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A CHANGE OF VARIABLE THAT PRESERVES THE DIFFERENTTAL PROPERTIES OF FUNCTIONS

I. G. Markina UDC 517.54

The paper is devoted to the study of analytical properties of mappings ¢: R"—R", in-
ducing isomorphisms ®* of seminormed spaces & of functions defined on R®. The mapping ¢
acts according to the rule @*f=f-q, Je&F, fep=F, and ¢* and ¢*! are bounded operators of
seminormed spaces ¥. As the space &, we consider a Sobolev space w%, a Besov space B% q»
Bessel H% potentials, or Riesz J%. ’

We define measuring conditions for mapping @. Homomorphism ¢: R” —~ Rr is called

max | (z) — @ (v)]

: : i lx—yi=p
1) quasiconformal, if ig? min (9@ =9 @]

<< oo,

le—p]=
2) Lipschitz, if lhniﬂl$%:l§%££Ls;cl<:;n, where constants c¢ and ¢, do not depend on point
Xy T
z=R",

3) quasiisometric, if ¢ and ¢~! are Lipschitz mappings.

We list the results in which metric properties of the mapping g, are defined, introducing
a bounded operator of spaces of differentiable functions:

? is quasiconformal if and only if ¢ induces the bounded operator of spaces Lj [1];
BN Pal. and alse iF ¢ induces the bounded operator ¢* of Besov spaces B%,q, &p = n,

' q, or Bessel potentials H% for 2p = n (3, 4];

@ is quasiisometric, if @ induces an isomorphism of Sobolev spaces Lé, P >n [5] or
W', pe(rn—1, n) [6], spaces of Bessel H% potentials or Riesz J% potentials for 1 < p < n/¢
(7], Besov spaces B q» %p # n, Sobolev spaces WY, or spaces of Bessel potentials H§ for ip >
n [3, 4]. In [3, 43, the case of anisotropic spaces of differentiable functions is also con-
sidered.

Based on [1-7] and the description of point multipliers given in [8], we define analytic
properties of the mapping @, inducing the isomorphism of spaces of differentiable functions.
For the part of the scale the conditions obtained are also necessary. In addition, in the
present work a new proof of quasiisometry of the mapping @ for lp<n, l>=1, is offered, based
on an idea different from [7].

The paper consists of five sections. In Sec. 1 the main definitions are given; in Sec.
2, sapces of Bessel and Riesz potentials are considered; in Sec. 3, Sobolev spaces; in Sec. 4.
Besov spaces. 1In Sec. 5 an application of the results obained is given.

Novosibirsk. Translated from Sibirskii Matematicheskii Zhurnal, Vol. 31, No. 3, pp.
73-84, May-June, 1990. Original article submitted December 29, 1987.
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The main results of the present study were formulated earlier in [9].

1. PRELIMINARY INFORMATION

The space HS of Bessel potentials (3%, of Riesz potentials, 1<p<e, lp<n), 1<p<c, |=
0, is defined as a completion of the space of smooth finite functions C7 according to the
norm

ful =DA%l (1l =12 ]s,).

where Al =(—A + 1)72=F-1(1 + [£[2)2F (A =(—A)"?=F"'(I¢]')F), F is a Fourier transform, the
operator A% (A%) is defined for any real %.

The Sobolev space W,, 1<p<<o, =12 3, ..., is defified as a completion of the space
Cy according to the norm
lelys =1V wle, + fulr,

where 7y is the gradient of order %, and the derivative is understood in the sense of Sobolev.

For integral & and 1 < p < = the spaces Hg and Wg coincide, and the norms are equivalent.
The Besov spaceB,, 1<p, g<o, {{} =1—[I] >0,consists of functions f= L,(R"), for which

the norm

Y "v[nf (x4 f)“‘vnl)" (x) |ip v 1/g

HfﬁLp*I"'( dt)

l t |?2+Ulq
nn
is finite.

Next, ¥, is any of the spaces H%, ..Tf;, Wg, or Bg’p.

