ), fa, f3,ha € Li(Q, p); and ga, 93 € Lyp/p—1(Q, ).

We say that a function u € VVliCp(Q, @) is a solution to equation (1) if L(u,p) =
(fr9); Le., if

L(ua(p) = /A(.’IJ,U, Dﬁu)DUde = /f(x,u,Dgu)godx
Q Q

for every function ¢ € I/VlziL};p(Q7 w) N L2 (Q, ).

Lemma 2. Let u be a solution to equation (1) and let w € W\ P(Q, 1) N Loo(Q) and

z € WHP(Q, ) N Co(£2); moreover,

[ulLoo [l + 2| Loo | + ([ Dez| Lp(, w)[|” < M.

Then there is a constant C = C(M, f1, fa, f3, g2, g3, hs) such that

/|ZD£u|p dp < C.
Q
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Proof. Since u € WLP(2, 1) N Loo (), the function ¢ = u|z|P € WHP(Q, 1) N Loo ()

loc

has compact support in Q. Substitute it into the equality L(u, ¢) = (f, ) to obtain

/A(a:,u,DLu)|z\pDLudx = —/A(m,u,DLu)uDdz\pdx—|—/f(x,u, Dru)u|z|P dx.
Q

Q Q
()
Considering that |Dz|z|P| = p|z|[P7!|Dzz| and involving conditions (2) and (3),
estimate the right-hand side of (5) as follows:

p71

/A(x,u,Dﬁu)uDg\sz dx

<a [ 1Deu e Dz ul du
Q

+/gg|u\p|z|p_1|Dcz| dp + /g3|z\p_1|u| |Dez|dp =1 + Iy + I5.
Q Q

By applying the Hoélder inequality with exponents p/(p — 1) and p, estimate each of

the integrals:
(r—1)/p 1/p
1] < ofulLoo] ( / IzDLUI”du) ( / IDLZI’”du)
Q Q

< allulLeol| - 2D cul Ly (S, ) P71 - [ D 2| L (€2, ),
1| < JlulLooll” - 12| Loo 1P~ - 92| Ly p—1 (2, i) | - | D22 Ly (2, )],
13| < [[ulLoo | - 12| Loo P~ - lg3] Lp/p—1 (2, i) - 1Dzl Lip(€2, ).
Thus,

-1

p < afleDeul Ly(Q, ) [P~ ul Loo || 1D 2| Ly (2, 1) [+ C1 (M, g2, g3).-

/A(m, u, Dew)uDp|z|P da
Q

Employing (3), derive

‘/f(x,u,Dcu)u|z|p dx
Q

< / filDeul ul |2Pdp + / folul? 2 Pdys+ / falul |27 dp.
Q Q Q

Evaluate the first integral in the above sum by using the Holder inequality with
exponents p/(p — 1) and p to obtain the following estimate from above for the right-
hand side of the preceding inequality:

lul Zool - 2] Lo [l - I1f11Lp (2, i)l 12D 2l Ly (€2, ) [P~
Hllz[ Loo 1+ (lul Lool|” - I f2l L1 (€2, ) | + llul Lool - [|.f5] L1 (2, w)])-

Consequently,

’/f(”“"’“’Dw)uW’dar < l#Dcul Ly(Q, i) [P~ l|ul Lol 1|2] Loo|l-| f1] Lp (2, 1) [+C5(M, £, f3)-
Q
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Thus, the right-hand side of (5) does not exceed the expression
2D cul Ly(Q, w) P~ C3(M, f1) + Ca(M, fa, f3, g2, g3)-

Turn to estimating the left-hand side of equality (5). By making use of condi-
tion (4), obtain the relation

/A(x,u,Dgu)|z|pDcudx2/|ZD[;u|pd,u—/f2|z|p\u|pd,u
Q Q Q

~ [l du = 2Deul Lyl = Co(M, fo ).
Q

Combining the estimates for the left-hand and right-hand sides of (5), finally derive
||ZDL'U| LP(Q7 ‘u)”p < ||ZD£U| LP(Qa ,u‘)||p71 03(Ma fl) + Cﬁ(M7 f27 f33 92, 93, h3)

Thereby, Lemma 2 is proven. [
2. Sufficient conditions for removability of singularities.