The function ¢ belongs to the space of multipliers M(F,"—F,'), if QueF,' for all
©sF,". We need the space

g-;.lll'lif = {I'J: sup " Nl Hg-f << CKJ},
»

=R"
= s = = u = sup | nu ;
where n.(z)=n(x—z), 1= 6™, n=1 on 8| ﬂg-;lmm zEl?{"nll‘lz 59.;
The capacity cap(e, ¥,') of the compact set e=R" is defined by the equality cap (e, F )=
inf{;gmgr

We define the function (Su)(z). Let (Su)(z)=IVu(r)l for integral £ > 0, and let (Su)(z) =

useCo,u=1 on e}.
o

oo /2
2
(‘Y[ _Y\v[,]u(z + 0y) — Vqu (x)|d9] yl—fﬁ-{ﬁ) for fractional & >» 0. Then according to the
ola,

Strichartz theorem [10] the space of Bessel potentials admits an equivalent normalization
H*’\I“ﬂnp =[Swle, +lulc,
2. CHANGE OF VARIABLES FOR SPACES OF BESSEL AND RIESZ POTENTTIALS

We start from the definition of the space required for formulating the theorem. The
space CH®, 0 < m < n/p consists of functions f&Lj . for which the norm

iSemf: ¢lL,
sup ——————F— 1+ su : B,
50 [eap (e, Y T 2B N Bk,

where e is a compact with positive capacity, is finite. 1In the determination we used the
Verbitskii theorem about multipliers [8, p. 118].

4 IICHg* =

We let @ be a diffeomorphism of the space R" For any function f=C'(R") almost every-
where in R" the following equality holds:

Valfe @)= X @) (V) (9 (),

1<|fl <lel
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where d% are coefficients consisting of combinations of the derivatives of coordinate func-
tions of the mapping ¢. The same is true for the inverse mapping ¢~': R* - R*:

Valfeo™) = 3 (7)) (V) (¢ ().

1<|pl<|af

THEOREM 1. Let p > 1 and ¢: R"~R" be a quasiisometric mapping. Then in the cases

1) I=<1,

2) 1>1, 9=Hpoe and for all multiindices a, lal =[I], functions ¢*g and (@)%, 1<Ipl<
[2¢], belong to the following functional classes:

o8, (@) Hi it (1—|B) p>n,

B BE ) ~ppi—ti

CHy™, (—[Bh)p<n,
the mapping ¢ induces the isomorphism ¢*: #;'(R")— H,'(R") according to the rule ¢*/ =
fe@ f EHNJ(R‘“)-

The conditions of Theorem 1 are necessary in the following sense.

Assumption 1'. If a measurable mapping ¢: R* - R" of the class H;,loc induces an iso-
morphism ¢*: H,'(R")—~ H,/(R"), p>1, according to the rule g*f=7f-q, fe H}(R"), then there
exists a homeomorphism ¢: R* - R", coinciding with ¢, almost everywhere, such that

1) For Ip>1,Ilp+*n the mapping ¢ is quasiisometric,

2) for (B+1)p>n ¢ is a quasiisometric mapping and for all multiindices &, lal =[I],
and B, 1<Ipl <[l], the functions @ (d-!),* belong to H,;.

In order to prove Theorem 1 we need

Assumption 2. Let ¢: R®"—~R" be a quasiisometric mapping. Then for any compact ec R”
the following relationships hold:

¢~ cap (e, F,')< cap(e’, F,')< ¢ cap (e, F.,

where e’ = ¢(e) is the image of e.

Assumption 2 is proved on the basis of [12-14].

2.1. We proceed to the proof of Theorem 1. Let the mapping ® be a quasiisometry of
the space R" Then ¢* is an isomorphism of spaces H;l, and Lp and according to the interpola-
tion theorem of Calderon (see, for example, [11]) it is an isomorphism of spaces Hl% (% < 1)

Let conditions 2 of Theorem 1 be satisfied. According to [8, p. 87, Theorem 2.2.7/2 and
p. 90, Theorem 2.2.9] ®f(z)e= M (H;® g,

We consider an arbitrary function f= H,. We estimate I]Va(f"fP)“H{pn for |a| = [2]. We have
IVaFe @< 3 |05 Vo (@(2)] o,
Hp' Tl Hp

which according to the interpolation theorem of Calderon does not exceed

ko DR @) Vel W) .