Theorem 1. Let 2 be an open set in R™ and let e be a compact set in ) of nonzero
(p, p)-capacity. If a function u € Wi)’f(Q \ e, 1) N Lo (2 \ €) satisfies equation (1) on
the set Q \ e then there exists a unique extension @ € Wlif (Q, 1) of u such that @ is
a solution to equation (1) on €.

Proof. Let the sequence of functions n;, € N (e, Q) be such that || Dzng|L, (92, )| — 0.
The sequence of the truncations &, = (1 — &)~ max{min(n, (1 —€)),0} possesses the
following properties: &, = 1 in a neighborhood of the compact set e, 0 < & < 1 on
Q, and [ D& Ly(2 1) — 0.

Let ¢ € C§°(22), 0 < ¢ < 1, be a function in € such that ¢ = 1 in a neighborhood
of e. Define the sequence of functions z, = ¥ (1 — &) € VV&I’DP(Q \ e, ) with compact
support in Q\ e; ||Dzzi|Ly(Q, p)|| < C, where the constant C is independent of k.

Fix a k € N. Since the function u belongs to W1P(Q N {z # 0}, u), there exists
a sequence @; € C®(Q N {2 # 0}) converging to u in WHP(Q N {z # 0}, ). Then,
by virtue of boundedness of 2, the sequence z(p; converges to zju in WhP(QN{z; #
0}, ). Since the function zxp; has compact support in 2\ e, we can extend it by zero
to the compact set e. Afterwards, zyp; are defined on Q and zpu € L,(£2, ) since
u(e) = 0.

Arguing as in Lemma 1, we may assume that the sequence & converges to zero
almost everywhere in . Therefore, the sequence of the functions zyu converges in
L,(£2, ) to the function 1u. Demonstrate that the norms of the gradients D (zxu)
are uniformly bounded in L,(£2, ). Indeed,

1/p 1/p 1/p
(/ | D (zru)|? du) < (/ | D zg|P|ul? du) + (/ |z Dpul? d,u) .
Q Q Q

The first summand does not exceed C||u| L || and the second is bounded by Lemma, 2.
Thus, by the reflexivity of L, for 1 < p < oo, the gradient Du belongs to LY (€, p);

loc
consequently, u € WLP(, ).

loc
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We are left with showing that L(u,) = (f, 1) for all admissible functions ¢ in

case the equality L(u, ¥ (1 —&)) = (f,9(1 — & )) holds.
We have

L(u, (1 = &)) /A (x,u, Deu)Dp(Y(1 — &) dx
Q

= /(1 — &) A(z,u, Deu) D) do — /A(m,u,Dgu)le;fk dx.

Q Q

Since &, — 0 almost everywhere, the first integral here tends to [, A(z,u, Du) D1 d
while the second does not exceed the quantity

a / Deul’™" 1Dl - ] du + / galuP~" - 1Dl - 9] du + / 93| Dl - 1] du
Q Q Q

in view of condition (2). By applying the Holder inequality with exponents p/(p — 1)
and p, we further obtain the following estimate from above for the last sum:

1D &k 1 Lp (0, i) 1 Lo |- (el D ul Lip (2, i) P~ ul Lo 1PNl g2 Lip /1 (2, 1) 1+l 93] L 1. (2, )])-

Since Deu € Li, (Q,p) and [[DgE&k|Ly(Q, )| — 0, the preceding expression can
be made arbitrarily small. Finally, L(u,¥(1 — &)) — L(u,v) as k — oo and
Jo(1 = &) f(z,u, Deu)tp da converges to [o f (2, u, Deu)tp dx, because &, — 0 almost
everywhere. Consequently, L(u, %) = (f,v), and the theorem is proven. O

3. Necessary conditions for removability of singularities. Consider the
following simplified version of equation (1):

m
=Y X7 Aj(x, X, Xppu) =0, (6)
j=1
where the measurable functions A; : £ x R™ — R are now independent of 7. In
this case, under conditions (7)—(10) listed below, we can establish some equivalent
necessary and sufficient conditions for removability of singularities of a solution to
equation (6) in a bounded domain Q@ C R™.
Suppose that for some p > 1 there exist positive constants o and g such that the
following conditions are satisfied:

the mapping © — A(x, &) is measurable for all £ € R™, .