1<|pl<la]

Since ? is a quasiisometric mapping, from Assumption 2 and normalization in CHL'® it follows

that Of(¢7'(y)) = M (B BP). Therefore |®% (¢~ (y)) Vof (¥) HH{;, < k| Vel (y) "H;-"" <Lc|f !IH;-
Finally,

1Valfe @)1lﬂgzéc]|fi|ﬂ;v lel=101 17-ol,<e |/,

From this and the Strichartz theorem on equivalent normalization it follows that '||)‘°(PIIH1 <
3 n
c|[_f]|H;. By considering instead of the mapping ¢ an inverse mapping @~' and repeating the proof
P
proof, we obtain the same result for the mapping ®~!. Therefore, the theorem is proved.

2.2. We proceed now to the proof of Assumption 1'. Statement 1 is proved in [3, 4, 7]
(see Introduction). Here we give a new proof of quasiisometry of the mapping @ for 1 <1< n/p.
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Let a measurable mapping ¢: R* > R" induce an isomorphism ¢*: H,'(R")— H,'(R"), 1 <1< n/p.
It is proved in [7] that there exists a mapping ® coinciding almost everywhere with @, such
that for any measurable set A the inequalities

¢ Ma (P (A) )< ma(A)< e (G(A)).

hold. From this by using the method of [16] we can obtain that EJ induces an isomorphism E*:

Lp(R")—~ Ly(R"). If & > 1, then applying the Calderon inte-polation theorem we derive that P*
is an isomorphism of spaces Hfs = Ws. Then

n n ~ 2|p/2 1/p
~ N gf 3q) ~
eﬂfﬂf&,ﬁuvluw)n%;MH 2 2 5 (F70) dy] ;
RRLATEIE
v;i—G
Let f=(yi—§i)n( : z )‘ nECo*(#H), n=1 on H. We substitute f in the order of increasing

i. Then

=1

n a'$ » |p/2 1/p
‘”E]W‘ (#7* (®) H dyp <clfff,<r"e, r<t.
B 7 P
1
From the Lebesgue theorem on differentiability of the integral we have

n 2y p/2
ETE

=1
from which it follows that ¢ is a Lipschitz mapping. It is proved similarly that ¢! is also
[ a Lipschitz inverse.

APy o~
-@;- (o7 ()

| We show now that when ({I} +1)p>n, then ®, (0 )s= AP, lal =[], 1<I8l <[l]. In our
proof we use an equivalent normalization
plz o
@ )

i/p
lul in = sup(' j‘ |u(x)|"dxl +’ j
p,unif P
Let the mapping @ induce the isomorphism @*: H,(R")— H,(R"); then for |a| = [2]

i z
[; lu(z + By)mu(r)fde] nyg(T}
1

zER™ Ql(n l(z]

1l 2197 Dy ={ 1190720 |vazr}”” +
Rﬂ.

| f[ f19ate0@+ 9y))—-va(f°¢(z))|d9]2—3‘£—
yl+2ﬂl

/2 1/p

| +

oy

n
R™|0 | F,

~ L

fg"lal DF (z) Vaf (o (2)) ]P d.r]up " Li

"*f [S{L"éml(%[” + 6y) Vgf (9 (z + By)) —

2
dy
)

F — @F (z) Vpf (@ (2))) ] d-eJ

p/2 /p
dx} =1I,+1,

/
We have I12{ Slq)g(-?”pd-f}l . A detailed estimate of I, can be found below in Sec. 3.2. We
%

1
estimate the second integral:

5.

£ e

Iz,:al S[J‘ 2 ®F (@ + 0y) — DF (2) Vof (@ (= + 0y)) +

1<|Bl<la|
1

2 d pl2 1/p
+ (Vpf (¢ (z + Oy)) — Zpf (9 (2))) PF (2)) ldﬂl W] dx}

| As f we choose the function f(@)=(91— &i)*n(¢), where n=Co™(F:2), =1 on H. We substitute
: fB. We note that integration is performed with the boundaries of a unit ball, therefore,

Vel (@(z + 0y) ) =B, Voff(@(x +0y)) — Vef(p(z))=0,
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e

- p/2 1/p
fsé(f j‘[ ‘]‘ltbﬁ‘(x+ey)—¢g(z))der._.i¥__1 dx)
xz 0

y1+al "
1(2) &,
Finally,
o 1 2 p/2 1/p
sup ([ [ |0f(2)]? a2 * ffj",mg<z+ey)-mg(x)[de —mor| 4oy l<alf] <c.
ZERT gl(z) Bl & v Hy
1z 1

4s was required to prove,

2.3. We list state
tials.

above.
Definition. The space CJ,™ 0<m<n/p, consists of functions 1€ Lijee, for which the norm
~elinition.
ﬂS{m}f; eHLp
ﬂfnw;n = sup

i [cap (d‘, J:)n)]up"l"x':g-:‘ﬂf: 5'1(-*“-')“:,1
is finite.

THEOREM 2. Let P21, 2p <n and ¢: R" — Re
cases

be a quasiisometric mapping.

Then for the
1) I+,
2)I>1, 9= L all multiindices g, lal =[], the functions (bg’ and (@)%, 1< |p] <
(2], belong to the following functional classes:

5 i =B p>n,

CI®, (1~ 1B p<h,
the mapping ¢ induces an isomorphism g*: 7,
foq, .fEJN‘(R")-

Pf, (o)<

’(R")—»J,,'(R") according to the rule g*f =

Assumption 2'. If the Mmeasurable mapping ¢: R" -~ R»
morphism g#; TR~ TR, p>q, jp<y

of the class J!
exists a homeomorphism ¢: R* — R

ploc induces an igg-
» according to the rule P =foq f= /,'(R"), then there
» coinciding with @ almost everywhere, such that
!;is quasiisometric,
is a quasiisometric mapping and for all

multiindices «, || =][!], and
he functions @, (-1), belong to Ji..,.

1) for 1<lp+p the mapping
2) (B +1)p> 5 o~
Bi<lpl<q, t

3.

THE CHANGE OF VARTABLES FOR FUNCTIONS FROM A SOBOLEV SPACE
In order to fo

rmulate the main theorem of this section, we in
P,unif consists of functions fe L,

{

B’ s 11: 2, (9)];, < o

troduce certain spaces.
The space L

for which the norm

17 b,

is finite.
A Morrey space Mg consists of functions fe Ly, for which the norm
f o= su ¥ | e
" ﬂ“; xenn_rg(n.ﬂr/"%‘r(x)”f gr(x)ﬂf‘p'
where r is the radius of the b
The space ng, m=1, 2,,

is finite,

all &, (z), and [#.(z)| is the measure of the ball Fe(z).
+ consists of functions feL,,, for which the norm
I71

= su : W) ve
CWE " e kerea) 17: eleyfleap (e Wil
is finite,
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THEOREM 3. Let ¢: R*— R" be a quasiisometric mapping. Then for the cases
1) I=1.
2)1=2, 9= W/ . and for all multiindices % lal=1I, the functions @E and (D), 1<
B <! belong to the following functional classes:
Ly, unif (I1—|B|) p>n,
OF, (@ cW ™, (1—|Bhp<n, p>°,
M7, (—1B)<n, p=t,
the mapping @ induces an isomorphism @*: W, (R")— W,'(R") according to the rule @*f =
fo@, W, (R"). ,
The conditions of Theorem 3 are necessary in the following sense.

Assumption 3'. If the measured mapping ¢: R*— R"* from the class Wﬁ"loc induces an iso-
morphism ¢*: W,'(R")— W, (R") according to the rule @* =foq, f€ W,/(R"), then there exists a
homeomorphism ¢: R* -~ R", coinciding almost everywhere with @, such that

1) for 1<:lp=r‘=n'§; is a quasiisometric mapping,

2) for 1=2 Ilp#n, ¢ is a quasiisometric mapping and for all multiindices «, lal=1,
functions @% and (®~')% 1<|pl <!, belong to the following functional classes:

Ly unif (I—|B]) p>n,

oL =1\
G =S
M g—1Bh<<n, p=1.
Close in formulation is the result of [8, p. 347], obtained under the assumption that
the mapping ? satisfies the condition of the Belesgue theorem on the change of variables.