{ the mapping £ — A(z, §) is continuous for almost all x € Q, 0
Az, ©)] < al¢lP~ w(), (3)

A(z,€) - £ > BlE[Pw(z), (9)

(A, &1) — A2, &) - (&1 — &) >0 (10)

for all & and & in R™, & # &, and
Az, ) = MAP2A(z, &) AER, X#0.



Theorem 2. Let 2 be an open set in R™ and let e be a compact set in ). The set e
is removable for all bounded solutions u € WbP(2\ e, 1) to equation (6) if and only
if the (p, pw)-capacity of e equals zero.

Proof. Sufficiency of the statement follows from Theorem 1. Prove necessity. Assume
to the contrary that cap(e, Ly (Q, 1)) > 0. Then in Q \ e there exists a solution u
to equation (6) with the condition ¢ —u € WyP(Q\ e, 1), where ¢ € C5°, ¢ = 1 in
a neighborhood of e, and ¢ = 0 on the boundary of ). Existence of such a solution
follows from of the general theory of monotone operators and can be obtained by the
methods of [20] (see also [10]).

Since e is removable, the function u extends to a solution u € WIL’CP(Q, u) of equa-
tion (6) in the domain Q; moreover, i—¢ € Wy (€2, 1). On the one hand, the solution
4 is continuous in ) and equals 1 on e. Since the function @ takes the value 1 at quasi-
every point of e and since sets of capacity zero are nowhere dense [15], the function
@ equals 1 at all boundary points of the set e. By the maximum principle [15], & = 1
at all interior points of e. For this reason, the following estimate ensues from (9):

/A(x,Dgu)Dgu dzx > B/ |DculP dp > ﬁcap(e,Lé’p(Q,,u)) > 0.
Q Q

On the other hand, since u — ¢ € Wol’p(Q, 1), we have @& = 0. The theorem is proven.
O

4. Metric characteristics of an exceptional set. In the subsection, we charac-
terize removable singularities for equation (1), not using the notion of capacity. First
we consider the case of vector fields generating some Lie algebra. A connected simply
connected nilpotent Lie group G is called a stratified group if its Lie algebra is decom-
posable into the direct sum Vi @ --- @ V,, of vector spaces such that [Vi, V] = Vit
for 1 <k <n-—1and [Vi, V] ={0}. Such an algebra is endowed with the natural
family of dilations d; = exp(Alnt), where A is the operator defined as Az = kx for
x € V. We denote by Xy, ..., X,, vector fields forming a basis for the space V;. The
number v = tr A is called the homogeneous dimension of the group G. As a set, the
group G is identified with some Euclidean space; the Lebesgue measure of the space,
being translated to the group G, is a bi-invariant Haar measure.

The Carnot-Carathéodory distance p(x,y) between the pair of points z and y is
defined to be the greatest lower bound of the lengths of all horizontal curves with ends
at these points, where the length is measured in the Riemannian metric in which the
vector fields X1, ..., X, are orthonormal and a horizontal curve is a piecewise smooth
curve with tangent vector belonging to V;. One can show that p(z,y) is always a finite
left-invariant metric. The vector fields X1, ..., X,, satisfy the Hérmander condition
and the Carnot-Carathéodory metric is equivalent to the one introduced earlier.

For p = oo, a weight w belongs to the class A, provided that there are positive
constants ¢; and J;, ¢ = 1,2, such that the following inequalities hold for every ball
B C G and every measurable set E C B:



where (E) = [, wdz and |E| is the Haar measure of E.
Let 7 be a smooth homogeneous norm on the group G. Consider the space of
weighted Riesz potentials

I (Lp(p)) = {g: g=[f*r""", (}/If(y)lpdu<00},

where p € (1,00), vp < v, and the norm |[g|I7(L,(w))|| of g = f * 7~ equals

IFILp ()]l = { & | £ ()P du}'/P by definition.
The quantity

cap(B, I7(Ly (1)) = it {|1f | Ly(u)I” : £ € Ly(), > 0,f %17~ > 1 on B}

is called the weighted Riesz capacity of a set E C G with respect to the space
1 (Ly(n))-

Let h : [0,00) — [0,00), h(0) = 0, be a continuous increasing function and let
w'™9 € Ay, p-q=p+q. Given a Borel set E C G, define the quantity

A} ,(E) = inf (2 h(t:) - <|;| / w1q> 1p>,

B(zi,t;)

where 0 < p < oo and the greatest lower bound is taken over all coverings of E by the
balls B(w;,t;) with radii ¢; < p. The limit lim, o A}, (E) = Ap . (E) < 00 exists and
is called the weighted Hausdorff (h,w)-measure of E C G; the set function ARy, (E)
is referred to as the weighted Hausdorff content.

Theorem 3. [21, Theorem 3] Let w'™9 € Ay; let E C G be a Borel set; and let
h(t) =t"=77, yp <wv. Then cap(E, I"(Ly(n))) < c1A}°, (E), where the constant c; is
independent of E. If Ay, ,,(E) < oo then cap(E, I7(L,(u))) = 0.

Remark. Theorem 3 is stated in [21] with the additional assumption that

1

/t('mfl)(qfl) b / w9 ﬁzoo
|B(z, )] t

0

B(z,t)

for quasi-every x € E. The assumption may be omitted in the statement since it is
straightforward from the condition Ay, ., (E) < co.

Theorem 3 implies that if the Hausdorff measure is finite then the set E has the
(p, u)-capacity zero and is thus removable for bounded solutions to equation (6). We
formulate the corresponding result as

Corollary 1. Assume that a weight w on the group G belongs to A,, e C G is
a compact set, and h(t) = t*7P, v > p. If Ay ,(e) < oo then the set e is removable
for bounded solutions to equation (1) in a domain )\ e, where Q C G is a bounded
domain containing e.

Proof. In view of Theorem 2, it suffices to prove that cap(e,Lé’p(Q,u)) = 0. The-
orem 3 implies that cap(e,I"L,(p)) = 0. Take an arbitrary sequence of functions
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fx converging to zero in L,(u) and such that g = fr *r!™” > 1 on e. By the
Zigmund-Calderon theorem [22], we have X ;g5 € L,(£2, ) and

X598 | Lp (2, )| < el fio| Lip (€2, ) (11)

Moreover,
llgk|Lq (2, )| < M| fi| Ly (€2, ), (12)

where ¢ > p is some number. Estimate (12) can be obtained by applying the method
of the article [10].

Take an arbitrary function ¢ € C§°(€2) such that ¢ = 1 on e and consider the se-
quence ¢gy. Demonstrate that X;(¢gr) — 0in Ly(£2, p):

1 X5 (g ) | Lp (4, )| < 11(X50) g | Lp (2, )| + [0 X g | Lp (€2, ) |
<NX501Lpg/(q—p) () - 119k Lg (2, )| + I Looll - 1 X981 Lp (82, ).

After applying estimates (11) and (12) we see that ||X;(¢gx)|Lp(2, 1)|| — 0. Thus,
cap(e, I57(0, )
= 0, which was claimed. O

We turn to considering the general situation. It follows from [16] that there are
two numbers 1 < s < § < oo such that the following relations hold for every point
x € Q and an arbitrary ball B(z, R) C

Cst®|B(z, R)| < |B(z,tR)| < Cst*|B(z, R)|, 0<t<1.

We call the numbers s and S the lower and upper homogeneous dimensions of Q. In
the case of a homogeneous group the lower and upper homogeneous dimensions take
the same value and are equal to v in our case. We present an analog of Theorem 3
for the situation when the lower and upper homogeneous dimensions differ.

Theorem 4. [23, Theorem 6.13] Assume that a Borel set E C §) has finite Hausdorff
(h, w)-measure, where h(t) =t*"P, 1 < p < s. Then

cap(FE, LyP(9, 1)) = 0.

Theorem 4 yields the following

Corollary 2. Assume that e C R™ is a compact set, and h(t) = t°7P, 1 < p < s.
If Ap(e) < oo then the set e is removable for bounded solutions to equation (1) in
the domain Q \ e, where Q C R™ is a bounded domain including e.

Also, observe

Corollary 3. Assume that w = 1 and 1 < p < S (1 < p < v in the case of
homogeneous groups). Let Q) be an open set in R™ and let e be a compact set in . If
the set e is removable for all bounded solutions u € Wli’f(ﬂ \ e) to equation (6) then
the Hausdorff dimension of e does not exceed S —p (v —p in the case of homogeneous
groups).