Since for integral ¢ the spaces HY and wl coincide, and the norms are equivalent, we
treat in more detail the proof of the case p = 1.

3.1. Proof of Theorem 3. Let conditions 2 of Theorem 3 be satisfied. We consider an
arbitrary function fe(y*. We evaluate in W% the norm of the superposition f-¢, where @
is the mapping satisfying the condition of the theorem:

oF (=1 (¢ ()| | ¥ D) || J
Vel =[] 8 Giavinee|es 3 [lBle@Nvyem)in,,
pn | 1<18T<lal 1< fBi<ial '
where I/l =ldetg’(z)|, and since ¢ is a quasiisometry, we have that k~!<<|J| <k By contin-

uing the inequality we write

Sk Ithf(ynlmﬁ‘(fp“m)ldy==mg} % {1v8f ()| dp (),
R"

1<1Bl<|=l <iel  gn

where dp(y)= 1Ds*(¢~'(y))!dy. By using [8, p. 34, Theorem 1.2.22], we continue the chain of in-
equalities:

3 k|71 sup  plIRl=n j ]‘Dg(([’_l(y))ldy‘ (3.1)

s wi
1<lBl <l 1re(o,1), y=R® B (vo)

Proceeding from the condition of the theorem, we obtain

| 0F (072 (@ )] 1 7]
71

1) co> sup  pR-m _[ | (2)|dz = sup il L J‘ dr>

xpERM, re(0, 1] %1 (xo) xgER", re(0,1] B (%)

>k sp A O @ (672 (y) |y,
pER™, r&(0,1) gc_lr(ye)
2) g is a quasiisometric mapping; therefore,
mc-—l,- (zo) < @7 (B, (¥o)) < FBer (2,).
By using statements 1 and 2 we return to the variables x in the expression (3.1). Then
I Valfe Dz, el
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where .
;= ksup pi-lbi-n J. | ®F (2)| dx

1<18[<lal  yegn,
SO &

and [a| = 2, i.e.,
i|f°¢ifwi‘-<~c|f!iwi-

which it was required to prove,

3.2. Proof of Assumption 3'. We show that if ¢: R"—>R" is a measurable mapping of
the class Wi o, inducing an isomorphism g*: W/(R")—~ W/(R"), then there exists a homeomor-
phism :;E: R™ — R", coinciding almost everywhere with @, such that E is a quasiisometric mapping.
Just as for the case of spaces of Bessel potentials, we prove that a)' induces an isomorphism
@*: L;(R")— L,(R"). Then

Wt ZIVi e Dy =0 [| & 04 @ W) Ve @) | dy.
Rﬂ

Let f=(y,-—§l)ﬂ1](£;5-); neCo™(H2), n=1 on F. By substituting f for B = 1, we arrive at
the relationship

gf|V{'f?(ﬁ?“(y))I’dyQCJIfIIW{ch“, r<t.
:

From this and from the Lebesgue theorem on integral differentiation we obtain that generalized
derivatives are bounded.

We show now that the functions ¢% and ((IJ'I)Ec belong to Lp,unif for (I— I8|)p>n Let the
mapping @ induce an isomorphism of the space WX. Then
P

o r a7
I qﬁﬂwéécmwg- (3.2)
NVatiep)Paz = |

R RM

it B Vo @@) [ de <l 1]l

We choose as f the function fﬂ=‘(y1‘" EOB"](yTHE-); neCo™(F)m=1, on #, y=0¢(z). Since
||}'B||;;€cr"_“_lm)p, by substituting f in the left side of the inequality (3.2) and using the
P

fact that the mapping ¢, is quasiisometric, we obtain

[105() P de < rm—ti-irr .,
gl

The case for p = 1 is considered similarly.