Corollary 3 is immediate from Theorem 2 and the following result:

Theorem 5. [23, Theorem 6.14] Let 1 < p < S. If the equality cap(E, Lé’p(Q)) =0
holds for a set E C ) then the Hausdorff dimension of E does not exceed S — p.
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§3. APPLICATION TO SOLUTIONS OF VARIATIONAL PROBLEMS

Let F : QxRXxR™ — R be a variational kernel satisfying the following assumptions:

the mapping x — F(z,n,£) is measurable for all n € R and £ € R™; (13)

{ for almost every xz € Q and n € R, the mapping £ — F(z,n,§) (14)

is strictly convex in ¢ and differentiable in £ and in 7.
By strict convexity we mean that F'(x,n, t&1+(1—t)&2) < tF(z,n, &)+ (1—t)F(x,n,&2)

for all t € (0,1) and &;,& € R™, & # &s.
There is a constant «, 0 < a < 0o, such that the following estimates hold:

Fz,n,€) = [§[Pw(x) — fa2lnlPw(z) — haw(z), (15)
F(z,1,€) < algfPw(@) + [€](g2lnP~ w(z) + gsw (), (16)
|[Fy(,m, )| < AilElP~ w(@) + folnP ™ w(@) + frw(z), (17)

where the functions f1, f2, f3, g3, and hg are measurable and gs is bounded,;
F(a,1,0) = 0. (18)

Lemma 3. The following inequality holds for almost every x € R™ and all £1,&s, €
R™, & # &o:
F(x7na§1) - F(%Tla&) > VﬁF(xﬂ?yf?) : (fl - 62)

Proof. Fix x € R™ and n € R such that £ — F(x,7,£) is strictly convex and differen-
tiable. Then for all ¢ € (0,1) we obtain

F(z,m,& + (61 — &) = Fz,n, t& + (1 =)&) <t F(z,n,&1) + (1 1) - F(z,n,82).

Denoting & — &> = &, we have

F(xa777£2 +t§) - F($7777€2) < t(F(%U’gl) _F(]"vna§2))'

Dividing the inequality by ¢ and passing to the limit as ¢ — 0, we finally arrive at the
relation

F(x,n,&) — F(x,m,&) > VeF(2,1,&) (& — &2)-

The variational integral

Ip(u) = [ F(z,u,Deu)dx
/

is well defined for every function u € W'?(Q, ). The Euler equation for the func-
tional Ir(u) has the form

=3 X7 Fe (2,n,€) = F)(x,n, ). (19)

Jj=1

If we denote the gradient V¢ F(z,7,§) by A(z,n,€) and the derivative I (z,n,§) by
f(z,n, &), we arrive at an equation of the form (1). O
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Lemma 4. Assume that the variational kernel F' satisfies conditions (13)—(18) and
let A(z,n,§)= VeF(x,n,§). Then A(x,n,&) satisfies the following conditions:

the mapping x — A(z,n, &) is measurable for all £ € R™ and n € R; (20)

the inequalities

A(z,1,8) - € = [§[Pw(z) = falnlPw(x) — hsw(z), (21)
Az, 1, 6)| < 27al¢|P~ w(@) + 202" w(z) + 2g5w(2) (22)

hold for all ¢ € R™, n € R and almost all x € ).

Proof. Measurability of the mapping x — A(x,n,&) follows from differentiability of
F(z,n,£). To obtain estimates (21) and (22), we use the inequality of Lemma 3:

F(%U,fl) - F(%’?a 5) > VfF(z7777§)(§1 - 5) = A($7na€)(£1 - 5)

On putting 51 = 0, we have A(xﬂ%f) g > F(xa777£) - F(x77770) > |£|pw(x) -
fa|nPw(x) — hgw(x). To verify condition (22), fix £ # 0. Let & = £ + |€|v, where
v=A(z,n,§)/|A(z,n,§&)|. Afterwards, by making use of (16), we have

|§| : \A(%n’fﬂ = (fl - g)A(xvn’g) < F(xana§+ |€|U) - F('%Wv&))
F(z,1,€ + [€[v) < al€ + [ElvPw(z) + |€ + [€]v] - (ga[nP~ w(z) + gsw(z))
< 2Paf¢lPw(z) + 20 - (g2~ w (@) + gsw(x)).