Note. The method of proof of Assumption 3! is applicable to the case when the homeo-
morphism @ induces an isomorphism of the Sobolev spaces Wy, Ip<n,on arbitrary regions. 1In-
deed, we consider the homeomorphism ¢: G = G’,, where G and G' are arbitrary regions in R~
In the region G' we choose a point x and fix the ball Fa(x), r<1,so that it is contained
in region G' entirely. We construct the function f with the following properties: fe W,/

f=1on %), f=0 outside Hor (%) and |jlw£w'}~..<_.cr‘““"”“’, where ¢ does not depend on the

radius r and the point 2&R" Since ? is a homeomorphism, the inverse 9~ (% (z)) is contained
inside the region G, and therefore f-¢ =W, (G). Since (fog)={on ¢ Y(#.(x)), from the Sobo-
lev thoerem on enclosure, we obtain

ma (07 (B (D) T o @l K| 1 S er™P,
P

where q = np/(n = 2p). Finally
ma (97 (,(2))) =19/72 < ayptn-iets,
ma (@~ (F.(z)))< ey < om,, (A, (x)).
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From this we obtain the inequality
ma (7' (A))<< em, (A)
for any measurable set AEG’. In a similar way we prove the inequality
c"'ma (A) < m. (¢~ (A))
for a measurable set A =G’ . Therefore,
1) m.(@(A))=0 if and only if m,(A) = 0,
2) a measurable set under mappings ¢ and ®! converts to a measurable set.

Next, as in Assumption 3', we prove the boundedness of the geperalized derivatives.

4. A CHANGE OF VARIABLES FOR FUNCTIONS FROM BESOV SPACES

If in the definition of Besov space given above we set p = q, then the norm assumes the
form

HH!B;',_,, =1/, + ( 5 jv] Vinf(z + t)— Viyf (x)|Pdz _@*__)”P.

| ¢ |ﬂ+{”‘P
R™ R" :

For the case p = 1 we use the norm || -: &Il sl 7 defined as follows:

I f: Bl B, = P f: _%’rﬂLl + | Vinf: Hr|lL, for integral g,

7 Bell . zr—‘[”; B Ir S jj‘|vmf(x)—v[,]f(g)|l—d‘ﬂ5ﬁ for fractional 2.
BI,I 1 grg lx_‘yi

r
We define the spaces necessary to formulate the theorem.

The space MI,:. consists of functions f for which the norm

1y = s /8@ B0

; a7}
x&R"™, re(0,1) L

is finite.
The space CBg,p, 0 < m < n/p consists of functions fe& Ly, for which the following norm
is finite
|27 el
o sup |z @ (2) .
)] x=R?

= sup
IUHCB;:P ecrn [cap (¢, By,

In the definition we used the Verbitskii theorem on multipliers [8, p. 165, note 3].

THEOREM 4. Let ¢: R"~R" be a quasiisometric mapping. Then for the cases
1) 1<,

2) 121, p=¢, 9€ B} p1oc for all multiindices «, lal =[], functions @g and (@), 1< Il <[],
belong to the following functional classes:

Bg.}p.unir‘ (-E = | ﬁ !) p=>=n,
BT cB Y. —IBhp<n, p>1,
™ (—1pD<n, p=1,
the mapping 9 induces the isomorphism ¢*: Bj 4(R")— B; ,(R") according to the rule
o*f=f-¢, f= B;q(R").
The conditions of Theorem 4 are necessary in the following sense.
Assumption 4'. If a measurable mapping ¢: R" —~ R"* of class Bg,q,lcm induces an isomor-
phism @*: B; ,(R")— B ,(R") according to the rule ¢*/=fop, f< Bl ,(R"), then there exists a
homeomorphism @: R* -~ R", coinciding almost everywhere with @, such that
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1) for 1 < &p # n the mapping ® is quasiisometric,

2) for ¢p %= n, p = q, ¢ is a quasiisometric mapping, and for all multiindices
the functions UD—UH*,1=$IﬁJ<:U],belong to the following functional classes:

Bif,’p, unifs (£—| Bl) p>n,

o -1\
B ((D )fiE ﬂ-f:._]}m‘ p=1.

4.1. Since the proof of Theorem 4 for P > 1 follows the outline of the proof of the
theorem for the space of Bessel potentials, it remains to consider the case p = 1. TLet
conditions 2 of Theorem 4 be satisfied; then according to [8, Theorem 3.4.2, p- 184) df(r) =
Ar(Bi;"™—B{"). We take the function f= B (#). Ve estimate I Valfee): &ell v for [a] =
[L], by using the quasiisometry of the mapping o: o

Ia(l-0): Bl = r“‘-”g;f [\ 2. 0wy (@) [dz +

+ 1] 3 si@vwew — 3 B Vol o) [y = 1, 4 1,
B, B, 1<1fl < |al 1<|B|<|a| lz—uy|
Let us consider each term separately. Then
nL< "@I Jr Pl Og (67 @) Vs () Bl
1<|f] <]
The second integral is estimated by the value
| 9@~ @) vpr (@ =) — — P50 (@ W) V1 (@ WD @ (1) — @ (1) HD | |
ne 3 f J =S eons, .
2 < 2 ]@(‘I)__unf‘) ['n+{4]|x__yln+{“l_‘:r dra’y -=‘<.__

1<ipi<ialp g

< E pERERE " [ [CD% (™1 (z)) Vaf (2) — (ITE-S?:_I (zl)) Vof (z')l dzdz,.
1<1pl% 1a) 4 % |55

r r

By estimating I, and I,, we obtain

Lhtl.< 2 o 10507 (2) Vs (2): %, |l S0

1<|Bl<ja|

We show that each term is finite. Since @ is a quasiisometry, it follows from the normali-
zation in the space M{;® that ®f (¢ (z)) e M (Bi7"—B{")). Therefore,

Il @5 (97 (2)- V57 (2): &, s SMVef(2): Bell pow<cll /2 F || o
1,1 1.1 1,1
Finally, we have
WVallfow): Bell oo <eyllf: Bl g el =1,
1,1 1.1
ffeq: B, Bi,xéc Il 7 B By

The proof for the inverse mapping ¢! is similar.

4.2. Assumption 4' is proved in the same way as for the spaces of Bessel potentials.
In this case, an equivalent normalization for the space By ..y is used [8, p. 165]:

- P 1/p
i|u:ﬂ3”;J L, sup [iiu: B, (:r}ﬂr.,,%—( r j‘ u(y) —u(z)] dydz) J.
P, p,uni

Nl g'(ﬂ W |y—z ‘ﬂ+PU}
e "

In the proof for the case p = 1 we use the inequality
WP 2ol erm—tn,
B

5. AN APPLICATION OF THE PROBLEM OF CHANGE OF VARIABLES

On R*"! the function x, = f(x,,...,%,-,) is defined, and & = (2 pnmn s Ky s Hpy = TRy puaiy
Xn-1)) and &' = (x;,...,%,-,, Xn + £(x;,...,%,.,)) are mappings that transform the region
under the plot of the function x, = f(xy,...,%4-,) into the lower half-plane and vice versa.
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Theorems on the change of variables for functions from Sobolev and Besov spaces, spaces of
Bessel and Riesz potentials, allow us to clarify under which conditions on f the mapping ¢
induces an isomorphism of the corresponding spaces of differentiable functions. As an ex-
ample we consider a Sobolev space and the index % = 2, 3.

For & = 2, two conditions should be satisfied:
1) f satisfies the Lipschitz condition, i.e.,
f(x))— f(x2) | < clxy— x3l; zy, 2o = R*-T;

2) derivatives of the function f belong to the following functional classes defined
above:

a) p>n; (Vaf). (—Vaf)= Lp,unif?

b) L<<p<<n; (V2f), (—=Vof)=CW,,

c) p=~Ln=1 (Vif), (—=Vof)= M.