Lemma 4 is proven. [

Consider the problem of removable singularities for solutions to Euler equation (19)
for the functional Ir(u, E). Observe that the existence of a solution to the Euler
equation is a consequence of the semicontinuity of the functional [24].

Theorem 6. Let e be a compact set in ). A set e is removable for all bounded
solutions u € Wlf)’f(Q \ e, 1) to equation (19) if and only if the (p, u)-capacity of e
equals zero.

Proof. Sufficiency ensues from Lemma 4 and Theorem 1. Necessity can be obtained
as in Theorem 2. [
§4. THE SINGULARITY SET OF A SOLUTION

We return to equation (6). Assume that, alongside conditions (7) and (10), the
homogeneity condition is satisfied: A(x, A\&) = A|A[P72A(z, ).

Definition. A function u € V[/li’cp(ﬂ,u) is called a supersolution (subsolution) to
equation (6) if the inequality L(u,y) > 0 (L(u, ) < 0) holds for every test function
v > 0.
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Lemma 5. (the comparison principle) [15] Let u € W1P(Q, 1) be a supersolution
and v € WHP(Q, 1) a subsolution to equation (6) in Q. If u > v quasi-everywhere on
the boundary of €} then u > v almost everywhere in ().

Let Q be a bounded domain and let e C 2 be a compact set. Let ¢ € C5°(2) be
a function such that ¢» = 1 on e. Then there exists a unique solution u to equation (6)
in Q\ e with the condition u—1 € Wy (Q\ e, 1z). In this event, we write u = R(e, ).

Lemma 6. [15] Let e C B = B(xg, p) be a compact set. If u = R(e,2B) then

1/(p—1)
w(@) > ¢ cap(e; Ly? (2B; 1))
~ \cap(B; Ly"(2B; )

for all x € B, where the constant ¢ is independent of e and B.
The following theorem generalizes one result by Yu. G. Reshetnyak [25].

Theorem 7. Let 2 C R™ be an open domain and let e C ) be a set closed relative
to Q). Suppose that there is a function v(x) which is a solution (supersolution) to
equation (6) on the open set Q\ e and lim,_.,, v(x) = 400 for every point x of e
limit for the set Q\ e. Then the (p, u)-capacity of e equals zero.

Proof. Let x¢g € e be a boundary point of e. Let B; be an open ball with center
xo lying strictly inside €2 and let By be the concentric ball whose radius is twice as
less. We may assume that v(z) > 0 on the set Bj \ e, since a supersolution is lower
semicontinuous.

Take an arbitrary T > 0 and consider the set Pr = {z € By : v(z) > T'}. The set
Pr is closed relative to By. Put Qr = Bo N Pr and Vo = By \ Qr. The set Vp is
open.

Let vp(z) = min(v(z),T). We have vp(z) € WHP(Q, ) and vr(z) > 0 for every
point € By. Let u(x) = R(Qr, B1); it satisfies the conditions of Lemma 6. We
have vy (z)/T > u(z) quasi-everywhere on the boundary of Vr. Indeed, if z € 0By
then u(x) = 0 quasi-everywhere and vr(z)/T > 0; consequently, vr(x)/T > u(x)
quasi-everywhere. If x € 0Qr then u(x) < 1 quasi-everywhere and vr(z)/T = 1;
consequently, vr(x)/T > u(zx) quasi-everywhere. Now, by the comparison principle,
we have vp(z)/T > u(x) almost everywhere in V.

Choose T large enough for the intersection Wp = Vp N By to be nonempty. Let
x1 € Wr. In view of openness of Wr, there exists a ball B(z1,7) C Wy such that the
conclusion of Lemma 6 holds for all points z € B(x1,r). Therefore, we have

1/(p=1)
e, .
. / <cap(e, o”( 1,u)))> <

cap(Ba; Lo (B1; 1)

B(zy,r)

Hence,

1/(p-1)
cap(e; Ly? (Bi; ) 8
)

eu(B(w,m)) (cap(Bz;L(l)’p(Bl;“)
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Letting T tend to infinity, we obtain cap (e, L(l)’p(Bl7 ,u)) = 0. Thereby, Theorem 7 is
proven. [
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