For 2 = 3 there are also two conditions that should be satisfied:
1) f satisfies the Lipschitz condition;

2) combinations of the derivatives of the function f belong to the following functional
classes:

a) 2p>n; (Vif), fﬁvsf)ELp’ unif, p = mi(Vaf), (—Vyf), (—Vaf)- (1 — V), (Vof) (1 + Vi) e Lp,unif’
b) ]«:12p<n; (Vaf), (=Vafle CW 2, 1<p<<n; (Vaf), (=Viof), (Vo)1 =Vif), (VoH(1+ V)l
CW
p’
) p=A =2 (Vof), (—VE M2 p=1 n>15 (Vaf), (=Val), (=Vaf) (1 — Vo), (Vaf) (1 + V,f)
ML,
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DOMAINS OF IMPRIMITIVITY AND LOCALIZATION OF IDEALS OF SETS

V. V. Mishkin UDC 512.546:515.122.4:515,12

1. Introduction

By 1933 Mazur and Sternback [1] noted that any linear subspace of a Banach space X which
is a Gg-set in X is closed in X. Afterwards, in 1952 Klee [2], using essentially the same
arguments in a more general situation, showed that in a topological group G of second Baire
category, the complement of any proper subgroup is a set of the second category in G, and in
particular, in such groups there are not proper dense Gg-subgroups, and this fact turned out
to be decisive for proving that any two-sided invariant metric on a complete metrizable
group is complete. This in turn implies the equivalence of topological completeness of a
metrizable Abelian group and its completeness in the natural uniformity defined by a base of
neighborhoods of the identity, and gives a positive solution to the famous problem of Banach
[3] on whether an arbitrary complete metrizable topological vector sapce admits metrization
by a complete invariant metric. A basic role in the papers noted [1, 2] is played by the
ideal of sets of the first category which have, by Banach's principle [4, p. 395], the strong
localization property (cf. [5, 15.2.4]) in any topological space. The rest of the analvsis
of the arguments of Mazur, Sternbach, and Klee leads to a quite general theorem which simul-
taneously improves Klee's result and the famous Banach—Kuratowski theorem [6, p. 120], which
has important applications in functional analysis and extends it to arbitrary invariant ideals
of sets in a strong localization space. Namely, in the present paper it is established that
in a G-space (X, 7), on which the group G acts transitively and imprimitively, any proper G-
invariant ideal of sets J with the strong localization property has trivial intersection not
only with the topology 7, but also with the induced topology on the complement of any domain
of imprimitivity M of the group G, i.e., JNT = {2} and JNF lxa ={F)}, in particular, X\ W = J.
Now if M = U(modJ) for some open U= 7, then either M=J, or M is open—closed in X. In
other words, domains of imprimitivity M of the group G can only be of three types: W = J,
open—closed, or M is not open modulo 7. A more general result of a similar kind is also
obtained for invariant hereditary classes with the strong localization property.

In the paper a test is established for when in a G-space X the orbit Hx of the point
=X with respect to an intrasitive subgroup H of G is a domain of imprimitivity of an im-
primitive subgroup F of G. It is that ## G, and H(FNHGH)H = HG: N G:H, where G, is the
stabilizer of the point x and lets one apply the above-mentioned general theorem to the study
of orbits of subgroups and their complements for different actions of groups on G-spaces.

For example, for a free, transitive and imprimitive action of the group G on the G-szpace X,
in particular, for the action of a topological group G on itself by translations, anv G-
invariant proper ideal of sets with the strong localization property has trivial intersection
with the induced topology on the complement of the orbit Hx of any point 2= G with respect
to any intrasitive subgroup H ¢ G. The same thing is observed for actions of G on a G-space
X with nonsimple group of autohomeomorphisms for intrasitive subgroups H © G whose normali-
zers act imprimitively on X, in particular, for an imprimitive action of the group G, for all
normal, intransitive subgroups H ¢ G. In the same cases when the orbits are open modulo the
corresponding ideals of sets, they either belong to these ideals or are open—closed. Con-
sideration of concrete invariant ideals with the strong localization property lets one get
some information about the structure of domains of imprimitivity and orbits of intransitive
subgroups. Thus, for example, in a homogeneous G-space of the second category, the property
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